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ABSTRACT

This papers presents an exhaustive evaluation of the different
implementations proposed for Atomic Decomposition. Prob-
abilistic and deterministic search algorithms are analysed and
their performance tested in terms of detection, estimation,
computational burden and resolution. We also introduce a
new, efficient implementation that outperforms the former
ones in terms of detection and estimation.

1. INTRODUCTION

Atomic decomposition (AD) [1, 2], also known as match-
ing pursuit [3] or adaptive Gabor representation [4], is an
adaptive approximation technique that sequentially expands
the signal onto an overcomplete dictionary of elementary sig-
nals known as atoms. Regarding linear approximation tech-
niques, AD provides in general an sparser, more flexible, and
physically more meaningful representation of the signals [5].
In addition, AD outperforms other adaptive approximation
techniques [3], such as the Basis Pursuit (in terms of com-
putational burden) and the Best Basis Selection (in terms of
resolution).

AD has become an important tool in Time-Frequency
Analysis and has been applied to a wide variety of areas,
such as signal detection, estimation and interception [1, 6],
signal processing of sounds [7], and radar imaging (see pa-
pers 2, 4, 12 and 13 of the Special Issue on Time-Frequency
Analysis, IEE Proceedings-Radar Sonar and Navigation [8]).
Due to the growing interest on AD, this paper presents an
exhaustive performance analysis of the most important AD
implementations proposed in the literature. The compari-
son is carried out in terms of detection/estimation perfor-
mance, computational burden and resolution. We point out
the sensitivity-resolution trade-off of the AD algorithms
and develop an enhanced implementation of AD regarding
detection/estimation performance and computational load.

The different AD implementations are applied to the in-
terception of radar signals that are modelled as chirplets.
Thus, all the implementations use the chirplet dictionary.
Chirplets are Gaussian-envelope functions with linear fre-
quency modulation. Among other features (flexibility and
optimum time-frequency concentration [9]), linear frequency
modulation makes them suitable to model a wide variety of
radar signals, specially the signals with low probability of
interception [10].

The rest of the paper is organised as follows. Section 2
describes the fundamentals of the AD and the signal inter-
ception problem. Section 3 reviews the different algorithms
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that implement the AD. Section 4 is devoted to the perfor-
mance analysis of these algorithms, and the conclusions are
drawn in Section 5.

2. ATOMIC DECOMPOSITION REVIEW

Let x be the signal under analysis, and D = {hγ} be the dic-
tionary of atoms, AD obtains the expansion x ≈ ∑p b̂p hγ̂p

by means of the equations [3]-[5]:

γ̂p = argmax
γ

∣∣∣hH
γ xp−1

∣∣∣
2

, (1)

b̂p = h
H
γ xp−1 , (2)

where xp denotes the pth order residual:

xp =

{
xp−1 − b̂p hγ̂p

p = 1, . . . ,

x p = 0 .
(3)

In the previous and following equations, we use vector no-
tation, and the signal (vector) length is N.

Since the atoms are sequentially estimated, AD is a
greedy algorithm and can present a low resolution for simul-
taneous signals close in the time-frequency domain [6].

2.1 The Chirplet Dictionary

Each chirplet is a unit-energy signal defined by the 4-
parameter vector γ = [α ,β ,T, f ]T:

hγ (n) =
(α

π

)1/4
e−

α
2 (n−T )2

· e j[2π f (n−T )+πβ (n−T )2] . (4)

T , f and β are the mean time, mean frequency, and chirp
rate, respectively. α is inversely related to the duration (d) of
the chirplet, namely d =

√
2/α [4]. Signals in Eqn. (4) are

discrete versions of the continuous-time chirplets, which are
considered to be time- and band-limited; the sampling rate is
one.

2.2 The Interception Problem

The interception problem can be stated by the hypothesis test

H0 : x = r

H1 : x = s+r , (5)

where r is a complex, white zero-mean Gaussian noise
of power σ 2. For the ease of the subsequent analysis, the
signal s is defined as a linear mixture of M chirplets, i.e.
s = ∑M

k=1 bk hγk . Coefficients {bk} are complex valued, so
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that |bk|
2 is the energy of each signal. The interception prob-

lem consists of detecting and estimating the chirplets forming
the signal s.

To solve the interception problem, we apply the detec-
tion algorithm developed in [6]. It consists of the iterative
application of the single-chirplet generalized likelihood ratio
test to the atoms obtained by the AD. For the pth atom, it is
written as

LGLR(xp−1) =
|b̂p|

2

σ2 > Th , p = 1 . . . , (6)

The AD algorithm estimates a certain number of atoms, and
we consider only those exceeding the threshold T h that is set
to meet a given probability of false alarm. The use of more
complex stopping criteria for the AD expansion is beyond
the scope of this work (see [6]).

If the noise power is unknown, σ 2 in (6) has to be re-

placed by its estimate σ̂2
p =

‖xp−1‖
2

N . An important figure
of merit is the energy-to-noise ratio (ENR), which becomes
ENRk = |bk|

2/σ 2 for each chirplet in the mixture.

3. AD IMPLEMENTATIONS

Due to the complex structure of the objective function of the
Eqn. (1), most of the AD implementations proposed in the
literature incorporate the use of a global search algorithm re-
fined by a local search technique. Indeed, the AD implemen-
tations mainly differ in the global search technique utilised.
The three implementations described in more detail in the lit-
erature are summarised in the following. The enhanced AD
implementation and the refinement strategies are described
further.

3.1 Genetic Algorithm Atomic Decomposition (GAAD)

GAAD has been described in [6] and references therein. It
uses a genetic algorithm [11] with binary codification, simple
selection, single point cross-over, bit-by-bit mutation, and no
elitism. The complexity of GAAD is O(N) for each atom
estimated. In GAAD, the chirplet parameters (α , β , T , f )
are linearly coded into a binary number. In Section 4, we
also evaluate a new version, denoted GAAD2, in which the
codification is linear for log(α), arctan(β ), T and f . In that
section, we show the impact of the parameter codification on
the performance as well.

3.2 Exhaustive Search Atomic Decomposition (ESAD)

ESAD [2] represents the extension of the Mallat and Zhang’s
Matching Pursuit [5] for the use of the chirplet dictionary.
ESAD is a deterministic search on a finite subdictionary built
by the sampling of the four-dimensional chirplet space. The
sampling resolution is controlled by the so-called redun-
dancy ratio (R) [2, Section IV]; the subdictionary cardinal
is proportional to R. The complexity is O(N2 log2(N)) for the
first atom and O(N log2(N)) for the following ones.

3.3 Time-Frequency Atomic Decomposition (TFAD)

ESAD and GAAD solve Eqn. (1) over the four-dimensional
chirplet parameter space. However, in the TFAD [1, 12] the
chirplet parameters of each atom are estimated by a sequen-
tial procedure that is repeated several iterations: The chirp-
rate is estimated by the ambiguity function in the first iter-
ation, and by the Wigner-Ville Distribution in the follow-
ing ones; the parameter α is calculated by the correlation;

and T and f are obtained by the Short-Time Fourier Trans-
form. Each parameter is sampled according to the resolu-
tion parameter M. The TFAD complexity is O(N log2(N))
with regard to the sample length. It is linear with regard
to M. A MATLAB version of the TFAD is available at
http://mdsp.bu.edu/jeffo.

3.4 A New Implementation (TFAD2)

As will be illustrated in Section 4, ESAD presents the best
performance for signal detection/estimation at the expense
of a extremely high computational load. On the other hand,
GAAD and TFAD, although faster, are unable to reach the
ESAD performance for long-duration or high chirp-rate sig-
nals. We propose a modified TFAD implementation, denoted
TFAD2, that overcomes the limitations of the former im-
plementations: First, the TFAD detection/estimation perfor-
mance for long signals can be poor since the maximum du-
ration is limited dmax = M/2 during the search; thus, TFAD2
increases dmax up to the sample length (N). Second, TFAD
utilises the same resolution parameter M for the duration and
chirp-rate estimations. For non-zero chirp-rate long signals,
this degrades the performance if M is low. TFAD2 raises the
sampling in chirp-rate up to a resolution parameter M2 and
maintains the sampling in duration at a low resolution value
M1. Thus, the performance improvement does not impor-
tantly raise the computational load. Third, for long signals,
the Short-Time Fourier Transform implemented in the TFAD
incorrectly exhibits a Gabor oversampling factor below the
unity [4]; in TFAD2, we set an adequate value (the oversam-
pling factor is 2).

3.5 Refinement algorithms

The above-referred AD implementations are global search
strategies that need to be refined by a local search
method [13]. For AD, two local methods have been pro-
posed: the well-known quasi-Newton algorithm (QN) [1]-[6]
and the curve fitting refinement (CFR) [14]. The latter trans-
forms the optimization problem into a curve fitting one. As
will be illustrated in Section 4, the CFR is much faster than
the QN; however, the CFR performs worse in the presence of
noise and can lead to unreliable atom estimations.

4. SIMULATION RESULTS

The above-described algorithms are evaluated by simulation
in terms of detection/estimation performance, computational
burden and resolution. The signal interception problem (Sec-
tion 2.2) is considered.

In the simulations, the ESAD redundancy ratio is R = 2
(the subdictionary has 5.9 million atoms); the GAAD and
GAAD2 configuration is the same as in [6] (they evaluate
only 4000 atoms); the TFAD resolution is M = 64, and the
TFAD2 resolution factors are M1 = 64 and M2 = 256. The
signal length is N = 1024 samples in all cases.

4.1 Estimation and Detection

The estimation/detection performance is evaluated for the
case of a single chirplet in zero-mean white Gaussian noise.
The different chirplets considered are listed in Table 1. All
of them present the same time-frequency center and different
duration (i.e., α) and chirp-rate. Only one atom is estimated
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Signal
Parameter

T f α β

Chirplet 1 500 0.25 10−3 0

Chirplet 2 500 0.25 10−3 10−4

Chirplet 3 500 0.25 10−3 3 ·10−3

Chirplet 4 500 0.25 10−4 0

Chirplet 5 500 0.25 10−4 10−4

Chirplet 6 500 0.25 10−4 10−3

Chirplet 7 500 0.25 10−6 0

Chirplet 8 500 0.25 10−6 10−4

Table 1: Parameters of the chirplets used in the monocompo-
nent signal experiments.
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(b) Without local refinement
or with CFR refinement.

Figure 1: RMSE of the chirp-rate estimate of the chirplet 5
for several AD implementations vs. ENR.

by the AD, and the false alarm probability of the detector
in (6) is set to be 10−6.

For the single-chirplet case, the first atom of the AD co-
incides with the maximum likelihood estimate (MLE) of the
chirplet [1], which is asymptotically efficient for large ENR
values. Thus, the first atom obtained by the AD will approach
the Cramer-Rao Lower Bound (CRLB) for high ENRs. Ex-
perimental results show that the local refinement is neces-
sary to reach the CRLB for those chirplets whose parameters
are not in the sampling grid on which the global algorithm
works. In addition, the QN always outperforms the CFR: Us-
ing the QN, all the implementations attain the CRLB; how-
ever, the CFR fails for long-duration or high chirp-rate sig-
nals.

Without refinement algorithms, ESAD and TFAD2 gen-
erally exhibit the lowest root-mean-square error (RMSE) fol-
lowed by the TFAD and GAAD2. GAAD usually performs
worse than the GAAD2 due to the different codification (Sec-
tion 3). The degradation of the GAAD becomes more im-
portant for long-duration signals since the linear parameter
codification of GAAD leads to the poor sampling of small α
values (i.e. long-duration signals).

Figure 1 illustrates the estimation performance of the AD
implementations by showing the RMSE of the chirp-rate esti-
mate of the chirplet 5 (Table 1): Figure 1a depicts the RMSE
for the implementations using the QN refinement, and Fig. 1b
shows the RMSE for the AD implementations without refine-
ment and for some implementations using the CFR refine-
ment.

Regarding the detection performance, Table 2 shows the
sensitivity for the single-chirplet signals of Table 1. In gen-

GAAD
+QN

GAAD2
+QN

ESAD
+QN

TFAD
+QN

TFAD2
+QN

Chirplet 1 18.0 17.2 17.0 18.3 17.1

Chirplet 2 18.5 16.8 16.6 17.8 16.9

Chirplet 3 17.9 17.4 16.9 22.0 17.9

Chirplet 4 21.4 18.0 17.1 17.3 17.2

Chirplet 5 21.4 17.6 17.4 17.2 17.1

Chirplet 6 22.0 19.2 17.5 18.0 17.3

Chirplet 7 26.9 21.4 17.0 21.8 17.3

Chirplet 8 26.0 21.7 17.5 22.0 17.8

Table 2: Sensitivity (dB) for the single-chirplet signals of
Table 1. The sensitivity is defined as the minimum ENR to
attain a detection probability of 90% (false alarm probability
of 10−6).

Algorithm Complexity Time (seconds)
ESAD O(N2 log2 N) 20
GAAD O(N) 1.9
GAAD2 O(N) 3.2
TFAD O(N log2 N) 1.0
TFAD2 O(N log2 N) 1.0

QN O(N) 0.12
CFR O(N) 0.009

Table 3: Complexity and processing time (for the first atom)
of the different AD implementations.

eral, ESAD+QN holds the best performance and behaves
similarly for all the chirplets. This is due to the fact that the
ESAD performs an exhaustive search in the parameter space.
On the other hand, the advantages of our modified TFAD (the
so-called TFAD2) with respect to the previous TFAD (Sec-
tion 3) become apparent for high chirp-rate (chirplet 3) or
long duration signals (chirplets 7 and 8 of Table 1). In ad-
dition, it is noteworthy to emphasize that the TFAD2+QN
is close in performance to the ESAD+QN. Furthermore, it
slightly outperforms the ESAD+QN for the chirplets 5 and 6
of Table 1.

GAAD+QN and GAAD2+QN present a low perfor-
mance for long-duration signals. As in estimation, the
GAAD2+QN outperforms the GAAD+QN due to the more
adequate parameter codification of GAAD2 (Section 3).

4.2 Computational Burden

The computational complexity and the processing time (for
the first atom estimated by the AD) are shown in Table 3 for
the different AD implementations. The processing time has
been measured on a Pentium 4 2.4 GHz with 1 GB RAM
using MATLAB 6.1 for Linux. Regarding the global search
strategies, the TFAD and TFAD2 are the fastest ones, fol-
lowed by the GAAD and GAAD2. The ESAD is the slowest,
since it is an exhaustive search on a large subdictionary (5.9
million atoms). On the other hand, the contribution of the
refinement algorithms is almost negligible, and the CFR is
much faster than the QN.
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Figure 2: Adaptive Spectrogram of the six-chirplet signal.

4.3 Resolution

As stated above, the first atom estimated by the AD is the
MLE for the single-chirplet case and is statistically efficient
for a high ENR. However, for a multiple-chirplet case, the
use of AD leads neither to the MLE nor to an statistically ef-
ficient estimate due to the AD greedy nature. Namely, given a
linear mixture of chirplets, AD can obtain a poor estimate of
the chirplets if they are close in the parameter space [6]. The
wrongly estimated atoms are referred to as greedy atoms [6].
In what follows, we show that this problem affects each AD
implementation to a different extent.

The resolution performance is illustrated using the six-
chirplet signal whose adaptive spectrogram (AS) [4] is plot-
ted in Fig. 2a. The chirplets 1 to 4 have the same mean
frequency, chirp-rate and duration ( f = 0.071, β = 0, and
α = 10−3), and different mean time: T = 150,350,600 and
800, respectively. The chirplets 5 and 6 are centered at
T = 500 and f = 0.25: For chirplet 5, β = 3 · 10−3 and
α = 10−3; for chirplet 6, β = −10−3 and α = 10−4. The
experiment has consisted of the estimation of 8 atoms by the
AD and the later use of the detector in (6) for different ENR
values. Chirplets 1 to 5 maintain the same ENR, and the ENR
of the chirplet 6 is 2 dB greater.

Due to the superiority of the QN over the CFR (Sec-
tion 4.1), we have tested the AD global implementations re-
fined by the QN. The results point out that all the AD imple-
mentations rightly estimate the chirplets 5 and 6 for ENR
over 20 dB. However, all the implementations except the
GAAD+QN and TFAD+QN estimate greedy atoms to repre-
sent the chirplets 1 to 4 even for a high ENR (see an example
in Fig. 2b).

TFAD+QN presents higher resolution due to the limita-
tion in duration included in its sequential search (Section 3).
In the case of the GAAD, the higher resolution is attained
because the linear codification for the parameter α results in
a poor sampling of small α values, i.e. long-duration signals.

Along with the results of Section 4.1, the six-chirplet
example clearly illustrates the trade-off between the sensi-
tivity for long-duration signals and the resolution. For the
sake of completeness, Table 4 shows the minimum distance
between the mean times of two chirplets that allows a non-
greedy estimation. Both chirplets have the same frequency
( f = 0.25), duration (d = 141 or equivalently α = 10−4) and
chirp-rate (β = 0). The experiment has been carried out with-
out noise. Table 4 also illustrates the higher resolution of the
TFAD+QN and GAAD+QN with regard to the other imple-
mentations.

GAAD
+QN

GAAD2
+QN

ESAD
+QN

TFAD
+QN

TFAD2
+QN

Distance
(samples) 480 > 700 > 700 300 > 700

Table 4: Minimum separation between components to obtain
non-greedy atoms.

5. DISCUSSION AND CONCLUSIONS

This paper presents an exhaustive comparison of the most
important AD implementations that have appeared in the lit-
erature for the use of the chirplet dictionary. We also propose
a new AD implementation (TFAD2) which is an enhanced
version of the former TFAD. From the presented results, we
conclude that the joint use of TFAD2 and QN is the most suit-
able AD implementation in terms of: 1) detection/estimation
under non-greedy conditions and 2) computational burden.
In addition, TFAD2+QN exhibits a nearly-constant sensitiv-
ity for a wide variety of chirplets. We also have described the
sensitivity-resolution trade-off. In this respect, TFAD2+QN
presents a lower resolution than other implementations such
as the TFAD+QN or GAAD+QN. Nevertheless, the lack of
resolution may well be overcome by the use of a greediness
detector (see [6] and references therein).

In spite of the lack of resolution, TFAD2+QN is the
most suitable technique for the interception problem: Many
current low-probability-of-intercept signals can be perfectly
model as long-duration chirplets [10], and the TFAD2+QN
achieves a high detection performance for them with a low
computational burden.
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