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ABSTRACT

Images of a scene ohserved under a variable
illumination or with a variable opticd aperture ae
not identicd. Does a privileged representant exist? In
which mathematicd context? How to obtain it? The
authors answer to such questions in the mntext of
logarithmic models for images. After a short
presentation of the model, the paper presents two
image transforms. one performs an optimal
enhancement of the dynamic range, and the other
does the same for the mean dynamic range.
Experimental results are shown.

Keywords: Image enhancement, logarithmic image
processng, mean dynamic range, gamma crredion.

1 INTRODUCTION

Image enhancement is an important branch of image
processng. Many approaches exist (contrast
manipulation, histogram modification, filtering,..)
that are well exposed in referencebodks such as[1-3,
10, 11]. Stockham [12] proposed an image
enhancement method hased on the homomorphic
theory introduced by Oppenheim [6] and applied to
images obtained by transmitted or refleced light. The
key of this approach is to use a1 adapted
mathematicd homomorphism, that performs a
transformation in order to use the dasdcd linea
mathematics and to use linea image processng
techniques. Another approach exists in the general
setting of logarithmic representation suited for the
transmitted light imaging processes or the human
visual perception. Jourlin and Pinoli introduced a
mathematicd framework for this kind of “non-
linea” representations [4, 5, 9]. In this paper we
present another dightly different logarithmic model
which permits to maximize the dynamic range. Also
we present new formulas for mean dynamic range.
The remainder of the paper is organized as foll ows:
Sedion 2 introduces the aldition, the red scdar
multiplicaion, and the product of two gray levels.
Similarly, the Sedion 3 introduces the aldition, the
red scdar multiplicaion, and the product for the
gray level images. Sedion 4 defines two opimal
image transforms using our mathematicd model.
Sedion 5 presents experimental results and Sedion 6
outlines the conclusions.

2 THE REAL ALGEBRA OF THE GRAY
LEVELS

We mnsider as the space of gray levels, the set
E=(0,0). Let be M ared and pasitive number. In

the set of gray levels E we will define the aldition
[(4Cand the red scdar multipli cation (X[

2.1 Addition
Ov, ,v,0E the sum v,3, is done by the

. : v, ¥
followingrelation: v, #V,=-1—2 1)

The neutral element for additionis 6=M .
Eadch element vVOIE has as its oppaite the dement

2

W:M— and this verifies the following equation:
%

v =0.
The adition F0is dable, asociative, commutative,
has a neutra element and ead element has an
oppdsite. It results that this operation establishes on E
a ommutative group structure.
We can aso define the subtradion operation BCby:
v, (M
: 2
Va
Using subtradion [E0) we will note the oppasite of v,
with V.

v, B0V, =

2.2 Scalar multiplication
For OADOR,OvOE, we define the product between

A and v by:
Aam=mi"H 3
oM O

The two operations: addition [FCand scdar
multi pli cation CxCestablish on E ared vedor space
structure.

2.3. The product operation
For Ov, ,v, OE the product v, IV, is defined by

the relation:

v, My, =M @Mm‘%&@m%’%% 4

1
The neutral element for product is u=M @M .



The threeoperations, addition (3-[J, scdar
mullti plication CxCand product [Testablish on E a
red algebra structure.

3 THE REAL ALGEBRA OF THE GRAY
LEVEL IMAGES

A gray level image is a function defined on a bi-
dimensional compaa D from R? taking the values in
the gray level spaceE. We note with F(D,E) the set
of gray level images defined on D. We can extend the
operations defined on E to gray level images F (D,E),
in anatural way:

3.1 Addition

of, ,f,OF(D,E) ,0(x,y)dD,

(FL 3 )(xY) =f (% y)EFE, (X,Y) ©)
The neutral element is the function f(x,y) =M for
0(x,y)OD .The adition 3-0is dable, asociative,

commutative, has a neutral element and ead element
has an oppasite. As a onclusion, this operation
establishes on the set F(D,E) a commutative group
structure.

3.2. Scalar multiplication

OANOR,O0f OFD,E), 0O(x,y)OD,

ABO)(x.y) =ABO (x,y) (6)
The two operations, addition [F0 and scdar

multiplication XOestablish on F(D,E) a red vedor
spacestructure.

3.3. The product operation
For Of,f, OF(D,E) , Ox,y 0D the product

f, [, is defined by the relation:

1(x 2(%,
(f, I ,)(x,y) =M @Mmqgiy@hgiyﬁ (7

The neutra element for
1

functionu(x,y) = M &M ,0O(x,y)0D. The three
operations, addition [F[J, scdar multi pli cation xCand
product [ establish on F(D,E) a red agebra
structure.

product is the

4 GRAY LEVEL IMAGE ENHANCEMENT

4.1 Enhancement of the dynamic range
Let f be an image defined on the spatial domain D.
Let us denote f; and f  the lower bound and the

upper bound on D, respedively,

fy=inf f(x) and fg=supf(x). (8)
xtb xOD

The dynamic range of f, denoted D, (f), is defined
[5] asthe (red) difference

D, (f)=f,—f, (9
where the subtradion ismeant in R

A A —homothetic of f isdefined as AX[d and
consequently the dynamic range of positive
homothetic is
D, AEZO)=AEO), -AED), =ARO, -ARH,
(10)
where Ais a postive red number. The dass
()\BD )A>0 of strictly positive homotetics associated
with an image f appeas naturaly as the set of
reference where the solution is to be found.
The optimizaion problem is to find the positive
homothetic with the larger dynamic range, suppasing
that the lower bound and the upper bound o the
image satisfy the natural inequaliti es:
O<f, <f <M. 11
Under the previous conditions, there exists a unique
strictly positive red number, denoted A, (f), caled
the optimal logarithmic gain, such that the image
A (f)3O  presents the maximal dynamic range in
the (\X[1),., class namely
D, (A (x)=maxD, A=) (12)
Such a strictly positive red number is explicitly
defined by

] In(M/f-)E
n(M/f

A= Inif If, ) (13

So, the image transform S,, that performs the

optimal enhancement of the dynamic range, is
defined by

S, (f)=A, (F)zO (14
We shall proceed to prove (13):

Define the function h:(0,) —[0,M] by putting
h(A)=ARO,-ARG,, (15
namely,

h(\)=MIESE -MIE--2 . Solving the eguation
M) %g [@Mg g &

h'(\)=0 yieldsaunique solution, A, (f), such that

e BBl oBife

Finally, one gets equation (13).
The seoond derivative h' (M) equals

h'(\)= M[H—anﬂ—g M[H—g[[ha—g (16)

MO OMO oMO OMO
We can observe that h’ (2A) =0 and h"(A\)<0 for
A0(0, 27,)and h"(A)>0 for A 00 (2\,») . We can
seethat in Fig.3 and Fig. 6.

4.2 Enhancement of the mean dynamic range
If the dynamic range is nea M from the beginning
the S, transformis of no pradica use. Nevertheless



this can happen in pradice due to the noise which
produces me (few) pixels with 0 value and some
(few) others with M value (‘salt and pepper” noise).
For such cases it is necessary to find a way to
eliminate such false values. We propose to use the
statisticd moments of the image. Namely we shall
replace the origina image with another one having
only two values v (f) and v,(f)so that the first 3

moments are preserved [8]. We can define the mean
dynamic range by:

D (F)=vs(F)-vi () an
The following algebraic system defines our values,
v (f)and v, (f):

0 P +p, =1

0 P30y (F)EHEIV(F) =m(f)
b3y, (1) PR, v () = my(f)

Hp clv, (0 P, By, () = my(h)
where m, (f),m, (f),m5(f) are the stetistica
moments of order one, two and threefor the image f.

(18

Weptt o = Jm,(H)Ec{m, (7)) (19

and

i = 3m(f )3 B Cin, (F )T, (F) + 2% {m, (F) f
(20

It results the foll owing values:

v, (f) = ml(f)&D%Bm‘zm@PBE{/@BIGBW F

(21
v (f) = ml(f)&%@m‘zm@ﬂa/mmﬁaw @
(22

We do not detail the formulae for the probabiliti es
p; and p,, as they are of no use here. The new image

transform, denoted S Zmaximizing  the mean
dynamic range of animagef is defined by

S, (f)=A, ()0 (23
where A (f) isthe unique strictly positive red

number, cdled the optimal mean logarithmic gain
given by

] In(M/vi(f))E
nM /v (f
A (F)= (1)
In(v4(f)/v,(f))
The proof is gmilarly to the previous one.

(24

5. EXPERIMENTAL RESULTS

The images are taken from [7].
Values obtained for image “cdls’ are:
Vv; = 24478 v, =2519]

A, =3566,D_ (A,)=92465.
Values obtained for image “ball” are:

v, =5.886 v, =80.324
A, =04515, D, (A,)=10507.

Fig.1 Image“cdls’

Fig.2 Enhanced image “cdls’
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Fig.3 Function D, (A) for image “cédls’



Fig.4 Image“ball”

Fig. 5 Enhanced image “ball”

Fig.6 Function D, (A) for image “ball”

6 CONCLUSION

The image enhancement has been and is always an
important field of the reseach where publications of
new tedhniques and methods take alarge places in
the literature. A gred number of enhancement
methods exist because eab applicaion is gedfic
and neeals an adapted method [2]. So, the physicd
nature of images to be processd is of centra
importance ad the need of an adequate image
mathematic model appeas clealy as a necessty [5].
In this paper we have presented an image
enhancement transformation like gamma @rredion
which needs an adapted mathematicd model for
beming optimizable. Also we presented a new
formulafor the mean dynamic range.
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