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ABSTRACT

In thispaperweconsiderturbo-codedmulti-userDS-CDMA
communications.We first presenta new schemefor Soft-
Input Soft-Outputmulti-user detection. Our methodpro-
videsthe Maximum A Posterioriestimatefor eachuserbit
togetherwith its fiability in theform of anextrinsic informa-
tion. It is basedon thestackalgorithmover thetreediagram
of the CDMA channel. The Soft-Input Soft-Outputmulti-
userdetectoris thenassociatedto a bankof turbo-decoders
in aglobalturboloopto performiteratively multi-userdetec-
tion and turbo-decoding.Simulationresultsshow the high
efficiency of theproposedmethod.

1 Introduction

The turbo principle wasfirst introducedin [4] for the itera-
tive decodingof parallelconcatenatedconvolutional codes;
it hasbeengeneralizedto differentcommunicationproblems
suchas the decodingof serially concatenatedcodes,joint
sourceandchannelcoding, turbo interferencereductionor
turboequalization.

Recentlysomeauthorshave consideredthe application
of the turbo principle to the separationand decodingof�

codedusersthat communicateover a CDMA channel
[8][2][10][12]. Basically, thesolutionconsistsin considering
theCDMA channelasa code,andin applyingtheprinciples
of theturbodecodingof seriallyconcatenatedconvolutional
codes[3].

Theproblemof MaximumLikelihood(ML) estimationof
theinformationbitsisbrokeninto two “simple” ones:(i) Soft
Input Soft Output(SISO)Multiple AccessInterferencesup-
pression,and(ii) SISOdecoding.Thetwo modulescommu-
nicateiteratively in a global loop by exchanginga “global”
extrinsic information over information bits and codedbits,
until nosubstantialameliorationis providedby anadditional
iteration. The SISO decoderitself is turbo sincethe code
consideredin this paperis the turbocodenormalizedin the
UMTS [1]; the turbo codeconsistsin the parallel associa-
tion of two elementary8-statesconvolutionalcodes.There-
fore, in thegloballoop,onepassof theSISOdecodercanbe
decomposedinto several passesin the local turbo decoding
loop. In the local loop a local extrinsic informationover the

information bits is exchangedbetweenthe two component
SISO8-statestrellis decoders.

In Section2, we presentasuboptimalMaximumA Poste-
riori multiuserdetectorwith softoutput.OursubMAPdetec-
tor is basedon thestackalgorithm[7] over thetreediagram
of theCDMA channel.Thestackalgorithmpresentstwo ad-
vantages(i) it providestheexactML estimateand(ii) its nu-
mericalcomplexity is linearwith thenumberof userswhen
theSignalto NoiseRatio(SNR)is high. In Section3 we in-
tegratein thebranchmetricsof thetreediagrama Bayesian
prior over theuserbits; this Bayesianprior is in practicethe
global extrinsic informationprovided by the bankof turbo
decoders.In Section3 we alsoexplain how onecomputes
the extrinsic informationprovidedby the SISOdetector. In
Section4, we discusstheassociationof themultiuserdetec-
tor with the bankof singleuserturbo decoders.Simulation
resultsarepresentedin Section5.

2 Multiuser detection based on the tree diagram

Recall that the model of a CDMA channelwith additive
whiteGaussiannoiseis thefollowing:�����	��
��� (1)

where ����� �����������	��������� is the vectorof usersbits, � �� !�"#�������$��!�%&� is thematrixof normalizedsignatures,and � is
a zeromeanGaussianvectorwith independentcomponents:�(')+*-,.��/	0�1�2 .

Clearly, theproblemof ML detectionontheadditivewhite
Gaussiannoisechannelis equivalentto minimizing 3 �$�(4� 3 0 : 5�6�87&9�: ;=<?>@.A#B�C "�DFE 3 �	�G4(� 3 0 � (2)

ConsidertheQR decompositionof � : �H�JILK where K is
anuppertriangularmatrix andwhere I is a unitarymatrix,
that is to say IL�MIN�O1 . It canbe shown that minimizing3 �$�4P� 3 0 amountsto minimizing 3 KQ�4SR 3 0 , whereRS�TILUV� is an exhaustive statisticsfor the problem. The
uppertriangularstructureof K makesit possibleto solvethis
problemasthedetectionof a shortestpathin a treediagram
of theform displayedon Figure1. Thebranchmetricsover
thetreediagramare:

branch *W���X�����ZY$�[��\�\�\	�F�^]�2`_a�b*cKQ�M2d]e4gf�]h� 0 (3)



where *cKQ�M2 ] ��ikjbl ]hm �gn *-o	�qpr2q� j is thecomponentnumbero of vector KQ� .
Recently, we have proposedto usethestackalgorithmto

solve this problem[13]. The stackalgorithm (Zigangirov,
1966[14]; Jelinek,1969[7]) keepstrackof a few pathsand
theircorrespondingmetricsin astack;theheadof thestackis
alwaysthepathwith theshortestmetricamongall thepaths
in the stack. At eachstepof the algorithm, the pathat the
headof the stackis extendedby onebranch,thusyielding
two successors;thetwo successorsalongwith theotherpaths
in thestackarereordered,sothattheheadof thestackis al-
waysthe pathwith the shortestmetric. The processof ex-
tendingthepathis thenrepeateduntil a completepathwith�

branchsis found.
Thestackalgorithmhastheadvantageto producetheex-

actML solution,contraryto theothermethodsover thetree
diagramsuchastheFanoalgorithmor thefeedbackdecoding
algorithmwhich aresuboptimal[9]. What is more,for highsVt n s, the numberof branchmetricscomputedper useris
equalto u , leadingto a linear complexity with the number
of users.At a high

sVt n s, the stackalgorithmnever turns
backover thetreediagram;theprocessof selectingthebest
successoramongthetwo successorsof theheadof thestack
alwaysselectsthe truepathbecausethis pathis muchmore
probablethattheotherpathsin thestack.

User bit = "+1"

User bit = "−1"

User 2 User 1User 3

Figure1: Treediagramfor
� �wv users.The bold pathis�6� *-� � ��� 0 �F��x�2q�(� *W
zy{��
zy{��4|yh2r� .

3 SubMAP detection over the tree diagram

In order to perform iteratively the multiuserdetectionand
thedecodingin a turbomanner, we mustadaptthedetection
algorithm (i) to accountfor a Bayesianprior over the user
bits (this informationis suppliedby the outputof the turbo
decodersat the previous iteration) (ii) and to supplya soft
decisionin form of anextrinsic informationthatwill beused
astheinputof thebankof turbo-decoders.

3.1 Branch metrics update with Bayesian prior
Supposethatthereis a Bayesianprior over �^] :
}?~ :$��*W�^]����zy��F�&� �] 2`���q<b:{>�*-�^]�2��&� �] 
� ~ >��q���{>���� (4)

Thenthecompletelog-likelihoodof
}b~ :$��*��+��R��F� � � 2 is, up

to anadditiveconstantterm:}b~ :$��*�����R.��� � � 2�� i �] l � �d<b:{>$*-��]�2�� � �]4�* u /	0�2 Y$� i �] l � *q*-K���2q]�4gf[]{2r0
(5)

This is thecumulatedmetricsof thepath � wherethebranch
metricsaredefinedas:

� 9��{>��F��*W���X�����ZY$�h��\�\�\$�F�^]�2�_T�d<?:�>�*-��]�2d�&� �] 4 yu / 0 �?*-K��V2q]�4gf[][� 0 �
(6)

where� � � � *W� � �� ��\�\�\$�F� � �� 2 is theparameterof thedistribu-
tions.

3.2 Extrinsic information computation
Theaposteriorilog-likelihoodratioof �^] is:

����� *-� ] ��R�2�� }b~ : ��*-�^]|��
zy|��R.�F� � � 2��*-�^]|�+4|y|��R.�F� � � 2 � (7)

For computationalreasonsit is approximatedas:
����� *-� ] ��R��F� � � 2��k;L��� @#�F ¢¡ l�£ � }b~ :$��*��¤�dR.��� � � 24¥;L��� @¦�� ¢¡ l Y	� }b~ :$��*��¤�dR��F� � � 2�� (8)

This suboptimalapproachconsidersonly thebestpathsuch
that � ] �§
zy , andthe bestpathsuchthat � ] �¨4|y . This
approximationis valid at high

sVt n s. It is conventionalto
usesuboptimalcomponentsin turbo loops sincethe itera-
tions have the potentiality to correct thesesuboptimalities
[11]. Notethatin Eq. (8) thejoint log-likelihood

}b~ :$��*��¤�dR#2
is the cumulatedmetricsof the path � in the tree diagram
with thebranchmetricsdefinedby (6).

Supposefirst of all that o � � , that is to say that the
userconsideredcorrespondsto theroot of thetreedisplayed
on Figure1. The half upperpart of the treecorrespondsto� � ��
zy whereasthehalf lowerpartof thetreecorresponds
to � � �J4|y .

The mostprobablepathsuchthat � � �©
zy is thenob-
tainedby applicationof the stackalgorithm to the tree re-
ducedto its half upperpart.Thisreductioncanbeperformed,
for example,by settingthe metricsof the branch �^�w�O4|y
to minusinfinity. Similarly, themostprobablepathsuchthat�����ª
zy is obtainedwith the stackalgorithmover the tree
reducedto its half lowerpart.

Supposenow that oP« � so that the user o is not at the
root of thetree.We proposethefollowing strategy: first, we
reordertheusersin vector � sothatbit ��] beat theroot;after
reordering,

�6� *-������\�\�\$����]hY	�����^] £ �[��\�\�\$�F���z���^]�2 � � (9)

Thesamepermutationshouldbeappliedon thevectorsR
and � � � aswell ason thecolumnsof thematrix K .

Thepermutationof thecolumnsof K producesonesubdi-
agonalelementoncolumnso¬��o�
Gy���\�\�\	� � 4y . With subdi-
agonalelementsthetreerepresentationof theproblemis lost.



Thesubdiagonalelementsarethereforeeliminatedby means
of Givensrotations[6]. Thefirst rotationcombinesthe line� 4gy andtheline

�
of thematrix K to eliminatethesubdi-

agonalelementn * � � � 4Py[2 of column
� 4Sy . Thesecond

rotationcombinesthe lines
� 4 u and

� 4ky of thematrixK to eliminatethe subdiagonalelementn * � 4®y{� � 4 u 2
on column

� 4 u , andsoon. ThesameGivensrotationsare
appliedto thevector R .

Givensrotationsare unitary transforms. Therefore,the
quantity �b� R|46KQ�¯��� 0 is not modified by the set of permu-
tationsand Givensrotations. The completelog-likelihood}?~ :$��*c����R.��� � � 2 is thecumulatedmetricsof thepath � in the
reorderedtreediagram. And for � ] the computationof the
a posteriorilog-likelihoodratio (7) canbedoneeasilyfrom
thereorderedtreediagram.

Theglobalextrinsicinformationproducedby theSISOde-
tectoris obtainedas:

�±°�²^³] �k,�� ´ ����� *W�^]=��R.��� � � 2V4H� � �] � (10)

Theextrinsic informationrepresentsthedistributionof bit �^]
giventhesoftchannelvaluesR , andgiventheBayesianpriors
overbits � j �qp±µ��o with anequiprobableprior overbit � ] :

� °d²�³] ��,.�¶´ }b~ : ��*-� ] ��
zy���R.��� � �Y	] 2��*-��]Z�J4|y���R.��� � �Y	] 2 � (11)

where � � �Y	] �·*W� � �� ��\�\�\$�F� � �]hY	� �d,.��� � �] £ � ��\�\�\$��� � �� 2 . As al-
ways,theBayesianprior � � �] over ��] is nottakenintoaccount
in theoutputextrinsic information �&°�²^³] of thesamebit. This
makesit possibleto avoid toostrongcorrelationsbetweenthe
successive iterationsof the global turboprocess.Too much
correlationbetweentheiterationscouldindeedleadto afixed
point thatcouldbea local extremumof thelikelihood.

4 Turbo decoding and the global extrinsic information
passing

In a very similar way to the turbo decodingof serially con-
catenatedcodes,theextrinsicinformations�±°�²^³] producedby
thedetectoraretheonly inputsof thebankof turbodecoders.
Thesequantitiesaredemultiplexed at the outputof the de-
tector, so thateachturbodecoderhasasinputstheextrinsic
informationsrelative to the informationbits andparitiesof
theconcerneduser(seeFig. 3).

The turbodecodingis performedasif theextrinsic infor-
mations� °�²^³] weresoftchannelvaluesoveranadditivewhite
Gaussiannoisechannel.Indeedif fL�®��
¹¸ where �e�J�zy
andwherȩ is a Gaussianrandomvariablewith mean0 and
variance/	0 , then

}b~ :º� ��*W�^]��»
zy¼�	f¦2d½���*W�^]¥�¾4|yG�	f¦2¢�¯�
u ½�/	0{f . f is thereforehomogeneousto half thelog-likelihood
ratio. Theturbodecodingloop is displayedon Fig. 2. Each
componentdecodergeneratesa local extrinsic information
relatively to the informationbits only. This extrinsic infor-
mationis exchangediteratively betweenthetwo component
SISOdecodersinsidethe local loop. At the last iterationof
turbo decoding,the turbo decoderprovidesa global extrin-
sic informationrelatively to boththeinformationbitsandthe
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parities.This informationis globally extrinsic because,if it
concernsbit �^] , it doesnot take into accounttheinput of the
turbo decoderrelatively to �^] but only the inputsrelatively
to bits � j �qpzµ�¿o . Theglobalextrinsic informationproduced
by theturbodecoderis thenoneof theinputsof thedetector,
togetherwith thechannelvalues,at thenext iterationof the
globalloop.

5 Simulation results

For computationalissueswe considerthe caseof
� �NÀ

userswith
tXÁ � u , chips. The signaturesare Gold se-

quencesof length Â v , truncatedat
tzÁ � u , .

5.1 Tree decoding algorithm

We first simulatethe performancesof the (hardoutput)ML
detectorbasedon thestackalgorithmover thetreediagram.
Figure4 plots the ÃzÄ n obtainedwith the stackalgorithm,
thefeedbackdecodingalgorithm[13], whichimplementsap-
proximateML detectionby meansof a sliding window of
lengthÅ (here,Å �8v.� Å � u � Å �+y ), thedecorrelatordetec-
tor, aswell asthesingleuserbound(BPSK).At high

sVt n s
the stackalgorithm achieves the single userbound,unlike
othertechniques.For example,a gainof v.�¶´�Æ dB is obtained
at a ÃÇÄ n of y�, YÉÈ if onereplacesthestandarddecorrelator
by thestackalgorithm. Theaveragenumberof branchmet-
rics computedto go throughthe treeis displayedon Figure
5 for different

sVt n s. At high
sVt n s thenumberof branch

metricscomputedis equalto u peruser.

5.2 Iterative SISO detection/turbo-decoding

We considernow the iterative associationof the subMAP
multiuserdetectorto a bankof turbo decodersasdisplayed
on Fig. 3. Within eachglobal loop, 5 iterationsof turbode-
codingareperformed.Moreover, we considerup to 5 global
iterations. The normalizedUMTS turbo codewith 640 in-
formation bits is used; this turbo codehasa free distanceÊ#Ë � u�Â [5]. In the decodingthe

s�t n is not known and
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we set /	0=��y in thebranchmetrics.TheSISOcomponent
decodersaremaxlog MAP decoders[11]. TheFrameError
Rateaftereachglobal iterationis displayedon Fig. 6. Con-
vergenceis obtainedafteronly 3 iterations;thiscaneasilybe
explainedby the quasioptimality of the subMAPdetector,
andof the turbodecoder(with 5 iterations).A residualgap
of about0.1 dB is observed betweenthe singleuserbound
andthemulti userperformance.

6 Conclusion

In this paperwe haveproposeda new SISOmultiuserdetec-
tion structureof thesubMAPtype,andwehaveassociatedit
to a turbo-decoderin an iterative global detection/decoding
loop. We havecheckedby simulationsthehigh efficiency of
theproposedstructure.
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