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ABSTRACT

A special form of pole-zero filters called Kautz filters has
proven to be well suited for modeling complicated resonant
systems such as room impulse responses and musical instru-
ment body responses. The Kautz filter is a tapped transversal
filter defined by a set of stable poles and a corresponding
set of tap-output weights. The tap-output impulse responses
are orthonormal, providing valuable means for optimization
and control of the model. The essential task is thus how to
generate the poles, to which we have proposed an efficient
procedure and various modifications that include combined
warping, subband and multirate techniques. In this paper
we continue to develop strategies for spitting the modeling
of a long and complex target response into manageable por-
tions. In particular, two partitions in the time-domain are
proposed for modeling measured room impulse responses:
a brute force polyphase decomposition and a more sophisti-
cated segmentation of the early response.

1. INTRODUCTION

Complicated transfer function models are needed for vari-
ous applications of digital signal processing (DSP), in our
case the analysis, synthesis, modeling or inverse modeling
of acoustic and audio systems. Many systems could in prin-
ciple be modeled using linear time-invariant (LTI) filtering,
but in practice, for example the modeling of such complex
systems as measured room impulse responses may not be
a straightforward task, since the readily available traditional
means in filter design seem to fail in accuracy, controllability
or computational efficiency. Advanced methods such as var-
ious subband techniques [6] and partial artificial reproduc-
tion [3] have been proposed for splitting the original model-
ing task into manageable or functionally justifiable portions.
In addition, a frequency-zooming pole-zero modeling tech-
nique was recently introduced for high-resolution modeling
of spectral details [4].

The simplest way to model a given target response h�n� is
to realize it directly as a finite impulse response (FIR) filter,
H�z��∑N

n�0 h�n�z�n. The obvious disadvantage in modeling
typical audio related responses is then that high filter orders
are required to capture the essential resonant characteristics
of the system. More profoundly, there are usually strong rea-
sons to presume that the system to be modeled is inherently
recursive, implying that an infinite impulse response (IIR)
filter structure would be preferable. Many methods and soft-
ware tools are available, e.g., in MATLAB, for IIR or pole-
zero filter design, or autoregressive moving average (ARMA)

modeling, respectively. However, drawbacks such as poten-
tial instability, resulting from both principled and practical
reasons, are usually associated to pole-zero modeling, espe-
cially for high model orders. One of the purposes of this
paper is to show that this is not necessarily the case for all
efficient pole-zero models.

The Kautz filter [5, 1], or the generalized transversal fil-
ter, is an old concept that has found renewed interest over the
last ten years, mainly from the system identification point of
view [2, 11]. In our previous publications (e.g. [7, 8, 9, 10])
we have developed techniques for the utilization of Kautz
filters in pure filter synthesis. We have demonstrated the ap-
plicability of Kautz filters for typical audio signal processing
tasks, including loudspeaker response equalization, room re-
sponse modeling and instrument body modeling for sound
synthesis. An overview of Kautz filter techniques is pre-
sented in [9].

The efficient modeling of long and complex responses,
such as measured room impulse responses, require usually a
combination of different DSP-based methods. Various sub-
band and multirate filter design techniques may be utilized,
possibly combined with more statistically oriented artificial
reproduction. In this paper, two elementary partitions in the
time-domain are used as the basis for distributed modeling of
room responses using Kautz filters.

2. KAUTZ FILTERS

The Kautz filter has established its name due to a rediscovery
in the early signal processing literature [5, 1] of an even older
mathematical concept related to rational representations and
approximations of functions [13]. The generic form of a
Kautz filter is given by the transfer function

Ĥ�z� � ∑N
i�0 wiGi�z�

�
N

∑
i�0

wi

��
1� ziz

�

i

1� ziz
�1

i�1

∏
j�0

z�1� z�j
1� z jz

�1

�
� (1)

where wi, i � 0� � � � �N, are somehow assigned tap-output
weights. The orthonormal Kautz functions Gi�z�, i �
0� � � � �N, are determined by any chosen set of stable poles:
�z j�

N
j�0, such that �z j��1. The superscript (�) denotes com-

plex conjugation. Figure 1 is hopefully more instructive than
formula (1).

Defined in this manner, Kautz filters are merely a
class of fixed-pole IIR filters, forced to produce orthonor-
mal tap-output impulse responses, possessing a tapped
transversal allpass structure. The time-domain counterpart
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Figure 1: The Kautz filter. For zi � 0 in (1) it degenerates to an
FIR filter, for zi�a��1�a�1, it is a Laguerre filter where the tap
filters can be replaced by a common pre-filter.

Figure 2: One possible realization of a real Kautz filter, corre-
sponding to a sequence of complex-conjugate pole pairs [1]. The
normalization terms are pi �

�
�1�ρi��1�ρi �γi��2 and qi ��

�1�ρi��1�ρi �γi��2, where γi � �2RE�zi� and ρi � �zi�
2 are

expanded polynomial coefficients of the second-order blocks.

of (1) is ĥ�n� � ∑N
i�0 wigi�n�, where functions �gi�n��

N
i�0

are impulse responses or inverse z-transforms of func-
tions �Gi�z��

N
i�0. The meaning of orthonormality is

specified, e.g., by using the time-domain inner products,
�gi�gk� :� ∑∞

n�0 gi�n�g
�

k�n� � 0 for i �� k, and �gi�gi� � 1.

2.1 Approximation by Kautz filters

A natural choice in modeling a given target response is to use
the orthonormal expansion coefficients as the filter weights.
The approximation of a given target response h�n� (or H�z�)
is obtained as its truncated Fourier series expansion with re-
spect to the time or frequency domain Kautz functions,

ĥ�n� �
N

∑
i�0

cigi�n�� ci � �h�gi�� (2)

or as (1), with wi � ci � �H�Gi�. Evaluation of the Fourier
coefficients ci can be implemented by feeding the signal
h��n� to the Kautz filter and reading the tap outputs x i�n� �
Gi�h��n�� at n � 0: ci � xi�0�. That is, all inner products
in (2) are implemented simultaneously using filtering. In the
case of an FIR filter this would equal design by truncation.

A reasonable presumption in modelling a real response
is that the poles should be real or occur in complex conju-
gate pairs. For complex conjugate poles, an equivalent real
Kautz filter formulation [1], depicted in Fig. 2, prevents deal-
ing with complex (internal) signals and filter weights. The
allpass characteristics of the transversal blocks is restored by
shifting the denominators in Fig. 2 one step to the right and
by compensating for the change in the tap-output blocks. A
mixture of structures in Fig. 1 and Fig. 2 is used in the case
of both real and complex conjugate poles.

2.2 The actual design: generation of the poles

The use of filter weights implied by the orthonormality is es-
sential in our developments. To begin with, these weights
provide filter design in the least-square (LS) sense with re-
spect to the chosen poles. Moreover, our algorithm for gen-
erating the poles, the BU-method [9], anticipates the use
of orthonormal expansion coefficients. The BU-method re-
sembles the denominator part of the well-known Steiglitz-
McBride method, but it optimizes the poles particularly with
respect to the orthonormal structure. Kautz filter design us-
ing the BU-method aims genuinely to challenge the tradi-
tional alternatives in pole-zero filter design: the BU-method
is capable of producing stable and accurate poles for the
modeling of strongly resonant systems at comparatively high
filter orders. Starting from the set of poles provided by the
BU-method, another useful property may be utilized to mod-
ify the model. In an orthonormal configuration, the contribu-
tion of each pole (pair) to the approximation is explicitly at
hand and independent of ordering, enabling direct model re-
duction schemes, as well as, means to tune and attach desired
poles.

The BU-method operates on a time-domain signal, and
thus, various modifications of the target response may be
utilized in the design phase to emphasize and partition the
process of producing poles. In [8], an intermediate warping
procedure was used to introduce desired frequency resolu-
tion allocation into the modeling. This warped BU-method
was extended using complex warping to emphasize any cho-
sen frequency region [10]. These techniques can in principle
be used to form a complex model by zooming in a piece by
piece sense, but the construction of the overall model is usu-
ally difficult. As an alternative, more tempting strategies to
partition a complex modeling task are considered in the fol-
lowing.

3. UTILIZING PARTITIONS IN THE TIME- AND
FREQUENCY-DOMAINS

To put it bluntly, the pragmatic reason why sub-signal tech-
niques are proposed here as a solution to the modeling of
complicated and long impulse responses is that it is a way
to split the original task into sub-model dimension, where
the filter design algorithms work. In the case of Kautz filter
design using the BU-method this means typically sub-signal
lengths up to 10000 samples and maximum filter orders 200–
300.

Various partitions into frequency subbands using filter
banks techniques [12] may be used, where the poles and the
corresponding Kautz models are generated with respect to
the decimated sub-signals. As an alternative, the poles gen-
erated in a subband may also be mapped back to the original
frequency-domain for the construction of an overall Kautz
filter. This latter approach was demonstrated in the case of
low-frequency models for room responses [9]. In [7], the
frequency-zooming ARMA technique [4] was generalized to
Kautz filters, based on complex modulation and complex-
values Kautz filters in the subbands. Many configurations
seems to be plausible, but it is relatively difficult to estimate
the actual complexity of a particular implementation.

There are also more noble reasons for splitting a com-
plicated modeling task into sub-problems. Our knowledge
about the auditory perception may be used to include percep-
tually relevant criteria into the modeling. This complicated
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Figure 3: The polyphase realization corresponding to (3) and
(3).

topic was addressed to some extent in [7]. In the case of
modeling a room impulse response by subband techniques
this may mean appropriate allocation of modeling resolu-
tion for different subbands, criteria on the subband segmen-
tation itself, or separation into different modeling strategies,
such as the use of artificial reverberation above a certain fre-
quency. In the following, two elementary partitions in the
time-domain are proposed, where the latter can be used in
modeling, equalization and control of the early response.

3.1 Polyphase decomposition

An N �M:th order FIR filter, corresponding to an impulse
response h�n�, n � 0� � � � �NM, can be decomposed into a
polyphase form [12]

H�z� �
M�1

∑
k�0

z�kHk�z
M�� (3)

where the component filters Hk�z� are related to the original
response h�n� trough

Hk�z� �
N�1

∑
n�0

h�Mn� k�z�n
� k � 0� � � � �M�1� (4)

A direct representation of Eqs. (3) and (4) is depicted in
Fig. 3. In practice, the combined operation of segmenta-
tion, decimation, expansion and reconstruction can be imple-
mented in its commutator form [12]: the component signals
are formed sequentially from the input signal and the recon-
structed response in attained from the component responses
by simply interlacing the samples.

Here the polyphase decomposition is utilized by approxi-
mating the component filters Hk�z� using Kautz filters Ĥk�z�.
This configuration rely on the waveform matching property,
i.e., accurate phase as well as magnitude modeling capabil-
ities of the Kautz filter, especially in the onset parts of the
responses. The obvious idea is that an appropriate decompo-
sition splits the original response into manageable portions,
that is, into sub-signal lengths where the BU-method oper-
ates efficiently and accurately. Typically, at least for audio
related responses, good approximations are attained with 10
to 20 % lower filter orders compared to the direct FIR filter
implementation.

As an example, a measured room response (32768 sam-
ples, sample rate 48 kHz) was modeled using an 64� 60th
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Figure 4: A measured room impulse response versus an 64�
60th order Kautz model.

order Kautz filter, which implies that the response was par-
titioned into 64 sub-signals of length 512 samples and that
each of the sub-signals was approximated using an 60th or-
der Kautz filter ( Fig. 4). A fixed sub-filter order was used,
although a more sophisticated allocation of the filter orders
would considerably improve the model, or alternatively, re-
duce the overall model order. At least in this case, the
low-frequency region could be slightly emphasized by us-
ing warping in the pole generation process (the warped BU-
method), naturally at the expense of a decrease in the high-
frequency mode density. The model response was found to
be audibly transparent to the original target response and sub-
stantially lower order models were found to be tolerable for
many purposes.

3.2 Successive segmentation

Another strategy in dividing a long target response into man-
ageable portions is to partition it with respect to a chosen set
of successive sample indexes, 0 � t1 � �� � � tM � N, where
N is the length of the target response. The (Kautz) approxi-
mation of a target response H�z� is then composed as

Ĥ�z� �
M

∑
k�0

z�tk Hk�z�� (5)

where the first delay is either t0 � 0 or some other non-
negative integer d that represents an initial delay in the re-
sponse. The scheme is illustrated in Fig. 5. Based on this
decomposition of the response h�n�, n � 0� � � � �N, the com-
ponent Kautz filters are designed according to
step 1 choose the partitioning, 0 � t0 � t1 � �� � � tM �

tM�1 	 N, and the initial sub-signal as s�n� � h�n�, n �
t0� � � � � t1�1

step 2 generate the poles with respect to s and a chosen (it-
erated) sub-filter order N0

step 3 produce the Kautz filter impulse response h0�n�, n �
0� � � � �N� t0, and form the next sub-signal by subtracting
the “overflow”, s�n� � h�n��h0�n� t0�, n � t1� � � � � t2�1

step 4 repeat from step 2 for tk, k � 1� � � � �M � 1. The
approximation is ĥ�n� � ∑M

k�0 hk�n� tk�, n � 0� � � � �N,
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Figure 5: The proposed partition of a target transfer function:
an approximation by a superposition of delayed Kautz filter
responses.
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Figure 6: The early part of a measured room impulse re-
sponse (h), component Kautz models (a)–(e), with filter or-
ders 40,30,60,60,80, respectively, the composite model (f),
and the modeling residual (g). The actual duration of the
time-window is 77 ms.

where hk�n� � 0 for n � 0
In step 3, the “overflow” means the tail of all preceding Kautz
filter responses. In practice it is probably just the previous
response that is not negligible.

The early part of a measured impulse response of a con-
cert hall was modeled using the proposed Kautz filter config-
uration. Figure 6 presents a low-order approximation. More
detailed models are achieved by increasing the filter orders.
In principle, any response can be modeled exactly using a
partition of the form (5), but the relevant applications of
the proposed method are clearly related to the extraction of
impulse-like bursts. As another aspect, the model of the early
response provides a very compact parametrization that could
be used in control and reproduction of the response, e.g., for
various virtual acoustics applications.

4. CONCLUSIONS

Two partitions in the time-domain were proposed as the basis
for modeling long and complex responses using Kautz filters
as the partial models. For example in the case of modeling
room impulse responses it is clear that these methods should

not be applied as such, but as an additional tool in a combi-
nation of different techniques. The Kautz filter configuration
using the polyphase decomposition was introduced merely
to demonstrate the capabilities of Kautz filters using the BU-
method. Such aspects as actual performance and computa-
tional complexity should certainly be considered more care-
fully. The potential applications of the latter partition are
easier to justify. It provides a compact and flexible represen-
tation of the early reflections that could be used to model and
control the spatial information in the response, combined for
example with some reverberation algorithm for the reproduc-
tion of the late reverberation.
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