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ABSTRACT

The spectral kurtosis is a statistical tool heuristically intro-
duced in the 80’s to detect the presence of transients in a
signal and their location in the frequency domain. In spite of
its pleasant properties, it has been rarely used thus far, prob-
ably because of its lack of formalism. This paper provides
an attempt of formalisation by means of the Wold-Cramér
decomposition of nonstationary processes. This leads to a
simple definition, and enables the deduction of numerous
properties. An estimator of the spectral kurtosis is also pro-
posed, based on the short-time Fourier transform. Its scope
of validity and statistical performance are investigated in de-
tail. Finally, the value of the spectral kurtosis is illustrated
on an industrial application.

1. INTRODUCTION

The spectral kurtosis (SK) was first introduced by Dwyer in
[1], as a statistical tool which ”can indicate not only non-
Gaussian components in a signal, but also their locations in
the frequency domain”. Dwyer initially used it as a comple-
ment to the power spectral density, and demonstrated that
it usually supplements the latter in problems concerned with
the detection of transients in noisy signals [2]. Since then,
the SK had been seldom brought into play, until Pagnan and
Ottonello proposed a modified definition based on the nor-
malised fourth-order moment of the magnitude of the short-
time Fourier transform [3, 4]. This led to considerably sim-
plified properties. Pagnan and Ottonello also showed that
the SK could be used as a filter to recover randomly occur-
ring signals severely corrupted by additive stationary noise.
The SK was lately given a more formal definition in [5] in
light of the theory of Higher Order Statistics. Capdevielle
defined the SK as the normalised fourth-order cumulant of
the Fourier transform, i.e. as a slice of the tricoherence spec-
trum, and used it as a measure of distance of a process to
Gaussianity. Her definition applied well to stationary sig-
nals, but encountered some difficulties with nonstationary
signals. The stationary case was recently investigated more
deeply by Vabrie, who proposed some interesting applica-
tions to the characterisation of harmonic processes [6, 7].
There is still a need today for a correct formalisation of the
SK in the case of nonstationary processes. We believe that
filling this gap is necessary for the SK to benefit the interest
it really deserves. Unfortunately, this task has been hin-
dered by some theoretical difficulties, which have compelled
the properties of the SK to stay in shade:

• how can the SK - which is estimated by time averaging
akin to statistics dedicated to stationary signals - detect
nonstationary signals?

• how can the SK - which is inherently a tool for non-
Gaussian signals - characterise nonstationary signals?

• can the correct definition of the SK of nonstationary sig-
nals be based on the assumption of circularity, which the-
oretically only holds for stationary signals?

In this paper, we propose a formalisation of the SK by
means of the Wold-Cramér decomposition of “conditionally
nonstationary” (CNS) processes. The paradigm of CNS is
a natural idea, introduced here for convenience to solve the
aforementioned difficulties.

2. REPRESENTATION OF NONSTATIONARY
SIGNALS

The Wold-Cramér decomposition describes any stochastic
nonstationary process Y (t) as the output of a causal, linear
and time-varying system:

Y (t) =

+∞∫
−∞

ej2πftH(t, f)dX(f) (1)

where dX(f) is an orthogonal spectral process of unit vari-
ance. In the following, we shall assume that the time pro-
cess X(t) generated by dX(f) is white at any order. In
Eq.(1), the time-varying transfer function H(t, f) may be
interpreted as the complex envelope of process Y (t) at fre-
quency f . Although H(t, f) is usually assumed to be a de-
terministic function, there are many situations where H(t, f)
would be rather be stochastic either because of random tem-
poral variations of the filter or simply because the time da-
tum of the process is unknown. Therefore, a more com-
prehensive description of Y (t) is in terms of the stochas-
tic complex envelope H(t, f, ω) whose shape depends on the
outcome of the random variable ω. For simplicity, we will
consider in the following that H(t, f ; ω) is (i) time-stationary
and (ii) is independent of the spectral process dX(f). As a
consequence, such a process Y (t) will be stationary in gen-
eral, but nonstationary for any particular outcome ω. We
shall coin such a process conditionally nonstationary (CNS).
Note that any nonstationary process can be made CNS sim-
ply by randomisation of its time datum.

The so-defined CNS process has the fundamental prop-
erty of having a probability density function with flatter tails
than that of its generating process:

Property 1: Any CNS process Y (t) of the form (1) driven
by a white process X(t) of order p ≥ 4 has a kurtosis greater
or equal than the kurtosis of X(t), i.e. κY ≥ κX .
Proof: (for reason of place, all proofs will be provided in a
forthcoming paper.)

In particular, Property 1 says that any CNS process
driven by a Gaussian process is likely to be leptokurtic,
hence non-Gaussian. This property reveals an interesting
relationship between CNS and non-Gaussianity, on which is
actually based the whole reason why the spectral kurtosis -
a statistical tool inherently dedicated to characterising non-
Gaussianity - turns out so useful for analysing nonstationary
processes.
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3. THE SK OF NONSTATIONARY SIGNALS

3.1 DEFINITION

The Wold-Cramér decomposition (1) assigns to the complex
envelope H(t, f) a central role for describing NS processes.
In the case of CNS processes, the information contained in
H(t, f ; ω) -viewed as a random field- must be assessed by
means of statistical indicators. In order to investigate how
the CNS process behaves on the average - i.e. by ensemble
averaging on many outcomes ω, let us define the spectral
moments:

S2nY (f)
def
= E

{
|H(t, f)dX(f)|2n

}
= E

{
|H(t, f)|2n

}
· S2nX

(2)
In the above equation, use has been made of the assumptions
that H(t, f) is (i) a time-stationary random field, (ii) is in-
dependent of dX(f), and (iii) that X(t) is a white process
of order p ≥ 2n. Note that for 2n = 2, the spectral moment
gives the classical power spectral density Y (t). Also of par-
ticular interest for characterising CNS processes, which we
have shown are likely to be non-Gaussian, are the spectral
cumulants. Specifically, the normalised fourth-order spec-
tral cumulant of a CNS process defines the so-called spectral
kurtosis (SK):

KY (f)
def
=

S4Y (f)

S2
2Y (f)

− 2, f �= 0 (3)

where the factor 2 - rather than 3 as in the usual definition
of cumulants - comes from the fact that dX(f) is a circular
random variable. This result is akin to the definition of the
SK for stationary signals, and actually holds because the
process have being modelled as CNS.

3.2 SOME PROPERTIES

Property 2: The SK of a CNS process Y (t) is given by

KY (f) = γ4H(f) · (2 + κX) − 2 ≥ κX , f �= 0 (4)

where γ4H(f) = E{|H(t, f)|4}/E{|H(t, f)|2}2 and κX is the
kurtosis of X(t).

Property 2 implies that the probability density function
of a Gaussian-driven CNS process is leptokurtic at any fre-
quency. This is to be paralleled with Property 1.

Property 3: The SK of a purely stationary process Y (t) -
i.e. not CNS - is independent of frequency and is given by

KY (f) = κX , f �= 0 (5)

In particular, the SK of a purely stationary Gaussian process
Y (t) is zero.

Property 4: The SK of a modulated tone Y (t) =
A(t) exp(j2πf0), with A(t) a stationary complex envelope,
is given at f = f0 by

KY (f0) = γ4A − 2, f = f0 (6)

where γ4A = E{|A(t)|4}/E{|A(t)|2}2 (note that in the
present case the SK is not defined at f �= f0 ). This is
obtained as a special case of Eq.(1), where the orthogonal
process dX(f) is a random impulse. If A(t) is a determin-
istic constant, then KY (f0) = −1 which coincides with the
result proved in [5, 6].

Property 5: The SK of a CNS process Z(t) = Y (t)+N(t),
where N(t) is an additive stationary noise independent of
Y (t), is given by

KZ(f) =
KY (f)

(1 + ρ(f))2
+

ρ(f)2KN

(1 + ρ(f))2
, f �= 0 (7)

where ρ(f) = S2N (f)/S2Y (f) is the signal-to-noise ratio.

Property 6: The SK of a CNS process Z(t) = Y (t) +
N(t), where N(t) is an additive stationary Gaussian noise
independent of Y (t), is given by

KZ(f) =
KY (f)

(1 + ρ(f))2
, f �= 0 (8)

It is worth insisting on the important potential of Prop-
erty 6 in detection problems. Indeed, there are many sit-
uations where the signal to detect has a known SK and is
embedded in stationary Gaussian noise of unknown colour.
Then Eq.(8) offers the rare opportunity to blindly estimate
the signal-to-noise ratio ρ(f), from which a large variety of
detection filters can then be designed, such as the Wiener
filter W (f) = (1 + ρ(f))−1 or the matched filter M(f) =
ρ(f)−1. According to the author’s knowledge, the connec-
tions between the SK, the Wiener filter, and the matched
filter is an original finding. The idea was nevertheless sug-
gested in references [3] and [4] where the authors used the
SK as a denoising filter. However, their practice had been
given no theoretical justification. Moreover, our result in-
dicates that the square root of the SK rather than the SK
itself is the optimal denoising filter.

4. ESTIMATION ISSUES

4.1 The STFT-based SK

Up to here, our aim has been to provide the SK with a theo-
retical framework from which sound definitions and proper-
ties can be derived. Actually, this framework is also helpful
for designing an estimator of the SK, a necessary step for
connecting theoretical results with real life practice. We pro-
pose an estimator based on the short-time Fourier-transform
(STFT), as originally suggested in [1]-[7]. But contrary to
these references, our estimator is explicitly deduced from a
time-frequency approach. Let us define

Yw(kP, f)
def
=

∞∑
n=−∞

Y (n)w(n − kP )e−j2πnf (9)

the STFT of process Y (n) with an analysis window w(n) of
length Nw and a given temporal step P . We assume that
the window length Nw is chosen such that:

• C1: H(n, f) has slow temporal variations in n as com-
pared to the window length Nw,

• C2: H(n, f) has slow frequency-variations in f as com-
pared to the spectral bandwidth of w(n).

Condition C1 basically imposes that the analysis win-
dow covers intervals over which the signal is quasi-stationary,
whereas condition C2 imposes that the analysis window sam-
ples the complex envelope sufficiently fast so that no infor-
mation is lost. Indeed, processes verifying such conditions
have been coined “oscillatory” by Priestley [8].

Let us now define the 2nth-order empirical spectral mo-
ment of the Yw(kP, f) as

Ŝ2nY (f)
def
=

〈
|Yw(kP, f)|2n

〉
k

(10)

with
def
= 〈·〉k standing for the time-average operator over in-

dex k. For instance, for 2n = 2, Ŝ2Y (f) is an estimator of
the power spectral density of Y (n) - e.g. as classically done
in Welch’s method. Then, the STFT-based estimator of the
SK can be defined as:

K̂Y (f)
def
=

Ŝ4Y (f)

Ŝ2
2Y (f)

− 2, |f − mod(1/2)| > N−1
w (11)
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4.2 Bias of the STFT-based SK

The analysis of the bias of the STFT-based SK is not easy.
There are basically two sources of bias, stemming from (i)
finite sample effects and (ii) leakage effects due to the anal-
ysis window w(n). The finite sample effects have been in-
vestigated in [6] and the authors have proposed a compen-
sated estimator (for stationary signals) based on the use of
k-statistics. The second source of bias is inherent to the
STFT and unfortunately cannot be compensated for. It is
particularly critical here, where nonstationary signals must
be analysed with short windows w(n). One notable manifes-
tation of the leakage is in the vicinity of f = 0 mod(1/2),
where the theoretical discontinuity in the SK spread over a
bandwidth of the order 1/Nw instead of being concentrated
on one single point.

When finite sample effects can be neglected - which is
a reasonable assumption as compared to the importance of
leakage effects - then large sample results can be used to find

an approximate bias of K̂Y (f):
Proposition 1: Under conditions C1 and C2, the STFT-
based SK has the approximate and asymptotic bias:

E
{
K̂Y (f)

}
− KY (f) ≈ γ4H(f) · κX

(
γ4w

Nw
− 1

)
(12)

for |f − mod(1/2)| > N−1
w , where γ4w =〈

|w(n)|4
〉

n
/
〈
|w(n)|2

〉2

n
is a constant term that char-

acterises the analysis window.
Proposition 1 establishes that the STFT-based SK is

generally biased, except when the CNS process is Gaussian
driven, i.e. when κX = 0.

4.3 Variance of the STFT-based SK

For simplicity, we consider here only the case where Y (t) is
a Gaussian-driven CNS process.
Proposition 2: Under conditions C1 and C2, the STFT-
based SK has the approximate variance:

V ar
{
K̂Y (f)

}
≈

2KY (f)+2
K

(
3S8H(f)

S2
4H

(f)
+ 4S4H(f)

S2
2H

(f)
− 6S6H(f)

S4H(f)S2H(f)

)
(13)

for |f−mod(1/2)| > N−1
w , where K is the number of time av-

erages used in the estimate and S2nH(f)
def
= E

{
|H(t, f)|2n

}
.

When the complex envelope H(t, f) is Gaussian
distributed, then result (13) drastically simplifies as

V ar
{
K̂Y (f)

}
≈ 16(KY (f) + 2)/K. Note also that in

the stationary case - obtained by setting H(t, f) = H(f)
deterministic in (13) - the STFT-based SK has variance

V ar
{
K̂Y (f)

}
≈ 2(KY (f) + 2)/K which agrees with the re-

sult derived in reference [6] on stationary Gaussian signals.

4.4 Setting the window length Nw

The basic idea behind the SK is to get a quantity that ide-
ally takes high values when the signal is transient and is zero
when the signal is stationary Gaussian. The proposed STFT-
based SK maintains these properties, provided the length of
the analysis window fulfils conditions C1 and C2. If condi-
tion C2 was violated, then he STFT would tend to Gaus-
sianity by the Central Limit theorem and thus the SK would
tend to zero. This can actually be verified as follows. For
Nw >−→ ∞ the function H(kP, f) in the STFT becomes
almost constant and γ4H(f) is a function of Nw which tends

to 1. Thus, from Proposition 1, with E
{
K̂Y (f)

}
→ 0.

Hence, the proposed STFT-based SK must be set with
Nw as short as possible - as far as permitted by condition

C1. This places a fundamental difference between the SK
as defined in the present paper and the spectral kurtosis as
defined in references [?] on stationary signals. In particular,
our definition of the SK is not a slice of the tricoherence spec-
trum, in which the length of the analysis window is allowed
to reach infinity.

4.5 Examples

This subsection illustrates the validity of the proposed
STFT-based SK on both synthetic and real signals.

The first tested signal Z(n) is made of a combination of
3 terms:

1. a random-phase sinusoid of frequency f0 = 1/16
amplitude modulated by another sine of frequency
1/900: Y1(n) = A(n) · sin(2πn/16 + φ1) with A(n) =
sin(2πn/900 + φ2),

2. a narrow-band random noise centered on frequency 0.3
amplitude modulated by a positive sinusoid of frequency
1/900: Y2(n) = m(n) · N2(n) with m(n) = 1 +
sin (2πn/900) and N2(n) = −0.5871 ·N2(n−1)−0.9025 ·
N2(n−2)+X(n) with X(n) a stationary Gaussian noise,

3. a stationary Gaussian noise N(n) of variance σ2
N .

According to properties 7, 8 and 10, the compounded
signal Z(n) has a theoretical SK given in the interval N−1

w <
f < 1/2 − N−1

w by:

KZ(f) =

{
(γ4m (κX + 2) − 2) /(1 + ρ2 (f))2 , |f − f0| > N−1

w

(γ4A − 2) /(1 + ρ1)
2 , f = f0

(14)
with γ4m = 35/18, γ4A = 1.5, κX = 0. The noise-to-
signal ratios ρ1 and ρ2(f) associated with signals Y1(n)

and Y2(n) are given by (i) ρ1 = 4σ2
Nεw/

〈
|A(n)|2

〉
Nw

with εw = Nw

〈
|w(n)|2

〉
n
/〈w(n)〉2n the time-bandwidth

product of the analysis window, and (ii) ρ2(f) = σ2
N ·

|1 + 0.5871 · e−j2πf + 0.9025 · e−j4πf |2.
The STFT-based SK of signal Z(n) was computed us-

ing 106 samples and a Hanning window (εw = 1.5) with
25% overlap. Different lengths Nw were tried for the analy-
sis window. The results are displayed in Figure 1, together
with the theoretical SK obtained in Eq.(21). Inspection of
Fig.1 shows that reasonable estimations could be obtained
for window lengths in the range 128 to 256. For window
lengths shorter than 128, excessive bias was observed due to
violation of condition C1. On the other hand, for window
lengths greater than 256, condition C2 could not be met and
the estimated SK was dragged towards zero.

The second tested signal is a vibration measurement is-
sued from a rotating machinery. Vibration signals are known
to be highly nonstationary when a fault occurs in the ma-
chinery, which provokes a series a impacts. Figure 2.a and
3.a display the power spectral density (Hanning window with
25% overlap and Nw = 128) and the raw signal, respec-
tively. From these figures only, it is difficult to conclude on
the present of a fault or not, although some repetitive peaks
are perceptible in the time signal. Figure 2.b displays the
STFT-based SK estimated with the same parameters as for
the spectrum. The SK clearly evidences the presence of tran-
sients in a wide frequency range: it has ”abnormally” high
peaks reaching amplitude 300 at 11 kHz and 200 at 17.5 kHz.
For comparison, the nil hypothesis ”H0: the signal is station-
ary Gaussian” gives a threshold of 0.12 at the 1% risk level.
In order to extract the transients from the raw signal, we

used Eq.(8) to design the Wiener filter Ŵ (f) = K̂Z(f)−1/2

from the SK (this assumes that the theoretical SK of the
transients is constant over frequencies). The result is dis-
played in Fig.3.b, where a series of sharp impacts is clearly
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Figure 1: STFT-based estimate of the SK (Nw = 128 and
256) versus the theoretical SK (thick line).
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Figure 2: a) Power spectral density and b) STFT-based SK
(Nw = 128) of a vibration signal.

visible. Closer inspection of this signal can now exactly in-
dicate the origine of the fault in the machinery .

5. CONCLUSION

The SK, after being heuristically introduced 20 years ago,
has only recently been formalised in the case of stationary
signals. In this paper, we have proposed a parallel formalisa-
tion on nonstationary signals, by means of the Wold-Cramér
decomposition and the paradigm of conditionally nonstation-
ary processes.

The SK of nonstationary signals enjoys many properties,
some of which we have listed. Previous works have reported
that the SK is also able to detect transients in the presence
of a (strong) background of stationary noise. We have ex-
actly established to which extent this is possible by finding
a closed-form relationship between the SK and the noise-to-
signal ratio. The same result allows interesting relationships
between the SK, the Wiener filter, and the matched filter, to
be advantageously exploited in signal detection schemes.

We have finally proposed a STFT-based estimator of the
SK which should help linking theoretical concepts with prac-
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Figure 3: a) Raw vibration signal and b) estimated transients
from the Wiener filter.

tical applications. Contrary to the stationary case, this es-
timator was found delicate to set up, especially in choosing
the length of the analysis-window. This difficulty is some-
how balanced by the fact that the STFT-based SK is the
only simple estimator of the SK available to date. Further
research should focus on developing alternative estimators,
more robust to the choice of their settings.
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