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ABSTRACT

In this work, we focus upon the estimation of the channel
parameters of a multiple input and multiple output (MIMO)
model, allowing for more than one path between the trans-
mit and the receive antennas, with each path possibly having
different frequency offsets (FOs). Such a scenario may arise
due to Doppler shifts associated with various multipaths. In
particular, we derive an approximate maximum likelihood
estimator (AML) for the channel parameters by exploiting
the correlation property of the pilot signal. The resulting
AML is realised as the sum of nT L one-dimensional maxi-
mizations, where nT is the number of transmit antennas and
L is the total number of paths, and is validated by compari-
son with the Cramér-Rao lower bound (CRLB), which is also
derived. Furthermore, a minimum mean square error recur-
sive (MMSER) equalizer is proposed which exploits the esti-
mated parameters, the performance of which is shown to be
much improved on an equalizer not accounting for FOs.

1. INTRODUCTION

A multipath wireless environment makes it difficult for the
receiver to determine the transmitted signal, unless the re-
ceiver is provided with some form of diversity. Recent re-
search in communication theory has shown that large gains
in diversity, capacity and reliability of communications over
wireless channels could be achieved by exploiting spatial di-
versity. Spatial diversity uses multiple antennas at both trans-
mit and receive sides and will play a key role in future high
rate wireless communication [1]. However, the performance
of such MIMO systems may seriously degrade in the pres-
ence of FOs due to bad synchronization between the trans-
mitter and the receiver as well as motion-induced Doppler
shift, due to the relative motion between the mobile station
and the local scatterers. Therefore, it is of importance to
determine these FOs and to take them into account in the
equalizer design. The MIMO flat fading channel with vari-
ous FOs was addressed in [2]. In this paper, we extend this
work for frequency selective channels with different FOs be-
tween each transmit and receive antenna and address a gen-
eral framework. Such a scenario may arise due to the motion
of a transmitter or a receiver with high speed, thereby result-
ing in distinct Doppler shifts for paths with different angles
of arrival. Another important contribution of this paper is
the design of a recursive equalizer to account for symbol-by-
symbol variations of the channel due to multiple FOs.

2. PROBLEM STATEMENT

Consider a baseband MIMO communication system with
nT transmit and nR receive antennas, where the signal be-
tween any two transmit and receive antennas has propagated
through a total of L different paths, with each path possibly
having different FOs. The received baseband signal at an-
tenna k over one frame, can then be written as

rk(n) =
nT

∑
l=1

L−1

∑
p=0

hkl(p)e jωkl pnxl(n− p)+ εk(n) (1)

for n = 0, . . . ,N−1, k = 1, . . . ,nR, where hkl(p) and ωkl p are
the channel gains (CGs) and the FOs, respectively, between
the receive antenna k and the transmit antenna l, for the mul-
tipath p; these are assumed to be quasi-stationary, i.e., they
do not change significantly over the observed data frame, but
may change between frames. Here, xl(n) is the training sig-
nal transmitted from the lth transmitter and εk(n) is assumed
an additive zero mean circular Gaussian noise with variance
σ2

ε and n is the discrete time index. Let Xl p = diag{ xl,p },
and

xl,p = [ xl(n− p) · · · xl(n− p−N +1) ]T

ekl(p) =
[

e jωkl pn · · · e jωkl p(n−N+1)
]T

hkl = [ hkl(0) · · · hkl(L−1) ]T

where (·)T denotes vector transpose. Here, ekl(p) contains
the FOs between the receive antenna k and the transmit an-
tenna l, for the multipath p, hkl is the vector of CGs between
the receive antenna k and the transmit antenna l, and Xl p
denotes the N ×N diagonal matrix formed from the signal
transmitted from the lth antenna at lag p. Further, suppose
that

Vkl =
[

Xl0ekl(0) · · · Xl(L−1)ekl(L−1)
]

hk =
[

hT
k1 hT

k2 · · · hT
knT

]T

Vk = [ Vk1 Vk2 · · · VknT ]

Thus, (1) can be written in block form as

rk = [ rk(n) · · · rk(n−N +1) ]T

= Vkhk + εk (2)
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Here, we are interested in estimating all the various CGs,
hkl(p), and the FOs, ωkl p. Let

ωkl =
[

ωkl0 ωkl1 · · · ωkl(L−1)
]T

(3)

ωk =
[

ωT
k1 ωT

k2 · · · ωT
knT

]T
(4)

Then, the unknown parameter vector, θ k, to be estimated can
be written as θ k =

[
hT

k ωT
k

]
.

3. ESTIMATION OF CHANNEL GAINS AND
FREQUENCY OFFSETS

To estimate the CGs and the FOs, we outline an AML, fully
exploiting the structure of the transmitted pilot sequence.
Since the noise, εk(n), at the receive antenna is spatially un-
correlated, the parameters corresponding to each antenna k
can be estimated independently from the signal received at
each antenna. Considering (2), the log-likelihood function of
rk can be written as (ignoring the constant terms)

ln p(rk| θk) =
1

σ2
ε

(rk−Vkhk)
H (rk−Vkhk) (5)

where (·)H denotes the conjugate transpose. Minimizing (5)
with respect to hk yields

ĥk = (VH
k Vk)−1VH

k rk. (6)

Then, inserting ĥk into (5) yields the cost function

J(ωkl p) = rH
k rk−rH

k Vk(VH
k Vk)−1VH

k rk (7)

Note that minimizing (7) requires an nT L-dimensional mini-
mization. However, choosing xl(n) such that

E {x∗l (n−u)xd(n− v)}= δu−vδl−d (8)

where δk denotes the Kronecker delta and (·)∗ the complex
conjugate, this minimization can be decoupled into nT L one-
dimensional minimizations. Considering (8), we note that
VH

k Vk will be dominated by the large diagonal terms, with
almost negligible contribution from the off-diagonal terms.
Thus, VH

k Vk ≈ ∑N−1
n=0 |xl(n)|2 I = κI, where κ is constant

over the frame considered, enabling us to approximate the
minimum of (7) as the maximum of

J′(ωkl p) = rH
k VkVH

k rk

=
nT

∑
l=1

L−1

∑
p=0

∣∣∣∣∣
N−1

∑
n=0

r∗k(n)xl(n− p)e jωkl pn

∣∣∣∣∣
2

(9)

This is a joint multi dimensional optimization problem. Con-
sider estimation of FOs for an arbitrary path s from transmit
antenna q to a receive antenna k . We could write the contri-
bution of this path to (9) as

ψkqs(n) = r∗k(n)xq(n− s)e jωkqsn

= Qkq(s)+ c1(n)+ c2(n)

where

Qkq(s) = h∗kq(s)
∣∣xq(n− s)

∣∣2
(10)

c1(n) = ε∗k (n)xq(n− s)e jωkqsn

c2(n) =
nT

∑
l=1

L−1

∑
p=0

p 6=s| l=q

h∗kl(p)x∗l (n− p)xq(n− s)e j∆ωkl pn

where ∆ωkl p = ωkqs−ωkl p. As Exl(n−u)xq(n− s) = 0 for
u 6= v, or l 6= d, we could show that

|
N−1

∑
n=0

ψkqs(n)|2 ≈ N2|hkq(s)|2|xq(n− s)|2

+ N
nT

∑
l=1

L−1

∑
p=0

p 6=s| l=q

|hkl(p)|2|xkl(n− p)|2

= N2ρs +Nρi ≈ N2ρs (For large N)

Therefore, provided that the ratio between the signal compo-
nent, (ρs), to the interfering components (ρi) is greater than
1/N, we could reduce the multidementional joint maximiza-
tion in (9) over all possible frequencies to the maximization
of the following for each individual frequency

ω̂kqr = argmax
ω

∣∣∣∣∣
N−1

∑
n=0

r∗k(n)xq(n− r)e jωn

∣∣∣∣∣
2

(11)

which can be efficiently evaluated using the fast Fourier
transform (FFT). Once the FOs are estimated, the CGs, hk ,
can be estimated using (6).

4. CRAMÉR-RAO LOWER BOUND

In this section, we derive the CRLB for the problem at hand.
Recalling (1), we write the received signal as

rk(n) = uk(n)+ εk(n), k = 1, ...,nR, n = 0, ...,N−1

and in vector form as

r = u+ ε (12)

together with the unknown desired parameters in

η 4
=

[
ηT

1 ηT
2 ... ηT

nR

]T
(13)

where

ηk
4
=

[
Re(hk)T Im(hk)T ωT

k

]T
(14)

and Re(·) and Im(·) denote the real and imaginary parts of
a complex argument, respectively. Since the noise sequence
εk(n) is spatially and temporally uncorrelated, the Fisher in-
formation matrix (FIM) F for the estimation of η can be
found using Bangs’ formula (see, e.g., [3])

F(k, l) =
2

σ2
ε

Re

(
∂uH

∂ηk

∂u
∂η l

T

)
(15)

where, k, l = 1,2, ...,nR., and F(k, l) denotes the (k, l)th sub-
matrix of F, corresponding to the vector parameters, ηk and
η l . From (15), it can be noted that F(k, l) = 0 whenever
k 6= l, hence, there is a decoupling between the estimation
error in parameters of two different antennas and hence, the
FIM is block diagonal. If we suppose Fk = F(k,k), the FIM
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has size 3nT L×3nT L for the estimation of ηk, then the ele-
ments of Fk can be found using

∂uk(n)
∂Re(hkl(p))

= e jωkl pnxl(n− p) (16a)

∂uk(n)
∂ Im(hkl(p))

= je jωkl pnxl(n− p) (16b)

∂uk(n)
∂ωkl p

= jnhkl(p)e jωkl pnxl(n− p) (16c)

Therefore, Fk, with each submatrix having dimension nT L×
nT L for the estimation of ηk, can be written as

Fk =
2

σε 2

[ Re(Uk) Im(Uk) Im(Tk)
−Im(Uk) Re(Uk) Re(Tk)
−Im(Tk)H Re(Tk)H Re(Sk)

]

where

Uk = WH
k Wk

Wk = [ pk1(0) ... pk1(L−1) ... pknT (L−1) ]
pkl(p) = Xl pekl(p)

Dn = diag(0,1, · · · ,N−1)
Dh = diag(hk1(0), ...hk1(L−1), ...,hknT (L−1))

Tk = WH
k DnWkDh

Sk = DH
h WH

k D2
nWkDh

Note that there is a coupling in the estimation error between
the channel parameters and the FOs. Recall that the CRLB is
obtained as the inverse of the FIM, i.e.,

CRB(ηk) = F−1
k (17)

Therefore, the CRLB associated with Re(hkl(p)), Im(hkl(p))
and, ωkl p, will be respectively the ((l−1)L+ p)th,
((l−1)L+ p+nT )th and ((l−1)L+ p+2nT )th diagonal
term, of the matrix in (17).

5. A RECURSIVE MMSE EQUALIZER DESIGN

We proceed to the design of a recursive MIMO equalizer.
Let the temporal length of the equalizer be M. We write the
equalizer input vector as

rM =
[

rT (n) · · · rT (n−M +1)
]T = Hcx+ ε

where Hc is the nRM× nT (M + L− 1) channel convolution
matrix, and

r(n) = [ r1(n) · · · rnT (n) ]T

x =
[

xT (n) . . . xT (n−M−L+2)
]T

x(n) = [ x1(n) . . . xnT (n) ]T

Using these definitions, the equalizer output can be written
as y(n) = wHHcx+wHε . The MMSE equalizer is

w =
(
HcHH

c +
σε

2

σ2
x

I
)−1

Hczv
4
= R−1Hczv (18)

where zv is the nT (M + L− 1)× 1 coordinate vector, only
containing a non-zero element at position v, i.e.,

zv = [ 0 · · · 0 1 0 · · · 0 ]T (19)

Due to FOs, the channel convolution matrix Hc changes after
every symbol. Therefore, it is necessary to update the equal-
izer at every symbol, which is typically computationally in-
feasible. We propose a computationally efficient recursive
scheme, exploiting the structural movement of the subma-
trices in R. To emphasize the fact that R changes at every
symbol time n, we use a subscript n in (18), as follows

wn = R−1
n Hc(n)zv (20)

The matrices Rn and Rn+1 can be written as follows

Rn =
[

Gn Cn

CH
n Bn

]

Rn+1 =
[

Dn En

EH
n Gn

]

where Gn ∈C nR(M−1)×nR(M−1), Bn ∈C nR×nR , Dn ∈C nR×nR ,
Cn ∈ C nR(M−1)×nR , and En ∈ C nR×nR(M−1). Note how the
Hermitian matrix Gn moves from the top left corner to bot-
tom right corner from time n to n + 1. Further, if we know
the inverse of Gn, we could find the inverses of Rn and Rn+1
using the matrix inversion lemma (see, e.g., [3]), yielding a
computationally efficient update of wn. As Gn will not ap-
pear in Rn+2, it can not be used to find the inverse of Rn+2.
Thus, the scheme so far only allows for a pairwise compu-
tational saving, still requiring inversion of Gn+1, to find the
inverse of Rn+2 efficiently. However, further exploiting the
structure one may compute the inverse of Gn+1 efficiently
from the inverse of Rn+1 using the following lemma.

Lemma 1 Let
[

Q11 Q12
Q21 Q22

]−1

=
[

H11 H12
H21 H22

]
(21)

Here, dim{Hkl} = dim{Qkl}. Then, provided the relevant
inverses exist, the inverse of matrix Q11 can be written as the
Schur complement of H22, i.e., (see, [4] for proof)

Q−1
11 = H11−H12H−1

22 H21 (22)

Therefore, by starting at time n, we find the inverse of sub-
matrix Gn. The inverse of Rn and Rn+1 is then found using
the matrix inversion lemma. Once we have the inverse of
Rn+1, the inverse of Gn+1 is found using (22). Further, the
inverse of Gn+1 can then be used to find the inverse of Rn+2
and so on. We call this a forward and backward recursion
method to find the inverse of the matrix Rn after every sym-
bol. Thus, we need the explicit inverse of the submatrix Gn
only once at the start, thereafter, we only need the inverse of
H22 after every symbol significantly reducing the complex-
ity of finding the inverse of Rn from O(n3

R M3) to O(n3
R).

If only one path exists between any two transmit and receive
antennas, then the matrix Hc(n)HH

c (n) will be block diag-
onal, enabling the inverse to be found by taking the inverse
of individual blocks in Hc(n)HH

c (n). Moreover, for single
transmit and receive antenna schemes with distinct FOs for
each path, H22 is only a scalar. Hence, for this case we do
not require any explicit matrix inversion, whereas without the
presented recursive method it would mean the inversion of an
M×M matrix at every symbol[4].
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6. SIMULATION

To illustrate the performance of the proposed estimator, a
case using two transmit and two receive antennas is sim-
ulated. Here, it is considered that there are two paths be-
tween each transmit and receive antenna, allowing eight dif-
ferent paths and correspondingly eight different FOs. The
FOs have been chosen to be of the order of 10−3. This is rea-
sonable as the maximum Doppler shift for a vehicular speed
of 250 km/h (RA250 channels as defined in GSM standards)
at a carrier frequency of 900 MHz is 1.3 KHz, which corre-
sponds to 0.005 when normalised to the symbol rate of 270
KHz as in GSM. Using the assumption of a quasi-stationary
channel, the CGs, hkl(p), and the FOs, ωkl p, remain con-
stant throughout the training burst interval. The CGs are ran-
domly chosen but normalized to have unit amplitude. Bi-
nary phase shift keying (BPSK) signals are used for pilot as
well as for data signals, for data signals higher order modu-
lation schemes could be used, the length of the pilot signal
is 200 samples. In the simulation, parameters are estimated
and compared with the corresponding CRLB. Figures 2 and
1 depict the variance of the estimator for the CGs and FOs,
respectively, as a function of the noise variance indicating
the near efficient performance obtained by the AML estima-
tor. In order to demonstrate the benefits of employing FOs
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Figure 1: Comparison of the mean square estimation error of
frequency offsets with the corresponding CRLB.

in equalization, we considered a two transmit and three re-

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.01

Noise variance

CRLB
Variance of h

11
(0)

Variance of h
11

(1)
Variance of h

12
(0)

Variance of h
12

(1)
Variance of h

21
(0)

Variance of h
21

(1)
Variance of h

22
(0)

Variance of h
22

(1)

Figure 2: Comparison of the mean square estimation error of
channel gain with the corresponding CRLB.

ceive antenna model with two multipaths between any two
antennas. The length of the equalizer is set to M = 4, which
is the minimum length required. Here, we consider three sce-
narios: in the first scenario, we set the FOs associated with
each path to zero, and designed an equalizer based on the
MMSE criterion. In the second scenario, we set the FOs as
explained and exploit the proposed recursive equalizer. In
the third, we considered a channel with FOs as in the second
scenario, but designed the equalizer ignoring the FOs. The
results depicted in Figure 3 show the superior performance
of the proposed scheme over the equalizer not considering
the effect of FOs.
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Figure 3: Probability of bit error versus SNR for different
cases.

7. CONCLUSION

In this paper, we have addressed the CGs and FOs estima-
tion problem for a frequency selective MIMO channel with
distinct FOs for each path. By exploiting the correlation
property of the transmitted pilot signal, we provided an ap-
proximation to the maximum likelihood estimator, and val-
idated this approximation by comparing the performance of
the estimator with CRLB. The estimator is found to be both
computationally and statistically efficient. We also demon-
strated the variation of the channel convolution matrix at ev-
ery symbol and proposed a recursive equalizer that reduces
the complexity significantly. Finally. our simulation results
showed substantial improvement in the performance, when
the frequency offsets are considered in the equalizer design,
as compared to the equalizer not accounting FOs.
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