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A point process can be fully described by its coincidence prob-
abilities but the expressions giving counting and life time statistics
in terms of coincidence are so complicated that they cannot be used
practically. However an analysis limited to bicoincidence yields al-
ready important properties of the time behavior of point processes.
In particular it explains entirely the bunching or antibunching effect
of point processes. In the case of compound Poisson processes, the
bicoincidence probability is a correlation function and the bunching
effect is simply related to the maximum at the origin of any corre-
lation function. However, there are many other point processes that
also show antibunching. Thus the relation between coincidence and
correlation must be analyzed more carefully. Similar problems ap-
pear when relating the bunching effect to some statistical properties
of counting. In order to clarify the question, various examples of
point processes are discussed and numerical calculations illustrate
the results.

1. INTRODUCTION

Point processes (PP) play an important role in many areas of
Physics, Signal Processing, and Information Sciences. They appear
on a microscopic scale in the description of particle emission. For
example, optical communication at a very low level of intensity re-
quires the use of statistical properties of photons or photoelectrons
[1][2]. On the other hand many areas such as traffic problems or
computer communications require the use of PP statistics.

There are two usual approaches to describe PPs. In the first
counting procedures in one or several non-overlapping time inter-
vals are used. In the second time intervals between points mea-
surements are used. For example the life time is the time interval
between successive points and it is the basis of the definition of re-
newal processes characterized by the fact that successive life times
are independent random variables (RV). The relationship between
these two approaches is a classical topic in the PP theory.

The purpose of this paper is to study another approach in the
description of PPs. Its basis is the concept of coincidence probabil-
ities. They can be considered as a limit aspect of counting in which
the time intervals of counting are so small that they can only contain
one or zero points.

It is not a new concept and coincidence experiments were dis-
cussed long time ago in the framework of Nuclear Physics or of
Statistical Optics. Furthermore, on a theoretical point of view it is
known that a PP can be completely defined by the set of all its co-
incidence probabilities [3]. Thus we are not at all exploring a new
domain. However, the expressions giving counting probabilities or
life time statistics in terms of coincidence probabilities are in gen-
eral so complicated that they cannot be used practically. Thus our
aim is to discuss the relationships between bicoincidence, which are
the simpler kind of coincidence, and some statistical properties of
counting or life time.

The interest of bicoincidence is similar to that of correlation of
random signals. The correlation function yields an idea on the time
behavior of a signal because it relates properties at two distinct time
instants.
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There is a same basic idea when introducing coincidence func-
tion. This is the case of the bunching or antibunching effect. These
effects are related to the fact that the existence of one point of the
PP at t modifies its behavior after t.

The analogy between coincidence and correlation is so strong
that there exists some confusion in the literature. This especially
appears because in the case of compound Poisson processes, which
is one of the most important statistical model of PP, coincidence ex-
periments are fully described by a correlation function. In this con-
text the bunching effect has a very simple interpretation. It is simply
the consequence that any correlation function has its maximum at
the origin. But there are many PPs introducing an antibunching ef-
fect and the previous explanation cannot hold. Thus the relation
between coincidence and correlation must be analyzed more care-
fully.

A similar confusion appears in measurements of coincidence.
Indeed, still in the case of compound Poisson processes, there is a
simple relation between coincidence and life time. Thus, instead of
using coincidence device, one can use time interval devices, often
much simpler. However this analogy, valid for compound Poisson
processes, has no reason to be general, and the exact relationship
between coincidence and time measurements is presented in detail.

2. GENERAL CONSIDERATIONS

Consider a time PP, or a random distribution of random time instants
ti, and let N(t,τ) be the RV equal to the number of points in the time
interval [t,t +τ[. We assume that this process is regular, or that there
is no accumulation point, which means that a small interval cannot
contain more than one point of the process, or more explicitly that
P[N(t,∆t) > 1] = o(∆t) and

P[N(t,∆t) = 1] = λ (t)∆t +o(∆t), (1)

where P means the probability and λ (t) is the density of the PP. As a
consequence we have P[N(t,∆t) = 0] = 1−λ (t)∆t +o(∆t). If λ (t)
is constant, the process is stationary, which is assumed in all what
follows. Let us now introduce the coincidence function.

2.1 Coincidence

In coincidence measurements two (or more than two) small time in-
tervals at different time instants are considered and a coincidence
event appears when there is one point of the PP in each of these in-
tervals. The bicoincidence are described by a coincidence function
c(t,t ′), t 6= t ′, defined by

P{[N(t,∆t) = 1].[N(t ′,∆t ′) = 1]} = c(t,t ′)∆t∆t ′+o(∆t,∆t ′). (2)

Since the PP is stationary this function depends only on τ = t − t ′

and for τ 6= 0 we define c(.) by c(τ) = c(−τ) = c(t,t − τ). In gen-
eral the RVs N(t,∆t) and N(t ′,∆t ′) become uncorrelated for large
values of τ , which is expressed as

lim
τ→∞

c(τ) = λ 2. (3)

As (2) implies τ 6= 0, we state c(0) = lim
τ→0

c(τ).
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Note that for Poisson processes the variables N(t,∆t) and
N(t ′,∆t ′) are independent. This yields c(τ) = λ 2 for any τ and
this is the simplest example of coincidence function.

According to (1) the RVs N(t,∆t) and N(t ′,∆t ′) take only the
values 0 or 1 for small intervals ∆t and ∆t ′, which yields

E[N(t,∆t)N(t ′,∆t ′)] = c(τ)∆t∆t ′ +o(∆t,∆t ′), (4)

where E means the expectation value. From this relation it is tempt-
ing to interpret c(τ) as a correlation function. However it is im-
portant to note that, despite its appearance, c(τ) is not a correla-
tion function. Indeed a correlation function γ(τ) must satisfy some
constraints, and more precisely must be positive-definite, which is
characterized by the fact that its Fourier transform Γ( f ) is positive
(power spectrum). As a consequence |γ(τ)| ≤ γ(0). This has no
reason to be true for c(τ) and we shall present below various exam-
ples of PP where c(τ) > c(0). It is even possible, as seen later, to
have PPs for which there exists τ0 such that c(τ) = 0 for |τ| < τ0.

2.2 Bunching Effect

The coincidence function has a direct application in the description
of the bunching (or antibunching) effect in a PP. It is related with the
fact that the presence of a point of the process at t = 0 can modify
the probability P[N(t,∆t) = 1]. Of course this effect does not occur
for a Poisson PP, because it is memoryless.

However, since the fact that there is a point at t = 0 is not a
statistical event, we shall introduce a small interval ∆t ′ at t = 0 and
use the conditional probability

F̂(t,∆t,∆t ′)
4
= P{[N(t,∆t) = 1] | [N(0,∆t ′) = 1]}. (5)

The bunching effect is described by

F(t,∆t)
4
= lim

∆t ′→0
F̂(t,∆t,∆t ′). (6)

The conditional probability F̂(t,∆t,∆t ′) can be expressed as

F̂(t,∆t,∆t ′) =
P{[N(t,∆t) = 1].[N(0,∆t ′) = 1]}

P{[N(0,∆t ′) = 1]}
(7)

and it results from (1) and (2) that

F(t,∆t) =
c(t)
λ

∆t
4
= b(t)∆t. (8)

This introduces the bunching function b(t) related to the coinci-
dence function c(t) by c(τ) = λb(τ). Finally note that (3) yields

lim
t→∞

b(t) = λ . (9)

For a Poisson process we have b(t) = λ . Then we shall say that
there is a bunching effect at t if b(t) > λ , and an antibunching effect
in the opposite case. Note that the bunching effect is not necessarily
an intrinsic property of a PP because for the same PP it can exist
instants t with bunching effect and other with antibunching effect.

2.3 Relation to Life Time

Let Lk be the life time of order k, or the RV equal to the distance
between a point ti of the PP and the kth point of this process poste-
rior to ti. Because of the assumption of stationarity, the probability
distribution of Lk does not depend on ti, and then we can assume
that ti = 0. For all the processes considered here the RVs Lk are
continuous and characterized by their probability density function
(PDF) fk(t). The quantity fk(t)∆t is by definition the probability to
have one point of the PP in [t,t + ∆t[ and k−1 points in [0,t[, con-
ditionally to one point at t = 0. But it results from (8) that b(t)∆t

is the probability to have one point in [t,t + ∆t[ conditional to one
point at 0. As a result we have

b(t) =
c(t)
λ

=
∞

∑
k=1

fk(t). (10)

This equation yields the relationship between the coincidence func-
tion and the set of PDF of the life times of any order. It is clear that
it will play an important role for all the processes defined from their
life times, and this is especially the case of renewal processes.

From this relation we can also deduce the expression of the
coincidence function in terms of counting probabilities defined by
pn(t) = P[N(0,t) = n]. For this it suffices to use the expression of
the life times in terms of these probabilities [4][5].

2.4 First-Order Approximation

In some specific situations it is possible to approximate (10) by its
first term, or to write b(t) ≈ f1(t). In this case coincidence mea-
surements are equivalent to life time measurements. Thus, instead
of using a coincidence device, it is possible to use a time to ampli-
tude converter to reach the coincidence function c(t).

Let us discuss briefly some conditions allowing this approxima-
tion. Let τ0 be the radius of variation of the coincidence function
c(t). This means that for t > τ0 c(t) ≈ λ 2, which, according to (3),
is its asymptotic value. For a stationary PP the mean value of the
distance between two points is the inverse of the density λ . Then if
λτ0 << 1 the probability to have more than one point in the inter-
val [0,t[ with t < τ0 is very low. As a consequence in the domain of
variation of c(t) the bunching function b(t) is approximately equal
to the PDF of the life time of order one. We shall see that there are
PPs where this can always be satisfied, and this is especially the case
of compound Poisson processes. On the other hand there are PPs
where this approximation can never be used and this is discussed in
the following.

3. POISSON-TYPE PROCESSES

3.1 Pure Poisson Processes

It is of course the simplest example of application of the previous
results. As indicated above, the bunching function is b(t) = λ . Fur-
thermore the PDF of the life time of order k is

fk(t) = u(t)λ exp(−λ t)
(λ t)k−1

(k−1)!
(11)

where u(t) is the unit step function. This leads immediately to (10).

3.2 Compound Poisson Processes

Compound Poisson processes [6], sometimes called doubly stochas-
tic processes [7], are Poisson PP in which the density λ (t) is a sta-
tionary random function . They play an important role in many areas
of Physics or Information Sciences and especially in optical com-
munications. Indeed it can be shown that the PP of the detection
of photons is a compound Poisson process with a random density
proportional to the random intensity of the optical field [1].

Let A(t) be a positive random signal and denote by A and
γ(τ) its mean and its correlation function respectively. The ran-
dom intensity (or the random density) of the PP can be expressed as
λ (t) = αA(t) where α is a non-random modulation factor. In order
to calculate the coincidence function we start from (2). Condition-
ally to a value of A(t), the RVs N(t,∆t) and N(t ′,∆t ′) are indepen-
dent and characterized by (1). Taking the expectation we find

c(t) = α2
E[A(s)A(s− t)] = α2[γ(t)+A2]. (12)

This expression leads to various comments. First we note that
for regular processes the correlation function γ(t) tends to zero
when t tends to infinity. As λ = αA, this yields (3). Second, and
more important, the coincidence function of a compound Poisson
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process has necessarily a maximum at the origin. This comes from
the same property known for correlation functions. This is in rela-
tion with the bunching effect. Indeed, (8) yields

b(t) =
α
A

γ(t)+λ (13)

and there is a bunching effect if b(t) > λ or γ(t) > 0. This is fre-
quently realized. However, even if this is not the case for some cor-
relation functions, the fact that γ(t) is a continuous function with a
positive maximum at the origin implies that there exists a t0 such
that if |t| < t0, then γ(t) > 0. Then there is necessarily a bunching
effect in the neighborhood of the origin. Therefore a PP with anti-
bunching effect for small t cannot be a compound Poisson process.

Moreover it is seen that it is possible to change the density of
the process without changing the shape of its coincidence function.
For this purpose it suffices to modify the modulation parameter α .
This is especially important for applying the first order approxima-
tion introduced above. Indeed, as the density λ is αA, it is always
possible to reach the condition λ t0 << 1 by using sufficiently small
α . In this operation the shape of c(t) given by (12) does not change.
However this property has no reason to be general.

3.3 Dead Time Effects

Dead-time is a common phenomenon in PPs. To any PP P1 the dead
time effect associates another PP P2 according to various possible
mechanisms. In the most common, called output dead time, to any
point t j of P2, which by construction is a non-erased point of P1,
we associate an interval [t j,t j + D[ such that all the points of P1
belonging to this interval are erased. In the case where P1 is Poisson,
the PDFs fk(t) are given by

fk(t) = u(t − kD)µ exp[−µ(t − kD)]
[µ(t − kD)]k−1

(k−1)!
(14)

where µ is the density of the Poisson process P1. According to (10)
the sum of these functions is equal to the bunching function b(t),
This sum is presented in Figure 1 and is calculated for µ = 1 and
D = 1,2,3.

This figure leads to the following comments. For large values
of t the bunching functions tend to become equal to λ , the density of
the process P2. This density can easily be obtained from the density
µ of P1 by the relation λ = µ/(1 + µD). When µ = 1 this leads
to the asymptotic values 1/2, 1/3, 1/4, which clearly appear in the
figure.

However this asymptotic behavior is reached much more
rapidly for D = 1 than for D = 3. This is quite normal because in-
creasing of D increases the effect of the dead time. On the opposite
for D = 0 we come back to a Poisson process where c(t) = λ 2.

According to (10) and (14) these three functions are equal to
zero for t < D, which is an obvious result of the dead time effect.
Furthermore, as fk(kD) = 0 for k > 1, the bunching function is con-
tinuous. Similarly the derivatives satisfy f ′(kD) = 0, except for
k = 2. Thus there is a discontinuity of the derivative at the point
t = 2D. All those properties appear clearly in the figure.

Finally it is clear that b(t) is equal to f1(t) for 0 < t < 2D. This
means that the first order approximation presented above yields ex-
actly the bunching function in this interval but not at all for t > 2D.
Furthermore as f1(t) = 0 for 0 < t < D, there is an antibunching ef-
fect. This is an obvious consequence of the dead time effect making
impossible the existence of too close points.

There is another mechanism of dead time called input dead
time. In this case each point ti of P1 introduces an interval [ti,ti +D[
such that any point of P1 belonging to this interval is suppressed and
the points of P2 are those of P1 that are not suppressed. As a conse-
quence any point ti of P1 remains a point of P2 if and only if there is
no point of P1 in the interval ]ti −D,ti]. The obvious consequence
is that the coincidence function c(t) defined by (2) is

c(t) = 0 for |t| ≤ D , c(t) = λ 2 for |t| > D. (15)
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Figure 1: Bunching function for Poisson process with output dead-
time.

It is clear that this is not a correlation function and this is the sim-
plest example showing this fact. There is obviously an antibunching
effect for t < D for the same reason as in the previous mechanism.

3.4 Poisson Process with Regular Erasing

Consider a stationary Poisson process P1 of density µ and let us
construct the PP P2 by erasing regularly every second point. Then if
the points of P1 are ti, those of P2 are t2i+1. It is clear that the density
of P2 is λ = µ/2 and that it cannot be a Poisson process because of
the memory effect of the erasing procedure. This is verified by the
calculation of the coincidence function.

The probability appearing in (2) requires that the number of
points of P1 in the interval [t +∆t,t ′[ is odd, and this easily yields

c(t) = λ 2[1− exp(−4λ t)]. (16)

This function is obviously not a correlation function. Furthermore
we have a simple example where the first order approximation can-
not be applied. Indeed the coincidence function c(t) is not propor-
tional to λ 2 and its shape also depend on λ .

The bunching function b(t) given by (8) is b(t) = λ (1−e−4λ t),
and b(t) ≤ λ , which characterizes an antibunching effect.

Let us now verify how the bunching function is constructed
from the PDFs of life times. The DDP fk(t) appearing in (10) is
obtained from the structure of the process P1 and is given by

fk(t) = 2λ exp(−2λ t)
(2λ t)2k−1

(2k−1)!
. (17)

It is easy to verify that (10) is satisfied. In order to illustrate this
expression, some results are displayed on Figure 2 where λ = 1.
The upper curve is the coincidence function given by (16) and the
other curves are the PDFs of lifetimes f2k+1 for 0 ≤ k ≤ 4. We have
here a good example where the first-order approximation cannot be
used. Indeed (16) cannot be approximated by (17) with k = 1 even
by using small value of λ . The only property common to these
functions is that they have the same behavior in the neighborhood
of the origin as seen on the figure.

4. RENEWAL PROCESSES

4.1 General Results

A stationary renewal process is characterized by the fact that the
distances L between successive points (life time of order one) are
IID random variables. Let f (t) be their common PDF. As the life
time of order k is a sum of k IID RVs, its PDF fk(t) is simply the
convolution-power of order k of f (t), or

fk(t) = f (t)? f (t)? ... ? f (t)︸ ︷︷ ︸
k

4
= f ?k(t). (18)
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Figure 2: Regular Erasing. Bunching and life time PDFs for Pois-
son process.

The PDF f (t) is not completely arbitrary. In practice it has a
finite mean value m which is the mean distance between successive
points of the PP. As a consequence its density λ is λ = 1/m.

The bunching or coincidence functions defined by (10) take the
form

b(t) =
c(t)
λ

=
∞

∑
k=1

f ?k(t). (19)

It is convenient to express this result in the Laplace domain.
Let F(s) be the generating function of the life time, or the Laplace
transform of f (t), given by

F(s) =

∫ ∞

0
f (t)exp(−st)dt = E[exp(−sL)]. (20)

In the right complex plane Re(s) > 0 we have |F(s)| < 1. As a
consequence the Laplace transform of b(t) is

B(s) =
∞

∑
k=1

Fk(s) =
F(s)

1−F(s)
. (21)

This shows that in the s-domain the coincidence or bunching func-
tions can very easily be deduced from the generating function F(s).

From this expression we find again (9). To prove it, we apply
the limit expression

lim
t→∞

b(t) = lim
s→0

sB(s) = lim
s→0

sF(s)
1−F(s)

, (22)

For small values of s we have F(s) = 1−ms + o(s) and m = 1/λ .
This yields (9).

The counting probabilities pk(t) of a renewal process can be
calculated from the PDF f (t) by solving the so-called renewal equa-
tion. However the calculation is in general very complicated, and
the coincidence approach is easier to use.

In order to illustrate the results let us consider the case where L
is uniformly distributed in a given interval. More precisely suppose
that the PDF of L is equal to 1/2a in the interval [1−a,1 + a] and
zero otherwise. For a = 1 we obtain a uniform distribution in the
interval [0,2]. On the contrary when a << 1 the RV L is almost
equal to 1, and this occurs for example in the jitter effect in com-
munication systems. Let us now present some properties of b(t) of
(19). It is possible to show that the derivative of b(t) is continuous,
except at the five points 1−a,1 + a,2−2a,2,2 + 2a. For a = 1/3,
1+a = 2−2a, and there remain four points of discontinuity.

It is easy to verify that the PDF given by (18) is symmetric with
respect to k and equal to zero outside the interval [k(1−a),k(1+a)].
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Figure 3: Bunching function for renewal process with uniform dis-
tribution.

As a consequence there is no overlapping between fk−1(t) and fk(t)
if (n− 1)(1 + a) < n(1− a), or a < 1/(2n− 1). Furthermore if a
satisfies this inequality the PDFs fi(t) do not overlap for i ≤ k and
there is an overlapping effect if i > k.

These properties appear clearly in Figure 3. The figure 3.1 is
calculated for a = 1/3. There is no overlapping between f1 and
f2 and the four discontinuities appear clearly. The last figures are
calculated for a = 1/5, a = 1/7 and a = 1/9 respectively. In the
last figure there is no overlapping between f1, f2, f3, f4 and f5 and
there are five points of discontinuity.

Note also that all these curves tend to the asymptotic value 1
but the speed of convergence decrease with a. For small values of
a there are some oscillations that disappear when t increases and at
the limit of a = 0 the RVs become deterministic and c(t) is a set of
Dirac functions at the time instants k.

5. CONCLUSION

In this paper we have defined the bicoincidence function of a sta-
tionary point process. This function yields important information
on the time behavior of the process. In particular it describes com-
pletely bunching and antibunching as well. In some cases it is a
correlation function, especially for compound Poisson processes.
However, we emphasize that this property is not general and cannot
hold for point processes with antibunching. Various examples of
such processes are presented and numerical results are in complete
agreement with the theoretical analysis.
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