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ABSTRACT
The so called ”super-exponential” methods (SEM’s) are
attractive methods for solving blind signal processing
problems. The conventional SEM’s, however, have such
a drawback that they are very affected by Gaussian
noise. To overcome this drawback, we propose a new
SEM. While the conventional SEM’s use the second-
and higher-order cumulants of observations, the pro-
posed SEM uses only the higher-order cumulants of ob-
servations. Because higher-order cumulants are not af-
fected by Gaussian noise, the proposed SEM is robust to
Gaussian noise, which is referred to as a robust super-
exponential method (RSEM). To show the validity of the
proposed RSEM, some simulation results are presented.

1. INTRODUCTION

The present paper deals with the blind equalization
problem of a static system driven by source signals
which are spatially independent. To solve this problem,
the ideas of the super-exponential methods (SEM’s)
in [1],[4], and [6] are used. Several researchers (e.g.,
[1, 4, 5, 6, 10]) have proposed some SEM’s until now for
solving independent component analysis (ICA), blind
source separation (BSS), and blind channel equalization
(BCE). One of the attractive properties of the SEM’s
is that they are computationally efficient and they con-
verge to a desired solution at a super-exponential rate.
However, all the SEM’s proposed until now have such a
drawback that they are very affected by Gaussian noise
(this will be shown in Section 4), because they utilize
the second-order and the higher-order cumulants of ob-
servations.

In the present paper, we propose a new SEM which
overcomes the drawback. The proposed SEM utilizes
only the higher-order cumulants of observations. Since
higher-order cumulants are not affected by Gaussian
noise, the proposed SEM becomes robust to Gaussian
noise. Simulation results show that the proposed SEM
is robust to Gaussian noise and can successfully attain
the equalization of the static system.

2. PROBLEM FORMULATION

Throughout the present paper, let us consider the fol-
lowing MIMO static system with n inputs and m out-
puts:

y(t) = Hs(t) + n(t), (1)
where y(t) represents an m-column output vector called
the observed signal, s(t) represents an n-column input

vector called the source signal, H is an m × n matrix,
n(t) represents an m-column noise vector.

To attain the equalization of the system (1), the
following n filters, which are m-input single-output
(MISO) systems driven by the observed signals, are
used:

zl(t) = wT
l y(t), l = 1, 2, · · · , n, (2)

where zl(t) is the output of the l-th filter and wl =
[wl1,· · ·,wlm]T is an m-column vector. Substituting (1)
into (2), we obtain

zl(t) = wT
l Hs(t) + wT

l n(t),

= gT
l s(t) + wT

l n(t) l = 1, 2, · · · , n, (3)

where gl = [gl1,gl2,· · ·,gln]T := HT wl is an n-column
vector. The blind equalization problem considered in
the present paper can be formulated as follows: Find a
filter wl denoted by w̃l satisfying the following condi-
tion, without the knowledge of H , even if the Gaussian
noise n(t) is added to the observed signal y(t),

g̃l = HT w̃l = δ̃l, l = 1, 2, · · · , n, (4)

where δ̃l is an n-column vector whose elements δ̃lr (r =
1, 2, · · · , n) are zero expect for plth element, that is,

δ̃lr = dlδ(r − pl), r = 1, 2, · · · , n, (5)

Here, δ(t) is the Kronecker delta function, dl is a num-
ber standing for a scale change, and each pl is equal to
one of the integers 1, 2, · · · , n, and all pl’s are distinct,
which means that {p1,p2,· · ·,pn} is a permutation of the
integers 1, 2, · · · , n.

To solve the blind equalization problem, we put the
following assumptions on the system and the source sig-
nals.

A1) The matrix H in (1) is an m×n (m ≥ n) matrix
and has full column rank.

A2) The input sequence {s(t)} is a zero-mean,
non-Gaussian vector process whose element processes
{si(t)}, i = 1, 2, · · · , n, be mutually independent. More-
over, each element process {si(t)} is an independent and
identically distributed (i.i.d.) process with nonzero vari-
ance σ2

si
�= 0 and nonzero (p + 1)st-order cumulants, κi

defined as
κi = cum{si(t), si(t), · · · , si(t)︸ ︷︷ ︸

p+1

} �= 0, (6)
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where i=1,2,· · · , n and p ≥ 2.
A3) The noise signal sequence {n(t)} is a zero-mean,

Gaussian vector stationary process whose element pro-
cesses {ni(t)}, i = 1,2,· · ·,m, are mutually statistically
independent.

A4) The two vector sequences {n(t)} and {s(t)} are
mutually statistically independent.

It is assumed for the sake of simplicity in the present
paper that all the signals and all the systems are real-
valued.

3. SUPER-EXPONENTIAL METHODS

3.1 Two-step iteration procedure for vector gl

To find the solutions in (4), the following two-step it-
erative procedure with respect to the elements glj j =
1, 2, · · · , n of the vector gl is used:

g
[1]
lj =

κj

ajγj
gp

lj, j = 1, 2, · · · , n, (7)

g
[2]
lj = g

[1]
lj /

√
σ2

zl
, j = 1, 2, · · · , n, (8)

where (·)[1] and (·)[2] stand for the result of the first
step and the result of the second step per iteration, p
is nonnegative integer, aj denotes a positive number (in
subsection 3.2, it will be shown how we choose the values
of aj ’s), γj denotes the fourth-order cumulant of sj(t),
that is, γj is equal to κj in the case of p = 3, and σ2

zl

denotes the variance of the output signal zl(t).
The above two-step procedure becomes one cycle of

iterations in the super-exponential method [1, 4, 5, 6,
10]. In the conventional methods (e.g., [1, 4, 5, 6, 10]),
the denominator of the right-hand side of (7) was set
to 1 or the variance of sj(t), whereas we consider the
fourth-order cumulant of sj(t), i.e., γj . Therefore (7)
becomes insensitive to Gaussian noise. This is a novel
key point of our proposed super-exponential method.

Let glj(k) denotes the value obtained in the k-th
cycle of the iterations of two steps (7) and (8). The
important fact of the two-step procedure is that the n
values glj(k) (j = 1, 2, · · · , n) converge to zero except
for only one of the values as the iteration number k
approaches infinity, that is, k → ∞. This will be shown
in the following theorem.

Theorem 1 Let glj(0) be an initial value for iterations
of two steps (7) and (8) for each j = 1, 2, · · · , n. Let αj

be a non-negative scalar defined as

αj = | κj

ajγj
| 1

p−1 . (9)

Let j0 be j0 = arg maxj∈{1,2,···,n} αj |glj(0)|. Suppose the
index j0 is unique, that is, αj0 |glj0(0)| > αj |glj(0)| for
any other j ∈ {1, 2, · · · , n}, then as k → ∞, it follows

lim
k→∞

|glj(k)| =
{

0 for j �= j0,

d̃j �= 0 for j = j0,
(10)

where d̃j is a scalar positive constant.

Proof: The proof is omitted for page limit, but will
be found in a forthcoming paper.

3.2 Two-step iterative procedure for equalizer
vector wl

In (7) and (8), since the parameters glj ’s include the un-
known parameters hij ’s, the two-step procedure cannot
be handled directly. Therefore, by solving the following
weighted least squares problem, we derive an algorithm
with respect to wl so that the two steps (7) and (8) can
be handled indirectly.

min
wl

(HT wl − gl)
TΛ(HT wl − gl), l = 1, 2, · · · , n (11)

Here, Λ is a diagonal matrix with positive diagonal ele-
ments. The solutions are known to be given by

wl = (HΛHT )†HΛgl, l = 1, 2, · · · , n, (12)

where † denotes the pseudo-inverse operation of a ma-
trix. In the conventional methods [1, 4, 5, 6, 10], the
positive diagonal elements of Λ are set to 1 or the vari-
ances of the source signals. This means that HΛHT is
calculated by the second-order statistics of the observed
signal y(t). We consider that this is the reason why the
conventional methods are sensitive to Gaussian noise.

In what follows, we shall show that the weighted
least squares approach in (11) can be applied to a set
of fourth-order cumulants of the observe signals yi(t)
(i = 1, 2, · · · , m), if we choose appropriately a diagonal
matrix Λ in (11). To this end, we introduce fourth-order
cumulants matrices of m-vector random process {y(t)}
[8], which constitute a set of m × m matrices C

(4)
y,i,j

(i, j = 1, 2, · · · , m) defined by

C
(4)
y,i,j = [cum{yp(t), yq(t), yi(t), yj(t)}]p,q, (13)

where [x]p,q denotes the (p, q)th element of the matrix
C

(4)
y,i,j . Then we consider an m×m matrix R̃ expressed

by
R̃ =

∑m
i,j=1βijC

(4)
y,i,j , (14)

where βij ’s are either 1 or 0, which represent design
parameters. It is shown by a simple calculation that (14)
becomes R̃ = HΛ̃HT , where Λ̃ is a diagonal matrix
defined by

Λ̃ := diag{ã1γ1, ã2γ2, · · · , ãnγn} (15)
ãr :=

∑m
i,j=1βijhirhjr, r = 1, 2, · · · , n, (16)

and diag{· · ·} denotes a diagonal matrix with diagonal
elements built from its arguments.

Here we note that the diagonal matrix Λ̃ is not pos-
itive semi-definite but the diagonal matrix Λ̂ defined by

Λ̂ := diag{|ã1γ1|, |ã2γ2|, · · · , |ãnγn|} (17)

is positive semi-definite. It is clear from the definitions
(15) and (17) that there exists a sign matrix İ such
that Λ̃ := Λ̂İ, where the sign matrix İ is defined as a
diagonal matrix whose diagonal elements are either +1
or −1.

Remark 1 If Λ̂ is full rank, then, by putting Λ in
(11) to Λ̂, the solution (HΛ̂HT )†HΛ̂gl can be obtained
from (11). However, HΛ̂HT cannot be calculated from
(14), that is, R̃ �= HΛ̂HT .
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Here, we show the following theorem.

Theorem 2 If H is of full column rank and both Λ̂ and
Λ̃ are of full rank, then

(HΛ̂HT )†HΛ̂gl = (HΛ̃HT )†HΛ̃gl, (18)

where Λ̃ := Λ̂İ.

Proof: Let the left-hand and the right-hand sides of
(18) be denoted by ŵl and w̃l, respectively.

Since H has full column rank, using a property of
the pseudo-inverse operation ([3], p. 433), we obtain

ŵl := (HΛ̂HT )†HΛ̂gl = HT†(HΛ̂)†HΛ̂gl

= HT†Λ̂
−1

H†HΛ̂gl = HT†gl, (19)

where the fourth equality comes from the fact that H†H
= I because H is of full column rank. From (19) and
H†H = I, we have

HT†gl = HT†Λ̃
−1

H†HΛ̃gl

= (HΛ̃HT )†HΛ̃gl = w̃l, (20)

where the last equality comes from the definition of
w̃l. The reverse, which ŵl can be derived from w̃l =
(HΛ̃HT )†HΛ̃gl, can also be shown in the same way.
Therefore, both ŵl and w̃l are identical.

Remark 2 If H is not of full column rank, Theorem
2 does not hold. Because, in such a case, HT H does
not become a nonsingular matrix. Moreover, it can be
seen from (19) and (20) that ŵl and w̃l are respectively
irrelevant to Λ̂ and Λ̃, that is, Theorem 2 holds for any
pair of full rank diagonal matrices. In fact, ŵl = w̃l

= HT†gl shown in (19) and (20) attains the zero mini-
mum value of the weighted least squares function in (11)
for any diagonal positive definite matrix. In general, the
right-hand side of (18) is always expressed by the fourth-
order cumulants or fourth- and higher-order cumulants
of {y(t)}.

From Theorem 2 and Remark 2, it is seen that the
right-hand side of (12) can be given by the right-hand
side of (18) under the condition that the diagonal matrix
Λ̃ (=Λ̂İ) is of full rank. This condition, however, will
be satisfied by the following theorem.

Theorem 3 Let H be of full column rank and γi (i =
1, 2, · · · , n) be nonzero for all i. Suppose that βij = 1 for
i = j and βij = 0 for i �= j (see (14)), then the diagonal
matrix Λ̃ in (15) becomes full rank.

Proof: The proof is omitted for page limit, but will
be found in a forthcoming paper.

Note that if βij in (14) is 1 for i = j and 0 for i �= j,
then ãr’s of Λ̃ in (15) become

ãr =
∑m

i=1h
2
ir r = 1, 2, · · · , n. (21)

For the time being, in the present paper, we consider
(14) with βij = 1 for i = j and βij = 0 for i �= j. As
for HΛ̃gl, by using (7) with aj = ãj in (21), it can be

calculated by dl := [dl1,dl2,· · ·,dlm]T , where dlj is given
by cum{zl(t), zl(t), · · · , zl(t)︸ ︷︷ ︸

p

, yj(t)}. Then (12) can be

expressed as

w
[1]
l := R̃

†
dl, l = 1, 2, · · · , n, (22)

Since the second step (8) is a normalization of gl, it is
easily shown that the second step reduces to

w
[2]
l := w

[1]
l /

√
σ2

zl
. l = 1, 2, · · · , n, (23)

Therefore, (22) and (23) are our proposed two steps to
modify wl.

3.3 The proposed SEM

For now, there are two approaches to multichannel (or
MIMO) blind equalization, a concurrent blind equaliza-
tion approach and a deflationary blind equalization ap-
proach. The former is to equalize all the channels con-
currently, while the latter equalize sequentially (or it-
eratively with respect to source signals) the channels
one by one. It is well known that iterative algorithms
based on the former approach converge to a desired so-
lution when they starts in a neighborhood of the de-
sired solution while iterative algorithms based on the
latter approach converge to a desired solution globally
(or regardless of their initialization) [1]. The latter ap-
proach is employed in this paper. Let l denote the
number of the channels (or the sources) equalized. At
first, set l = 1, then w̃1 is calculated by the two steps
(22) and (23) such that HT w̃1 = δ̃1 = [0,· · ·,0,1(p1th
element),0,· · ·,0]T . The contribution signals cip1(t) =
hip1sp1(t) (i = 1, 2, · · · , m) are calculated next by using
the output signal z1(t) = w̃T

1 y(t). Then, by calculating
yi(t) − cip1 (t) for i = 1, 2 · · · , m, we remove the contri-
bution signals from the outputs in order to define the
outputs of a multichannel system with n− 1 inputs and
m outputs. The number of inputs becomes deflated by
one. The procedures mentioned above are continued un-
til l = n. Therefore, the proposed RSEM is summarized
as shown in Table 1.

Table 1: The proposed method.

Step Contents
1 Set l = 1 (where l denotes the number of

the channels equalized).
2 Choose random initial value wl(0), where

wl(0) denotes the initial value of wl. Set k in
wl(k) to 0 (k denotes the iteration number).

3 Calculate (2).
4 Calculate wl(k) using (22) and (23).
5 After k → ∞, dl is calculated by using z̃l(t)

which is estimated by using wl(∞).
6 Calculate ỹ(t) = yl(t) − (dl/κz̃)z̃l(t), where

yl(t) is the observed signal in number l and
κz̃ is the (p + 1)st-order cumulant of z̃l(t).

7 If the subscript l of yl(t) is less then n, then
set y(t) = ỹ(t), l = l + 1, and the procedures
(Step 2 to Step 6) are continued until l = n.

The procedure from Step 5 to Step 7 are imple-
mented for making it possible to obtain all the solutions
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in (4). In Step 6, the calculation of yl(t) − (dl/κz̃)z̃l(t)
is equivalent to the calculations of yi(t) − cip1(t) (i =
1,2,· · · , n) mentioned above. (On the details of Step 6,
see [5].)

4. SIMULATION RESULTS

To demonstrate the validity of the proposed SEM, many
computer simulations were conducted. One of the re-
sults is shown in this section. We considered a two-input
and three-output system, that is, H in (1) was set to

H =

[ 1.0 0.6
0.7 1.0
0.2 0.5

]
. (24)

Two source signals s1(t) and s2(t) were sub-Gaussian
and super-Gaussian, respectively, in which s1(t) takes
one of two values, -1 and 1 with equal probability 1/2,
s2(t) takes one of three values, -2, 0 and 2 with proba-
bility 1/8, 6/8, and 1/8, respectively, and they are zero-
mean and unit variance. The parameter p in (6) was
set to p = 3, that is, κj ’s (j = 1,2) in (7) were the
fourth-order cumulants γj ’s of the source signals. These
values were set to γ1 = −2 and γ2 = 1. Three indepen-
dent Gaussian noises (with identical variance σ2

w) were
added to the three outputs yi(t)’s at various SNR lev-
els. The SNR is, for convenience, defined as SNR :=
10log10(σ

2
i /σ2

w), where σ2
i ’s are the variances of si(t)’s

and are equal to 1. As a measure of performance, we
used the multichannel intersymbol interference (MISI)
defined in the logarithmic (dB) scale by

MISI = 10 log10[
∑n

l=1

|
∑

n

j=1
|glj |2−|gl·|2max|
|gl·|2max

+
∑n

j=1

|
∑

n

l=1
|glj |2−|g·j |2max|
|g·j |2max

], (25)

where |gl·|2max| and |g·j |2max are respectively defined by
|gl·|2max| := maxj=1,···,n |glj |2 and |g·j|2max := maxl=1,···,n
|glj |2. As a conventional method, the method proposed
in [5] was used for comparison.

Figure 1 shows the results of performances for the
proposed SEM and the conventional SEM when the SNR
level was taken to be 0[dB] (σ2

w = 1), 2.5[dB], 5[dB],
10[dB], 15[dB], and ∞ [dB] (σ2

w = 0), in which each
MISI shown in Fig.1 was the average of the performance
results obtained by 10 independent Monte Carlo runs.
In each Monte Carlo run, the number of the integers
k’s in Step 4 (see Table 1) was 10, in which R̃ and dl

were estimated by 10,000 data samples. It can be seen
from Fig.1 that our proposed SEM is robust to Gaussian
noise and implement successfully the equalization of the
system.

5. CONCLUSIONS

We have proposed a deflationary SEM for solving blind
equalization problem, in which the solutions of the prob-
lem, w̃l’s satisfying (4) are found one by one. The pro-
posed SEM is not sensitive to Gaussian noise, which
is referred to as a robust super-exponential method
(RSEM). This is a novel property of the proposed
method, whereas the conventional methods do not
posses it. It was shown from the simulation results that

SNR (dB)

Figure 1: The performances for the proposed SEM and
the conventional SEM.

the proposed RSEM was robust to Gaussian noise and
could successfully solve the blind equalization problem.
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