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Abstract - The filters of the finite-length minimum mean-square
error decision-feedbackequalizer(MMSE-DFE) canbecomputed
by assumingperfect knowledgeof the channel impulse response
and the input and noisesecond-orderstatistics. In practice, we
estimatethe unknown quantities and thus inevitable estimation
errors arise. In this work, we model the estimation errors as
small perturbations and we derive a second-orderapproxima-
tion to the excessMSE. Then, assumingthat the input and noise
SOSare perfectly known, we derive an expressionfor the mean
excessMSE in terms of the channelestimation error covariance
matrix. Analogousexpressionsinvolving the noiseand input SOS
estimation error covariance matricesappearon [1].

1. INTRODUCTION

The finite-lengthMMSE-DFE hasproved to be an efficient struc-
turetowardintersymbolinterference(ISI) mitigationin packet-based
communicationsystems[2]. It is determinedby two optimalfilters,
namely, the feedforward and the feedbackfilter. Thesefilters, as
well asrelatedperformancemeasures,canbe computedby assum-
ing perfectknowledgeof the channelimpulseresponseandthe in-
put andadditive channelnoisesecond-orderstatistics(SOS)[2]. In
practice,we estimatetheunknown quantitiesandthusinevitablees-
timation errorsarise. Consequently, the analysisof the robustness
of thefinite-lengthMMSE-DFEwith respectto mismatchis of great
importance.

This problemwasfirst consideredin [3], wheretheauthorsde-
velopedclosed-formexpressionsfor the perturbedMMSE-DFE fil-
tersandthecorrespondingperformancemeasures.In this work, we
presenta detailedsecond-orderperturbationanalysis,thatexplicitly
revealsthe factorsthat govern the performanceof the MMSE-DFE
undermismatch.

2. FINITE-LENGTH MMSE-DFE

In this section,we recall known resultsconcerningthefinite-length
MMSE-DFE[2]. We assumethat thechannelimpulseresponseand
theinputandnoiseSOSareperfectlyknown.

2.1. Channelmodel

Let us considera basebanddiscrete-timefractionally-spacednoisy
communicationchannelmodeledby the � -th order1-input/� -output
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Fig. 1. Channelmodel.

lineartime-invariantsystemdepictedin Fig. 1. Its input-outputrela-
tion is givenby theconvolution ���������������� � � �"! �$#&% �(' where� � denotestheinputsequenceandthe � -dimensionalvectors� � , % �
and � � denote,respectively, thetermsof theoutput,noiseandchan-
nel finite impulseresponsesequences.The impulseresponseterms� � arevectorscomposedof thesamplesof thecontinuous-timeim-
pulseresponsemodelingthe combinedeffect of the transmitfilter,
the physicalchanneland the receiver filter [2]. By grouping the
impulseresponseterms,we constructthe impulseresponsevector) � *�,+ �.-�0/1/2/ �.-�43 - , wheresuperscript- denotestranspose.

By stacking576 successiveoutputsamples,weconstructthedata

vector � �98:�;!(<.=?>.@ *�A+B� -� /1/C/ � -�;!�< = >.@ 3 - , which can be ex-
pressedas � �98D�"!�<.=E>F@ �HGJI �K8:�;!(<.=L! � >.@ #M% �98:�;!(<.=?>.@ where
the �(5764NPO � # 576"Q filtering matrix G is definedasG *� RS � � /1/1/T/1/1/ � �

. . .
. . .� � /1/C/U/1/1/ � �

VW
andthedefinitionsof I �98:�;!(<.=L! � >.@ and % �98D�"!�<�=?>.@ areobvious.

2.2. Finite-length MMSE-DFE

Our aim is to recover (a delayedversionof) the input sequence� �
by passingthenoisy outputdata � � throughan equalizerstructure.
To thisend,weemploy thefinite-lengthDFEdepictedin Fig. 2. The
DFE is determinedby thefollowing parametervectors:

1. X *�,+1X -� /1/1/ X -< = !�@ 3 - , whichdenotesthe� -input/1-output
length-576 feedforwardfilter;

2. Y *�[Z]\_^ @ /1/1/ ^ <�`Fa�- , whichdeterminesthe1-input/1-output
length-5cb strictly causalfeedbackfilter. The settingsof the
feedbackfilter are dLef^ @ '1g1g1g1' ef^ < `ih .

Assumingthat thepastdecisionsare correctandconsideringthede-
lay j , the error betweenthe desiredoutput � �;! * andthe input to
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Fig. 2. Finite-lengthDFE.

thedecisiondevice x is givenbyy � *� � �;! * e{z <�=L!�@| �}��� X -� � �;! � e <�`| ��� @ ^ �D� �"! * ! �D~��Y - I �;! * 8D�;! * !�< ` e�X - � �K8D�"!�<�=?>.@�,�Y - I �K8 �"!�< = ! � >F@ e�X - � ��8D�"!�< = >F@ (1)

wherewedefined� Y *�,+L� @�� * Y - � @��;� 3 - , with � � �B� denotingthe� N�� zeromatrix and � *��5 6 # � eJj�e�5 b e0\ . In order to
simplify notation,we shallomit thesubscriptsfrom I �98D�"!�<�=L! � >F@ ,� �98D�"!�<�=?>.@ and % �98:�;!�<�=?>.@ .

TheMMSE-DFEsettingsarecomputedby minimizingthemean
squareerror(MSE) �P+ yE�� 3 , which canbeexpressedas�H��� *�t���i�E�Y - I�ePX - �.���iI - � Y�e�� - X�������Y -.���C� �Y�e��Y -.���C� XHePX -����1� �Y # X -����2� X (2)

where � �C� *���9Z I�I - a ' � �C� *� �KZ I�� - a � � �C� G - � ��-�1� (3)� �1� *���9Z �$� - a � G � �C� G - # ���B� ' ���B� *���9Z %.% - a g (4)

At theoptimalsettings,theerror y � is uncorrelatedwith thedatavec-
tor � , i.e., �P+ y � � - 3 � � @��L¡C< = , yielding[2] X�� � !�@�1� ���1� �Y . Sub-

stitutingthis expressionfor X into (2), we obtain
�H�$� �J�Y - � �Y ,

where � *� � �C� e � �C� � !�@�2� � �1� g (5)

If we define� * *��+L��¢ < ` >.@¤£¥� *�¦ < ` >F@ ��¢ < ` >.@¤£¥�§� 3 �©¨ � * � ¢ < ` >F@¤£¦ <�`ª>F@� �C� ¢ < ` >.@¤£¬«
where ¦ � denotesthe

� N �
identity matrix, thentheMSE is givenby�H�$� �&Y - � * Y andit canbeshown [2] thatit is minimizedforY.®� � !�@*�¯ �¯ -� � !�@* ¯ � ' X4®� � !�@�1� ���1� �Y� (6)

wherē � is thevectorwith 1 at its first positionandzeroselsewhere.
ThecorrespondingminimumMSE, ° , is derived by putting in (2)�Y�� �Y  and X±�&X  . Alternative expressionsare°²�&�Y - � � Y  �&Y - � * Y  � \¯ -� � !�@* ¯ � g (7)

3. MMSE-DFE: PERFORMANCE ANALYSIS UNDER MISMATCH

3.1. The framework

Let us assumethat an estimationprocedurehas furnishedthe es-
timates dC³ � � h�´����$� , leading to the impulse responsevector estimate³) ´� *��Z;³� -� /1/1/ ³ � - ´� a - . We considerthe case µ�&¶�� , that is, the
estimatedchannelorder µ� is lessthanthetruechannelorder � . The
case µ�¬·�� is analogous.For the purposesof analysis,we have to
comparethe true andestimatedimpulseresponsevectors,

) � and³) ´� . Since µ�M¶¸� , we take into accountthe fact that, dueto pulse
shapingand dispersive effects in the transmissionmedium,

) � is
usuallycomposedof tailsof smallleadingandtrailing terms,andwe
augmenttheestimatedimpulseresponsevector ³) ´� with leadingand
trailing zeros,obtainingthevector³)�¹»º� *�t�§� @��]¡ ¹»º ³) - ´� � @��L¡ ¢ � ! ´� ! ¹fº £ � -
whoselengthequalsthelengthof

) � . Then,we define¼�½@ *��¾E¿ªÀÂÁÂÃÅÄ¹fºÇÆ ) � e ³) ¹fº� Æ � '
where Æ / Æ � denotes,dependingon theargument,thematrix or vec-
tor 2-norm. That is, � ¼ ½ @ is the numberof leadingzeroswe must
insertin front of ³) ´� , sothattheaugmentedimpulseresponsevector
estimatebecomesclosestto

) � . In the sequel,we shall work with³) � *� ³) ¹fÈº� . We notethatworking with ³) � insteadof ³) ´� amounts
to insertionof anextradelayof ¼ ½ @ timeunits.Weconsiderourchan-
nel estimateasbeinggoodif

) � and ³) � arecloseto eachother. In
termsof theassociatedfiltering matrices,we expressthis condition
as: jÉG *� ³G�e�G ' Æ jÉG Æ �®Ê Æ G Æ � g
Theerrorsin theinputandnoiseSOScanbeexpressedas:j � �C� *� ³� �C� e � �C� ' Æ j � �C� Æ � Ê Æ � �C� Æ �j ���B� *� ³���B� e ���B� ' Æ j ���?� Æ � Ê Æ ���B� Æ � g
3.2. MMSE-DFE: Perturbation analysis

Undermismatch,efforts towardcomputationof � �C� , � �2� and � �2�
leadto: ³���C� *� ³���C� ³G - � ³� -�2� ' ³���1� *� ³G ³���C� ³G - # ³� �?� .1 The
correspondingfirst-orderperturbationsarecomputedas:j ���C� �Jj ���C� G - # ���C� jÉG - �Jj ��-�2� (8)j � �1� � jÉG � �C� G - # G�j � �C� G - # G � �C� jÉG - # j ���?� g

(9)

Efforts for computing� and � * yield ³� *� ³� �C� e ³� �C� ³� !�@�1� ³� �2�³� * *��+]� ¢ <�`Ë>.@¤£¥� * ¦ <�`ª>F@ � ¢ <�`Ë>.@¤£¥�;� 3 ³� ¨ � * � ¢ < ` >.@¤£¦ <�`ª>F@� �C� ¢ <�`ª>.@¤£ « g
Thefirst-orderperturbationj � is givenby [1]j � �tj � �C� e � �C� � !�@�1� j � �1� e�j � �C� � !�@�1� � �1�# � �C� � !�@�2� j � �1� � !�@�2� � �1� g (10)

1Anotherway to estimateÌ �2� is throughtheoutputdatasamples.



j � * can be easilyderived from the definitionsof ³� * and j � .
Theresulting“optimal” filters aregivenby³ Y  � ³� !�@* ¯ �¯ -� ³� !�@* ¯ � ' ³X  �±³� !�@�1� ³� �1� �³ Y  (11)

where �³Y  is theappropriatelyzero-paddedversionof ³Y  . Assuming
correctpastdecisions,the correspondingMSE canbe expressedasÍ° *� �MÎLÏ �³Y - IÐe ³X - ��ÑH�EI - �³Y  e�� - ³X  ��Ò� �³Y - ���C� �³Y�Óe �³ Y - ���C� ³X4Óe ³X - ���1� �³Y. # ³X - ���1� ³X4 g (12)

By inspectionof (2) and (12), we deducethat
Í° is the value of

the constrainedquadraticfunction
�H���

at the point Z �³Y - ³X - a - ,
which is “close” to theoptimalpoint ZC�Y - X - a - . If we denotewithj7�Y  and jÔX  thefirst-orderperturbationsin quantities�Y  and X  ,
respectively, weobtainthesecond-orderapproximationÍ°²�&° # f.o.t. # � j � Y - jÔX - � Î ���C� e ���C�e � �1� � �2� ÒÕÎ j � Y jÔX  Ò g

(13)
Thesummand“f.o.t” (first-order-terms)is zerodueto theoptimality
of the point ZÖ�Y - X - a - . Thus, the excessMSE is approximated
by the second-ordererror terms. We mustnote that an expression
analogousto (13) hasappearedin [3]. However, expression(13) is
not very informative becauseit doesnot explicitly reveal thefactors
which govern thesizeof theexcessMSE. This is our subjectin the
sequel.At first, we derive first-orderapproximationsto the pertur-
bationson Y  and X  . Then,theseexpressionswill beusedfor the
derivationof thesecond-orderapproximationto theexcessMSE.

Result1 [1]: Let jÔY. and jÔXÉ bethefirst-orderperturbations
in quantitiesY  and X  , respectively. ThenjÔY  ��×¤Y - j � * Y EØ � !�@* ¯ � e � !�@* j � * Y  (14)jÔX  � � !�@�1� � � �2� j7�Y  # j � �1� �Y  eÙj � �1� X  � (15)

where j7�Y. is theappropriatelyzero-paddedversionof jÔY. .
Result 2 [1]: Let SOT denotethe second-order error termsin

(13). ThenÚÖÛÝÜ �Þ�E�Y - j � �C� ePX - j � �1� � � !�@�1�N¬�]j ���2� �Y.fe�j ���2� X41� # j7�Y - � j7�Y. g (16)

Using (14) andthe relation j � Y - � j � Y.Â��jÔY - � * jÔY. , we de-
rive analternative expressionfor thesecondtermof (16),as[1]:j �Y - � j � Y�ß�&Y - j � * � !�@* j � * Y.fe ×¤Y - j � * Y EØ �° g (17)

4. MEAN EXCESS MSE: CHANNEL ESTIMATION ERRORS

In this section,we assumethat the input and noiseSOSare per-
fectly known andwe derive ananalyticexpressionfor themeanex-
cessMSE in termsof thechannelestimationerrorcovariancematrix� *�à»á *���P+�j ) � j ) - � 3 , with j ) � *� ³) � e ) � . Wesimplify the

resultsby makingthe assumptionthat ���C� � ¦ < = > � . Then,from
(3), (5), (8) and(10),weobtain���C� ��G - � � -�1� ' � � ¦ < = > � eÙG - � !�@�1� G (18)j � �C� � jÉG - � j ��-�1� ' j � �1� � G�jÉG - # jÉG G - (19)j � �0e � �C� � !�@�2� jÉG � e � jÉG -�� !�@�2� � �1� g (20)

In thesequel,weshallusethefollowing relationsanddefinitions:

1. The product X - G expressesthe convolution of the multi-
channel

) � and the feed-forward filter X4 and, due to the
commutativity propertyof theconvolution,isequalto

) - ��â  ,
where â  is the �7O � # \CQÓNÙO 576 # � Q filtering matrix con-
structedby theblockvector X4 . Thus:X - G{� ) -��â  g (21)

2. We definethe combinedimpulseresponseã  *��G - X  and
theresidualimpulseresponseä  *� �Y  e�ã  (22)

with elementså iæ � , for
� �ç\ '1gCg1g1' 5Ô6 # � . It is easyto show

thatundertheabove assumptions

ä  � � � Y  .

3. Simplecalculationsshow thatä - G - � ) - ��è  (23)

where è  is theblockHankel matrix definedas

è  *� RééS å Cæ @ ¦ ¡ å Cæ � ¦ ¡ /1/1/ å Cæ <.= ¦ ¡åBCæ � ¦ ¡ åBCæ ê ¦ ¡ /1/1/ å?Cæ < = >F@ ¦ ¡
...

...
...å Cæ � >.@ ¦ ¡ å Cæ � > � ¦ ¡ /1/1/ å Cæ <�=E> � ¦ ¡

VìëëW g
Now, we considereachtermof SOT separately.

A) Term SOT1: Let us considerthe first term of SOT in (16),
denotedSOT1. Using(19), (21), (22)and(23),we obtain[1]� Y - j ���C� ePX - j ���2� � j ) - � O è »e â iG - Qí îCï ðñ º g
Thus,thetermSOT1 canbeexpressedasÚÖÛÝÜ \®� j ) -��ò @ � !�@�1� ò - @ j ) � g (24)

B) Term SOT2 @ : The first term of the right-handsideof (17),
denotedSOT2 @ , is expressedasSOT2 @ ���Y - j � � j � �Y. , with� *� ¨ � ¢ <�`ª>.@¤£¥� *¦ < ` >.@� ¢ <�`ª>.@¤£¥�§� « � !�@* +L� ¢ < ` >F@¤£¥� * ¦ <�`ª>F@ � ¢ < ` >.@¤£¥�;� 3 g
Using(6), (20), (21)and(23)we obtain[1]

SOT2 @ �tj ) -� × â  � # è  � !�@�1� ���1� Øí îiï ðñ�ó �N�× � â - # ���C�F� !�@�1� è - Ø j ) � g (25)



5 10 15 20

−0.5

0

0.5

1

Discrete time n

C
ha

nn
el

 im
pu

ls
e 

re
sp

on
se

Fig. 3. Channelimpulseresponse.

C) TermSOT2� : Thesecondtermof theright-handsideof (17),
denotedSOT2� , is givenby [1]

SOT2� �Aô° j ) - � â  ä  ä - â -í îCï ðñ.õ j ) � g (26)

Using(24),(25)and(26),weobtainthesecond-orderapproximation�ÉZ SOT a ���P+ Tr ×¥j ) - �Ýö j ) � Ø 3 � Tr O ö � *�à á Q (27)

whereTr denotesthematrix traceandö *� ò @÷� !�@�1� ò - @ # ò � � ò - � eJô ò ê° g (28)

Usingsomesimplificationsandapproximationsit is shown in [1] that�4Z ÚÖÛÝÜ a�ø&ù O � # \iQ Æ X4 Æ �� Æ � *�àúá Æ1û (29)

where Æ / Æ û denotesthematrixFrobeniousnorm.For theanalogous
resultsrelating �4Z Ú§ÛÝÜ a andthenoiseandinputSOSestimationerror
covariancematricesthereaderis referredto [1].

5. SIMULATIONS

In our simulations,we usethe communicationchannelwhoseim-
pulseresponseis depictedin Fig. 3. It modelsa multipathscenario
resultingin severeISI, andis derived by oversampling,by a factor
of 2, theimpulseresponseü�O:ýªQK�r�cO:ýªQ.e�þ g ÿ �7O:ýFe ô g ô�� � Q , where�cO:ýªQ is the(truncated)pulsewith a raised-cosinespectrumandroll-
off factor ��� þ g ù?ù . The truncationinterval is Z e�� � ' � � a , where�

denotesthe symbolperiod,andthe samplinginstantsarethe in-
teger multiples of

��� ù . The vector impulseresponsed � � h @ ��}��� of
thecorresponding1-input/2-outputsystemis constructedby group-
ing togethertheevenandtheoddtermsof this oversampledimpulse
response.Theinput is aBPSKsignal,taking,with equalprobability,
the values �Ô\ , yielding � �C� � ¦ <.=?> � . At the multi-channelout-
put,weaddtemporallyandspatiallywhiteGaussiannoisewith vari-

ance� �� . Hence,� �B� �	� �� ¦ � < = . We definethe SNR as

Ú

�� *�\1þ���BÀ @ � ×¤�9Z Æ X � Æ �� a � �9Z Æ % � Æ �� a Ø , whereX � is thenoiselesschannel

output,definedas X � *�J� �������� � � �"! � .
In thesequel,we considertheperformanceof theMMSE–DFE

with filter lengths5 6 ��� and 5 b � ÿ , for thedelay jç� � . Dueto
spacelimitation, weconsideronly thechannelestimationerrors.
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Fig. 4. MMSE ° (dottedline),meanexcessMSE �KZ Í° ec° a (solid
line), �9Z SOTa (dashedline) andbound(29)(*-), versusSNR.

Thus,weassumethattheinputandadditivewhiteGaussianchan-
nelnoiseSOSareperfectlyknown. Also,weassumethatthechannel
order is perfectlyknown. The channelis estimatedby the applica-
tion of themaximum-likelihoodmethodto thetrainingsequencecon-
sistedof 5����ß� ù?ÿ consecutive trainingsymbols(a packet consists
of 5 ¡ �,\���� datasymbols)[4, Sect. 15.2]. The channelestimate
is usedfor the computationof the DFE filters. In Fig. 4, we plot
theMMSE ° (dottedline), themeanof thetheoreticalexcessMSE�9Z Í° er° a (solid line), �ÉZ SOT a (dashedline) andthebound(29).

Quantity �4Z Í° e�° a is computedexperimentallyover500indepen-
dentinputandadditive noiserealizationsasfollows:�9Z Í° e�° a � \

� þ?þ � � �| ��� @ � Í° � e�°,�
where

Í° � eÇ° is theexcessMSEof the
�
-th realization.Thechan-

nel estimationerror covariancematrix � *�à á , usedfor thecompu-
tationof �4Z ÚÖÛÝÜ a , canbecomputedby extendingresultsof [4, Sect.
15.2] to the1-input/2-outputchannelsetting.We observe that:

1. �4Z Ú§ÛÝÜ a provides an accuratemeasureof the meanexcess
MSE.This hasbeenobservedin many simulationsvalidating
the usefulnessof our second-orderapproximation. We also
observe thatthebound(29) is pessimistic.

2. TheexcessMSEis largerthantheMMSE.Thesamehasbeen
observed in simulationswith severe ISI channels,while for
lessseverechannelsit is usuallysmallerthantheMMSE.
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