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eC`-z{b|l}`fg<qcj\qUa/k}zål}`fe±�<k¨��k © e�k��±�Qj+acn�kpv�d�gsgJdL¤ÀbseC¡^z{dQ��k}g~]
�ck}v�k}�/�ck���a/d±`fq^æLçLè_éLê+ëÅìoéLí5ê�î�æfï}íÝÂ

µ�¶±¸ðÃ�ÄÅµ�¶QÆ_ñ�¼m½}½}½}¼rµ�¶\Æ_Èoñ�É�Ê�ËZ¶_¼ Ì w Í
¤Àn�k}�/k±ò�`feC� Î�`-�/k�acn�k�k}zB��k����\bJe�¡��\kmgJ`ZjÑ`-eC� acn�k�k}z+�
��k����\bJe�¡±�\bJz{k}eCqcbsd�e�]\�/kmqc��k�l�acbJ¥fkmgsj��
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acnCk±`-t\a/dQl}df�/�ckmgJ`-acbJdfe�z{`-ac�/b���nC`Z¥fk+��k�l}`fz+k{¥�k}�/j���d���t�g|`-�
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qct�z{z{`f�cb�3}k��Ï�<k}gJdL¤uÂ
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e�`-g_z�`Lac�/bs��l�d�z+�<d�qckm�Ïd-v�acn�k¨a/k}�/z{q/�i� � Ä��� a" f É�`-eC��M��� Ä��� a"�f-É�d-vÀÌ�1�ÍrÍ�]� ��¸�?�º�¼}ºf¼Co�¼mºf¼MoÁ½}½}½ D5b|q�a/n�kuz{km`fqct��/k}z{k}e�a�¥fk�l�acd��m]� �ª`feC�(Ë^`-�/k¨¤Àn�b�a/kßÓ¨`-tCq/qcbJ`feÏe�d�bJqckmqm�

V�n�k��u`fgsz�`fe © g�a/k}��l�g|`fq/qrb|l}`fgsgJjßk�qUa/bsz�`La/kmqRacn�kpqUao`LackW¥fkml��
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V�n�k^`-z{��gJbsactC�\k�q � f l}`feÏa/n�k}e(�<kukmqracbJz�`Lack��(`fq�v�dfgJgJdL¤Áq}Âa� f ¸G� � Zf ÄÅ¾�É�Ê5A Zf ÄÅ¾�É Ì~�fÍ

SDe7acn�b|qÀl}`�qrk�]�qUa/k}�+1BbJqW�\k © eCkm�7`fq�v�dfgJgJdL¤Áq}Â1\�À��k}km�(acn�k.���<d�qcb�a/bs¥�k^v��/km«�t�kmeCl�bJkmq a" f l}df�/�ck�qr�<dfeC��bse�¡
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�/b�a/n�z d-vRqrk�l�a/bsd�e w �J�uk���l�km�\aÁacnCkB`-t�acd\l�d��c�/k}g|`La/bsd�e�z�`La/�cbs�
b|qÀ�ckm��g|`fl�k��Ï�Qj_Âa=.>�Ä�òCÉ�¸G? aAB>CÄÅòCÉ�¼ aAB>�ÄF�LòCÉ�¼}½}½m½}¼ aAB>CÄF�<�CòCÉ­D ÌU����Í
V�n�b|qRqrac�o`Lackm¡fju�/km«�t�bJ�ck�q�acd¨kmqracbJz�`Lack�a/n�k�k}zB��k����\bJe�¡^�\k}g|`Zj
ò8�
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V�n�b|q{qrk�l�acbJdfeÒ`f�����ck�qcqckmq^acn�k7���/df��gJk}zäd-vPkmqracbJz{`-acbJe�¡�acn�k
k}zB��k����\bJe�¡¹��k}g|`Zj�òð`-�C��k�`-�/bse�¡ bJe�Ì�ª�Í±`feC�HÌU����Í��HV�n�b|q
kmqracbJz�`La/bsd�e±nC`fq$�/kml�kmbs¥�km�{zBtClonÏ`Lacackme�a/bsd�e±bJe±acnCkP�\jQeC`fz+bs�
l}`fg�qrj\qrackmzågsbsackm�/`-act��/kf]Q¤Àbsacn�d�t\aW`-eQj±`+���/bsd��cb_bJe\v�df�/z�`La/bsd�e
�/k}¡�`f�/��bse�¡(a/n�k�v�t�eCl�a/bsd�e�Ã{��V�nCkÏk}zB��k����\bJe�¡���k}g|`Zj�ò'b|q
tCqctC`-gJgJj±kmqracbJz�`Lack��±�Qj±z{bJe�bsz{b�3}bJe�¡�`-e7`-�����/df�C�cb|`La/kPl�d��c�/k��
g|`LacbJdfe¹z{km`fqct��/k±�<k�aU¤�k}k}e�µ ¶ `feC� µ ¶QÆ<ñ �ÑO�ao`-eC�C`-�o�'l�d��r�
�/k}g|`LacbJdfe(z{km`�qrtC�ck�qÀbse�l�gJtC�\kua/n�kß`-t�acd\l�d��c�/k}g|`La/bsd�e±v�t�eCl�acbJdfe
Ô°1ZÕ�d��Áa/n�k^zßt�actC`fg5bJe\v�df�/z�`LacbJdfe Ô°1ZÕã]5Ô �LÕã�ÀV�n�b|qW�C`f��km�Ákmqracbs�
z�`La/kmqÀa/n�k^kmzß�<km���\bJe�¡Ï��k}g|`Zj��QjÏz{bJe�bJz+b�3}bJe�¡Ïacn�k^zBt\act�`-g
bJe\v�df�/z�`LacbJdfe(�\k © e�km�(`�q¨ÔÞ�ZÕ~Â±<Ä�òCÉ$¸ �
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×
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¤Àn�km�ck/� × bJqÁacn�kß���cd��C`-�CbsgJb�aUj±acnC`-aWµ ¶ b|qÁbJe�a/n�k±ë acn��Cbse%dfvbsa/q¨n�b|qUa/df¡��/`fz7]�`feC�V� ×ÞÜ Ä�òCÉpb|qpacn�k{���/df�C`f��bJgsbsaUj7acnC`-a^µ ¶ b|qbJe'��bJe5Rp`feC� µ ¶ ] ñ bJe'��bJe
l���[£v�tCgsg��\kmq/l��/bJ�\acbJdfe dfvÀacn�kzßt�actC`fg�bse�v�df�/z{`-acbJdfe�acn�kmdf�/j±b|qÀ�\kmq/l��/bs�<km��bJe�Ô ¦LÕã�-PeCl}kWò±n�`fq$��kmk}eÏk�qUa/bsz�`-ackm��]�a/n�kP��k�ackm�cz{bJeC`La/bsd�e±d-v5acn�k
k}zB��k����\bJe�¡��\bJz{k}eCqcbJdfe�Î�lm`-e´��k%ki´<k�l�a/km�´�Qj�z{km`feCq�dfv
acnCk�qcd-�Dl}`fgsgJkm�ßl�df�/�/k}g|`LacbJdfe^��bsz{k}e�qrbJdfe�Ô ª-Õ~]Za/n�k�vÅ`-g|qrk�e�km`f�ck�qUa
e�kmbs¡�n��<df�oq�Ô 1LÕ~]+Ôs���LÕã]ßÔ �LÕã]Pd����/kml}t��/�ckme�a7e�k}tC�/`fgpeCk�aU¤�df�/�Qq
ÔJ�f��Õã��TÁdL¤�k}¥fkm�m]Qa/n�k^kmzß�<km���\bJe�¡Ï��bsz{k}e�qrbJdfe�ÎÏbJqP`fq/qrt�z{k��
acd��<ku�Qe�dL¤Àe7bse7acnCbJq��C`f��km�m�
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V�n�b|qÁqrk�l�a/bsd�e7qcn�dL¤Áq$acnC`-aW�\jQeC`-z{b|l}`fg8z+d\�\kmgJqWl}`-e7�<kutCqrk}�
v�t�gRa/dQdfg|qpv�df�ßqc��k�l�a/�/`fgEkmqracbJz{`-acbJdfe��ÏSDe'`-gJgEk���`-z{��gJkmqm]�a/n�k
eQt�zß�<k}�$d-v�qrbJeQtCqcdfb|��`-g�qcbs¡�eC`-g|qµ�±b|q>`�qcqct�z{km�Ba/d^��kW��eCdL¤Àe�]
¤Àn�b|lon�l�d��c�/kmqc�<dfeC��qRacd{`-e±kmzß�<km����bse�¡{�\bJz{k}eCqcbsd�e�ÎB¸[�<���
¿%df�/k}dL¥�k}��]Ca/n�k�k}zB��k����\bJe�¡%�\k}g|`Zj%b|q¨kmqracbJz{`-ack���v��/dfz a/n�k
zßt\a/tC`-gibJe\v�df�/z�`La/bsd�e¹ÌU����Í��^V�n�k+qcbJzßt�g|`La/bsd�e��/kmqct�g�aoqpnC`Z¥fk
��kmk}e¹df�\ao`-bJe�km� �Qj'`Z¥�k}�o`-¡fbJe�¡7acnCk��/kmqct�gsa/qBd-vßºQo�o�¿%d�e�ack
y�`-�/gsd+�/t�eCqm�

 �­ ¬�­ ö0¶ ���J~·����¬
y$dfeCqcb|�\k}�¨`ÏqcbseC¡fgJkBqcbseQtCqcdfb|��`-g¦qrbJ¡fe�`-g¦k}zß�<km�C�\km��bse�¤Àn�b�a/k
Ó¨`-tCq/qcbJ`fe�e�d�bJqckfÂ

µ�¶�¸ � Ç �M�m� ÄF�� #"fÇ�·�Ê%$8Ç}É5Ê�ËZ¶_¼ ÌU� w Í

¤Àn�k}�/k7·�¸äº�¼}½J½s½J¼c¾']>¾ ¸"º�oso�o�] � Ç%¸¹¸ �\],$_ÇÏb|q+t�e�bs�
v�df�/z{gsj^�\b|qrac�/bs��t�ackm�Bdfeº? oC¼C�! »?�`feC�ßËZ¶ub|qE`P¤Àn�b�a/kÁÓ¨`-tCq/qrb|`-e
e�dfb|qckf�ÀV�n�kßqcbszBt�g|`LacbJdfe(�/kmqct�gsa/qÁ�C�ck�qrkme�a/km�7bJe%acn�b|qWqckml�acbJdfe
nC`Z¥fk+�<k}k}eÑd��\a/`fbse�k���v�df�^`(qrk�l�d�eC��d��/��k}�u�\jQeC`-z{b|l}`fgR[ x
z{dQ��k}g>Ì�ª�Í��RV�¤�d{lm`fqckmq�`-�/kul�d�eCqrb|�\km�ck��8Â� òHb|q © �Qk��H`����/bsd��cbßacdðò ¸ �cd�t�eC�_¼ Ç½ rC¾n¿�]^¤Àn�k}�/kÌÅ�cd�t�eC�8ÄÅµ<É�b|q�acn�kueCkm`-�/kmqraÀbse�a/k}¡fkm��d-viµ<Í�]� ò7b|q�kmqracbJz{`-ack����Qj�a/n�kuzßt�actC`fg�bse�v�df�/z{`-acbJdfeÑÌU����Í��
�¦bs¡�t��/kB�¨�\b|qr��g|`Zj\q$acn�ku`-��qrd�gst\a/kP�/k}g|`La/bs¥�kWkm�c�/df����k}aU¤$kmk}e
acn�kWkmqracbJz{`-ack��+`feC�{`fl�actC`fg\v��ck�«�t�k}eCl}bsk�qE`Z¥fkm�/`f¡fkm�^dL¥fk}�ÀºQo�o
¿%dfe�a/k^y�`f�cgJd+�ct�e�q}]�b~� kf�
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v × | KJ"fÇ Á" Ç ¼ ÌU����Í

¤Àn�k}�/k a" v × |Ç �\kme�d-a/kmq�a/n�kWR~acn7v��ck�«�t�k}eCl}j±kmqracbJz�`La/kf�
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Frequency estimation of a noisy sinusoidal signal (SNR = 0 dB)

AR model
dynamical AR model (delay fixed)
dynamical AR model (delay estimated)

�¦bs¡�t��/k+��Â x k}g|`La/bs¥�k¨k}�/�cd��ÃÂ rC¾rM¾ ¥fk}�oqctCq/" Ç Ì p ¾P=!¸ÅÄ(Î��BÍ
�¦bs¡�t��/k+�uqcn�dL¤Áq�acn�`LaÀacnCk^qrk�l�dfe���d��/��k}�À�\jQeC`-z{b|l}`fg�[ x
z{dQ��k}g5Ì�ª�Í¦���/dL¥QbJ�\k�q¦��k}arackm�Ev��/km«�t�k}e�l�jßk�qUa/bsz�`-ackmq¦a/nC`-e+a/n�k

l�d�eQ¥fk}e�a/bsd�eC`-g5qckml}dfeC�(d��/��k}�W[ x z{dQ��k}g�Ì�¦�Í�]<v�df�Wk�`flon7v��/k��
«�t�k}e�l�jP"fÇL�^NÁd-a/kßa/nC`La¨a/n�kB�/kmqct�gsa/qPnC`Z¥fkB��kmk}e����/kmqck}e�ack��
v�df��" Ç�Æ oC½ �sÇ\�+SDeC�\kmkm�8]5acn�k����/df�<d�qckm��z{k�acnCdQ��dfgJdf¡fj���k��
ackm�cz{bJe�kmq$a/n�kP�/k}gJk}¥L`fe�a$acbJz{kp�\kmgJ`Zj\q�`fq/qrd\l}bJ`-ackm�+a/dßa/n�kpdf�\�
qck}�/¥fkm�´qcbs¡�eC`-g~� V�n�b|qÏqrac�o`La/k}¡�j vÅ`-bJgJq�v�df�Ïqcz�`-gJgPq/`-z{��gJbse�¡
�o`Lack�q}�^�¦bJ¡ft��/k7�B`-g|qcd�qcn�dL¤ÁqÁa/nC`La¨a/n�kB�/k}g|`La/bs¥�kßkm�c�/df��Â r ¾rC¾
b|q$eCd-a�`!´<k�l�a/km��¤Àn�kme�acnCkPkmzß�<km���\bJe�¡+�\k}g|`Zj{bJq$kmqracbJz�`Lack��8�
�¦bJ¡ft��/k w qcn�dL¤Áq^a/n�k(�ckmgJ`-acbJ¥fk�k}�/�cd��ÈÂ r ¾r ¾�]Rv�d����\bÉ´_k}�/k}e�a
¥L`-gJt�kmq±d-vWa/n�k�[ x z{d\�\kmgÁdf�o�\k}����V�n�b|q © ¡ft��/k(bse��\bJlm`La/kmq
acn�`LaugJ`f�c¡�kB[ x z{d\�\k}gid��/�\km�/qp`-�/kßeCkml�k�qcq/`-�/j7acd7df�\ao`-bJe�`
�<k}�cv�df�/z{`feCl�k�ÌÅbseÑa/k}�/z
dfv��/k}g|`La/bs¥�k{k}�/�cd��oÍP¤Àn�b|lonÑbJqBl�dfz+�
�C`f�/`f��gsk(a/d acn�`LaÏd��\a/`fbse�k��´tCqcbse�¡'acn�k�qckml}dfeC�´d��/��k}�±�\j��
eC`fz+b|l}`fg<[ x z{d\�\kmg �iSDeÏdfacn�km�$¤�df�o��qm]fa/n�k¨�\jQeC`-z{b|l}`-g_[ x
z{d\�\k}gp���/dL¥�b|�\k�q±` �C`f�/qcbsz{d�e�bsd�tCq��/k}���/kmqck}e�ao`LacbJdfe´dfvuacn�k
qcbseQtCqcdfb|��`-g�qcbJ¡feC`fg_l}dfz{�C`f�ck��±a/dBa/n�kutCqctC`-g�[ x z+d\�\kmg �
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Frequency estimation of a noisy sinusoidal signal (f = 0.01 ; SNR = 0 dB)

AR model
2nd order dynamical AR model (delay estimated)

�¦bs¡�t��/k w Â x kmgJ`-acbJ¥fkRkm�c�/df�©Â r ¾r ¾ ¥�k}�oqrtCq5[ x df�o�\km�>Ì�"(¸ÅÄ5½°Ä¤Ê
`-e�� p ¾+=!¸[Ä(Îs�+Í
V�n�ku�/k}g|`La/bs¥�kPkm�c�/df� Â rC¾rM¾ bJq��/k}���/kmqck}e�a/km��bse © ¡ftC�cku�{`fqÀ`
v�t�eCl�acbJdfe�d-vRa/n�k+k}zß�<km�C�\bseC¡7�\kmgJ`Zj(ò8�ß�Cdf�uO\N x ¸Ëo{���p]
acnCkß�<k}�cv�df�/z{`feCl�kudfviacn�k^�C�cd���d�qrk��Ïv��/km«�t�kmeCl�j�kmqracbJz�`LacbJdfe
qrac�o`Lackm¡fj�b|q�e�d-aÀ¥�k}�/j{qck}e�qrbsacbJ¥fkpacdBacnCku¥Z`fgstCkPdfv�ò8]�¤Àn�kme�ò
b|q^bJeÑ`(eCk}bJ¡fnQ��d��cnCd�d\��d-v�ò�¸ª�/dft�eC��¼ Ç½ rC¾ ¿��ÏV�n�k±�/kmqct�gsa/q`-�/k¨z{df�/k¨qck}e�qrbsacbJ¥fkpacd{ò�v�df�WO\N x ¸GKuºQoB�C�P�
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��d��ßbJgsgJtCqrac�o`La/bsd�e��Ct��c�<d�qckmqm]�acn�k7qrk�l�dfe���k}��`-z{��gJkÏl�d�eCqrb|�Q�
k}�oq(aU¤�d�qrbJeQtCqrd�bJ�C`-g^qcbs¡�eC`-g|q(k}zB��k����\km�@bJe�¤Àn�b�a/k¹Ó¨`-t�qU�
qcbJ`fe%e�dfb|qrk���TWdL¤$km¥fkm�m]\a/n�kß`feC`-gJj\qrb|qÀl�d�t�gJ�(�<k^¡�k}e�km�/`fgsb�3}k��
acd7z{df�/kß�/km`fgsb|qUa/bJlBqrbsact�`LacbJdfe�qWbJeQ¥fdfgJ¥QbseC¡±z{df�/kßnC`f�cz{dfeCbJlmq}�
V�n�kud��Cqrkm�c¥�km��qrbJ¡feC`fg8bJqÀ��k © e�k��7��j�Â
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¤Àn�km�ck(· ¸�ºf¼}½J½J½s¼/¾ ]$¾ ¸�º�oso�oC] � Ç�¸ � Z ¸�ºf��V�n�k��nC`�qrk�q�$8Ç{`-e��L$ Z `f�ck{t�eCb�v�d��cz{gJj��\b|qUa/�cbJ��t\a/km�Ñd�eÌ? o�¼Í�� »?
`-e���ËZ¶�bJqu`7¤Àn�bsackÏÓ¨`ftCqcqcb|`-e�eCdfb|qrk��{V�nCk{qcbJzßt�g|`La/bsd�e��/k��
qct�g�aoqu���/kmqck}e�ack���bJeÑacnCbJq^qckml�acbJdfe�nC`Z¥fk{�<k}kme�d��\a/`fbseCkm��v�df�
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Frequency estimation of a noisy sinusoidal signal (f = 0.01)

SNR    0
SNR  −10

�¦bs¡�t��ckp��Â x k}g|`La/bs¥�kÁk}�/�/df�ÎÂ r ¾r ¾ ¥�k}�oqrtCq>k}zB��k����\bJe�¡B�\kmgJ`Zj{ò
Ì�"(¸ÅÄ5½°Ä¤ÊQÍ
`±v�d�t��cacn�d��/��k}�¨�\jQeC`-z{b|l}`-gE[ x z{d\�\k}gÁÌ�ª�Í��ßV�n�k{k}zB��k��Q�
�\bJe�¡W�\kmgJ`ZjPòubJq5kmqracbJz{`-ack��u�QjPz{bJe�bsz{b�3m`-acbJdfeud-vQa/n�k>zBt\actC`fg
bse�v�df�/z{`-acbJdfeL±�ÄÅòCÉ��ÏV�nCk{v��ck�«�tCk}eCl}bsk�q�" Ç `-eC�J" Z `-�/k{kmqracbs�
z�`Lack���v�dfgJgsdL¤ÀbJe�¡+acn�kB`-gJ¡fdf�/bsacn�zådfviqckml�acbJdfe w � ���R�¦bJ¡ft��/kuó
�\b|qr��g|`Zj\q$acn�k^`Z¥�k}�o`-¡fk����/k}g|`LacbJ¥fk¨km�c�/df�

À "�¸ º�LÏ À "fÇ" Ç Ê À " Z" Z5Ð ¼ ÌU�21fÍ
`fq+`�v�tCeCl�a/bsd�e�d-vc"fÇZ]Ev�d��Ñ" Z ¸Òo�½JºQÇ�`feC�¹O�N x ¸Óo{���p�
V�n�kuv�d�t��ra/n(df�o�\k}�Á�\jQeC`fz{bJlm`-g�z{d\�\k}g�Ì�ª�Í����cdL¥Qb|�\kmq��<k�acackm�
v��ck�«�t�k}eCl}jßk�qUa/bsz�`La/kmqia/nC`-e+a/n�kWl�d�eQ¥fk}e�a/bsd�eC`-g�v�dftC�ra/n+d��/��k}�
[ x z{d\�\k}g>Ì�¦�Í�]Qv�df�Ák�`flon±v��/km«�t�kmeCl�jº" Ç �
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Average frequency estimation (SNR = 0 dB)

AR model
dynamical AR model (delay estimated)

�¦bs¡�t��ckÑó�Â x k}g|`LacbJ¥fkÑkm�c�/df� À "H¥�k}�oqrtCq�"fÇ¹ÌF" Z ¸ÔÄ5½�ÊkÕ8]p ¾+=!¸[Ä(Î��BÍ
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V�n�b|q¨�C`-�<k}�ß`����\�/kmq/qrk��%a/n�k����/df��gJk}z¢dfv�qc��k�l�a/�/`fgEkmqracbJz{`-�
acbJdfeu�Qj¨tCqcbse�¡P�\jQeC`-z{b|l}`-g�qrj\qrack}z@a/n�k}d��cj���Sãa�b|q�¤�k}gJgf�Qe�dL¤Àe
acnC`-aÁacnCkß�\jQeC`-z{b|l}qÀdfvEz{`feQj�qcjQqrackmz�qÁl}`fe%��kßqract��\bsk��(�Qj

acnCkuk}¥fd�gst�acbJdfeÏdfv¦`+qUao`La/kp¥�kml�acdf�Àlm`-gJgsk��Ïqra/`La/kuqr�C`�l�k��iV¦`-���
k}e�qPn�`fqpqrn�dL¤Àe(a/nC`LapacnCk+qra/`-ackß¥�kml�acdf�pl}`fe��<kBlonC`f�/`�l�ackm�r�
b�3}km�7�QjÏz{k�`fqct��ckmz{k}e�a/qÀqck}�C`f�/`-ack��Ï�QjÏ`�q/`-z{ku�\k}g|`Zj�a/bsz{k
l}`fgsgJkm�±k}zß�<km�C�\bseC¡B�\kmgJ`Zj��¦V�n�b|q$�C`-�<k}��qUa/tC�\bJkm�±`ßqrdf�ãlm`-gJgsk��
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