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ABSTRACT

This paper addresses asymptotically minimum variance
(AMV) algorithms in the class of algorithms based
on second-order statistics for estimating frequencies of
mixed complex circular processes. To reduce the com-
putational complexity due to the nonlinear minimiza-
tion required by the matching approach, the covariance
matching estimation techniques (COMET) is included
in the algorithm. Numerical examples illustrate the per-
formance of the AMV algorithm.

1 Introduction

There is considerable literature about second-order algo-
rithms for recovering sinusoids embedded in white noise.
However, few contributions have been devoted to the
case of correlated noise, such as the modified Pisarenko
decomposition (MPD) of [1].

To improve the performance of these algorithms, we
propose in this paper to consider asymptotically (in the
number of measurements) minimum variance algorithms
in the class of algorithms based on second-order mo-
ments. Porat and Friedlander [2] were the first to derive
such estimators for estimating the MA and ARMA pa-
rameters of non-Gaussian processes from sample high-
order statistics. Then, this approach was used for blind
channel estimation (see e.g., the works by Giannakis and
Halford [3]) and for DOA estimation (see e.g., the works
by Ottersten et al. [4]) using second-order statistics.

The paper is organized as follows. Section 2 presents
the asymptotically minimum variance second-order es-
timator for stationary complex circular processes with
a special attention to the statistics involved. As an ap-
plication, the estimation of the frequencies of sinusoids
for mixed spectra time series containing a sum of si-
nusoids and an MA process is considered in Section 3.
The asymptotic performance and the robustness to er-
ror model are analyzed in Section 4. Finally, illustrative
examples with comparisons with the MPD estimator are
given in Section 5.
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2 Asymptotic minimum variance second-order
estimator

We consider a strict-sense stationary complex circular

process x; whose M x M Hermitian Toeplitz struc-

tured covariance matrix R(0) = E(x;x7) with x; def

(z¢,...,x_ny41)T, is parameterized by the real param-
eter © € RY. This parameter is supposed identifiable
from R(O).

The covariance matrix R(O) is classically esti-
mated by Ry = %Zthl x;x or by the Hermitian
Toeplitz matrix R built from its first column rp =
1 T *

T Dp=1 Xt T} -

To extend the ideas of Porat and Friedlander [2] con-
cerning asymptotically minimum variance second-order
estimators, to complex circular processes, two condi-
tions must be satisfied. First, the covariance Cr(0)
of the asymptotic distribution of Rz must be regular.
Second, the involved second-order algorithm considered
as a mapping which associates to R, the estimate O
Ry — Op = alg(Ry) must be differentiable w.r.t. Rp
at the point R(©). While, the second condition is satis-
fied, the first one is not. In fact, it is proved in [5], that
the asymptotic distributions of Ry and R!® have the
same covariance matrix Cr(©). Therefore, the rank of
Cr(O) is the rank of the set of the entries of R consid-
ered as random variables, i.e. rank(Cr(©)) = 2M — 1.
To solve this difficulty, we could work only with the first
column r7 of Ry because r(©) contains the same infor-
mation about © as R(©). But this choice leads to an
algorithm rp — Op = alg(rr) that is not differentiable
w.r.t. rp at point r(©).

To make this algorithm differentiable, we consider in
the following the statistics sp constituted by rp and
r; where the first common real term rq 7 appears only

o, T
. def i . def ro,T
once, i.e. sp = rp with rp = } ,
1* Tr
rr
57“07T
So for ds structured as s = érf, |, if D28 and
.
or'p

D:}g are respectively defined by %}‘5 and [D:}g]k,l def



1 dalgy, _ dalg,

2 |aR@'(@));  Las(r'(0))

that:

alg[s(©) + ds] = alg[s(0)] + [D2¢, D%, D2¥]ds + o(ds)
= O + D28§s + o(s)

with D3's = [D2ls, Di}g, D:};g] Therefore D28 is a left

inverse of § 1 %@91:

, 1t 1s straightforward to see

def [

D8S =1, (1)

and this time, the rank of the set of the entries of sp is
2M — 1 and so, the covariance C;(0) of the asymptotic
distribution of s7 is a Hermitian positive definite matrix.
Therefore, by application of theorem 2 of [2], extended
to the complex case, we obtain:

Theorem 1 The asymptotic covariance of an estima-
tor of © given by an arbitrary second-order algorithm is

bounded below by (ST C;1(©)S)~1:
Co = DE5C,(0)(DI%) > (s7CTH (@)S). (2

Furthermore, thanks to a straightforward extension of
theorem 3 of [2], this lowest bound is asymptotically
tight, i.e., there exists an algorithm alg(.) whose covari-
ance of the asymptotic distribution of Op satisfies (2)
with equality. This algorithm is given by the following
nonlinear least mean square algorithm:

Or = argminfsr — s(a)]" €7 (@) [s7 — s(a)].  (3)

In practice, it is difficult to optimize this nonlinear func-
tion where it involves the computation of C;1(0). Po-
rat and Friedlander proved in [6] that the lowest bound
(2) is also obtained if an arbitrary consistent estimate
C, 1 of C,(0) is used in (3). So this minimization can
be preferably replaced by the following

Or = arg Hgn[ST — s(a)]HCs_}[sT —s(a)].  (4)

3 Application to the estimation of frequencies
for mixed spectra time series

In the following, we will be concerned with the complex
valued process x; = s; + n;, with
St def Zk 1 Gk ei2nfkteidr  and  n, def Z(?:O bots_g.

(ut)t=1,... is a sequence of circular complex zero-mean
i.i.d. random variables where E|u}| < oo, with &, Lt
Cum(ur, uf, e, uf). (ax)ecr, i and (By)gmo,.q aro
unknown fixed real and complex numbers respectively.
(fx)k=1,. k are unknown fixed distinct real numbers in
] —1/2,41/2[, ¢x are random variables uniformly dis-
tributed on [0, 27] and (¢&)k=1, & and u; are mutually
independent. In this case, z; is a complex circular strict-
sense stationary process. Its M x M covariance matrix
is given by:

Zaie(fk)eH(fk)

k=1

Y M 7Q 0 0
o -1 7Q

Q-2 Q-1 0

B B S < T R 1>

0 'YZQ 75—1 . . . :

: . . . ¥i Yo M

0 - 0 o o o M
with e(fi) = (1,627, G2M=DGT and

def %
(Y& )k=0,...0 = E(nmn;_y).
R(©) is parametrized by the L = 2(Q + K) + 1 real
parameters © = def

(©1,05) with ©1 = (f1,..., fx)T and
def

0y = [(11,. aK770’R(71) ( Q)’%( ) 'JS(7Q)]T'
We note that the first column r(©) of R(O) is linear

with respect to ©4: r(0) = ¥/(01)0, Wlth
OT
I .
B(O)=| elfi),....e(fx), eth i1,
Onm-g-1,20+1

Therefore ®/(©1) has column full rank (over the field
R) iif M — @ — 1 > K. This condition is equivalent to
having the number of unknown real parameters no larger
than the number of estimating equations available, i.e.,
2@+ K)+1<142(M —1). This necessary condition
is not sufficient to ensure identifiability. We suppose in
this paper, that this condition is satisfied and that it
implies the identifiability at the true value of ©. The
equivalent statistics s(©) can be written as:

where ®(01) is also a full column rank matrix (over
the field R). The minimization (4) with respect to ©4
1s immediate if @5 is not restricted to be real. With a
geometric procecedure, we obtain:

0, = [¥7(0,)WE(0,)]'®7(0,)Wsr  (6)

with W 4 Cs_; With arguments similar to that of

COMET [4], we prove that O, is real-valued.

2 o o7
10 Iy Iy

0 —ilpoq ilpry
linear inversible transformation that associates to srp,
the real-valued vector constituted by the real and imag-
inary parts of s, @2 given by (6) assumes the form:
[(JO)E (W13 -1 (3]~ (Ie) T (IW 1T ) =1 Jsp,
where Js7 1s real and so i1s J¥. It remains to examine
JW-1JH . With W1 structured as in (9), JW~1J#
assumes the form

2¢ 2R (cT) 25 (cT)

L 2me) m(eo)+R(c) S(Cl

23(c) S(Cr) +S(C) RN

which is real-valued. [ ]

def

Proof If J = denotes the



So that ©, given by (6) is the real value that minimizes
(4). ©1 7 is obtained by subtituting © in (4):

©1,r = argmax V («) (7)
with
V(a) Y sEWE(0) [ (o) WE(a)]" ' B (a)Wsr.
4 Performance analysis

4.1 Asymptotic minimum variance

The asymptotic minimum variance of the parameters is
based on the following theorem that is proved in [5]

Theorem 2 The first columns r7 and r% of respec-
tively Ry and RY converge in distribution to the same
zero-mean compler Gaussian distribution of covariances

(C,,C.).
VT (vp —1(0)) 5 N.(0;C,,C}). (8)

where

+1/2
c, = / S2(f)e(f)e (f)df

1/2

+

K
23 aiSa(fe)e(fi)e™ (i) + mury™,
k=1

1/2
c = /_+ S2(f)e(f)e” (f)df

1/2

K
+ 2> aiSa(fu)e(fe)e” (fi) + mury”,
k=1

where v is the M x 1 vector (vo,...,7¢,0,...,0)7 and
where Sy, (f) is the power spectral density of n;. The
asymptotic behavior of sy and rr are directly related
by the standard continuity theorem. Therefore:

VT (s7 —s(0)) 5 N.(0;C,(0), C.(6))*

with
e e T
def
C.s (6) = Cr Cr’ Clr’ (9)
7
C: Cr’.; C:/
and
e cf cf
def
C; (@) = Cr Clr/ Cr/
* * "%
C, r !

where C, and C’, are partitioned as follows

e , e cr
C, = < e, C. and C', = e, C. )

By application of theorem 1, the covariance of the
asymptotic distribution of the minimum variance

1We note that the noncircular complex Gaussian distribution
of sp is characterized by C; only.

second-order frequencies estimator (7) is given by the
K x K “frequency corner” ? of (SHC;1(0)S)~! where
C;(0) is given by (9).

C®1 = (SHCs_l((—))S)(_llK,lK)
Furthermore, because it is proved in [5] that all second-
order algorithms are insensitive to the distribution of
the additive noise n, the third term (which involves the
fourth order cumulant &, of u;) in the expressions of
C, and C/ in the expression (S C;1(©)S)~! can be
withdrawn.

4.2 Robustness to model errors

Since our approach theoretically applies only for an MA
noise of known order, we must consider its robustness
to errors model. In fact for any purely nondeterministic
random process ny, limg_,00 7x = 0. So, there exists an
integer @ such that v, ~ 0 for £ > . In this situation,
the M x M covariance matrix of z; becomes R(©) +
dR where 6R. gathers “small” terms ygy1,...,ym—1.
This implies a biased frequency estimator ©; 7. This
asymptotic bias is given by:
E(©1,7) — 01 = DE¥Y1ds + O([|ds|*) + O(7),
where
ds = (0,..,0, 75+1, e Yi—150, 50,7041, - VM —1)
and DAMV1 denotes the derivative of the AMV algo-
rithm defined in section 2 which is given by
DAMYV: = [(87C;1(0)8)7'STCT ()], 1
(using [6, proof of theorem 1]. And the asymptotic co-
variance is given by:
H
Cov(01,7) = DAY Coy4,(0) (DAY

+O([19s]1*) + O(7z) + O(llds]1*) O(7)-

T

5 Simulations

In this section, we provide numerical illustrations of the
performance of the proposed AMV estimator as well as
a comparison with the MPD estimator of [1]. We note,
that contrary to the AMV approach for which M >
@ + K + 1, the MPD estimator, based on an Hankel
matrix built from the “zero triangles” of R(®), requires
the fixed order M = @Q + 2K + 2.

In the first experiment, we consider the case K =
2 (fi = =01, f, = 03), Q =1 (bg = 0.707, by =
0.707) and T' = 2000 3 for different SNR. Fig.1 shows
the asymptotic variance given by the MPD estimator
for M =7 (Var[ti 1] = %D?IPDCT(G)(DFPD){{J)) and
by our estimator for M = 5, 7, 9 and 11. We see the

2We note that the expression (SHCS_1 (©)S)~! where S would
be defined as the derivative of s(®) w.r.t. ©; is an even lower
bound, but because no known second-order algorithm attains this
bound, this lower bound has no practical interest.

3This value of T is chosen large enough because it is well known
(see e.g., [7]) that T has to be very large for the asymptotic ex-
pressions to describe the estimated MSE’s adequately for large
value of M.



improvement of performance of our approach including
for a smaller order M.
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Fig.1 Theoretical and estimated (100 runs with 99% confidence

interval) variance Var[6; 7] given by the MDP (M = 5) and the
AMYV estimator (M = 5, 7, 9 and 11) versus SNR.

The second experiment illustrates the influence of
the frequency of the complex sinusoid on the perfor-
mance. We assume K = 1, Q@ = 1 (bg = 0.707,
by = —0.218 — 0.672i), M = 4, T = 2000 and SNR
= 5 dB. The power spectral density of the MA process
is shown in Fig.2a. Fig.2b shows the asymptotic vari-
ance given by the AMV estimator as a function of the
frequency of the complex sinusoid (1). Fig.2b also plots
the asymptotic variance given by the AMV (3) and the
MUSIC (2) estimator for a white noise of same power.
We see that the MUSIC estimator is not a minimum
variance second-order estimator. This figure shows a
degradation of the performance when the frequencie f;
is in the vicinity of the maximum of S,(f). This re-
sult 1s similar to the performance of the nonlinear least
square estimator [8], where the asymptotic variances are
proportional to S, (f1)/a?.
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Fig.2a Power density spectra for white (-) and MA (- -) noise.

Fig.2b Theoretical and estimated (100 runs with 99% confidence
interval) variance Var[f; 7] given by the AMV estimator for MA
noise (1) and by the AMV (3) and MUSIC (2) estimators for white

noise versus fi.

Finally, the influence of an error of model is examined.
We consider in this experiment, an AR model of order 1
with K =1, (f1 = 0.2), M =7, SNR = 5dB, T" = 2000.
Fig.3 plots the asymptotic bias and mean square error
given by the MPD and AMYV estimators when the order
of the MA model is falsely detected to be ) = 2 as a
function of the AR coefficient. We see that these two
estimators are robust to this undermodeling. Further-
more, the AMV estimator continues to outperform the
MPD estimator.
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Fig.3 Theoretical and estimated (100 runs) asymptotic bias and
MSE of the AMV and MPD estimator as a function of the AR

coefficient.
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