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ABSTRACT

We considertransmissionover a frequency-selective chan-
nel. Wefocusonthedata-aidedjoint anddirectedmaximum-
likelihoodestimationof the carrier frequency offset andof
thedispersivechannel.Thedirectedestimatorscorrespondto
thefrequency offsetestimatorassumingthechannelknown,
aswell asthechannelestimatorassumingthefrequency off-
setknown. A comparisonof directedandnon-directedes-
timatorsbasedon asymptotic(large sample)analysisis ad-
dressedandshowsthattheperformanceof thejoint estimates
andthedirectedestimatesis not sodifferent.

1 Introduction

In a wirelessscenario,thetransmittedsignalcanbeaffected
by two kinds of impairments: Inter Symbol Interference,
which occursbecauseof multi-pathpropagation,anda car-
rier frequency offset causedby a Doppler effect or a local
oscillatordrift. Beforeapplyingan offset correctionandan
equalizer, thecarrierfrequency offsetandthechannel,which
areunknown,have to beestimated.

In many applications, known data are transmitted to
achieve channelestimationat the receiver. Moreover in the
new wirelesscommunicationapplications,thefrequency off-
setcannotbeconsideredasnull or negligible. Therefore,the
problemof data-aidedfrequency offsetandchannelestima-
tion remainsof interest.

Many paperstreat the problemof data-aidedfrequency
offsetestimationfor anAdditiveWhiteGaussianNoisechan-
nel (see[3] andreferencestherein).In a frequency-selective
channel context, a few papers rely on the Maximum-
Likelihood-like estimator([2, 4]). The statistical perfor-
manceof the joint Maximum-Likelihood frequency offset
andchannelestimatorsis partiallyestablishedin [4].

Themainconcernnow seemsto bethedesignof theopti-
mal training sequenceassociatedwith the joint Maximum-
Likelihood estimators. As this task proves very difficult,
it will be interestingto evaluate the loss in performance
of the joint estimatorscarried out with the usual pseudo-
randomwhite training sequencewith respectto a relevant
lower bound. Thereforewe considerthe so-calleddirected
estimatorswhicharetheMaximum-Likelihoodchannelesti-
matorwhenthefrequency offsetis assumedto beknown, as

well as, the Maximum-Likelihoodfrequency offset estima-
tor whenthe channelis assumedto beknown. Theoptimal
training sequencedesignfor the both directedestimators1

is addressed.This allows to seetheperformanceassociated
with theoptimaldesigneddirectedestimatorsasa judicious
benchmark.

We focuson a single-carrierandsingle-usercommunica-
tions scheme.As usuallydone,we only considerthe baud-
ratesampledreceivedsignal
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Thesymbolsequence
�����&���/.�0

is assumedto be i.i.d., zero-
meanandunit-variance.Thenotation

�$� �
standsfor thecon-

volutionoperator. Thefilter
�1���2	

, whicharisesfrom thecon-
volution of theshapingfilter andthepropagationchannel,is
assumedto betime-limitedandcausal.Thereforeaninteger
value 3 canbefoundsuchthat�1���2	�546 7 8�9 �

7 �-: 7 �
We stackthe channelcoefficients in ; 9 <� � 9>=�?@?@?�= � 4 �BAC�Superscripts

A
and D stand for the transpositionand the

complex-conjugatetransposition,respectively. Furthermore,� + ���-	E�
is acircularwhiteGaussiannoise.Lastly, F 9 denotes

thediscrete-timeequivalentfrequency offset.
Our taskis to estimatethevector ; 9 andthescalarF 9 .
In practice,thetransmittersends

�HG ) 3 	 trainingsymbols��I�JK� : 4�L J LNM :�O . On accountof thefiltering operation,the
first 3 trainingsymbolsarefixedto benull. The

G
remain-

ing non-nulltrainingsymbolsP M �� I 9>=@?�?@?�= I M :�O � A
representthesignificantpartof thetrainingsequence.

We considerthereceivedsamplesQ M �� ����R2	 =�?@?@?@= ����GTSVU�	�� A
correspondingto the transmissionof the significantpart of
thetrainingsequence.ThenEquation(1) becomesQ M XW M � F 9 	(Y M ; 9 ),Z M

1Theresultis well-known for thedirectedchannelestimatorbut not for
thedirectedfrequency-offsetestimator.



where
W M � F 	[�\�]B^>_`�a�bU =@?�?@?c= �  "!B#�d M :�O�e�% �f	 . \�]g^�_N�ih1	 is the

diagonalmatrixbuilt from thevector
h

. As thenoiseiswhite,
we get j � Z M Z D M �[lk  �mcn M where

k  
and

m@n M represent
thevariancenoiseandtheidentity matrix of size

G
respec-

tively. The o th columnof thematrix
Y M of size

Gqpr� 3 ) U/	
matrix is definedas P 7 �� I 7 :�O =@?@?�?c= I M : 7 :�O � T.

We assumethat the known matrix
Y M is tall (

G s3 ), full-rank (the inverseof
Y D M Y M exists), and power-

constrained( tBt P 7 tBt  XG ).

2 Maximum-Likelihood Estimators

Joint Maximum-Likelihood estimators Since the noiseZ M is white Gaussian,the maximizationof the joint log-
Maximum-Likelihood function for frequency offset and
channelparametersleadsto the following estimators,de-
notedby uF M and ; M , ([2, 4])uF M X^�v"_,wr^yx% .�z 9�{ O za| M � F 	u; M ��iY DM Y M 	E:}OEY DM W M � uF M 	 D Q M � (2)

with | M � F 	� UG Q DM W M � F 	(~ M W M � F 	 D Q M � (3)

and ~ M �Y M �iY DM Y M 	 :�O Y D M �
We noticethat

~ M is a projectionmatrix andrepresentsthe
projectionon thespacespannedby thecolumnsof

Y M .

Directed Maximum-Likelihood estimators We assume
that F 9 is known. Then the frequency offset can be com-
pensatedbeforeestimatingthe channel. Thereforewe can
considerthemodel(1) restrictedto thecaseF 9 XR . Thecor-
respondingwell-known ML channelestimatorcan thus be
writtenasfollowsu; M�� % ���Y DM Y M 	 :�O Y D M Q M � (4)

Obviously, onecannoticethat Equation(2) is a simpleex-
tensionof Equation(4) to thecaseneedingaprior frequency
offsetcorrectionstep.

The filter ; 9 is now assumedto be known. Although
this schemeis quite theoretical,we focus on it in order to
measurethe performancegapbetweenthe frequency offset
estimatedriven by the knowledgeof the filter andthat one
disturbedby an unknown filter. Furthermore,this scheme
canalsomake sensein a flat-fadingchannelcontext since,
for sucha communicationsystem,the filter is often known
at thereceiverand,doesnot needto beevaluated.

According to Equation (1), estimating the carrier fre-
quency offset F 9 is equivalent to estimatingthe frequency
of a sinusoidwith time-varying complex-valuedamplitude
corruptedby an additive noise. In a data-aidedestimation
context, if thefilter ; 9 is unknown (resp.known), thetime-
varying complex-valuedamplitudeis also unknown (resp.

known). In [5], the authorspoint out that the Maximum-
Likelihoodfunctionmaximizationleadsto two differentfre-
quency estimatorsaccordingto whetherthecomplex ampli-
tude is known or not. Therefore,the maximizationof the
Maximum-Likelihoodasthe filter ; 9 is a known parameter
providesa frequency offsetestimate uF M�� � associatedwith a
criterion � M � F 	 which is slightly differentand,evencannot
be deducedfrom the criterion | M � F 	 reportedin Equation
(3). Hence, uF M�� � �^>va_Vw�^�x% .�z 9@{ O z � M � F 	
with

� M � F 	�X��� UG M :}O6J 8}9 � ����	(���i��	(� :` "!$#&% J��
where

� � ����	�� J correspondsto thetrainingsequencefiltered
by
������	

and
���$� �

standsfor therealpartof acomplex-valued
number.

3 Large sample behavior

We only focus on the closed-formexpressionof the large
samplecovariancesof theestimators.Their expressionsare
valid undervery mild standardmixing assumptionson the
training sequence.This condition essentiallyrefers to the
fact that sufficiently separatedsamplesareapproximatively
independent.

Let
��� M � be a stochasticor deterministic sequence.� ^>�H��� M 	 correspondsto the evaluation of

� M as
G

is
largeenough,i.e.,we haveneglectedthedeterministic(resp.
stochastic)termsconverging(resp.almostsurely)to zero.

Joint estimation performance Let�� ��� %  � ^����/G�� j �g� uF M S F 9 	c� uF M S F 9 	 D �g�� �  � ^�� � G j �$� u; M S ; 9 	@� u; M S ; 9 	 D � � �
Beforegoing further, we introducethefollowing

� 3 ) U�	�p� 3 ) U/	 matriceswhichwill play a greatrole :� �  Y D M�¡ �M Y MG d ��¢ O�e
where ¡ M X\�]g^�_`��� R = U =@?�?@?c= G£S¤Uc�i	��

Since
Y M is power-constrained,weobtainthat� � ¦¥§�(U�	

for ¨ª©�« (5)

In the sequel,we express� % and � � . Due to the lack of
space,wedo not reportthederivations.

Theexpressionof thelargesamplecovarianceof thejoint
frequency offsetestimateperformancehasbeenalreadydone
in [4] by meansof the derivation of the joint Cramer-Rao
Bound.Hence,� %  k  ¬�  ; D9 � �  S � O � :�O9 � O 	 ; 9 � (6)



In contrast,the expressionof � � was not performed. Af-
ter straightforward manipulationsbasedon either the com-
pletecalculationof thejoint Cramer-Raoboundor thedirect
derivationsconnectedto relatedworks[1], weshow that� � �k� � :�O9 ),®   � :�O9 � O ; 9 � % ; D9 � O � :}O9 �
Thisfinally meansthat� � Xk� � :}O9 ) k  � :}O9 � O ; 9 ;1D9 � O � :�O9¯ ; D9 � �  S � O � :�O9 � O 	 ; 9 � (7)

Accordingto Equation(5), � % and � � arebounded.These
termsthuscorrespondto thelargesamplecovariancesof the
estimators.Finally theconvergencerateof thefrequency off-
set(resp.channel)estimateis equalto

G��
(resp.

G
).

Onecannoticethatdesigningtraining sequenceoptimiz-
ing the joint Maximum-Likelihoodcost function cannotbe
managedon accountof thespecificform of the expressions
(6) and(7).

Directed estimation performance As the carrier fre-
quency is assumedto be perfectly known, the Maximum-
Likelihoodfilter estimatoris well-known. Indeed,numerous
analysescanbefoundin theliterature.Theresultis� �-� %  � ^�� � G�°±�$� u; M�� % S ; 9 	@� u; M�� % S ; 9 	 D � � k  � :}O9 �
Consequently, the directed filter estimator performance
can be obtainedby setting � %  R

(which meansthat
we perfectly know the frequency offset) in Equation (7)
providing the joint filter estimatorperformance.Moreover
we canalsoprovedthat � �³² � �´� % , i.e., thefilter estimation
errorassociatedwith thedirectedproblemis alwayssmaller
thanthatoneassociatedwith the joint problem.Lastly, it is
well-known that the optimal training sequencehasto be a
whitepseudo-randomsequence.

We now assumethat the filter is known. Following the
sameapproachasthatdevelopedin [1] leadsto��% � �  � ^>� � G � j �B� uF M�� � S F 9 	@� uF M�� � S F 9 	µ� � k  ¬�  ; D9 �  ; 9 � (8)

Onceagainonecaneasilycheckthat � % ² �
% � � .Moreover, Equation(8) enablesus to designan optimal
trainingsequence,namely, a sequenceminimizing the large
samplecovariance�
% � � . In fact,weget; D9 �  ; 9  P DM·¶ M P M
where ¶ M ¹¸ M � ; 9 	 D ¡  M ¸ M � ; 9 	G �
with ¸ M � ; 9 	 a

G p G
square matrix

of which the
� th column is defined as

� º O { J :}O = � 9»?@?�? �-¼»½ ¾ d 4 { M : J e = º O { ¼»¿�À d 9�{ M : 4 : J e � T. The
optimal training sequenceof length

G
is thus provided

by the eigenvector of squarenorm
G

associatedwith the
largesteigenvalueof theknown matrix ¶ M .

Finally, wenoticethatoptimizingthecovarianceof thedi-
rectedfrequency offsetandchannelestimatorsleadsto two
differentkindsof trainingsequence.This remarklikely jus-
tifies the fact thatonecannotsucceedto finding an optimal
trainingsequencefor thejoint estimationproblem,

4 Numerical Comparisons

Thefilter ; 9 resultsfrom theconvolution of a shapingfilter
(which is a square-rootraisedcosinewith roll-off Á ÂR-� ¯

)
with a multi-pathchannel(which is modeledby five paths
with delaysin the interval

� R ="Ã�Ä}Å � ). The noise
+ ���-	

is as-
sumedto be white. In eachsimulation,we averagethe re-
sult over

¯ R&R
Monte-Carlonoisesequencetrials. Finally, the

soughtfrequency offset F 9 is equalto
R
� R2Æ>Ç

.
We now focus on the choiceof the training sequences.��I�È { O � denotesa white binary pseudo-randomsequence.��I È {  � denotestheeigenvectorof squarenorm

G
andlengthG

associatedwith thelargesteigenvalueof ¶ M . Thetrain-
ing sequence

�/I È { O � (resp.
��I È {  � ) is usedfor computing

the directedchannel(resp. frequency offset) estimatebe-
causesucha sequenceis optimum for directedestimation.
Thechoicefor thejoint estimationproblemis moredifficult
sincetheredoesnot exist an optimal training sequenceof
suchaproblem.Nevertheless,asclassicallydone,weusethe
trainingsequence

��I�È { O � for carryingout thejoint frequency
offsetandchannelestimates.

Thesechoicesof trainingsequenceswill enableusto eval-
uatethe loss in performancedue the joint presenceof the
frequency offsetandfilter estimationstep,in comparisonto
eachoptimalpartial stepcorrespondingto the estimationof
oneof theparameterswhentheotheris known. Accordingto
whetherthegapis wideor not,wewill show if weneedto de-
sign sub-optimaltraining sequencesfor the joint estimation
problemor not.

A theoreticalfrequency offset (resp. channel)estimation
meansquareerror (MSE) is obtainedby performingtheap-
propriatelargesamplecovariancedividedby

G��
(resp.

G
).

An empiricalmeansquareerroris obtainedby averagingthe
squarenormbetweenthesoughtparameterandtheestimate
over the numberof Monte-Carlotrials. In order to obtain
the joint (resp. directed)frequency offsetestimate,we pro-
ceedin two steps: at first, a coarse searchstepperform-
ing the criterion | M � F 	 (resp. � M � F 	 ) by meansof a Fast
FourierTransform(FFT) of size

G
. Then,we computethe

finesearchstepby meansof a gradientalgorithminitialized
at the estimateprovidedby the coarsesearchstep. Finally,
the joint (resp. directed)filter estimateis obtainedby plug-
ging the frequency offset estimatedvalueinto Equation(2)
(resp.by applyingEquation(4)).

Figures1 and2 depictthetheoreticalandempiricalmean
squareerrorversustheSNRfor thefrequency offsetestima-
tor andthechannelestimator, respectively. We put

GÉ Ã ¯ .



We notice that the empirical curvesare in goodagreement
with the theoreticalasymptoticanalysisexceptat low SNR.
At low SNR,theso-calledoutlierseffectappearsfor thefre-
quency offset estimationproblem([5, 4]). We alsoobserve
that the failureof the frequency offsetestimationcausedby
theoutlierseffect is not veryprejudicialfor thefilter estima-
tion step.Thegapbetweenoptimaldirectedfrequency esti-
mateandthejoint frequency offsetestimateperformancesis
quitesignificantbut not redhibitory. Furthermoretheperfor-
manceof bothfilter estimatorsareverysimilarwhich means
that the frequency offsetestimationstepdoesnot really de-
gradethe filter identificationstepTherefore,beforeseeking
optimalor sub-optimaltrainingsequencein orderto decrease
a little the non-dramaticgap, we guessthat mitigating the
outlierseffect, namely, developingfrequency offset estima-
tor robustto low SNR,is a morerelevant taskfor thefuture
becauseit is themostimportantdrawbackof sucha method.
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Figure1: Frequency OffsetMSE versusSNR
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Figure2: ChannelMSE versusSNR

In Figures3 and4, wehaveplottedthetheoreticalandem-
piricalmeansquareerrorfor thefrequency offsetandchannel
versus

G
. TheSNRis fixedto be Ã R dB. We noticethatthe

agreementbetweenthetheoreticalandpracticalperformance
is goodevenfor verysmall

G
. Thesecurvesconfirmthatthe

frequency offsetandchannelestimationmeansquareerrors
areproportionalto

UyÊcG��
and

U�Ê@G
respectively.
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Figure3: Frequency OffsetMSE versus
G
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5 Conclusion

The gain in performancefor the optimizeddirectedestima-
torswith respectthesub-optimaljoint onesis notveryimpor-
tant (especiallyfor thechannel).Thereforethemain further
task may be to counteractthe outliers effect ratherthan to
designoptimaltrainingsequencefor thejoint issue.
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