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ABSTRACT
We model non stationary signals by assuming that the
phase and the amplitude are both a polynomial function
of time on a short finite interval. The used functions are
normalized Legendre polynomial. Applying the model to
the instantaneous frequency instead of the phase and to a
short time window allows the estimation with a second
order polynomial only. This paper presents first results,
where we study a single component model on a single
short time window only. We set the model origins at time
window center in order to minimize the estimation error.
A maximum likelihood estimate of the parameter model
leads to a non linear equation system in R7 we solve by a
simulated annealing technique. The appropriate CramerRao bounds (CRB) are derived. Monte Carlo simulations
illustrate the good performance of the proposed
algorithm, which yields estimates close to the CRB, even
for short time windows of 33 samples and for a non zero
initial phase.
1.

INTRODUCTION

In engineering applications, most signals are inherently
non-stationary. These signals may be either a single
component with frequency modulation (FM) and/or
amplitude modulation (AM) or a sum of such components,
whose time localization and duration are unknown.
In this paper, we focus on polynomial models. Recently,
Francos and Porat [1] introduce an algorithm using
parametric approach based on the Minimum Cross
Entropy time frequency distribution free of dominant
cross-term. They consider polynomial models for both the
phase and the amplitude. A least square fit is followed by
an estimate of the phase parameter from the dechirped
signal. This model seems to be well adapted to linear
chirps. However, many measured signals of physical
process are far from a simple linear chirp. There is a need

for a model having the ability to fit quadratic chirp since a
continuous FM signal can be modeled by successive
quadratic FM segments with no discontinuity of the
instantaneous frequency.
The algorithm proposed in this paper is an alternative
approach. We also handle the problem of polynomial
approximation. Related to already published techniques [1,
2, 3, 4, 9], the model we propose differs in three points.
First, we model the instantaneous frequency instead of the
phase. An order 2 is thus able to model quadratic FM
whereas the phase needs an order 3. We so limit the
degree of approximation for a same modulation. A low
order is interesting since the estimate deteriorates rapidly
as the degree increases. Secondly, each FM and AM
modulation is approximated by orthogonal normalized
polynomials. The orthogonality implies the unicity of
decomposition. Legendre functions are interesting since
they are orthogonal on a closed interval. The
normalization will be useful in future works where we plan
to merge time contiguous models to track the signal in
time. Thirdly, the model origins are set at the center of the
time window in order to minimize the estimation error.
These properties allow us to model very short signals in
order to be able to estimate strongly non stationary
processes. In Section 2, we present the model. Section 3
describes an optimization technique based algorithm
which allows to get a maximum likelihood estimation.
Section 4 gives the appropriate CRB derived from [3]
since here we approximate the instantaneous frequency
instead of the phase. In Section 5, Monte Carlo results
illustrate the algorithm behavior and performance.
2.

PROBLEM FORMULATION

Let y[n] be a noisy discrete time centered on the
observation window such as:
(1)
y[n] = s[n] + e[n]
− N2 ≤ n ≤ N2
s[n] = A[n] eiΦ[n ]
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(2)

Φ [ n ] = θ0 + 2 π

n

j=− N / 2

A [n] ,

Amplitude

0

∑ F [ j] − 2π ∑ F [ j]

(3)

j=− N / 2

phase

Φ [n]

and

instantaneous

frequency F[n] are assumed to be unknown. We model
A [ n ] and F[n] such as:
2

A [ n ] = ∑ a jg j [ n ]

estimate, LS estimator minimizes the quadratic error
between y[n] and s[n] such as:
N/2

∑

θˆ = arg min7 A LS ( θ ) with A LS ( θ ) =
θ∈\

n=-N / 2

2

 y [ n ] − s [ n ] (7)

corresponds with a non linear equation system to be
minimized in \ 7 .

(4)

f0g0[n]

j=0

2

F [ n ] = ∑ f jg j [ n ]

(5)

f1g1[n]

j=0

where g j [ n ] are Legendre polynomials normalized on

[ − N 2 ; N 2 ] . The problem is to estimate the real parameters

aj and fj. The noise e[n] is assumed to be white Gaussian
with zero mean and unknown variance σ2. A[n] and F[n]
are positive and narrow band relative to the sampling
frequency. Φ[n] is referenced to the signal center to
minimize the contribution of the frequency estimation
error [5]. We assume N to be even.
The polynomial approximation is justified by Weierstrass
theorem [8], which states that any continuous function f(t)
on a closed interval can uniformly be approximated as
polynomials i.e., for any ε>0 there exists a M order
polynomial approximation fM(t) such as f (t) − f M (t) < ε
for t belonging to this interval. In this paper, we limit
functions to second order for both AM and FM models
given the time-frequency context and the low signal
length.
Let g j [ n ] be orthonormal functions such as

g j [ n ] = κ j p j [ n ] where p j [ n ] is a jth order Legendre

polynomial function and κj the jth normalization coefficient
depending on N.
At order 2, these functions write:
g 0 [ n ] = κ0
κ0 = 1 N

g1 [ l] = κ1n

g 2 [ n ] = κ 2 1 2 ( 3n 2 − 1)

κ1 =

12

κ2 =

320

(6)

N3

(9N +80N−40N )
5

3

Figure 1 shows this decomposition is the sum of three
curves centered on the middle of the time window. To sum
up, given N+1 noisy observations y[n], the model given by
(4) and (5) needs the estimation of three amplitude
parameters aj, one phase parameter θ0 and three frequency
parameters fj.

3.

PARAMETER ESTIMATION

3.1. Least Square estimation
We derive a Least Square (LS) estimator which is
equivalent to the maximum likelihood one since the e[n] in
(1) is assumed to be an additive, white Gaussian process.
Let θ={θ0, a0, a1, a2, f0, f1, f2} be the parameter set to

f2g2[n]
F[n]=f0g0[n]+ f1g1[n]+ f2g2[n]

-N/2

0

N/2

Figure 1: Decomposition of FM (AM model is the same)

By the following, we denote all time vectors defined in
\ N+1 and referenced to the signal center as:
Y n =  y [ − N 2 ]… y [ + N 2 ] .
T

So LS estimation of θ̂ can be written as:

{

}

T
θˆ = arg min A LS ( θ ) = arg min ( Y n − Sn ) ( Y n − Sn )
θ

θ

LS minimization corresponds with the
coefficient maximization such as:
θˆ = arg min A LS ( θ ) = arg max γ 2y,s (θ)
θ

θ
2
y,s

where the correlation coefficient γ

( θ)

(8)

correlation
(9)

between Y n and

Sn depending on θ is defined by:
Y n TSn
γ 2y,s ( θ ) = n
(10)
| Y | . | Sn |
The use of correlation coefficient maximization instead of
LS minimization increases computational performance and
rate of convergence of the used optimization technique.
Figure 2 shows (f0,f2) plane of γ 2y,s ( θ ) for a simulated
signal with a quadratic FM and a constant amplitude which
are assumed to be unknown when other parameters of θ
are known. White perpendicular lines indicate the true
values of f0 and f2. Numerous local maxima are present
and many of them are like a long hyper-tunnel waving
through the solution domain. Moreover, this complex
pattern varies a lot with the values of parameters. So, it is
clear that there are no easy analytical solutions and a
maximization technique like Newton algorithm does not
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work here. We are compelled to solve this problem
numerically using iterative search procedures.

3.2. Iterative algorithm
The chosen iterative strategy is based on a global
stochastic optimization technique called Simulated
Annealing. This algorithm has analogies with the
annealing of solids in physics as it is explained in [7]. For
the initialization of θ , we do it from FFT such as:
θ(0) = {θFFT ,a FFT ,0, 0,f FFT , 0,0}
(11)

substituting the normalized Legendre polynomials for the
approximation functions. So we rewrite (1) in the
following matrix notation:
Yn = Φ a
(13)
where a = [ a0 , a1 , a2 ] , Φ = G0n ⋅ eiΦ , G1n ⋅ eiΦ , G2n ⋅ eiΦ  ,


⋅ denotes element by element multiplication of the vector
entries and G nj the time vector of polynomial
T

n

n

n

function g j [ n ] defined in (6).
Using (3), approximation (5) implies the following
approximation to the phase:

φ [ n] =

2

∑ b h [ n]

(14)

k k

k =−1

0
 n

where hk [ n ] = 2π  ∑ g k [ j ] − ∑ g k [ j ] 
 j =− N

N
j =− 2
2


and h−1 [ n ] = 1 , b−1 = θ 0 . Considering this model, the CRB

f2

calculated in [3] write:
CRB ( A [ n ]) = σ2 g T {Φ H Φ} g
−1

2

CRB ( F [ n ]) = σ2 hT {Λ H Λ} h
−1

2

f0
2
Figure 2: (f0,f2) plane of γ y,s ( θ ) with θ0, a0, a1, a2, f1 fixed for a

quadratic FM (θ0=π/5, a0=1, a1=0, a2=0, f0=1.5, f1=-1, f2=0.6)

At the ith iteration of the process:
1. Generation of a new parameter set θc with:
(i −1)

θc = θ + δ
(12)
where δ is an agitation set here generated from Gaussian
distribution law with zero mean and variance σδ2 .
2.

If

γ 2y,s

θ=θc

> γ 2y,s

θ=θ(i )

and if

θc

2
δ

of σ , we run 50 generations of candidate parameter set at
least. This helps the algorithm to find with more precision
the maximum of γ 2y,s ( θ ) and it significantly increases the
convergence rate of the technique.

4.

CRB (σ 2 ) = σ4

4

where Λ = i Η n−1S n , Η 0n S n , Η1n S n , Η 2n S n  , H nj the time
vector

CRAMER RAO BOUND DERIVATION

In [3], the authors derived the CRB for the amplitude and
the frequency, whereas the phase is approximated by
arbitrary sets of real valued basis functions. We can use
these formulas by finding out the phase from (3) and by

h j [ n]

of

g =  g0 [ n ] , g1 [ n ] , g 2 [ n]

defined

in

(14)

and

T

h =  h−1 [ n ] , h0 [ n ] , h1 [ n ] , h2 [ n ] .
T

5.

verifies all the

modulation constraints, i.e. positive amplitude modulation
and reduced instantaneous frequency such as 0≤F[n]<0.5,
then θc is accepted as the new parameter set θ(i) . If not,
we restart the step 1.
The acceptance ratio (i.e. the number of accepted
candidate sets on the number of generated candidate sets)
is monitorized in order to lower the agitation variance by
means of an exponential rule σ2δ ← 0.97σ2δ . Per each value

(15)

SIMULATION RESULTS

Figure 4 shows simulation results for a highly non
stationary component of short time duration (N=33
samples, θ0=0.4, a0=16.7035, a1=10.372, a2=4.5,
f0=2.1435, f1=-0.1747, f2=-0.5) and for a signal to noise
ratio (SNR) equal to 20 dB first and 5 dB next. We see
that the estimated frequency closely match the original one
for SNR higher than 5 dB. The difference F [ n ] − Fˆ [ n ] is
included in the interval [0 - 0.0018 Hz] for SNR=20 dB
and [0 ; 0.0153 Hz] for SNR=5 dB. Estimation problem
appears in the edges of the observation window.
Nevertheless, we notice that the time duration of the signal
is very short.
We then performed a Monte Carlo simulation using the
same short time duration signal and over 200 trials. Figure
5(a) and 5(b) shows the Mean Square Error (MSE) of the
estimated frequency modulation depending on time and
the MSE of the estimated amplitude modulation depending
on time versus the corresponding CRB derived in the
previous section for SNR=5 dB and 20 dB. Estimation
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results show the better performance in the middle of signal
than in the signal extremities as the corresponding CRLB.
Because of the small signal length, the deviation with
CRLB is between 3 and 12 dB.

(a) SNR=5 dB

(a) FM

(b) AM
(b) SNR=20 dB

Figure 4: (a) Original frequency modulation (solid line) versus
reconstructed one for SNR=20dB (dashed line) and SNR=5dB
(dotted line) -- (b) original amplitude modulation (solid line)
versus reconstructed one for SNR=20 dB (dashed line) and
SNR=5dB (dotted line).

6.

CONCLUSIONS

The problem we addressed is the estimation of both AM
and FM of a single component of very short time duration.
A signal is assumed to be a linear decomposition of
second order Legendre orthonormal polynomials. The
seven parameters of the model are estimated by a
maximum likelihood estimation solved by a stochastic
simulated annealing technique. Simulation results on
amplitude and frequency modulation estimation are
presented instead of ones on each parameter of θ. They
show good agreement with the CRB taking into account
that the short time duration. We denote the fact that the
initial phase has not be supposed to be equal to zero. We
now aim at modeling a complete signal by merging short
time contiguous models. The polynomial normalization is
then an interesting property to merge the different local
models. Works are in progress in this direction.
7.
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