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ABSTRACT 
Modern analysis of the finite word-length properties of DSP 
algorithms is typically carried out using CAD tools. The 
objectives of this paper are threefold: (i) to show that affine 
arithmetic is specially well-suited for quantization analysis 
of digital filters; (ii) to present a new tool based on multiple-
precision affine arithmetic elements that allows fast charac-
terization of the signal ranges in linear systems; and (iii) to 
develop an exhaustive-search algorithm that detects limit 
cycles and requires less computation time than existing 
approaches. Final comparative results confirm the validity 
of the limit cycles detection algorithm on second-order shift 
and delta-operator realizations. 

1. INTRODUCTION 

Finite Word-Length (FWL) analysis of digital filter structures 
has been extensively studied in the past decades [1]-[9]. 
These studies are traditionally based on theoretical devel-
opments, and they typically consider three types of quanti-
zation effects [1],[2]: coefficient quantization noise (CQN), 
roundoff noise (RON) and limit cycles (LC). The first type 
is a deterministic effect, so all the parameters of the filter can 
be recalculated after quantization. The second type is a non-
deterministic effect, but it is still linear, so the output of the 
filter vanishes whenever a zero input is applied. The third 
type is a non-linear effect, and self-sustained oscillations 
may appear depending on the selected filter structure [1].  
Traditional studies of limit cycles provide guaranteed 
stability regions, i.e. regions where absence of limit cycles 
is guaranteed. These regions are generally obtained using 
the Lyapunov theory [1],[3], frequency domain criteria [4] 
and/or other analytical methods [3]. Obviously, reformula-
tion of the underlying formulae is required even for small 
changes of the realizations. On the other hand, the exhaustive 
search algorithm proposed in [5] provides a useful method, 
directly applicable to any filter structure. This algorithm has 
been modified in [6] to improve its computation speed, and 
it has been tested using a delta-operator realization. 
Recent literature on modern CAD tools to study the FWL 
properties of DSP systems can be found in [7]-[9]. They 
typically compare the simulation of a high-precision ver-
sion of a DSP algorithm to a quantized one, and provide the 
corresponding error statistics. Obviously, these approaches  
 

can also be applied to non-linear DSP algorithms, but they are 
not prepared to detect non-linear quantization effects, such 
as limit cycles. Another disadvantage of these approaches is 
that simulations must be run on a sample-by-sample basis, 
so the computation time can be substantially reduced by means 
of interval [10] or affine arithmetic [11]. 
Affine arithmetic is an extension of interval arithmetic that 
incorporates the source and signed amplitude of all the per-
turbations, or noise terms [11], of all the intervals. The mathe-
matical expression of a given affine form x is  

0
1

· , with 1 1
n

k k k
k

x x x ε ε
=

= + − ≤ ≤∑   

where x0 is the central value, and εk and xk are the k-th noise 
term identifier and amplitude, respectively. Its main advan-
tage is that noise terms sharing the same identifier can operate 
among themselves, thus alleviating the cancellation problem. 
Its main disadvantage is that they cannot fully characterize 
non-linear operations so, in general, new noise sources are 
successively required [11]. As linear operations are covered 
exactly, this drawback does not apply to filters and linear 
systems. Affine arithmetic simulations of linear DSP systems 
have been previously presented in [12], but they mainly 
focus on transforms and FIR filters. IIR filters are only 
slightly introduced.  
Additional literature on the set of tools used here can be 
found in [13]-[16]. Data types and quantization characteristics 
are introduced in [13],[14]. Feedback loops are incorpo-
rated in [15], and comparative simulations between CQN 
and RON are carried out for different word-length sets. The 
capabilities of the interval simulations to detect balanced 
realizations are demonstrated in [16].  
The novel features of this paper are (i) the integration of the 
affine arithmetic class into the computation model and (ii) the 
implementation of a new exhaustive-search algorithm based 
on affine arithmetic to efficiently detect limit cycles. Its struc-
ture is as follows: The capabilities of the set of tools and the 
simulation advantages on linear DSP systems are presented 
in section 2. Section 3 explains the affine-arithmetic-based 
limit cycles detection algorithm. In section 4, this algorithm 
is applied to a representative set of filter structures and the 
simulation results are given. Finally, section 5 presents the 
conclusions of this work. 
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2. THE AFFINE-ARITHMETIC-BASED TOOL 

The Abaco package [13] is a computer-aided set of tools based 
on multi-precision elements to efficiently estimate a given 
degree of reliability on a target system. Its utilities include: 
writing to an intermediate language, reading from it, specify-
ing the signal word-lengths, applying a given quantization 
overflow (two’s complement, saturation, wrap-around) or 
underflow characteristic (magnitude truncation or roundoff), 
executing the description of the algorithm, providing the 
execution statistics, plotting the results, etc.  
The intermediate language supports a range of data types 
(numbers, intervals, domains and affines). Probability values 
can be associated to any of them. Moreover, as all the 
elements are based on the multi-precision library [17], 
different word-lengths and/or data types can be combined 
in the simulations. Therefore, unlike the approach proposed 
in [12], (i) simulations are not limited to any number of 
bits, and (ii) quantization is carried out as a separate task, 
independent from the structure of the data elements. In the 
case of affine arithmetic, this means that there is no need to 
increase the number of noise terms, so provided results are 
more accurate in this case. 
A detailed description of the affine arithmetic procedures and 
their general advantages is given in [11], although filters -and 
linear systems in general- are described using only affine 
operations (i.e., addition, subtraction and constant multiplica-
tion). Therefore, these systems do not require any increment 
of the number of noise terms. 
An example of the traditional simulation of a second-order 
realization when its state variables are initially non-zero is 
shown in Figure 1.a. Figure 1.b shows the affine simulation 

of the same realization when there is a bounded uncertainty 
in one of the state variables. It can be observed that the plot 
describes all the possible values that the output can take for 
the given uncertainty. 

3. LIMIT CYCLES DETECTION ALGORITHM 

The limit cycles detection algorithm is based on the work 
by P. Bauer [5], where an exhaustive search of the state 
space is performed over a limited number of clock periods. 
However, affine elements can group several values in a 
single simulation. This fact provides two important advan-
tages: first, it increases the simulation speed; and second, 
the algorithm is easily directed to detect the maximum am-
plitude limit cycles in the first place. 
Given an N-order digital filter realization, the basic search 
algorithm is shown in figure 2. This algorithm is based in 
grouping as many samples as possible into a single affine, 
instead of an exhaustive search of all the possible combi-
nations. This property significantly reduces the order of 
complexity of the algorithm and the execution time of the 
simulations. 
A large value of parameter a provides smaller affines, but 
more simulations are required to verify absence of limit cycles. 
A small value requires fewer simulations, but affines are 
larger and there is a greater probability of finding limit cycles 
in the following simulation. If a is even, at least two affines 
always contain values around zero, and if a is odd, a single 
affine bounds the zero neighbourhood. Although we haven’t 
studied the optimum value of parameter a yet, we have used 
values around a = 3 in the simulations of section 4. 
The optimum value of parameter k is related to the speed of 
convergency [16] of the simulation. If k is large, the algorithm 
performs more simulations and fewer tests for limit cycles. 

 
Figure 1: Simulation examples: (a) traditional simulation (b) output 
bounds due to a limited uncertainty in one of the state variables. 

Step 1: Create one affine element xi for each state
variable SVi. All noise terms are initialised to zero,
except noise terms εii, whose amplitude must cover all
possible values of SVi (any initial orientation -or sign-
of these terms are valid).  
Step 2: Create a list L containing the combinations of
affines xi to be tested for limit cycles. Initialise the
affine counter c to zero. 
Step 3: Simulate k·N time steps (parameter k is user-
defined). 
Step 4: If the sum of widths of all xi decreases in mag-
nitude, update list L and go back to step 3.  
Step 5: If xc contains more than one value, split it in a
affines and insert the combinations in list L. Increase
counter c modulo N, and go back to step 3. 
Step 6: Increase counter c modulo N until xc contains
more than one value, and go back to step 5. If all xi
have only one value, test this combination for limit
cycles and present the results. 
Step 7: Take the next combination from L and go back
to step 3. Repeat until the list is empty. 

Figure 2: Limit Cycles detection algorithm 
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TABLE I: PERFORMANCE COMPARISON BETWEEN THE AFFINE-
ARITHMETIC-BASED AND THE EXHAUSTIVE SEARCH ALGORITHMS. 

(FIRST SECTION,  REALIZED IN TRANSPOSED DIRECT FORM) 
Quantization  Roundoff  

N. bits 6 7 8 
a1  – 1.914   
a2  0.95  

max(yLC) – 2 – 0.625 – 0.3125 
sv1 – 2 – 0.625 – 0.3125 
sv2 2 0.625 0.3125 

period 1 1 1 
Nsim (split) 76 520 2041 

Nsim (search) 1387 7179 25353 
time (split) 0.22 s. 1.44 s. 5.72 s. 

time (search) 1.23 s. 7.05 s. 35.28 s. 
tests 288 1088 3148 

Nsim [4],[5] 34350 170000 --- 
time [4],[5] 48.85 s. 639.69 s. --- 
tests [4],[5] 4096 16384 65536 

This option is preferable when non-linearities have little 
effect on the affine simulation response. On the contrary, a 
small value of parameter k is preferred whenever the affine 
simulation response is noticeably affected by them. In addi-
tion, if the poles of the filter are far from the unit circle (i.e. the 
filter response tends rapidly towards zero), it is preferable 
to assign k a small value and vice-versa. In all the simula-
tions of section 4, this parameter has been set to 1. 
The previous algorithm can be further refined according to 
the order in which affine combinations are successively 
split and inserted in the search list. For example, to detect 
maximum amplitude limit cycles, subdivisions containing 
the largest values are inserted first in the list; or to detect limit 
cycles with maximum SVi amplitude, affine xi is always 
divided in first place. 
One of the main aspects of the basic detection algorithm is 
affine subdivision. Although the algorithm is based on affi-
nes and affine simulations, state variables are initialised by 
assigning ‘interval + identifier’ pairs to each of them. 
Moreover, simulations provide interval-bounded responses 
containing all possible signal outputs. Therefore, input and 
output specifications are based on intervals, while computa-
tions are based on affines because of their linear memory of 
original intervals.  
The two conditions to perform affine subdivision are: (i) both 
interval and affine descriptions must cover the same range 
of results, and (ii) the memory of the noise terms (i.e. its 
signed amplitude) must be preserved as much as possible. 
Given x = 0 + 7ε1 – 9ε2, the following example shows the 
splitting procedure: (i) affine x represents interval I = [–16, 16], 
containing 33 values, and it can be represented using 3 affines 
of 5 noise terms (11 values) each; (ii) original noise terms 
are proportionally distributed to each affine, and remaining 
samples are individually tested for limit cycles; and (iii) 
central values are adjusted. Therefore, the final result of 
this example is: x1 = 11 + 2ε1 – 3ε2, x2 = 0 + 2ε1 – 3ε2, and 
x3 = –11 + 2ε1 – 3ε2. 

4. RESULTS AND DISCUSSION 

This section presents the comparative simulation results of 
our approach and the traditional exhaustive search tests for 
limit cycles over a set of realizations. The coefficients of the 
z-domain denominator polynomials, D(z) = 1 + a1z–1 + a2z–2, 
correspond to the sections of the narrowband fourth-order 
elliptic filter of [6]. All the signals of the realizations are 
quantized as specified in the tables. The maximum ampli-
tudes of the limit cycles at the output, the state variables 
that generate these oscillations and their corresponding os-
cillation period are also given. The final rows provide the 
number of individual simulations (Nsim) of the split and the 
exhaustive search parts of the algorithm, the computation 
times (time) and the number of exhaustive search tests 
(tests) of our approach and the exhaustive search algorithm 
of [5] and [6]. In all cases, simulations have been per-
formed using the Abaco set of tools, and the computation  
 
 

 
times evaluated on a SUN Workstation with a 233 MHz 
processor and 256 MB of memory. 
Table I presents the results when the previously explained 
methods are applied to the first section of the elliptic filter 
realized on transposed direct form. Word-lengths are succes-
sively increased from 6 to 8 bits, and roundoff is always 
selected as the underflow strategy. It is straightforward to 
notice that the split procedure requires a small percentage 
of the number of simulations and achieves a significant 
reduction in the number of tests and the corresponding 
computation time, of almost two orders of magnitude. In 
addition, the differences between the two approaches increase 
when more complex structures are compared. 
Table II presents the results of the two algorithms when 
they are applied to the second section of the elliptic filter of 
[6]. It can be seen that there is a significant improvement in 
the performance of the proposed algorithm, even with re-
spect to the previous case. The reason for this is that the 
split procedure achieves the bounds of the limit cycles in 
only a few simulations. 
Figure 3.a shows the simulation response of the quantized 
filter when the input is set to [-1,1] at t = 0, and 0 otherwise. 
Using this selection, the designer is able to model the effect 
of any possible input appearing at t = 0 in only one simula-
tion. The figure also shows that the quantized response of the 
filter does not vanish -as it does in the ideal case-, and self-
sustained bounds appear, due to the non-linear effects of the 
quantizers. Figure 3.b shows the evolution of the maximum 
amplitude limit cycles of the second section of the elliptic 
filter when all the signals are implemented using 8 bits. It 
must be said that the correspondence between the maximum 
sample value and the maximum amplitude of the limit cycle 
is not bi-univocal, but we have observed that this type of 
simulation provides a very fast and accurate approximation 
of these bounds. 
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TABLE II: PERFORMANCE COMPARISON BETWEEN THE AFFINE-
ARITHMETIC-BASED AND THE EXHAUSTIVE SEARCH ALGORITHMS. 

(SECOND SECTION, REALIZED IN TRANSPOSED DIRECT FORM) 
Quantization  Roundoff  

N. bits 6 7 8 
a1  – 1.828  
a2  0.843  

max(yLC) 2 – 0.5 0.25 
sv1 2 – 0.4375 0.25 
sv2 -2 0.4375 – 0.21875 

period 1 8 7 
Nsim (split) 5 5 5 

Nsim (search) 12 72 66 
time (split) 0 s. 0 s. 0 s. 

time (search) 0.01 s. 0.05 s. 0.04 s. 
tests 1 1 1 

Nsim [4],[5] 3142 1469573 --- 
time [4],[5] 2.17 s. 1105.14 s. --- 
tests [4],[5] 4096 16384 65536 

5. CONCLUSION 

In this paper we have presented three main contributions 
related to the application of affine arithmetic to linear DSP 
systems. First, we have introduced the Abaco set of tools 
and, particularly, the affine arithmetic class. Second, we 
have demonstrated that affine arithmetic is especially well 
suited to model the behaviour of linear DSP realizations, 
such as IIR filters. Finally, we have proposed a new algo-
rithm based on affine computations to efficiently detect and 
bound limit cycles. The final results clearly indicate that the 
application of this method significantly reduces the number 
of simulations and the computation time with respect to 
traditional approaches. 
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