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ABSTRACT

This paper presents a novel object tracking method which
uses lifting wavelet filters. Our method is based on succe-
sive learning of free parameters in a lifting filter. To realize
fast learning, the free parameters are determined by solving
some minimization problems using Lagrange method. The
filter learned for the object in the previous frame is used as
an initial filter of a new lifting filter to be learned for the ob-
ject in the present frame. In simulation, human right eye in
a sequance of images is tracked accurately by our method.

1. INTRODUCTION

Fast and accurate object tracking is needed in many appli-
cations such as human-computer interface to assist the peo-
ple who have visual problems, security system using the
facial parts for identification, and sports video analysis to
extract highlights. Object tracking requires the extraction
of objects from images. We know some object extracting
techniques such as template matching, principal component
analysis and so on [2]. Takano and Niijima [7, 8] proposed
a detection algorithm based on integer-type Haar wavelet
filters. One of object tracking methods is based on the use
of Kalman filter and optimization under an affine motion
constraint [1]. It can track the object which has deformable
structures. We also have a method of using line segment
matches and Levenberg Marquardt non-linear minimization
technique [4]. Recently, Takano and Niijima proposed a
method that measures the angle between a vector of lifting
dyadic wavelet filters and that of facial parts, to extract the
face [9].

In this paper, we propose an object tracking method
based on succesive learning of lifting wavelet filters, which
improves the results of our recent paper [3]. The filter
learned for the object in the previous frame is used as an
initial filter of a new lifting filter to be designed for the ob-
ject in the present frame. This causes the length of each of
the designed filters to increase frame by frame. To prevent
this situation, we determine free parameters in a lifting fil-
ter so that the lifting filter around the end points as well as
the squared sum of the free parameters are minimized under
some constraints.

The contents of this paper are as follows: In Section
2, lifting wavelet filters are described. Section 3 concerns a

method for learning free parameters in a lifting filter. We de-
scribe how to apply the method to object tracking in Section
4. A simulation result is shown in Section 5 and, conclusion
and future works are in Section 6.

2. LIFTING WAVELET FILTERS

Let h̃old
k,l and g̃old

m,l be low-pass and high-pass analysis filters,

respectively, and let hold
k,l and gold

m,l represent low-pass and
high-pass synthesis filters, respectively. We assume that the
filters hold

k,l , h̃old
k,l ,gold

m,l and g̃old
m,l satisfy the following condition

∑
l

hold
k,l h̃old

k′,l = δk,k′ , ∑
l

gold
m,l h̃

old
k,l = 0,

∑
l

hold
k,l g̃old

m,l = 0, ∑
l

gold
m,l g̃

old
m′l = δm,m′ ,

(1)

where δk,k′ denotes Kronecker’s delta symbol. Then, these
filters are called biorthogonal wavelet filters.

Let C1
i, j denote an image. Applying the analysis filters

h̃old
k,l and g̃old

m,l both in horizontal and vertical directions to the

image C1
i, j, we obtain

Ĉ0
k,k′ = ∑

i, j
h̃old

k,i h̃old
k′, jC

1
i, j, (2)

D̂0
k,m = ∑

i, j
h̃old

k,i g̃old
m, jC

1
i, j, (3)

Ê0
m,k = ∑

i, j
g̃old

m,i h̃
old
k, j C1

i, j, (4)

F̂0
m,m′ = ∑

i, j
g̃old

m,i g̃
old
m′, jC

1
i, j. (5)

Here Ĉ0
k,k′ is called the low-pass components, and D̂0

k,m, Ê0
m,k

and F̂0
m,m′ are the high-pass components in horizontal, ver-

tical, and diagonal directions, respectively. The equations
(2) through (5) are called the wavelet decomposition for-
mulae for image. Conversely, C1

i, j can be reconstructed from
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Ĉ0
k,k′ , D̂

0
k,m, Ê0

m,k and F̂0
m,m′ as

C1
i, j = ∑

k,k′
hold

k,i hold
k′, jĈ

0
k,k′ +∑

k,m

hold
k,i gold

m, jD̂
0
k,m

+∑
m,k

gold
m,i h

old
k, j Ê0

m,k + ∑
m,m′

gold
m,i g

old
m′, jF̂

0
m,m′ .

(6)

The equation (6) is called the wavelet reconstruction for-
mula.

Sweldens [6] proved that the following filters

hk,l = hold
k,l +∑

m
s̃k,mgold

m,l ,

h̃k,l = h̃old
k,l ,

gm,l = gold
m,l ,

g̃m,l = g̃old
m,l −∑

k

s̃k,mh̃old
k,l

(7)

are also biorthogonal wavelet filters, where s̃k,m denote free
parameters. These filters are called lifting wavelet filters.

3. SUCCESIVE LEARNING OF FREE
PARAMETERS

In this section, we explain our succesive learning method of
free parameters in a lifting filter. Let C1

i, j be an n-th frame to
be used for training. We define two kinds of lifting wavelet
filters iteratively by

g̃r,d
m, j = g̃r−1,d

m, j −
m+p

∑
k′=m−p

s̃r,d
k′,mh̃old

k′, j, 1≤ r ≤ n, (8)

g̃r,e
k,i = g̃r−1,e

k,i −
k+p

∑
k′=k−p

s̃r,d
k′,kh̃old

k′,i , 1≤ r ≤ n, (9)

where g̃0,d
m, j = g̃old

m, j and g̃0,e
k,i = g̃old

k,i . Assume that free pa-

rameters s̃r,d
k′,m and s̃r,e

k′k for 1 ≤ r ≤ n− 1 have already been
learned.

Substituting for g̃r,d
m, j with r = n from (8) into

D0,n
k,m = ∑

i, j
h̃old

k,i g̃n,d
m, jC

1
i, j, (10)

we get

D0,n
k,m = D0,n−1

k,m −
m+p

∑
k′=m−p

s̃n,d
k′,mĈ0

k,k′ . (11)

Here Ĉ0
k,k′ is given by (2) and D0,n−1

k,m is already known by
the above assumption. Next, the substitution for g̃r,e

k,i with
r = n from (9) into

E0,n
k,m = ∑

i, j
g̃n,e

k,i h̃old
m, jC

1
i, j (12)

yields

E0,n
k,m = E0,n−1

k,m −
k+p

∑
k′=k−p

s̃n,e
k′,kĈ

0
k′,m. (13)

We note that E0,n−1
k,m is also known by the above assumption.

To determine the free parameters s̃r,d
k′,m and s̃r,e

k′k, we im-
pose on them the following condition

D0,n
k+ν,m+µ = E0,n

k+ν ,m+µ , −q≤ ν ,µ ≤ q (14)

as in our paper [3], where (k,m) denotes the position in the
n-th frame, which was found using the filter learned in (n−
1)-th frame. The condition (14) can be written as

D0,n
k+ν ,m+µ −E0,n

k+ν ,m+µ

= D0,n−1
k+ν ,m+µ −

m+µ+p

∑
k′=m+µ−p

s̃n,d
k′,m+µĈ0

k+ν ,k′

− (E0,n−1
k+ν ,m+µ −

k+ν+p

∑
k′=k+ν−p

s̃n,e
k′,k+νĈ0

k′,m+µ)

= 0, −q≤ ν ,µ ≤ q.

(15)

We restrict the free parameters as

s̃n,d
m+µ+τ ,m+µ = s̃n,d

m+τ ,m, −p≤ τ ≤ p,

s̃n,e
k+ν+τ ,k+ν = s̃n,e

k+τ,k, −p≤ τ ≤ p.

The length of each of the filters g̃n,d
m, j and g̃n,e

k,i defined in (8)
and (9), respectively, becomes longer as r increases. To pre-
vent it, we minimize the filters g̃n,d

m, j and g̃n,e
k,i around the end

points j and i together with free parameters s̃n,d
k′,m and s̃n,e

k′,k,
under the constraint (14). This minimization problem can
be solved by seeking a stationary point of the functional

J =
p

∑
τ=−p

(s̃n,d
m+τ ,m)2 +

p

∑
τ=−p

(s̃n,e
k+τ,k)

2 + ∑
j∈B

(g̃n,d
m, j)

2

+ ∑
i∈B

(g̃n,e
k,i )

2 +
q

∑
ν=−q

q

∑
µ=−q

λν ,µ(D0,n
k+ν ,m+µ −E0,n

k+ν ,m+µ).

Here B indicates a set of end points j or i of the filters g̃n,d
m, j

or g̃n,e
k,i , and λν,µ mean Lagrange multipliers. Differentiating

J with respect to s̃n,d
m+τ ,m and s̃n,e

k+τ ,k yields

∂J

∂ s̃n,d
m+τ ,m

= 2s̃n,d
m+τ ,m−2h̃old

m+τ ,m ∑
j∈B

g̃n,d
m, j

−
q

∑
ν=−q

q

∑
µ=−q

λν ,µĈ0
k+ν ,m+µ+τ = 0,

(16)

∂J
∂ s̃n,e

k+τ ,k
= 2s̃n,e

k+τ ,k−2h̃old
k+τ,k ∑

i∈B
ḡn,e

k,i

+
q

∑
ν=−q

q

∑
µ=−q

λν ,µĈ0
k+ν+τ ,m+µ = 0.

(17)

A differentiation of J with respect to λν,µ gives

∂J
∂λν ,µ

= D0,n
k+ν ,m+µ −E0,n

k+ν ,m+µ = 0. (18)
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The (16), (17) and (18) are a linear system of simultaneous
equations, and can be easily solved by using Gauss elimina-
tion method. We can summarize our learning algorithm as
follows:

1. Let C1
i, j be the n-th frame containing the object to be

tracked.
2. If n = 1, then give a central point (k,m) of the object.

Otherwise, let (k,m) be a position in the n-th frame,
which was found using the filter learned in (n− 1)-th
frame.

3. Compute the low-pass components Ĉ0
k,k′ .

4. Solve (16), (17) and (18) by Gauss elimination method
to obtain s̃n,d

m+τ,m and s̃n,e
k+τ,k for −p≤ τ ≤ p.

4. OBJECT TRACKING

This section presents a technique for tracking objects using
the learning algorithm described in Section 3. We track the
object in the n-th frame, using the free parameters s̃n,d

m+τ,m

and s̃n,e
k+τ ,k learned by the algorithm. If the squared sum of

free parameters s̃n,d
m+τ,m and s̃n,e

k+τ ,k exceeds a certain thresh-
old, there is a possibility to fail to track the object, because
the shape of the object changes. Therefore, we prepare a
database of filters learned for some different shapes of the
object. If the free parameters s̃n,d

m+τ ,m and s̃n,e
k+τ ,k do not ex-

ceed a certain threshold, we extract the object in the (n+1)-
th frame by using g̃n,d

m, j and g̃n,e
k,i which are constructed from

the free parameters. Otherwise, we switch the initial filters
g̃n−1,d

m, j and g̃n−1,e
k,i to g̃old

m, j and g̃old
k,i , respectively, and replace

the parameters s̃n,d
m+τ ,m and s̃n,e

k+τ ,k by the parameters in the
database. We continue to track the object. Our tracking al-
gorithm consists of the following steps:

1. Put n = 1.
2. Compute free parameters s̃n,d

m+τ ,m and s̃n,e
k+τ ,k by applying

the learning algorithm, if the n-th frame is not the last
frame. Otherwise, stop.

3. If the squared sum of s̃n,d
m+τ,m and s̃n,e

k+τ ,k exceeds a certain
threshold, go to 4. Otherwise, we replace n by n + 1,
find a position that minimizes D0,n

k+ν ,m+µ −E0,n
k+ν ,m+µ in

the (n + 1)-th frame by using g̃n,d
m, j and g̃n,e

k,i which were
constructed from the free parameters and go to 7.

4. Replace the initial filters g̃n−1,d
m, j and g̃n−1,e

k,i by g̃old
m, j and

g̃old
k,i , respectively, and construct new filters g̃n,d

m, j and g̃n,e
k,i

from them together with all the free parameters in the
database.

5. Compute D0,n
k+ν ,m+µ −E0,n

k+ν ,m+µ in the (n + 1)-th frame
using each pair of the new filters and choose a pair of
the filters which minimizes D0,n

k+ν ,m+µ −E0,n
k+ν ,m+µ in the

frame.
6. Using the pair of filters chosen in step 5, find a position

which minimizes D0,n
k+ν,m+µ −E0,n

k+ν ,m+µ in the frame.

7. Design new initial filters g̃n+1,d
m, j and g̃n+1,e

k,i using g̃n,d
m, j

and g̃n,e
k,i and go to 2.

5. SIMULATION

To evaluate our tracking algorithm, we applied it to a se-
quance of images containing a human face for tracking right
eye. Some images among them are shown in Fig. 1. Each
frame has 8-bits 256×256 size.

frame 1 frame 2 frame 3

frame 4 frame 5 frame 6

frame 7 frame 8 frame 9

Fig. 1. A sequence of facial images

Convolution-type wavelet filter proposed in [5] was
used as an initial filter to decompose the images. We se-
lected p = 6 in (8) and q = 2 in (14). Therefore, the number
of free parameters in (8) is 26 and that of the condition (14)
is 25. Fig. 2 shows the training images used for learning

(a) (b) (c)

Fig. 2. Training images

in advance. The images (a), (b) and (c) are not included
in Fig. 1. We assume that the position of right eye in the
frame 1 of Fig. 1 is known in advance. The simulation re-
sults obtained using our method are shown in Fig. 3. The
learned parameters for (a), (b) and (c) in Fig. 2 were used
to find right eye in the frame 4, 5 and 7. The right eye has
been tracked accurately in our method. For comparison, we
also carried out the experiment using the method proposed
in [3]. The experimental results are shown in Fig. 4. We see
from Fig. 4 that the method in [3] failed to track the right
eye. Average computational time for each frame is listed
in Table 1. The total time for tracking the right eye was
1.59 sec using a computer with Intel Pentium III, 700MHz
processor.
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frame 1 frame 2 frame 3

frame 4 frame 5 frame 6

frame 7 frame 8 frame 9

Fig. 3. Experimental results by our method

frame 1 frame 2 frame 3

frame 4 frame 5 frame 6

frame 7 frame 8 frame 9

Fig. 4. Experimental results in the paper [3]

Table 1. Avarage computational time for each frame

time
Wavelet decomposition 0.099sec

Learning algorithm 0.03sec
Extraction algorithm 0.03sec

Total 0.159sec

6. CONCLUSION

We proposed a method for tracking objects using succesive
learning of lifting wavelet filters. To realize accurate track-
ing, we employed the learned filter in the previous frame
as an initial filter for determining free parameters in the
present frame. Since the shape of the object changes frame
by frame, it is difficult to track the object only by succe-
sive learning of lifting filters. To resolve this problem, we
tracked the object by using the filters learned in advance for
several shapes of the object. In future work, we will develop
a robust system to be able to track the object when it moves
frame to frame considerably fast.
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