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ABSTRACT

In this paper we propose a pipelined structure for systolic
array-based matrix inversion. The main focus is to optimise
the systolic structure for rapid prototyping of Kalman filters
in FPGA devices. The design is implemented in VHDL lan-
guage enabling potential users to effectively customise the
structure for different size Kalman filters suitable for differ-
ent applications. The proposed solution consists of pipeline
registers, an innovative logic control unit, and a segmented
Look Up Table based division scheme. The new architec-
ture has an advantage of O(2n) resource consumption, com-
pared to the O(n?) in other systolic array structures. The re-
sulting precision error is within an acceptable range.

1. INTRODUCTION

Over the past forty years, Kalman filters have been widely
used in many applications such as target tracking, navigation
systems, adaptive control and many other dynamic systems.
Kalman filter algorithm is based on minimising the mean-
square error recursively. Therefore, it can work well in esti-
mating the unknown states of a noisy dynamic process [1].

The algorithm of an adaptive Kalman filter involves several
iterative matrix manipulations such as matrix inversion,
multiplication, addition and subtraction. Real-time imple-
mentation of Kalman filters is hence limited by the
computationally extensive nature of the algorithm. Many
attempts have been made to employ various systolic
architectures for VLSI implementation of Kalman filters [2],
[3]. These methods along with a dozen others presented in
the literature are merely for permanent structures and are
only suitable for VLSI implementation. Rapid prototyping
of a Kalman filter-based system requires the implementation
to be parameterisable. Systolic-based architectures should
be modified to meet hardware requirements of the Field
Programmable Gate Array (FPGA) technology [4]. This
paper investigates the design and hardware implementation
of a generic Kalman filter in VHDL language where user is
able to set the parameters to change the state number of the
filter. Result accuracy, time performance, resource utili-
sation and the flexibility of customisation are the main
concerns in the research.

2. KALMAN FILTER

Kalman filter is in the family of recursive least-squares
(RLS) filters, which means the solution has to be computed
step by step recursively [5]. With its distinctive feature of
state-space concept, Kalman filter is a powerful linear esti-
mator for dynamic systems [6]. The main feature is that only
the previous state estimate and the new input data are re-
quired to generate the new state estimate in each computa-
tion cycle, which results in a low memory requirement [7].
Kalman filter algorithm has two basic operations; prediction
and filtering, both executing in a single cycle recursively.
Prediction is to predict the new states and uncertainty while
filtering is to correct the prediction with the new measure-
ments.

The Kalman filter equations are a set of matrix operations,
including matrix addition, matrix subtraction, matrix multi-
plication and matrix inversion. Among these matrix opera-
tions, matrix inversion is computationally expensive and
thus being the bottleneck in processing time of the algorithm
[2]. Thus, this paper concentrates on FPGA implementation
of matrix inversion, which is in fact the “heart” of Kalman
filter.

3. IMPLEMENTATION OF MATRIX INVERSION

Plain matrix inversion is needed in numerous signal process-
ing applications. Consequently, it is no surprise to find ex-
tensive literature on various methods for efficient implemen-
tation of matrix inversion [8].

3.1 Schur Complement in Systolic Array

According to Fadeev algorithm, Schur complement of
D+CA™B can be utilised to calculate the matrix operations
involved in the Kalman filter equations [9]. Simply setting
matrix D as zero and both matrix C and B as identity matrix
can calculate the inverse of matrix A. Schur complement can
be implemented in a systolic array structure, which is built up
by two types of processing element (PE), boundary cell and
internal cell [9]. The systolic array structure for a 2x2 matrix
is shown in Figure 1, where the operations of PEs are de-
scribed in Table 1.
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Figure 1: The systolic array structure for a 2x2 matrix.
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Table 1: Operations of PEs.

3.2 Modified Systolic Array Structure

A modified systolic array, named as pipelined systolic array
(PSA) is proposed in this paper and depicted in Figure 2. The
PSA combines the multiple PE layers of the original systolic
array into a single PE layer with a set of feedback registers in
a pipeline structure.

Agpat - Ay B B (2n-2),,,, ... (2n-2),

(2n-1); ... (2n-1),

Boundary cell ——> Forward path
Internal cell _._, [Feedback
path
Pipleline Data
registers e sequence

Figure 2: PSA design in 3-D visualisation form.

Data, originally passed to the PEs in the next layer, now enter
the pipeline registers and later is fed back to the same PEs
layer in PSA. An extra module of control signal logic circuit
is required in order to produce control signals for data input
selection, cell memory clearance and operation mode control.
The main transform from the original systolic array structure,
as adopted by many authors in the literature, to the proposed
PSA is highlighted in Figure 3.
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Figure 3: Modification process for PSA structure.
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The resource consumption is reduced from O(n’) to O(2n)
where n is the size of nxn matrix [2]. The efficiency of PSA
can be further increased to 100% after the feedback data re-
enter the PEs. This is because all the PEs in the PSA are util-
ised at the same time. However, the number of clock cycles
required to complete an nxn matrix inversion is in order of
O(n%). The PSA allows the usage of Look-Up-Table (LUT) to
replace a fix-point divider to enable a faster clock rate. The
comparison between the direct implementation of divider and
use of a LUT will be examined in the next section.
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4. DIVISION IN HARDWARE

For the arithmetic calculations involved in the each PE, sca-
lar division in digital hardware design is the most resource
consuming and time consuming process. An LUT is a good
option to approximate the division result, but precision error
and memory usage problem can limit this approach. There-
fore, it is worth investigating the advantages and disadvan-
tages of using LUT for scalar division calculation.

4.1 Direct Division

Many FPGA design tools such as Altera Quartus II 3.0, pro-
vide built-in modules for arithmetic operations. These mod-
ules are usually optimised for the target architecture. For the
purpose of matrix inversion, to carry out the scalar division
in the boundary cell,

c=al/b

where 0 <=|a|<|b|<=1and a, b and ¢ are 16 bit number,
firstly, a has to be zero-padded to 32 bit long and then passed
to a 32-bit divider. This arrangement occupies 1123 Logic
Elements (LE) and executes at the maximum clock rate of
6.18 MHz in an Altera APEX device. The 16-bit finite word
length induces a negligible precision error of only 0.0015%.

4.2 Division using a Look-Up-Table

Most FPGA devices provide efficient and optimised built-in
multipliers. Noting that numerical result of a divided by b is
the same as a multiplying by 1 / b, the built-in multiplier can
be used to calculate the division if an LUT of all possible
values of 1 / b was available in advance. FPGA devices pro-
vide only a limited memory, which limits the size of the LUT
for this purpose. Due to the fact that the value of 1/ b falls
into a decreasing quadratic curve, while b tends to one, the
value difference between two consecutive numbers of 1 / b
decreases dramatically. To reduce the size of the LUT, the
inverse value curve can be segmented into several sections
with different mapping ratios. This can be achieved by stor-
ing one inverse value, the median of the group, in the LUT to
represent the results of 1/b for a group of consecutive values
of b. This process is better illustrated in Figure 4.
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Figure 4: Segmentation for LUT.

By mapping the inverse values for positive numbers only, the
size of LUT can be further minimised by 50%. The sign of
the division result can be worked out later with a simple
XOR gate logic.

4.3 Optimum Segmentation Approach

Since b is a 16-bit number in 1.15 format, there are totally
(2" — 1) = 32767 different values of 1/ b. Table 2 presents
the mapping ratios for five different segmentation methods,
namely Seg-1 to Seg-5.

Name Segmentation I Mapping Ratio ‘
Seg-1 no segmentation 1:8
1- 1023 1:1
1024 — 2047 1:2
Seg-2 2048 — 4095 1:4
4096 — 8191 1:8
8192 — 32767 1:16
1- 511 1:1
512— 1023 1:2
1024 — 2047 1:4
Seg-3 2048 — 4095 1:8
4096 — 8191 1:16
8192 - 16383 1:32
16384 — 32767 1:64
1- 511 1:1
512- 1023 1:2
1024 — 2047 1:4
Seg-4 2048 — 4095 1:8
4096 — 8191 1:16
8192 - 16383 1:32
16384 — 24575 1:64
24576 —32767 1: 128
1- 511 1:1
512- 1023 1:2
1024 — 2047 1:4
2048 — 4095 1:8
Seg-5 4096 — 8191 1:16
8192 — 9362 map to constant value 1/4
9363 — 13107 map to constant value 1/3
13108 — 21845 map to constant value 1/2
21846 — 32767 map to constant value 1

Table 2: Various Segmentation schemes.

Since the value of 1/ b retrieved from the LUT is then multi-
plied by a, any precision error will be magnified. Therefore,
it is important to consider the worst-case error. Table 3 pre-
sents a comparison of the various mapping schemes in Table
2.

Seg-1 | Seg-2 | Seg-3 Seg-4 Seg-5

Average | o 130, | 0.78% | 0.07% | 0.08% | 11.87%
€1ror

Worst case 300% 3.03% 0.21% 0.26% 49.99%
€rror

Re(st‘)’i‘tl)rce 53248 | 81920 | 53248 | 61504 | 47740

Table 3: Precision error and resource comparison

Figures in Table 3 suggest Seg-3 would be the natural choice
for composition of the LUT. The LUT holds 4096 inverse
values with a 26-bit word length in 16.10 data format. Figure
5 shows the error analysis over the whole date range.
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Figure 5: Error analysis of Seg-3.

5. PERFORMANCE ANALYSIS

By applying LUT to the PSA structure, a generic hardware
design is established for matrix inversion in different sizes.
The result of matrix operations, including addition, subtrac-
tion, multiplication and inversion, is calculated in 1.15 num-
ber format. For an nxn matrix, there is a total of 2n PEs in
the PSA, with 1 boundary cell and 2n — 1 internal cells, and
2(n — 1) layers of feedback registers. The processing time
requires 2(n° — 1) clock cycles. This implementation can run
with a maximum clock frequency of 16.5 MHz for n<10.

Benchmark is carried out to compare the PSA performance
with other matrix inversion systems. For an nxn matrix, the
PSA requires 2n PEs while in [2], {nx (3n + 1) / 2} PEs are
used. PSA allows the clock speed running at 16MHz, com-
paring to the maximum clock frequency of 2MHz in VHDL
design presented in [4] and 10MHz in Geometric Arithmetic
Parallel Processor (GAPP) in [11]. When it comes to re-
source consumption, the PSA approach is still superior com-
pared to those presented in the literature. When working with
a 4x4 matrix, it takes 4784 LE to implement the PSA in Al-
tera APEX device while 8610 LE is required to implement
the hardware design as reported in [4].

6. KALMAN FILTER IMPLEMENTATION

Since the PSA is able to calculate the Schur complement
D+CA™'B, the Kalman filter equations can be computed with
the existing PSA by appropriately substituting A, B, C and
D. However, registers are needed to store the intermediate
result of D + CA™'B generated in each cycle, because Kal-
man filter equations require several cycles to be implemented
using the Schur complement. Since an intermediate result
register will not consume significant resource (16 LE,
<0.2%), a generic Kalman filter when implemented using the
proposed PSA structure can easily fit in a typical FPGA de-
vice. Figure 6 shows an estimate of resource consumption
(LE) and maximum clock speed (MHz) for Kalman filter
with different numbers of state (n).
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Figure 6: Resource estimate for PSA-based Kalman filters.

7. CONCLUSION

A customisable structure for an n-state Kalman filter has
been designed in VHDL and partly implemented in an Altera
APEX device with smaller logic resource space. By apply-
ing Fadeev’s algorithm, matrix manipulations can be per-
formed via the Schur complement. This paper presented a
generic Pipeline Systolic Array structure with an advantage
of O(2n) resource consumption, compared to the O(n®) in
fixed-size systolic array structures reported in the literature.
The resulting precision error is within an acceptable range.
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