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ABSTRACT

We considertransmissiorover a frequeng-selectve chan-
nel. We focusonthedata-aidegoint anddirectedmaximum-
likelihood estimationof the carrier frequeny offset and of
thedispersvechannel.Thedirectedestimatorgorrespondo
thefrequeng offsetestimatorassuminghe channeknown,
aswell asthe channelestimatorassuminghe frequeng off-
setknown. A comparisorof directedand non-directedes-
timatorsbasedon asymptotic(large sample)analysisis ad-
dresse@ndshonsthatthe performancef thejoint estimates
andthedirectedestimatess not sodifferent.

1 Introduction

In awirelessscenariothe transmittedsignalcanbe affected
by two kinds of impairments: Inter Symbol Interference,
which occursbecausef multi-path propagationanda car
rier frequeng offset causedby a Doppler effect or a local
oscillatordrift. Beforeapplyingan offsetcorrectionandan
equalizerthecarrierfrequeng offsetandthe channelwhich
areunknown, have to beestimated.

In mary applications, known data are transmitted to
achiese channelestimationat the recevver. Moreoverin the
new wirelesscommunicatiorapplicationsthefrequeng off-
setcannotbe considereasnull or negligible. Thereforethe
problemof data-aidedrequengy offsetandchannelestima-
tion remainsof interest.

Many paperstreat the problem of data-aidedfrequeny
offsetestimatiorfor anAdditive White GaussiamNoisechan-
nel (see[3] andreferencesherein).In afrequeng-selectve
channel context, a few papersrely on the Maximum-
Likelihood-like estimator([2, 4]). The statistical perfor
manceof the joint Maximum-Likelihood frequeng offset
andchannekestimatords partially establishedh [4].

Themainconcermow seemso bethe designof the opti-
mal training sequenceassociatedvith the joint Maximum-
Likelihood estimators. As this task proves very difficult,
it will be interestingto evaluatethe loss in performance
of the joint estimatorscarried out with the usual pseudo-
randomwhite training sequencewith respectto a relevant
lower bound. Thereforewe considerthe so-calleddirected
estimatoravhich arethe Maximum-Likelihoodchannelesti-
matorwhenthe frequengy offsetis assumedo beknown, as

well as,the Maximum-Likelihoodfrequeng offset estima-
tor whenthe channelis assumedo be known. The optimal
training sequencealesignfor the both directedestimators
is addressedThis allows to seethe performanceassociated
with the optimal designeddirectedestimatorsasa judicious
benchmark.

We focuson a single-carrierandsingle-usercommunica-
tions scheme.As usuallydone,we only considerthe baud-
ratesampledeceivedsignal{y(k)}. Then

y(k) = ([(2)].5) €k + (k). @)

The symbolsequencd sy }rcz is assumedo bei.i.d., zero-
meanandunit-variance.The notation[.] standsfor the con-
volution operator Thefilter h(z), whicharisesrom thecon-
volution of the shapingfilter andthe propagatiorchanneljs
assumedo betime-limited andcausal. Thereforeaninteger
valueL canbefoundsuchthat

I
h(z) = Z iz
1=0

We stackthe channelcoeficientsin hg = [hg,---,h]T.
Superscripts! and ! standfor the transpositionand the
comple-conjugatdranspositionrespectiely. Furthermore,
{n(k)} is acircularwhite Gaussiamoise.Lastly, fo denotes
thediscrete-timeequivalentfrequengy offset.

Ourtaskis to estimatethevectorhy andthescalarf.

In practice thetransmitteisendg M + L) trainingsymbols
{vm }—L<m<m—1. Onaccounif thefiltering operationthe
first L training symbolsarefixedto be null. The M remain-
ing non-nulltrainingsymbols

VM = [UO;"'avM—l]T

representhesignificantpartof thetrainingsequence.
We considertherecevedsamples

YM = [y(0)7 e '7y(M - 1)]T

correspondingo the transmissiorof the significantpart of
thetrainingsequenceThenEquation(1) becomes

yum = Dar(fo)Varho +npys

1Theresultis well-known for the directedchannelestimatorbut not for
thedirectedfrequeng-offset estimator




whereDy(f) = diag([1,- - -, e (M=1Df]), diag(x) is the
diagonamatrixbuilt from thevectorx. Asthenoiseis white,
we getE[ny nl] = 02Id) wheres? andId,, represent
the variancenoiseandtheidentity matrix of size M respec-
tively. Thel™ columnof thematrix V ; of size M x (L+1)
matrixis definedasv; = [vi_1,- -, var—1—1] .

We assumethat the known matrix Vs is tall (M >
L), full-rank (the inverseof Vi, Vs exists), and power-
constrained||v;||> = M).

2 Maximum-Likelihood Estimators

Joint Maximum-Likelihood estimators Since the noise
nys is white Gaussianthe maximizationof the joint log-
Maximum-Likelihood function for frequeng offset and
channelparameterdeadsto the following estimators,de-
notedby fns andh,y, ([2, 4])

fu = argfmax I (f)

€[0,1]
hy = (Vi Vi)' VE Dy (i) 'y (2
with
Tu(f) = VB Du(DPuDu (. Q)
and

Py =Vu(VirVu) ' Vir.

We noticethat P, is a projectionmatrix andrepresentshe
projectionon the spacespannedy the columnsof V ;.

Directed Maximum-Likelihood estimators We assume
that fy is known. Thenthe frequeng offset can be com-

pensateefore estimatingthe channel. Thereforewe can

considetthemodel(1) restrictedto thecasefy, = 0. Thecor-

respondingwell-known ML channelestimatorcan thus be

written asfollows

hars = (Vi V) " Vi 4)

Obviously, one cannoticethat Equation(2) is a simple ex-
tensionof Equation(4) to the caseneedinga prior frequengy
offsetcorrectionstep.

The filter hy is now assumedto be known. Although
this schemeis quite theoretical,we focuson it in orderto
measurehe performancegap betweenthe frequeng offset
estimatedriven by the knowledgeof the filter andthat one
disturbedby an unknawn filter. Furthermore this scheme
canalsomake sensen a flat-fading channelcontext since,
for sucha communicatiorsystem,thefilter is often known
atthereceverand,doesnot needto be evaluated.
According to Equation (1), estimatingthe carrier fre-
queny offset fy is equivalentto estimatingthe frequeny
of a sinusoidwith time-varying complec-valuedamplitude
corruptedby an additive noise. In a data-aidedestimation
contet, if thefilter hg is unknown (resp. known), the time-
varying complex-valued amplitudeis also unknown (resp.

known). In [5], the authorspoint out that the Maximum-
Lik elihoodfunction maximizationleadsto two differentfre-
gueng estimatorsaccordingto whetherthe complex ampli-
tudeis known or not. Therefore,the maximizationof the
Maximum-Likelihoodasthefilter hy is a known parameter
providesa frequeng offsetestimatef,,, associateavith a
criterion Hys(f) whichis slightly differentand,evencannot
be deducedrom the criterion Jas(f) reportedin Equation
(3). Hence,

o "
fum = arg max, m(f)

with

1 = —2imfm
Hu(f) =R |32 Y cmy(m)e

m=0

where{c(m)},, correspondso thetrainingsequencéltered
by h(z) and®[.] standgfor therealpartof acomple-valued
number

3 Largesample behavior

We only focus on the closed-formexpressionof the large
samplecovariancef the estimators.Their expressionsre
valid undervery mild standardmixing assumptionsn the
training sequence.This condition essentiallyrefersto the
fact that sufficiently separateddamplesare approximatvely
independent.

Let {#m} be a stochasticor deterministic sequence.
val(zar) correspondsto the evaluation of zj, as M is
largeenoughj.e.,we have ngglectedthe deterministiqresp.
stochastic}ermscorverging (resp.almostsurely)to zero.

Joint estimation performance Let
vo= val (MPE(Fur = fo)(Fur — fo)V)
Y = val (M]E[(ﬁM —ho)(hy — hO)H])

Beforegoing further, we introducethefollowing (L + 1) x
(L + 1) matriceswhichwill play agreatrole:

VEAKV,,
Wk = ME+D)
whereA s = diag([0,1,---, M — 1)).

SinceV ), is power-constrainedye obtainthat
Wgrg=0(1) for KeN (5)

In the sequel,we expressy; and~y,. Dueto the lack of
spacewe do notreportthederivations.

The expressiorof the large samplecovarianceof thejoint
frequeng offsetestimatgerformancéasbeenalreadydone
in [4] by meansof the derivation of the joint CramefrRao
Bound.Hence,

0.2

= . 6
872hil (W, — Wi W' W )hg ©
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In contrast,the expressionof v, was not performed. Af-

ter straightforward manipulationsbasedon eitherthe com-
pletecalculationof thejoint CramerRaoboundor thedirect
derivationsconnectedo relatedworks[1], we shav that

=02 Wyt + 47 W' Wi hgy hff W, Wt
Thisfinally meanghat

o?Wy '"Wihohf'W, W'

2 -1
=0"W,; + .
Th O T OhI(W, — Wi W, "Wi)hg

()

Accordingto Equation(5), vy and~y, arebounded. These
termsthuscorrespondo thelarge samplecovariancef the
estimatorsFinally thecorvergenceaateof thefrequeng off-
set(resp.channel)estimatds equalto M3 (resp.M).

Onecannoticethat designingtraining sequenceptimiz-
ing the joint Maximum-Likelihood costfunction cannotbe
managedn accountof the specificform of the expressions
(6) and(7).

Directed estimation performance As the carrier fre-

gueny is assumedo be perfectly known, the Maximum-

Likelihoodfilter estimatoiis well-known. Indeed,numerous
analysexanbefoundin theliterature. Theresultis

’7h|f = wval (ME[(}AIMH — ho)(lAlM‘f — ho)H])
= UQWO_I.

Consequently the directed filter estimator performance
can be obtainedby settingy; = 0 (which meansthat

we perfectly know the frequeng offset) in Equation (7)

providing the joint filter estimatorperformance.Moreover

we canalsoprovedthatyn > vy, i.€., thefilter estimation
errorassociatedvith the directedproblemis alwayssmaller
thanthatoneassociateavith thejoint problem. Lastly, it is

well-known that the optimal training sequencéhasto be a

white pseudo-randormequence.

We now assumethat the filter is known. Following the
sameapproachasthatdevelopedin [1] leadsto

in = val (ME[(Farm = Jo)(Farn = fo)])

02

= — 8
87T2h(})IW2h0 ( )
Onceagainonecaneasilycheckthaty; > vy -
Moreover, Equation(8) enablesus to designan optimal
training sequencenamely a sequenceninimizing the large
samplecovarianceyy,. In fact,we get

hif'Wshg = v, Qurvar
where
_ Tar(ho)? A%, Tar(ho)
Qu = -

with  Ty(hg) a M x M
of which the mM column is

square matrix
defined as

[Ol,mfla ho--- hmin(L,M—m): Ol,max(O,M—L—m)]T- The
optimal training sequenceof length M is thus provided
by the eigervector of squarenorm M associatedvith the
largesteigervalueof the known matrix Q.

Finally, we noticethatoptimizingthe covarianceof the di-
rectedfrequeny offsetandchannelestimatordeadsto two
differentkinds of training sequenceThis remarklikely jus-
tifies the factthat one cannotsucceedo finding an optimal
training sequencéor thejoint estimationproblem,

4 Numerical Comparisons

Thefilter hy resultsfrom the convolution of a shapingfilter
(which is a square-rootaisedcosinewith roll-off p = 0.2)
with a multi-path channel(which is modeledby five paths
with delaysin the interval [0, 3T5]). The noisen(k) is as-
sumedto be white. In eachsimulation,we averagethe re-
sultover 200 Monte-Carlonoisesequencdyials. Finally, the
soughtfrequeng offset f, is equalto 0.075.

We now focus on the choice of the training sequences.
{vn,1} denotesa white binary pseudo-randonsequence.
{vn,2} denotegheeigervectorof squarenorm M andlength
M associatedvith the largesteigervalueof Q. Thetrain-
ing sequence{v,, 1} (resp. {v,2}) is usedfor computing
the directedchannel(resp. frequeng offset) estimatebe-
causesucha sequencas optimum for directedestimation.
The choicefor thejoint estimationproblemis moredifficult
sincethere doesnot exist an optimal training sequenceof
suchaproblem.Neverthelessasclassicallydone we usethe
trainingsequencdgwy, 1 } for carryingoutthejoint frequeng
offsetandchannelestimates.

Thesechoicesf trainingsequencewill enableusto eval-
uatethe lossin performancedue the joint presenceof the
frequeng offsetandfilter estimationstep,in comparisorto
eachoptimal partial stepcorrespondindo the estimationof
oneof theparametersvhentheotheris known. Accordingto
whetherthegapis wide or not,wewill shaw if we neecdto de-
sign sub-optimaltraining sequencefor the joint estimation
problemor not.

A theoreticalfrequeng offset (resp. channel)estimation
meansquareerror (MSE) is obtainedby performingthe ap-
propriatelarge samplecovariancedivided by M3 (resp.M).
An empiricalmeansquareerroris obtainedoy averagingthe
squarenorm betweenthe soughtparameteandthe estimate
over the numberof Monte-Carlotrials. In orderto obtain
thejoint (resp. directed)frequeng offsetestimatewe pro-
ceedin two steps: at first, a coarse searchstep perform-
ing the criterion Jys (f) (resp. Ha(f)) by meansof a Fast
Fourier Transform(FFT) of size M. Then,we computethe
fine searchstepby meansof a gradientalgorithminitialized
at the estimateprovided by the coarsesearchstep. Finally,
thejoint (resp. directed)filter estimateis obtainedby plug-
ging the frequeng offset estimatedvalueinto Equation(2)
(resp.by applyingEquation(4)).

Figuresl and2 depictthe theoreticalandempiricalmean
squareerrorversusthe SNR for the frequeny offsetestima-
tor andthe channelestimatoyrespectiely. We put M = 32.



We notice that the empirical curvesare in good agreement
with the theoreticalasymptoticanalysisexceptat low SNR.
At low SNR,the so-calledoutliers effectappeardor the fre-
gueng offset estimationproblem([5, 4]). We alsoobsenre
thatthefailure of the frequeng offsetestimationcausedy
theoutlierseffectis not very prejudicialfor thefilter estima-
tion step. The gapbetweenoptimal directedfrequengy esti-
mateandthejoint frequengy offsetestimateperformancess
quite significantbut not redhibitory Furthermorehe perfor
manceof bothfilter estimatorsarevery similarwhich means
thatthe frequeng offset estimationstepdoesnot really de-
gradethefilter identificationstepTherefore beforeseeking
optimalor sub-optimatrainingsequencé orderto decrease
a little the non-dramaticgap, we guessthat mitigating the
outlierseffect, namely developingfrequeng offset estima-
tor robustto low SNR,is a morerelevanttaskfor thefuture
becausét is the mostimportantdravbackof sucha method.
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Figurel: Frequeng OffsetMSE versusSNR
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Figure2: ChanneMSE versusSNR

In Figures3 and4, we have plottedthetheoreticabndem-
pirical meansquareerrorfor thefrequeng offsetandchannel
versusM . The SNRis fixedto be 30 dB. We noticethatthe
agreemenbetweerthetheoreticabndpracticalperformance
is goodevenfor verysmall M. Thesecurvesconfirmthatthe
frequeng offsetand channelestimationmeansquareerrors
areproportionato 1/M?3 and1/M respectiely.
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Figure3: Frequenyg OffsetMSE versusM
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Figure4: ChanneMSE versusM

5 Conclusion

The gainin performancdor the optimizeddirectedestima-
torswith respecthesub-optimajoint onesis notveryimpor-

tant (especiallyfor the channel).Thereforethe main further
task may be to counteracthe outliers effect ratherthanto

designoptimaltrainingsequencéor thejoint issue.
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