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ABSTRACT

Parametric modelling based entropy coding is an alter-
native technique to the non-parametric, contex-based
techniques that are widely used in current image cod-
ing algorithms. Compared to the non-parametric tech-
niques, the proposed parametric technique is more
tractable mathematically and is easier to understand
and manuplate. In this paper, we examine a number
of issues related with the application of this technique
to image coding. We discuss the strong and weak points
of several probability distributions that can be used in
our algorithm. We then present a working framework
that can perform close to the state-of-the-art lossless
image compression techniques.

1 Introduction

In a predictive lossless image compression system, there
are often two distinctive stages: adaptive prediction and
adaptive entropy coding. In the first stage, the system
will predict the gray level of the current pixel with infor-
mation about the past pixels. In the second stage, the
prediction error will be coded with an entropy coder.
This paper is mainly concerned with the second stage.

Entropy coding is a process in which the input sym-
bols are converted into bit streams according to a prob-
ability model that specifies the likelihood for each pos-
sible symbol to occur. Naturally, the performance of
entropy coding is dependent on the probability model
being used. If the probability model is close to the true
probability distribution, then good compression perfor-
mance is expected. Otherwise, if it does not reflect the
true distribution, poor compression or even data expan-
sion will happen. There are generally two types of ap-
proaches to build the probability model: non-parametric
ones and parametric ones.

The non-parametric approach is widely used in many
current lossless image coding algorithms like the well-
known CALIC [1]. Basically, the probability model is
the frequency table of the symbols learnt on the fly
of the coding process. If the signal source is station-
ary, then this easily built model will also be the best
possible model we can get. However, natural images
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are normally non-stationary signals, meaning that dif-
ferent areas in an image may have different probabil-
ity distributions. Context modelling, which is based on
composite source models [6], has proved itself to be an
effective technique to tackle this problem. In a con-
text modelling scheme, pixels are classified into different
categories (contexts) according to information on their
neighbourhoods. They are then encoded using the prob-
ability models pertaining to their contexts. Although
very effective, most published context modelling tech-
niques are developed based on heuristics. Another im-
portant issue related to context-based coding schemes is
that the prediction error often have to be quantised to
avoid big distortions to the learnt probability distribu-
tions at the early stages of the coding process. Again,
most quantisation schemes are also based on heuristics.

The parametric approach has been less popular in
lossless compression community when compared to the
non-parametric one. A well-known published algorithm
using it is TMW [2]. In this approach, a symbol is
encoded according to a pre-defined probability distri-
bution rather than a frequency table. There are two
questions that need to be answered before this method
can produce satisfactory results. The first question is:
what kind of probability distribution should be used?
As is discussed above, natural images are generally non-
stationary. Therefore, whatever probability distribution
is used, it must be able to change according to local
characteristics. Once we have established the probabil-
ity distribution, the second question is: how do we es-
timate the parameter(s) of this probability distribution
from the local characteristics?

In this paper, we present an experimental study to ad-
dress these problems. Section 2 first compares several
probability distribution functions (pdf) that are com-
monly used in image modelling and statistics, then de-
scribs a simple method to estimate the parameters for
these pdf’s on the fly of the coding process. Section 3
demonstrates the performance of the proposed schemes
when coupled with an adaptive linear predictor.



2 Parametric probability models

In this section, we describe and compare a number of
probability distributions that are commonly used in im-
age modelling. These distributions include several one-
parameter distribution and a two-parameter one. We
will also propose a simple method to estimate these pa-
rameters.

2.1 One-parameter distributions

The one-parameter distributions that will be used are:

e Laplacian distribution, given by
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e t-distribution, given by
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where K is a normalisation factor and the positive
integer n is called the degree of freedom. The t-
distribution is quite close to the Gaussian distribu-
tion when g = 0 and ¢ = 1, especially for a large n.
Therefore, it can not be used in applications where
o can be any value. In [3], a modified ¢-distribution
given by
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is applied. In the rest of this paper, we will refer to
(4) as the t-distribution.

Actually, in equations (1) and (2), there are two param-
eters: the centre (mean) p and the standard deviation
o. But one can usually assume that the distributions
are centred at the predicted value. So p is known once
a prediction is made. For the t¢-distribution, we can de-
finet =z — p.

Fig. 1 shows the three probability distributions when
o = 2. From Fig. 1(a), one can see that among
these three, Laplacian gives the highest probabilities
near z — p = 0 but gives the lowest probabilities when
x — p is at the mid-range (~ o). The t-distribution
is just a little bit lower than Gaussian at the centre.
However, when z is further away from u, t-distribution
gives slightly higher probabilities. To see the numbers of
bits needed for different distributions at different areas,
Fig. 1(b) is obtained by taking — log,(-) of the proba-
bility density values. Although the difference between
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Figure 1: The probability distributions when o = 2.

Gaussian and ¢-distribution is still very little around the
centre (—o to o), it is much more significant at remote
areas. This means that we will need much more bits
if we use Gaussian instead of t-distribution when the
amplitude of prediction error (z — u) is big.

2.2 Two-parameter distribution — generalised
Gaussian

From the above discussion we can see that each dis-
tribution has its strong and weak points. Therefore a
distribution that is good for one area in an image may
not be good for another area. We should be able to get
better performance if a distribution can change its shape
according to local statistics. One such distribtution is
the generalised Gaussian [4]. It is defined as

f(z) = ae”l=mD7, (5)

where p, 0, and 7 are mean, variance and shape pa-
rameter of the distribution, respectively. The positive
constants a and b are given by
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where I'(-) is the Gamma function defined by

I(z) = /0 T tetat, (6)
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Figure 2: Sensitivities of different distributions to es-
timation errors of the variance. The value to code is
e =1x—p = 9. To illustrate the impact to the final
bit-rate, the bit number is shown on the vertical axis.

The shape parameter v determines the decay rate of the
curve. When v = 2, it becomes the Gaussian distribu-
tion. When v = 1, it is the Laplacian distribution. It
can be much sharper than the Laplacian or be much
more spread out than the Gaussian.

2.3 Parameter estimation

For one-parameter distributions, the task will be to esti-
mate the variance ¢2. It can easily be shown that if the
probability distribution is centred at the predicted value,
the optimal value o that gives the highest probability for
prediction error e = x — p will be o, = |e|. Since e
can not be known when it is coded, there is almost cer-
tainly some difference between the estimated o and oot

To examine the sensitivity of different distributions
to this kind of estimation error, we plot the probability
density values at e = 9 for different values of ¢ in Fig.
2. From this figure, we can see that (1) it is generally
better to make an “over estimate” than an “under esti-
mate”; (2) the ¢-distribution seems to be more tolerant
of estimation errors; (3) although the Laplacian distri-
bution is the best when there is an “under estimate”, its
values for optimal ¢ fall short of those of Gaussian and
t-distribution.

To make a reliable estimate, the sample must be large.
But since images are usually non-stationary, the sam-
ple should not be too large. Otherwise pixels having
different, statistics would be included in the same sam-
ple. Through experiments, we found that the template
shown in Fig. 3 seems to be able to produce good esti-
mates for many natural image.

The shape parameter v in the generalised Gaussian
distribution will need more efforts to find. In [4], a
rather straight-forward method is introduced. The vari-
ance o and the mean of the abssolute values E [|z — ]
are first determined. The ratio of these two values will
meet the following equation:
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From (7), we can then find the shape parameter ~.

Figure 3: The templet used to estimate the parameters
of the probability model. x represents the pixel to be
coded.
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Figure 4: The causal pixel block used for prediction.

2.4 An implementation issue

The discussion so far are entirely on continuous distri-
bution. But the pixel values for an image are all inte-
gers. Therefore, we need to find a way to specify the
probability for each value to occur. One method is to
do integration of the probability density in the interval
[z — 0.5, 4+ 0.5) for the probability of z, as is described
in [3]. Another method is to use the probability density
value at x as the probability of x (of course, we need
to multiply it with a normalisation factor). Our exper-
iment shows that the difference in the results of using
these two methods is actually very small. Therefore,
whenever an analytical expression of the integral is not
available, we use the second method.

3 Experimental results

In this section, we briefly describe the adaptive predic-
tor that is used to test the proposed entropy coding
schemes. This is followed by the experimental results.

3.1 The adaptive predictor [5]

In the proposed algorithm, the final prediction is a linear
combination of a set of six fixed sub-predictors shown
in Table 1. Each of these predictors uses one or more of
the four causally neighbouring pixels as is shown in Fig.
4. Let pr(n)(k = 1,2, ..., 7) represent the kth causal
sub-predictor for the current pixel, then the proposed
predictor is:
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where «j, are the coefficients and D = Z;Zl ar 1s a
normalization factor. The prediction is truncated to its
nearest integer in actual implementation.
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Table 1: List of fixed predictors. The location of the
causal neighbouring pixels is shown in Fig. 4.

| | CALIC | Heu [ Lap [ Gau | ¢t | GG |
balloon 2.78 2.75 | 2.83 | 2.76 | 2.75 | 2.76
barb2 4.46 4.45 | 4.59 | 4.54 | 4.53 | 4.52
barb 4.31 4.27 | 4.42 | 4.34 | 4.34 | 4.33
board 3.51 3.49 | 3.61 | 3.54 | 3.53 | 3.53
boats 3.78 3.76 | 3.88 | 3.82 | 3.81 | 3.80
girl 3.72 3.67 | 3.78 | 3.71 | 3.71 | 3.70
gold 4.35 4.33 | 4.41 | 4.37 | 4.35 | 4.35
hotel 4.18 4.19 | 4.31 | 4.28 | 4.27 | 4.24
zelda 3.69 3.67 | 3.81 | 3.73 | 3.73 | 3.73
ABR 3.86 3.84 | 3.96 | 3.90 | 3.89 | 3.88

Table 2: Compression results (bits/pel) and average bit
rate (ABR) for the JPEG test image set. The “Heu”
column presents the results using the heuristic-based
context modelling and non-parametric entropy coding.
The “Lap”, “Gau”, “t” and “GG” columns presents the re-
sults using the Laplacian, Gaussian, t-distribution and
the generalised Gaussian distribution functions, respec-
tively.

3.2 Experimental results

In this section, we present the experimental results us-
ing the original 8 bits/pixel JPEG test image set which
contains nine images whose size is 576x720.

Table 2 presents experimental results for the heuristic-
based context modelling and the proposed algorithms.
As a bench mark, the results using CALIC are also pre-
sented. The results for Laplacian distribution is clearly
not as good as those for other distributions. This seems
to show that although it is widely accepted the global
probability distribution of prediction errors is very close
to Laplacian, the instant (local) distribution tend to be
more Gaussian-like. The ¢-distribution performs a little
bit bette than the Gaussian. This is probably because
the t-distribution is more tolerant of large errors. As
expected, the generalised Gaussian is the best among
the four listed since it has the most flexibility to adapt
itself to different statistics.

It can be seen that the compression performance
of proposed parametric modelling algorithms is not as
good as the heuristic-based algorithm due to the fact

that the coding parameters are not fine-tuned enough
for these images. It can also bee seen that with the
proposed context modelling algorithm the compression
performance of the algorithm is quite close to that of
CALIC.

4 Summary and future work

In this paper, we have presented an experimental study
on issues related to parametric probability modelling
for entropy coding. We have compared several popular
distribution functions for suitability to our application—
image coding. We also incorporated the proposed en-
tropy coding scheme with an adaptive predictor to
test its effectiveness. Compared to the current heuris-
tics based algorithms, the proposed algorithm is more
tractable mathematically and is easier to understand
and manuplate. The performance of the proposed
schemes is also comparable to the state-of-the-arts tech-
niques.

In the future, studies will be carried out on how to
model a more complicated probability distribution that
can occur in practice. Combination of several different
simple distributions seems to be one possible solution.
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