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ABSTRACT

In many applications digital recursive �lter coe�cients
have no distinct values� therefore the test of an entire
family of polynomials is required in order to be sure of
the �lter stability� The edge theorem by Bartlett� Hollot
and Lin states that a polytope is stable� if and only if�
the exposed edges are stable� In this paper this last
condition is transformed into an equivalent one that can
be tested in a �nite number of arithmetic operations and
from which an algorithm is derived� It is shown that the
condition� which has been established� is optimal i�e�� it
can neither be avoided� nor simpli�ed�

� INTRODUCTION

Continuous or digital recursive �lters are used in many
applications in automatic control and signal processing�
The study of the stability of such �lters results in �nding
the location of the zeros of a polynomial� which is the
transfer function denominator� In order to be sure of
the asymptotic stability of such a �lter� it is necessary
and su�cient for the zeros of this polynomial to be all
located in a distinct domain of the complex plane� This
domain is the open unit�disk

U � fz � C � jzj � �g ���

for a digital �lter and the open half�plane

H � fz � C � ��z� � �g �	�

limited by the imaginary axis for a continuous �lter�
There are algorithms which decide �i�e�� answer by either
yes or no in a �nite number of steps� whether all the
zeros of a complex polynomial are either in H 
��	� or
in U 
��

In many applications the �lter coe�cients have no dis�
tinct values and in order to be sure of the �lter stability�
the test of the zero location of an entire family of poly�
nomials is required� When the �lter is continuous and
the family de�ned by the real polynomials

a�x
n � � � �� an with ai � �ai 	 ai
 ���i�n�� ��

where ai�ai ���i�n� are real numbers� a theorem by
Kharitonov 
�� states that all the zeros of all the poly�
nomials �� are each in H � if and only if� four of them
satisfy the condition� It is then easy to establish an
algorithm which decides in a �nite number of steps
whether all the elements of a family of continuous �lters
associated with the polynomials ��� are stable� The
Kharitonov theorem�which can be extended to com�
plex polynomials�has no equivalent statement when
the half�plane H is replaced by the unit�disk U 
��� For
the study of the robust stability of digital recursive �l�
ters� one can use the edge theorem of Bartlett� Hollot
and Lin 
��� Applied to the domain U � this theorem
states that all the zeros of all the elements of a poly�
nomial polytope �i�e�� the convex hull of many �nitely
generated polynomials P�Q� � � � � T � are in U � if and only
if� all the zeros of all the polytope edge elements are in
U � i�e�� if and only if� for any vertices P�Q of the poly�
tope� all the zeros of all the polynomials

S� � �P � ��� ��Q for � � �� 	 �
 ���

are in U � There are as many polynomials ��� as real
numbers in the segment �� 	 �
 and� as far as we know�
no paper exists which indicates if this last condition can
be tested in a �nite number of steps� However� this is
necessary for an implementation on a computer� In this
paper� it is shown that all the zeros of all the polynomials
in an edge�de�ned in relation ����are in U � if and only
if� one of both vertices P � Q satis�es this condition and

R������ for all � � �� 	 �
� ���

where R��� is a real polynomial in �� which can be de�
duced in a �nite number of steps from the coe�cients
of polynomials P and Q� This is the subject of sec�
tion � The condition ��� can be decided using Sturm�s
theorem 
��� Using a previous work 
��� it is shown that
condition ��� is optimal when the coe�cients of vertices
P�Q can take any complex value a priori� To be pre�
cise� condition ��� can neither be avoided� nor simpli�ed
� any algorithm� which decides whether all the zeros of
all the polynomials ��� are in U � must compute the poly�
nomialR����or a polynomial in � which is a multiple of



R��� in the space of real or complex polynomials in ��
and test whether it vanishes on the real segment �� 	 �
�
When both vertices P�Q are real� condition ��� is not
optimal any more � the polynomial R��� can be factor�
ized a priori� as we shall see in section � A complete
algorithm for robust stability is given in section ��

Let us specify notations and let us recall some results
of previous works used below�

� RECALLS AND NOTATIONS

Let us introduce a general polynomial with complex co�
e�cients

P � a�x
n � a�x

n�� � � � �� an ���

of a degree which is not greater than n� In what follows�
the coe�cient of highest degree a� may vanish� Let P �

be the polynomial deduced from P according to �

P � � anx
n � an��x

n�� � � � �� a�� ���

where ak denotes the complex conjugate of ak� The
polynomial P � is called the conjugate reciprocal of P
when P is of degree n� i�e�� a� ���� By convention� when
the degree k of P is smaller than n� we shall say that in�
�nity ��� is a zero of P with a multiplicity n�k� With
this convention� each polynomial P de�ned by relation
��� and not identically null has n zeros� including the
multiplicities and the zeros at in�nity� The polynomial
P is associated with the single point of Cn��� also de�
noted by P � having �a�� � � � � an� as coordinates� Let Dn

be the subset of the space Cn��� which contains all the
points P � whose all roots of the associated polynomial
belong to the open unit�disk U � Let us introduce the
resultant R�P� P �� of polynomials P and P � 
����� It
can be expressed as a determinant of order �n given by
the relation

R�P� P �� �
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It is well�known that when a� ��� or an ���� the polyno�
mials P and P �� de�ned by relation ��� and ���� have
a common zero� if and only if� their resultant R�P� P ��
vanishes� In this case� the common zero is �nite� More�
over� with the above�mentioned convention about zeros
at in�nity� if a� � an � �� then polynomials P and P �

vanish each at in�nity and R�P� P �� � ��

Let us recall two propositions given in 
�� and 
���
which will be useful in the following section�

Proposition � ����� For any complex polynomial de�
�ned by relation ���� the resultant R�P� P �� is real�

Let us assume now that the polynomial coe�cients ak
���k�n� introduced in equation ��� are each a contin�
uous function of the real variables v � �v�� � � � � vr� � I �
where I � I� � I� � � � � � Ir is the cartesian product
of non empty real intervals� Let �Pv�v�I be the family
of all the polynomials obtained with these continuous
functions ak ���k�n�� when v � I � For a �xed value
of v � I � let P �v be the polynomial deduced from Pv by
the relation ���� when the coe�cients ak ���k�n� are
replaced by the complex values ak�v� ���k�n� of the
functions ak ���k�n� at the point v�

Proposition � ����� Let �Pv�v�I be the above�mentio�
ned family of polynomials� Every polynomial of �Pv�v�I
belongs to Dn� if and only if� there exists v� � I such
that Pv� � Dn and the resultant R�Pv � P

�

v � of Pv and
P �v � which is a continuous function of v� does not vanish
for all v � I�

	 A CRITERIA FOR ROBUST STABILITY

Let P be a polynomial polytope generated by the many
�nitely polynomials P�Q� � � � � T � On the one hand� the
application of the edge theorem to the open unit�disk U
gives �

Theorem 	 �Bartlett
 Hollot and Lin ���� A poly�
tope is stable� if and only if� its exposed edges are stable�

In other words� P 	 Dn� if and only if� for any vertices
P�Q of the polytope� all the polynomials S� introduced
in relation ��� belong to Dn� On the other hand� the
family of polynomials �S�� �� � �� 	 �
� satis�es the con�
ditions of Proposition 	� Therefore� each polynomial S�
�� � �� 	 �
� belongs to Dn� if and only if� P �or Q� is
in Dn and the resultant R��� � R�S�� S

�

�� of S� and
S�� does not vanish for all � � �� 	 �
� where S�� is de�
duced from S� as the polynomial P ��de�ned in rela�
tion ����is deduced from the polynomial P � introduced
in equation ���� Moreover� if n denotes the highest de�
gree of both vertices P�Q� it results from relation ��� and
Proposition � that R��� is a real polynomial in �� whose
degree is not greater than �n� The next proposition is
then set�

Proposition � A polytope edge�de�ned in relation
�	��is stable� if and only if� one vertex is stable and
the above�mentioned polynomial R��� does not vanish
on the real segment �� 	 �
�

In order to test condition ���� one can use Sturm�s
theorem 
��� Using the generalized Levinson�Szeg �o algo�
rithm� the value of R��� can be fastly computed when a
real value is assigned to � 
��� Then� the coe�cients of
the polynomial R��� can be computed by interpolation

��� from �n� � numerical values of R����



The next proposition indicates that if the coe�cients
of vertices P�Q can take any complex value a priori�
then the above�mentioned resultantR��� cannot be fac�
torized a priori� We shall see at the end of section  that
this fact is wrong when all the coe�cients of both ver�
tices are real�

Proposition � Let P be de�ned by relation ��� and
Q � b�x

n � � � � � bn be two complex polynomials whose
degrees are not greater than n� Let �� � and �� � be the
real and imaginary parts of a and b respectively 


ak � �k � i�k and bk � �k � i�k ���k�n�� ���

Let � be a real parameter� Let S� be the polynomial de�
�ned in relation �	� and let S�� be the polynomial deduced
from S� by the relation

S�� � �P � � ��� ��Q� ����

� ���an � bn� � bn
x
n � � � �� ��a� � b�� � b��

When all the coe�cients of polynomials P�Q and � are
indeterminate� the resultant R���� obtained by elimi�
nating x between the equations S� � � and S�� � ��
is an irreducible polynomial in the variables ��� � � � � �n�
��� � � � � �n� ��� � � � � �n� ��� � � � � �n and �� with integer co�
e�cients�

The proof of this proposition� whose main steps are
given in Appendix� is based on the irreducibility of the
polynomial R�P� P �� in the space of real polynomials
whose variables are the real and imaginary parts of the
coe�cients of P 
���
In 
�� it is shown that condition ��� cannot be avoided �

any algorithm� which decides whether each polynomial
S��de�ned in relation ����belongs to Dn is equivalent
to an algorithm that tests if condition ��� is satis�ed�
Proposition � indicates that the inequality in relation ���
cannot be simpli�ed a priori� When all the coe�cients
of both vertices P�Q real real� the above�mentioned re�
sultant R��� can be factorized a priori� The equations

�� � x�nP ���� x�	�� � x�� � p�x�� � xq�x������

�� � x�nQ���� x�	�� � x�� � r�x�� � xs�x����	�

give four real polynomials p� q� r� s� The transformation
which associates the coe�cients of polynomials p and
q with the ones of polynomial P is linear and depends
only on the integer n� Let f� and g� be the polynomi�
als associated� via this linear transformation� with S��
introduced in relation ����� They satisfy the following
equalities �

f� � �p� ��� ��r ���

g� � �q � ��� ��s� ����

It can be easily deduced from the relation�given in 
���

����n�n�����P ���P �����R�p� q��� � �n�n���R�P� P ���
����

where R�p� q� is the resultant of polynomials p and q�
that� if both vertices P�Q are real� then

R��� � 
nS����S������R�f�� g���
�� ����

where 
n � ����n���	��n�n����� and R�f�� g�� is the
resultant obtained by eliminating x between both equa�
tions f� � � and g� � ��
When all the coe�cients of both vertices P�Q are real

and indeterminate� it can be shown that the resultant
R�f�� g�� is an irreducible polynomial in the variables
a�� � � � � an� b�� � � � � bn and �� with integer coe�cients�

� AN ALGORITHM FOR ROBUST STABI
LITY

Let P be a polynomial polytope generated by the many
�nitely complex polynomials P�� P�� � � � � Pm� The fol�
lowing algorithm decides whether all the polynomials in
P are stable� Let degP denote the degree of the poly�
nomial P �

Inputs � P�� P�� � � � � Pm�
For i � � to m do �

�
Test if Pi is stable�

else print �the polytope is unstable�� end�
For j � i� � to m do �

�
n � max�degPi� degPj�
For k � �n to n do �

�
Compute �k � R�k�� where R��� is the
resultant� introduced in the previous sec�
tion� of polynomials �Pi � ��� ��Pj and
�P �i � ��� ��P �j � This can be done fastly
with the Levinson�Szeg �o algorithm 
���
�

Compute by interpolation 
��� the coe�cients
of polynomial R���� whose degree is not grea�
ter than �n� from the �n� � real values �k
��n�k�n��
Test if R������ for all � � �� � �
� using

Sturm�s theorem 
���
else print �the polytope is unstable�� end�

�
�

Print �the polytope is stable�� end�

Exemple �� Let us consider the polynomial polytope
generated by both complex polynomials

P � �x� � �	�� �i�x� � � ����

Q � �x� � �	� � �i�x� � �� ����

The polynomial Q is deduced from the polynomial P by
conjugating its coe�cients� The roots of P � which are
roughly equal to

x � �������� �����i� jxj � ������� ����



x � �������� �����i� jxj � ������� �	��

x � �������� ������i� jxj � ������� �	��

are each in U � as those of Q which are the conjugates
of the roots of P � The resultant R��� computed by the
algorithm is given by

R��� � ����� � ����� �
���

��
�� �

��

��
��

���

��
� �		�

and vanishes twice in the segment �� 	 �
 � its roots are
roughly equal to the elements of the set

� � f������� 	 ����� 	 ������ 	 ������g �	�

Exemple �� Let us consider the polynomial polytope
generated by both real polynomials P � �x��x��� and
Q � ��x� � x� � �� that satisfy the relation P ��x� �
Q�x�� The roots of P are approximately given by

x � ������� �	��

x � ������
 ����i� jxj � ������� �	��

The resultant R��� computed by the algorithm is equal
to

R��� � ����� ������� ��� ����� �	��

and has six zeros� with their multiplicity� in the segment
�� 	 �
� Each root of R��� is of multiplicity two� they are
the elements of the set � � f��� 	 ����� 	 �����g�

� APPENDIX

Proposition � is a speci�c case of the lemma below� In
the following� when f� g� � � � � h denote indeterminates�
the space of polynomials� whose variables are these inde�
terminates and whose coe�cients are rational numbers�
is denoted by Q�f� g� � � � � h
�

Lemma � Let R���� � � � � �n� be an irreducible polyno�
mial in Q���� � � � � �n
� Let a�� � � � � an� b�� � � � � bn and �
be indeterminate linked to the �i�s by the relations

ai�� bi � �i ���i�n�� �	��

When ai� � bi � ��i�n� is substituted for �i in
R���� � � � � �n� � ��i�n�� this gives a polynomial S in
the variables a�� � � � � an� b�� � � � � bn and � 


S�a�� � � � � an� b�� � � � � bn� �� � R�a��� b�� � � � � an�� bn�
�	��

which is irreducible in Q�a�� � � � � an� b�� � � � � bn� �
�

Proof� Let us suppose that S is not irreducible� then
there are two polynomials S� and S� in the space
Q�a��� � ��an�b��� � ��bn��
� which are not constant and such
that S � S�S�� The proof is based on the following idea�
If � is set to an unknown value� i�e�� is a parameter� if
for ��i�n� either ai or bi is a parameter and if all the
n�� other variables are indeterminates� then both poly�
nomials S� and S� can be considered as polynomials in

the variables ��� � � � � �n� using the relations �	��� The
assumption that S is irreducible leads to the fact that
either it is S� or S� that does not depend on the in�
determinates but only on the set variables� considered
as parameters� It results of such arguments that all the
indeterminates a�� � � � � an� b�� � � � � bn and � are shared in
two separated subsets� one containing all the variables
of S� and the other containing all the variables of S��
Such a decomposition permits to set either ai� or bi for
��i�n in such a way that some variables of S� and some
variables of S� remains indeterminate� Then� the irre�
ducibility of R leads to the fact that either S� or S�
depends only on the variables set to parameters� but
this is impossible� In conclusion� the assumption that
S is not irreducible leads to a contradiction� This ends
the proof of the lemma�

REFERENCES

��
 E� J� Routh� Stability of motion� Edited by A� T�
Fuller� Taylor � Francis LTD� London� �����

��
 C� Hermite �Sur le nombre de racines d�une �equation
alg�ebrique comprises entre des limites donn�ees��
Journal f �ur die Reine und Angewandte Mathe�
matik� vol� �	� pp� ����� �����

�	
 A� Cohn� �Ueber die Anzahl der Wurzelneiner al�
gebraischen Gleichung in einem Kreise�� Math�
Zeitschri t� vol� ��� pp� �������� ��		�

��
 V� L� Kharitonov� �Generalised stability criterium�
�in Russian�� Izv� Akad� Nauk� Kazahk�� SSR Ser�
Fiz� Mat�� no �� pp� ����� �����

��
 A� C� Bartlett� C� V� Hollot and H� Lin� �Root lo�
cations of an entire polytope of polynomials � it
su�ces to check the edges�� Math� Cont� Signals
Systems� vol� �� pp� ������ Nov� �����

��
 M� Barret and M� Benidir� �On the boundary of the
set of Schur polynomials and applications to the
stability of ��D and 	�D digital recursive �lters��
IEEE Trans� Automatic Control� vol� �� no� ���
pp� 	��	�� Nov� �����

��
 M� Barret and M� Benidir� �A new algorithm to test
the stability of 	�D digital recursive �lters�� Signal
Processing� vol� �� no� 	� pp� 	���	��� May �����

��
 F� R� Gantmacher� The Theory of Matrices� Chelsea
Publishing Company� New�York� vol� 	� ch� ���
�����

��
 E� I� Jury� �Robustness of discrete systems � a re�
view�� Automation and Remote Control� vol� ���
pp� ������	� Oct� �����

���
 E� Horowitz and S� Sahni� Fundamentals of Com�
puter Algorithms� Computer Science Press� Chap�
ter �������


