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ABSTRACT

The Chirp transform is a powerful analysis tool for variable
frequency signals such as speech. The computational load
represents the main limitation of its original formulation,
discouraging its use in real-time applications. This paper
analyzes a fast implementation, based on performing time-
warping on the signal under analysis, combined with the Fast
Fourier Transform. The performance of the Fast Chirp trans-
form depends on the one hand on the estimation of the time-
warping operation based on the signal characteristics, and,
on the other hand on the interpolation technique used for the
warping. Observations from the analysis of speech signals
support the method and the further lines.

1. INTRODUCTION

A fine, precise representation of non-stationary signals in the
time-frequency domain is of great importance in many fields
[1]. In the last few years there has been an interest in the use
of time-varying signals as the analysis basis: the so-called
adaptive Chirplet transform [2], warped wavelets [3], a piece-
wise Fourier-based fast Chirp transform [4], etc. The adapta-
tion of this basis according to the time-frequency character-
istics of speech signals is a research avenue that has not yet
been fully explored.

In [5] an adaptive transform for analyzing speech sig-
nals was proposed. The so-called Short-time Chirp transform
(STChT) achieves higher time-frequency representation than
the Fourier analysis; the signal can be synthesized from its
STChT, and thus it is suitable for analysis and filtering. The
performance of this transform lies on an cost-efficient au-
tomatic estimation of the chirp rate, the only parameter re-
quired to construct the analysis basis. However, the pro-
hibitive computational load does not encourage its use in
real-time applications.

In this paper several variants of a fast implementation of
the Chirp transform are analyzed. This method is based on
combining time-warping with the Fourier transform, a tech-
nique that has already been proposed for a general framework
in [3]. Nevertheless, this last method has not been very popu-
lar, and time-frequency methods such as Wigner-Ville distri-
bution [6] and the Wavelet transform [7] have attracted more
attention. The analysis proposed here, with several interpo-
lation techniques along with the proposed automatic chirp
rate prediction technique from [5] represents a competitive
techniques for high performance time-frequency analysis of
speech in real-time.

The paper is structured as follows: section 2 presents the
Chirp transform and its fast implementation based on time-
warping, section 3 deals with the practical aspects of the im-

plementation, and in section 4 the different variants are com-
pared on speech signals.

2. THE CHIRP TRANSFORM

2.1 Preliminary

The analysis and synthesis equations of the Chirp transform
of a signal x(t) defined in the interval [0, T ] are

Xφ ( f ) =
1
T

∫ T

0
φ ′(t)x(t)e− j2π f φ(t) dt (1)

x(t) =
∞

∑
k=−∞

Xφ
(

k
T

)
e j2π k

T φ(t), (2)

where φ(t) is a warping-time function defined in the interval
[0, T ]. This function φ(t) fulfills the following conditions:

- it is biunivocal and increases monotonically in [0, T ],
- its derivative, φ ′(t) is continuous in [0, T ],
- φ(0) = 0 and φ(T ) = T .

In spite of the quasi-orthogonality of the chirp basis, perfect
reconstruction from the Chirp transform is possible [8], and,
thus (1) (2) describe the direct and inverse transform.

If the warping function is defined as

φ(t) = (1+α (t−T )) t, (3)

the resulting analysis/synthesis basis consists of quadratic
chirps or linearly frequency-modulated sinusoids, where α
is the chirp rate. In order for the quadratic chirps to fulfill
the requirements exposed previously, the range of α is to be
confined in the following interval

− 1
T

< α <
1
T

. (4)

If φ(t) = t then (1) (2) represents the trivial case of the anal-
ysis and synthesis equations of the Fourier series.

2.2 Fourier-based Implementation

Evaluation of (1) or (2) in a discrete domain requires O(N2)
operations, N being the number of samples of the signal in
[0, T ] This prohibitive computational load does not encour-
age the use of that transform in real-time applications.

With the following change in the variable of the integral

τ = φ(t) (5)

(1) can be expressed as a Fourier transform as follows

Xφ ( f ) =
1
T

∫ T

0
x(ϕ(τ))e− j2π f τ dτ, (6)
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where ϕ(t) is the inverse function of φ(t), that is, φ(ϕ(t)) =
t, and inherits the same properties of monotonicity and con-
tinuity.

The pair {φ(t),ϕ(t)} is the so-called “warping” pair. The
signal within the Fourier transform (6) is a warped version of
the original x(t). Therefore, the fast implementation of the
Chirp transform of signal x(t) is composed of a time-warping
process followed by a Fourier transform,

x(t)
ϕ(t)−→ y(t) = x(ϕ(t)) (7)

Xφ ( f ) =
1
T

∫ T

0
y(t)e− j2π f t dt, (8)

and the inverse fast Chirp transform is accordingly

y(t) =
∞

∑
k=−∞

Xφ
(

k
T

)
e j2π k

T t , (9)

y(t)
φ(t)−→ x(t) = y(φ(t)) (10)

3. DISCRETE-TIME IMPLEMENTATION

Since t is continuous time, the time-warping transformations
(7) and (10) do not present the resampling dilemma, and no
loss of information occurs (provided that φ(t) fulfills the con-
ditions listed in Section 2.1). Let us now consider x[n] as a
N-sample long segment of x(t) sampled at a Nyquist rate fs
(N = T f s). The translation of the Fourier-based implemen-
tation of the Chirp transform to the discrete-time domain is
in a first approach

x[n]
ϕ(·)−→ y[n] = x[ fs ϕ(n/ fs)], (11)

Xφ [k] = DFTN{y[n]}, (12)

and the translation of the inverse process is

y[n] = IDFTN{Xφ [k]}, (13)

y[n]
φ(·)−→ x[n] = y[ fs φ(n/ fs)]. (14)

The time-warping operations (11) and (14) present clear
drawbacks: firstly the resampling is non-uniform, which
means that in some zones the new sample interspace will
be larger than the original sampling period, this violating the
Nyquist criterion, and secondly, the value fs ϕ(n/ fs) does not
have to be integer, and thus (11) and (14) imply an additional
computing effort for performing the required inter-sample in-
terpolation.

3.1 Non-uniform sampling

The analysis to determine the time-frequency loss arising
from the resampling (11) and (14) is difficult. The resam-
pling becomes lossy once the inter-sample space goes be-
yond the sampling period. Intuitively if the derivative of the
warping pair meets either φ ′(t) < 1 or ϕ ′(t) < 1, a degrada-
tion around time t takes place after converting the signal to
the discrete domain. But the previous conditions are always
fulfilled (except in the trivial case φ(t) = t). One could also
argue that the condition ϕ ′(t) < 1 is the one that determines
the loss, because the loss caused by φ -warping occurs only
in areas of oversampling (produced by ϕ-warping).

By looking at the initial equations (1) and (2), a better
understanding of this lossy procedure arises. Conversion of
(1) to a discrete time domain is

Xφ [k] =
1
T

N−1

∑
n=0

φ ′(nTs)x[n]e− j 2π
N kφ(nTs), (15)

where Ts is the sampling period, and k ∈ {−K, ...,K} is the
frequency index that is limited by a certain integer K ≤ N

2 . In
(15) no time-warping process takes place, and x[n] is present
here at no distortion. Also the windowing term is harmless
since its effect can be compensated further by an inverse win-
dowing (operation intrinsic in (2)). The chirp basis is then the
major cause of the information loss. The derivative of the ex-
ponent of the continuous-time basis gives the instantaneous
frequency, which is

f (nTs) =
k
N

fs φ ′(nTs). (16)

at uniformly-spaced sampling instants. According to Nyquist
criterion, f (nTs) should not go further than fs/2. This sets
the range of the frequency index to be

|k|< N
2

max
{|φ ′(t)|}−1

(17)

Condition (17) set the highest frequency bin K of the
basis so that no spectral overlapping occurs. Since φ ′(t) =
ϕ ′(t)−1, condition (17) is in agreement with the intuitive con-
dition ϕ ′(t) < 1 to be the source of information loss. Nev-
ertheless, (17) gives the solution to at least mitigate that loss
without introducing spectral artifacts in the process.

3.2 Lossless variant

After the time-resampling (11), the DFT computation in (12)
presents artifacts above a certain frequency index K. There
are ways to implement the fast chirp transform without spec-
tral aliasing and even lossless:
1. The simplest solution to avoid that spectral aliasing is not

to count with the frequency indices beyond index K. This
idea is shown graphically in Figure 1.a): the meshed area
corresponds to the time-frequency domain that must be
disregarded.

2. Another possibility is to carry out the fast chirp im-
plementation on an oversampled signal and consider all
the frequency bins that cover the useful time-frequency
space. This allows a lossless implementation as long
as the spectral aliasing takes place only on blank time-
frequency regions (above fs/2). Figure 1.b) shows this
case graphically (the white area represents the blank part
of the time-frequency space, result of the oversampling).
This option increases the computing load.

4. RESULTS

In order to validate the ideas of the previous sections in a
practical framework, we performed the analysis and synthe-
sis on speech signals (telephony quality) with different warp-
ing techniques combined with oversampling. The methods
compared are the Short-time Fourier (STFT) and the Short-
time Chirp Transforms [5] (STChT). The STChT is based on
a similar procedure as the STFT, with the exception that the
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a) b)

Figure 1: Time-frequency coding by a quadratic chirp basis:
a) lossy solution. components that do not introduce spectral
aliasing are considered only; b) oversampled signal in order
to code the relevant time-frequency space.

analysis / synthesis technique is either the Chirp or the Fast
Chirp transform (instead of the Fourier one).

The warping function φ(t) from the Chirp transform used
in the experiments is quadratic (3), and thus the chirp basis
is composed of linearly frequency-modulated sinusoids (as
also depicted in the time-frequency representation in Fig. 1).
In order to compute the chirp rate α for each segment the au-
tomatic method described in appendix A was used (the chirp
rate is computed based on a the temporal tracking of the pitch
of voiced sounds). In all methods the Hamming window is
used, and the window length is set to N = 512.

A visual comparison between the STFT and the STChT
(Fast) is shown in Figure 2. The upper images come from a
male speaker pronouncing the word /bad/, and the lower im-
ages from a female saying /a lathe/. In both cases the intona-
tion of the speakers is natural (the male pitch fluctuates 20%,
and the female 85%). The left column contains the classical
spectrogram, and the right one the chirp-based spectrogram.
In case of pitch variation the chirp analysis clearly outper-
forms the Fourier-based approach. Noticeable is that the op-
tion chosen in both cases was not to consider frequency bins
higher than K (the blank areas at high frequencies) when the
pitch variation is dominant.

In order to evaluate the losses of the warping operation
in the fast Chirp transform, several variants were considered.
The details of the methods are summarized in Table 1. Two
output parameters define the comparative study: the signal-
to-error ratio (SER) after resynthesis, and the computational
load of each method versus the STFT.

Comparison between the STFT (method M.1) and the
STChT (M.2 and M.3) reveals the STChT as a precise anal-
ysis and synthesis technique. Comparison between meth-
ods M.2 and M.6 suggests the use of its fast implementa-
tion. Comparison between M.2 and M.3 proves that over-
sampling the signal preserves the time-frequency space at
high frequencies (comparison between M.7 and M.5-6 gives
also the same conclusion). Comparison between the STChT
and its fast versions, shows the expected dramatic decrease

a) b)

Figure 2: Fourier and Chirp transform comparative: upper
images - male voice; lower images - female voice; a) STFT;
b) STChT.

in computational load, but reveals degradation after resyn-
thesis, even when high frequencies are preserved (M.3 vs.
M.7). This fact is explainable by the interpolation techniques
considered (linear and cubic), leading to additional loss dis-
tributed throughout the frequency domain (as can be deduced
by analyzing the spectrogram of the error). Thus, our current
research efforts are directed towards designing more accurate
time-warping techniques.

5. CONCLUSIONS

This paper analyzes the implementation of the Fast Chirp
transform as a combination of time-warping and the Fast
Fourier transform on speech signals. The study of the origi-
nal and the fast formulation together allows one to address
the problems of its practical implementation. The time-
warping operation may introduce two types of signal degra-
dation: the first one from the spectral aliasing of the higher
components of the chirp basis, and the second one from the
type of interpolation used in the resampling. The results ob-
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Method I H R SER Cost
1. STFT - - N/2 1 77 1.0
2. STChT - - N/2 1 51 711
3. STChT - - > N/2 2 61 - -
4. STChT Fast 1 K 1 22 13
5. STChT Fast 3 K 1 28 14
6. STChT Fast 3 N/2 1 29 14
7. STChT Fast 3 > N/2 2 34 35

Table 1: Comparison of STCT and STChT variants on the
female speech. The column labels represent: I - order of the
interpolation method (1-linear, 3-cubic Hermite); H - high-
est frequency bin index; R - oversampling ratio; SER - ratio
in dBs between the signal energy and that of the residual er-
ror; Cost - ratio of the computing time between the method
vs. STFT (the results are based on a Matlab implementation
including the chirp rate estimation algorithm).

tained on pitch-varying speech signals support the use of the
fast Chirp transform for time-frequency speech analysis and
resynthesis. In order to achieve a more accurate implemen-
tation, better interpolation techniques are required.

A. CHIRP-RATE ESTIMATION

The objective of this part is to track the pitch evolution of
voiced segments, and thereupon to estimate the chirp rate αm
from the previous result. The first step is to compute the
pitch of the (m−1)-th segment. Let ρm−1[k] be the (m−1)-
th spectral energy frame, that is, ρm−1[k] = |Xm−1[k]|2, and let
fo[m− 2] be the estimated pitch of the previous frame. The
method to estimate fo[m− 1] is based on the mean-shift al-
gorithm1 with additional constraints: by adding successively
the center of masses of higher speech harmonics an accurate
final pitch value is obtained. The method is described in Al-
gorithm 1.

Algorithm 1 Pitch estimation of the (m−1)-th frame

f = fo[m−2]
for h = 1 to number of harmonics do

for i = 1 to h do
µi = ∑|k−i f |< f

2
ρm−1[k]

fi = µ−1
i ∑|k−i f |< f

2
k ρm−1[k]

Ni = ( f − fw)−1 ∑ fw
2 <|k− fi|< f

2
ρm−1[k]

Si = max(ρm−1[ fi]−Ni,0)

wi = Si
Ni
→ ŵi = iwi

end for
f = ∑ j (ŵ j f j/ j)/∑ j ŵ j

end for
fo[m−1] = f

λ [m−1] = 10 log10

(
∑ j (w j S j)/∑ j w j

)

1Compute the mean of the data distribution within the window and trans-
late the center of the window to this mean point; repeat the process till this
translation becomes depreciable.

The internal parameters µi, fi, Ni, Si, and wi, ŵi of the
algorithm are respectively the spectral mass, the estimated
frequency, the noise energy and the harmonic energy of the
i-th harmonic component, and two additional SNR-based pa-
rameters that weight the importance of this harmonic when
computing the output parameters λ and fo. The estimated
pitch is computed as the weighted linear combination of the
frequency of each harmonic component fi divided by its in-
dex i. The estimated noise Ni is computed as the sum of the
spectral mass fw/2 bins farther to the central harmonic po-
sition ( fw is the spectral resolution of the analysis window).
The net energy Si is computed with a spectral substraction
approach. Output parameter λ is the confidence value con-
taining the net energy that is actually present in the harmonic:
this parameter serves as a reliable indication of whether the
analyzed speech segment is voiced or unvoiced.

The frequency variation rate is obtained from the pitch
values of the last L segments, fo[m− L], ..., fo[m− 1], by
fitting a straight line on them (let the slope of the resulting
straight line be η), and applying the following operation

αm =





η/M
fo[m−1]+η

if λ [m−1] > λs,

0 otherwise.

(18)

Parameter λs is the voiced/unvoiced decision threshold and
M is the time step between consecutive spectral frames.

In the computation of the frequency variation rate (18)
the numerator contains the slope per sample, and ideally the
denominator should contain the pitch of the m-th segment;
since this segment is not available yet, a linearly-predicted
estimation is used instead. When computing η , only reliable
pitch values are used, that is, only those that correspond to a
voiced segment (λ > λs).
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