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ABSTRACT 
In this paper, a new wavelet based de-noising for noisy cha-
otic signal prediction using the trajectory parallel measure is 
proposed.  As the chaotic signal is similar to noise, the tradi-
tional de-noising criterion based on the noise variance is not 
effective for noisy chaotic signal filtering and prediction.  In 
order to achieve the accurate prediction, the wavelet based 
prediction with de-noising for attractor using the trajectory 
parallel measure is applied to noisy chaotic signals.  In the 
de-noising process, the observed signal is judged whether it 
is chaotic or close to noise using the measure. 
  To verify the effectiveness of the proposed method, it is 
demonstrated that noisy chaotic signals are predicted with 
smaller prediction error compared with the conventional 
chaotic signal prediction in the simulations. 

1. INTRODUCTION 

Chaotic behavior can be observed in various fields such as 
electrical, civil and chemical engineering and brain science 
and biology [1].  Chaos is a deterministic evolution of a 
nonlinear system whose orbit sensitively changes in initial 
conditions.  Predicting, identifying and modeling observed 
chaos or chaotic signal is important problems to control 
nonlinear systems [2].  As for the prediction problem, it is 
difficult to estimate chaotic behavior in long-term.  However, 
the short-term prediction of chaos is not comparatively diffi-
cult.  There are a number of algorithms available for the 
analysis, synthesis and prediction of chaotic signals [2-9]. 

In signal and image processing communities, the wavelets 
become attractive data processing tools (i.e. [10]).  The 
wavelet can be applied to data compression, image process-
ing, spectral analysis and so on.  Recently, several wavelet 
theories are used to the problem of chaotic signal prediction 
[6-7], [9].  In [6] and [9], approximation method of dynam-
ics of nonlinear system using wavelet expansion is proposed.  
A nonlinear prediction technique of chaotic signal based on 
wavelet networks is proposed in [6].  Further, chaotic signal 
prediction method using wavelet decomposition is devel-
oped in [7].  These methods are useful for the prediction of 
chaotic signals.  However, the effect of noise for the ob-
served chaos is not considered in the system.  Therefore it is 
difficult to apply the methods effectively in practical noisy 
environment.  In actual observation process of chaotic signal, 
the effect of observation noise is essential problem.  In addi-
tion, the quantization noise in calculation process for predic-

tion by digital computers is also essential [11].  The effect of 
the noise is important for the accuracy of prediction.  

In this paper, an effective wavelet based prediction tech-
nique for noisy chaotic signal is investigated.  When the 
conventional de-noising based on noise variance criterion 
(so-called spectrum subtraction) is used for noisy chaotic 
signal filtering, the noise such as observation and quantiza-
tion additive white Gaussian noise are not sufficiently re-
duced.  In order to reduce a large prediction error in the con-
ventional method, a new wavelet based chaotic signal pre-
diction using the trajectory parallel measure is proposed.  
The wavelet de-noising method for attractor based on the 
criterion of trajectory parallel measure is used.  The ob-
served signal is judged whether it is chaotic or close to noise 
using the measure in the de-noising process.  In the simula-
tions, a noisy chaotic signal is predicted with smaller predic-
tion error compared with the conventional criteria wavelet 
based chaotic signal prediction. 

2. WAVERET BASED PREDICTION OF CHAOTIC 
SIGNALS 

In this section, a wavelet based prediction of chaotic signals 
is introduced [7].  The multi-resolution (wavelet) representa-
tion of a signal )(tf  is represented by 
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where the coefficients for the wavelet basis and the scaling 
functions are given by ( ) ( )ttfw ikik ,, ,ψ=  and 

( ) ( )ttfv imim ,, ,φ= , respectively.  Here ⋅⋅,  denotes the 

inner product of signals, and k and i represent the scale and 
shift parameters, respectively.  The signal )(tf can be 
equivalently represented using the coefficients as 
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The wavelet coefficients are efficiently calculated using 
iterated two-channel analysis filter banks.  Using the wave-
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let and scaling coefficients as input signals, the original sig-
nal is completely reconstructed by the corresponding iter-
ated two-channel synthesis filter banks.  It is noted that the 
wavelet coefficients are correspondence to the frequency 
components at instantaneous time of signals. 
  The wavelet based chaotic signal prediction is achieved by 
using the entire wavelet coefficients prediction [7].  The 
predicted signal is obtained by synthesizing the predicted 
wavelet coefficients.  It is noted that the chaotic topology is 
preserved in the individual wavelet coefficients [7]. 

Now the attractor of non-linear dynamics is introduced.  It 
is known that the attractor is an important concept to charac-
terize non-linear dynamics.  When the signal is chaotic, the 
trajectory is restricted in the bounded certain area, so-called 
attractor.  The attractor can be reconstructed in multi-
dimensional state space using an observed signal and their 
delayed signals.  In this paper, the signal predictions as well 
as noise reduction are performed based on the attractor using 
multi-dimensional state space.  Based on the characteristics 
of the attractor, the local approximation method for recon-
structing attractor is executed. 
  Let the observed chaotic subband signal (the wavelet coef-
ficient) L,2,1,, =iw ik  is written by ( ) L.2,1, =iiw .  The 
scale parameter k is omitted when it is not essential.  Then, 
the p step prediction problem based on wavelet decomposi-
tion can be formulated. 
  Let the m-dimensional set of delayed signals be 

( ) ( ) ( ) ( )( ){ }ττ 1,,,: −−−= miwiwiwi Lmw .      (3) 
The orbit of ( )imw  is called reconstruction of attractor.  In 
the first step, the prediction of ( ) 0, >+ ppiw  is replace to 
the prediction of attractor ( )pi +mw .  A function F that 
predicts the attractor is introduced.  

( ) ( )( )iFpi mm ww ≅+                            (4) 
The local approximation based on the idea that the deviation 
of attractor in small time is restricted in small range [8] is 
applied to the prediction of attractor.  The n numbers of 
nearest neighbors ( )hi'mw  of ( )imw  are selected.  Figure 1 
shows the local approximation method for reconstruction 
attractor.  If ( ) nhi h ,,2,1,' L=mw  are neighbors of ( )imw , 
then ( )pi h+'mw  becomes near to ( )pi +mw  in short term 
range.  Then, the element of ( )pi +mw  is approximated by 
( ) ( )( )iGpiw mw≅+ .  The local approximation function 

for G is selected as a linear approximation shown by 
( ) ( )( )
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The coefficients { }maaa ,,, 10 L  are obtained by the follow-
ing procedures.  All Euclidean norms between ( )jmw  in 
attractor space and ( )imw  are calculated as 
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The values of r  calculated by Eq. (6) are sorted in mini-
mum order.  The n numbers of neighbors 

( ) nhi h ,,2,1,' L=mw  for ( )imw  are determined.  The fol-
lowing error function is defined. 
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Then the coefficients { }maaa ,,, 10 L  are obtained as the 
solution of least square minimization of ε . 
  Finally, using the resultant coefficients, the predicted signal 
is obtained based on Eq. (5).  As shown in the simulations, 
when the chaotic signal is observed in noisy environment, 
the reconstructed attractor is not definite to predict the signal. 

 

Figure 1: Local approximation for reconstruction attractor. 

3. TRAJECTORY PARALLEL MEASURE FOR 
WAVELET DE-NOISING 

It is known that the geometrical structure of attractor is pre-
served for neighbourhood space composed of neighbouring 
points in the short term range.  The variance of tangential 
directions of attractor can be used as a measure whether the 
signal is chaotic or not [12].  The unit tangent vector )(iu  
for )(imw  and the unit tangent vectors )'( hiu  for )'( himw  
are computed as tangent line for the circular arc of hyper 
elliptic.  Using the tangent vectors, the trajectory parallel 
measure is calculated by 

∑
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Then, the k numbers of arbitrary points are selected to calcu-
late the trajectory parallel measures.  The following average 
is computed to obtain the statistical measure for the entire 
attractor. 
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When the measure P is nearly equal to zero, the signal is 
estimated as chaotic.  While it nearly equals to 0.5, the signal 
has stochastic property.  The signal is far from chaotic [12]. 

Next, an observed chaotic signal )(ty  is assumed to be 
represented by )()()( tntfty +=  where )(tf  represents a 
chaotic signal and )(tn  represents an additive white Gaus-
sian background noise.  The wavelet coefficients of the ob-
served signal is represented by ikikik edw ,,, +=  where ikd ,  

nhi h ,,2,1),'( L=mw )'( pi h +mw

)(imw

)( pi +mw
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and ike ,  represent wavelet coefficients of )(tf  and )(tn , 
respectively. 

The de-noising process for the wavelet coefficients is rep-
resented by 

( )( )k
ikikik thwww −= ,,, sgnˆ                      (10) 

 where 
10, ≤<= αα ik

k wth .                         (11) 

In this paper, the parameter α  is determined based on the 
trajectory parallel measure shown in Eq. (9).  It is noted that 
the traditional selection of the threshold is base on the vari-
ance of the additive noise. 

4. SIMULATIONS 

In this section, computer simulation results are shown to 
verify the effectiveness of the proposed prediction method. 

4.1 Observed chaotic signals 
In the computer simulations, the x component of the follow-
ing Rossler differential equation is used as original chaotic 
signals. 

( )cxzb
dt
dzayx

dt
dyzy

dt
dx

−+=+=−−= ,,  

where 2.0=a , 4.0=b  and 7.5=c  are selected.  The Fou-
rier spectrum for the original chaotic signal with the additive 
white Gaussian noise is shown in Fig. 2.  The chaotic signal 
is buried by the white Gaussian noise. 
  To predict the noisy chaotic signals in various SNR condi-
tions, Daubesechies’ wavelet with level 3 is used for the 
observed signal of length 132 .  The parameters for calculat-
ing attractors and the trajectory parallel measure are selected 
by 3=m , 1=τ , 5=n  and 13201.0 ×=k .  The parameter for 
local approximation is selected by 20=n . 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2: Fourier spectrum for noisy observed chaotic signal 

of x-component of Rossler equation (SNR=10 dB). 
 

4.2 Prediction results 
The noisy chaotic signal of 16 step ahead is predicted.  Fig-
ure 3 shows the relationship between SNR and trajectory 
parallel measure values.  The blue line with triangles and the 
red line with circles represent the trajectory parallel measure 
values in noisy and de-noised environment, respectively.  

The green line with squares represents the value by the con-
ventional spectrum subtraction.  As the observed additive 
noise is appropriately removed by the wavelet based de-
noising using the trajectory parallel measure compared with 
the traditional method.  It is noted that the value of P be-
comes under 0.03 where the signal is judged chaotic. 
  Further, Fig. 4 shows the corresponding relationship be-
tween SNR and the prediction error (normalized square er-
ror).  The blue line, the green line and the red line represent 
the errors for without de-noising, with the traditional method 
and with the proposed de-noising, respectively.  The conven-
tional method shows large error and the prediction is failed, 
while the proposed method is effective even in the SNR is 
small. 
  Furthermore, Fig. 5 shows attractors of chaotic signals.  
Figure 5 (a) shows the original reconstructed attractor in 
noiseless environment.  Figure 5 (b) shows the reconstructed 
attractor in noisy environment.  The trajectory becomes ran-
dom by the noise influence.  Figure 5 (c) shows the recon-
structed attractor with de-noising.  The attractor is effec-
tively restored by the proposed de-noising process.  Figure 5 
(d) shows the predicted 250 points of attractor (× ) and the 
reconstructed actual attractor (o ).  It is confirmed that the 
prediction is successfully performed with smaller errors.  It 
is noted that the precise prediction is also effectively simu-
lated when the prediction step is under 16. 
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Figure 3: The relationship between SNR and 

trajectory parallel measure values. 
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(a) Reconstructed attractor without noise. 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Reconstructed attractor in noisy environment. 
 
 
 
 
 
 
 
 
 
 
 
 
 

(c) Reconstructed attractor with de-noising. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(d) Predicted 250 points of attractor (× ) and the recon-
structed actual attractor (o ). 

Figure 5: Attractors of chaotic signals. 
 

5. CONCLUSIONS 

In this paper, a wavelet based noisy chaotic signal prediction 
method using the trajectory parallel measure was investi-
gated.  The traditional de-noising criterion based on the 
noise variance is not sufficient for noisy chaotic signal pre-
diction. A large prediction error occurred in applying to ac-
tual observed signals.  In order to reduce the influence of 
observed noise (additive white Gaussian noise) or quantiza-
tion noise, a wavelet based prediction with de-noising for 
attractor using the trajectory parallel measure was proposed.  
Simulation results were given to demonstrate the effective-
ness of the proposed method.  It was shown that noisy cha-
otic signals were effectively predicted with smaller predic-
tion error compared with the traditional so-called spectrum 
subtraction method. 
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