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ABSTRACT
This paper addresses the problem of spectral estima-
tion by using dynamical system theory. A new para-
metric model motivated by the Takens theorem is de-
fined. This model referred to as dynamical AR model is
showed to outperform the usual AR model to estimate
the frequencies of sinusoidal signals.

1. INTRODUCTION

A fundamental problem in signal processing consists of
modeling observations z,, n = 1,..., N by an appro-
priate parametric model. Most parametric models can
be expressed as follows:

;xn—d) + én, (1)

where d is referred to as model order, F' is a function
from R? to R, and e, is an additive white Gaussian
noise. Typical examples include AR models [1] (with
F(z1,...,2q) = 2?21 a;z;) or Volterra series [2] (with
F(.Z‘l, ceey .’L‘d) = Zz a;T; + Zi,j Qi Ti%5 + ) This pa-
per studies a specific class of models which has received
much attention in dynamical system theory. These
models can be justified by the Takens Theorem [3].
The Takens theorem states that any dynamical system
can be described accurately from successive values of
an observed scalar time series. More precisely, any dy-
namical system can be defined by the following model,
referred to as dynamical model:

- rrn—d'r) + €n, (2)

where 7 and d are the embedding delay and the em-
bedding dimension, respectively.

This paper shows that model (2) has interesting prop-
erties with respect to model (1) for the spectral esti-
mation problem. In particular, model (2) provides a
parsimonious representation of sinusoidal signals which
makes it attractive for spectral estimation.

Section 2 addresses the challenging problem of fre-
quency estimation by using the dynamical model (2).
Simulation results are presented in section 3. Conclu-
sions are reported to section 4.

In :F(-'Enfl;---

Tn = F(mn—'ra .-

2. FREQUENCY ESTIMATION USING
DYNAMICAL AR MODELS

2.1. Problem formulation

The observed signal is the sum of p noisy sinusoidal
signals:

T, = Z Az sin (27szn + ¢z) + €n, (3)

i=1

where n = 1,..., N, and e, is an additive white Gaus-
sian noise. The problem of estimating the frequencies
fi from the observed samples z,, n = 1,..., N has re-
ceived considerable attention in the signal processing
literature (see for instance [1] and references therein).
As a consequence, many algorithms have been studied
to solve this spectral estimation problem. These algo-
rithms include nonlinear least squares (LS), High-order
Yule-Walker, Pisarenko and MUSIC methods [1]. Al-
gorithms based on the singular value decomposition of
the autocorrelation matrix have became very popular
because of their high resolution properties and their
insensitivity to model order overestimation. In this pa-
per, we focus on the high-order Yule-Walker (HOYW)
frequency estimation method ([1], p. 151) which is
summarized below:

1. estimate the M x L (L > 2p) autocorrelation
matrix of z,, defined by

Ry = [ca(1),. .., co(L)] (4)

co(k) =[ra(Mo —k),...,re(Mo+ M —1—k)]"

where r,(i) = E[zjz;_;], M = % and My =
L+1—-M
2 )

2. compute the SVD of the estimated autocorrela-
tion matrix denoted R,

3. solve the rank-truncated HOYW system of equa-
tions in the LS sense, which yields the estimated
AR parameter vector denoted a,



4. compute the roots of the estimated AR polyno-
mial A(z) (Z transform of the AR parameter esti-
mates), and keep only the roots 2, = 7 exp(j2m fx)
ensuring fk >0,

5. keep the p positive frequencies fk that correspond
to the greatest peaks in the pseudospectrum

S(e”™) = ragrerye-

2.2. Amplitude estimation using the Kalman fil-
ter

An alternative to step 5 consists of estimating the am-
plitudes A, associated to each frequency fk by the
Kalman filter as if the signal were a linear combina-
tion of sinusoidal signals.

A full description of the Kalman filter theory is de-
scribed in ([4], Chapter 7). The algorithm used in this
part is based on the following decomposition (see [4],
p. 321):

sk(n + 1) = sg(n) cos(2n fi) + cx(n) sin(2r fi), (5)
with
sk(n) = A, sin(27rfkn + ¢k);
cr(n) = Ay cos(2m frn + o).

According to the model (3), the state model of the
Kalman filter is defined by:

{ Y(n+1) = AY(n) + B(n) ©)
Tn =CY(n)+e,

where:

e Y (n) = [Ao,s51(n),c1(n),. .. ,sq(n),cq(n)]T is the
state vector (¢ is the number of positive frequen-
cies fr),

e A is the state transition matrix (a block diago-
nal matrix composed of the terms cos(2r f) and
sin(2 fy) of (5)),

e C=11,1,0,1,0.. ] is the measurement vector,

e B and e are white Gaussian noises.

The Kalman filter classically estimates the state vec-
tor Y(n) from the observed samples z,, n =1,..., N.
The amplitudes A, can then be estimated as follows:

Ak=\/si(N)+ci(N) (7)

In this case, step 5 is defined as follows:

5. keep the p positive frequencies fk corresponding
to the p largest amplitudes.

2.3. Dynamical AR Models

The frequency estimation strategy detailed in section 2
is implicitly based on the equivalent ARMA model for
a sum of sinusoidal signals embedded in additive noise
([1], p. 144):

2p

Tn = z Ak Tn—k + €n, (8)
k=1

where €, = Ei’; 0 Gken—k, and the parameters ay de-
pend on the amplitudes A;, frequencies f; and phases
¢; defined in (3). However, there are many other rep-
resentations which could be used for frequency estima-
tion. This paper proposes to model the signal z,, by a
so-called dynamical AR model defined as follows:

2p
Tp = Z QkrTn—kr + €En, (9)
k=1
where 7 € N is an appropriate delay and 2p is the
embedding dimension. The new HOYW frequency es-
timation algorithm based on (9) is similar to the algo-
rithm of section 2.1 except the autocorrelation matrix
is replaced by:

Ro(7) = [60(7), 2(27), . .., & (2p7)] (10)

This strategy requires to estimate the embedding delay
T.

2.4. Embedding delay estimation

This section addresses the problem of estimating the
embedding delay 7 appearing in (9) and (10). This
estimation has received much attention in the dynami-
cal system literature, without any a priori information
regarding the function F. The embedding delay 7 is
usually estimated by minimizing an appropriate corre-
lation measure between z, and z,_,. Standard cor-
relation measures include the autocorrelation function
[5] or the mutual information [5], [6]. This paper esti-
mates the embedding delay by minimizing the mutual
information defined as [7]:

I(r) = Zpij(T) Inp;;(r) — ZZpi In p; (11)

where p; is the probability that x, is in the ith bin of
its histogram, and p;;(7) is the probability that z, is
in bin ¢ and x4, in bin j. A full description of the
mutual information theory is described in [§].

Once 7 has been estimated, the determination of the
embedding dimension d can be effected by means of
the so-called correlation dimension [9], the false nearest
neighbors [5], [10], [6], or recurrent neural networks
[11]. However, the embedding dimension d is assumed
to be known in this paper.



3. SIMULATION RESULTS

This section shows that dynamical models can be use-
ful tools for spectral estimation. In all examples, the
number of sinusoidal signals p is assumed to be known,
which corresponds to an embedding dimension d = 2p.
Moreover, the embedding delay is estimated from the
mutual information (11). The simulation results have
been obtained by averaging the results of 100 Monte
Carlo runs.

3.1. Example 1

Consider a single sinusoidal signal embedded in white
Gaussian noise:

Ty = A sin (27rf1n+¢1)+€n, (12)

where n = 1,...,N, N = 1000, A; = v/2, ¢; is uni-
formly distributed on [0, 27| and ey, is a white Gaussian
noise. The simulation results presented in this section
have been obtained for a second order dynamical AR
model (9). Two cases are considered:

e 7 is fixed a priori to 7 = round{ﬁ}, where
(round(z) is the nearest integer of ),
e 7 is estimated by the mutual information (11).

Figure 1 displays the absolute relative error between
the estimated and actual frequencies averaged over 100
Monte Carlo runs, i.e.

Afy 1 = |f1(i) - fi
7w o W

where fl(’) denotes the ith frequency estimate.
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Figure 1 shows that the second order dynamical AR
model (9) provides better frequency estimates than the

conventional second order AR model (8), for each fre-
quency fi. Note that the results have been presented
for f; < 0.25. Indeed, the proposed methodology de-
termines the relevant time delays associated to the ob-
served signal. This strategy fails for small sampling
rates. Figure 1 also shows that the relative error Af{ 1
is not affected when the embedding delay is estimated.
Figure 2 shows the relative error A—{l, for different
values of the AR model order. This figure indicates
that large AR model orders are necessary to obtain a
performance (in term of relative error) which is com-
parable to that obtained using the second order dy-
namical AR model. In other words, the dynamical AR
model provides a parsimonious representation of the
sinusoidal signal compared to the usual AR model.

Frequency estimation of a noisy sinusoidal signal (f = 0.01 ; SNR = 0 dB)
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Figure 2: Relative error Af{ L versus AR order (f = 0.01
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The relative error A—{l is represented in figure 3 as a
function of the embe({ding delay 7. For SNR = 0 dB,
the performance of the proposed frequency estimation
strategy is not very sensitive to the value of 7, when 7
is in a neighborhood of 7 = round{ﬁ}. The results
are more sensitive to 7 for SNR = —10 dB.

3.2. Example 2

For illustration purposes, the second example consid-
ers two sinusoidal signals embedded in white Gaus-
sian noise. However, the analysis could be generalized
to more realistic situations involving more harmonics.
The observed signal is defined by :

2
T =Y Agsin (21 frn + ¢1) + en, (14)

k=1
where n = 1,...,N, N = 1000, 43 = A, = 1. The
phases ¢1 and ¢ are uniformly distributed on [0, 27|
and e, is a white Gaussian noise. The simulation re-
sults presented in this section have been obtained for



Frequency estimation of a noisy sinusoidal signal (f = 0.01)
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a fourth order dynamical AR model (9). The embed-
ding delay 7 is estimated by minimization of the mutual
information I(7). The frequencies f; and f> are esti-
mated following the algorithm of section 2.3. Figure 4
displays the averaged relative error

_1(AR AR
Af_Q(fl * f2>’ (15)

as a function of fi, for fo = 0.15 and SNR = 0 dB.
The fourth order dynamical model (9) provides better
frequency estimates than the conventional fourth order
AR model (8), for each frequency f;.
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Figure 4: Relative error Af versus f; (f» = 0.15,
SNR =0 dB)

4. CONCLUSION

This paper addressed the problem of spectral estima-
tion by using dynamical system theory. It is well known
that the dynamics of many systems can be studied by

the evolution of a state vector called state space. Tak-
ens has shown that the state vector can be character-
ized by measurements separated by a same delay time
called embedding delay. This paper studied a so-called
dynamical AR model motivated by this theory. The dy-
namical AR model was shown to outperform the usual
AR model for the frequency estimation problem. How-
ever, the dynamical model order (or embedding dimen-
sion) was assumed to be known in this contribution.
The estimation of this parameter (usually referred to
as model selection problem) is currently under investi-
gation.
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