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ABSTRACT 
This paper presents a pipelined equalizer for nonlinear 
channel environment using the relaxed look ahead technique. 
Nonlinear channel is a known problem that can be treated by 
artificial neural network (ANN). But, the recursive nature of 
the adaptation algorithms found in ANN limits their 
operation speed and high throughput applications require 
pipelining. The standard look ahead technique is used to 
pipeline recursive type algorithms and the result often 
presents a large amount of hardware due to pipelining. In 
order to minimize this hardware, the relaxed look-ahead 
technique uses approximations of the look-ahead technique. 
The combination of these approximations in conjunction with 
parameter variation can result in a large variety of 
architectures. This paper will present the relaxed look-ahead 
technique in a general form and its application to the 
backpropagation algorithm found in ANN. Simulation results 
with linear and nonlinear channels will be shown for 
different pipeline depth.     

1. INTRODUCTION 
Popularity of digital communications takes modern 
communications system to operate at very high data rates 
(e.g. ADSL, WLAN). But, the effects of the communication 
channel at high data rates cannot be set aside and have to be 
corrected by the use of an equalizer. The original data 
sequence ( )s n  is transmitted over the forward model of the 
nonlinear channel which provides the noisy signal ( )y n   

 { } { }( ) = ( ) , ( )y n s n nηℑ Θ +    (1) 

where the channel's output (n)y~  is a signal corrupted with 
additive noise )(nη  and Θ represents the vector of the 
parameters of the operator ℑ . The problem of nonlinear 
channel equalization is to solve the reconstruction problem, 
which consists of a regularized inversion of the operator ℑ , 
i.e., an operator of reconstruction ℜ  

 { } { }[ ]Θ,)(~=)(ˆ nynx ℜ  (2) 

The received signal )(~ ny  leads us to deduce the value of the 
estimated entry ( )s n  through a corrective processor called a 
channel equalizer. The equalizer produces ˆ( )x n  which is 

saturated by the decision function to give ˆ( )s n  as the 
estimate of ( )s n .  Transverse linear filter are often used as 
equalizer due to their simplicity but they do not perform well 
in nonlinear channel environment. The use of nonlinear 
equalizer like Artificial Neural Network (ANN) [4,5] or 
Fuzzy logic [6,7] makes nonlinear channel equalization a 
reality, at the expense of algorithm complexity. Usually, no 
information on the channel is available, the use of adaptive 
algorithm is imperative.  

Channel equalization (see Fig. 1) consists of updating filter 
weights by the use of a linear algorithm on the reconstitution 
error e(n). Common used adaptive algorithms are least mean 
square (LMS), recursive least square (RLS) applied to linear 
filter, Kalman filter and more specifically the 
backpropagation algorithm applied to ANN. A training data 
sequence known by the receiver is used to adapt the 
equalizer coefficients. In invariant or non stationary 
environment, periodic transmission of the adaptation 
sequence is done or blind adaptation procedure [3] can be 
used to track channel variations.  

The recursiveness of the adaptation procedure limit the clock 
frequency of the equalizer VLSI structure and the throughput 
of the output data ˆ( )s n . This limitation is due to the data 
dependency of one sample between the error signal e(n) to 
adapt the equalizer parameters.  A manner to increase the 
clock frequency and the throughput of the VLSI structure 
consist to apply the pipeline technique. In the equalizer case 
of linear transversal filter with LMS adaptation, the relaxed 
look-ahead approach is appropriate (e.g. [10-12])  

This paper deal with the relaxed look-ahead technique 
applied to ANN to equalize the nonlinear channel. Section 2 
summarizes the relaxed look-ahead technique. This 
technique is applied, in Section 3, to an ANN equalizer based 
on backpropagation. Section 4 presents the simulation results 
follows by the conclusion in Section 5. 

2. RELAXED LOOK-AHEAD TECHNIQUE 
We will now introduce the relaxed look-ahead technique to 
pipeline recursive algorithms. The technique consists of 
approximating (relaxing) the result obtained by the standard 
look-ahead technique (e.g. [10]). Many types of relaxations 
can be used and their application depends of the variations in 
the input data and the reconstitution error e(n) [11-14]. There 
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are no rules in applying relaxations but care has to be taken 
since every case is unique. Sum and delay are the most 
common relaxations. Let's start with a first order recursive 
equation 
 ( ) ( ) ( ) ( )1x n x n a n u n= − +  (3) 

Applying look-ahead pipelining [10] of a length K leads to 

 ( ) ( ) ( ) ( )
1

0

K

i

x n x n K a n i u n i
−

=

= − + − −∑  (4) 

When the number of filter coefficient (N) and the value of K 
are large, the amount of hardware overhead due to pipelining 
increases and VLSI implementation are not very efficient 
[11]. The idea is to get the summation minimized by limiting 
its length. This is known as sum relaxation. 

Sum Relaxation 

The sum relaxation can be applied if the product ( ) ( )a n u n  
varies slowly over K samples. We then limit the sum to a 
value of LA where 1 LA K≤ ≤ . We obtain the following result 

 ( ) ( ) ( ) ( )
1

0

LA

i

Kx n x n K a n i u n i
LA

−

=

= − + − −∑  (5) 

The factor K
LA

 is introduced to keep the profile of (5) 

identical to (4) for stationary ( )a n  and ( )b n . To help pipeline 
the summation itself, we need delay relaxation. 

Delay Relaxation 

The delay relaxation inserts delays in the terms used for 
summation. This approximation is valid only if the gradient 
of ( ) ( )a n u n  is stable over D1 samples. We then get 

 ( ) ( ) ( ) ( )
1

1 1
0

K

i

x n x n K a n D i u n D i
−

=

= − + − − − −∑  (6) 

The application of sum and delay relaxations can be 
combined and the resulting architectures can take many 
forms depending of the pipelining depth and the parameter 
values. The clock frequency of the equalizer VLSI structure 

and throughput of the data output increase with the 
parameters D1 and LA. 

3. ARTIFICIAL NEURAL NETWORK 
Fig. 2 shows the ANN in its general equalizer form where N 
and M denotes respectively the number of inputs and the 
number of neurons on the hidden layer. It has been shown 
that one hidden layer is sufficient for channel equalization 
[15,16]. The ANN hidden and output layers are calculated in 
a matrix form by  
 ( ) ( ) ( ){ }ˆ n f n n=z W y  (7) 

 ( ) ( ){ }ˆ ˆTx n f n= q z  (8) 

where f{•} is the hyperbolic tangent activation function. 

The ANN hidden and output weights are updated using the 
backpropagation algorithm given by 
 ( ) ( ) ( )ˆe n s n d x n = − −   (9) 

 ( ) ( ) ( ) ( )ˆ1 Tq n q en n n= +− z  (10) 

 ( ) ( ) ( ) ( ) ( ){ }( ) ( )1 'T Tn n e n n f n n = − +   
W W q z y  (11) 

where s(n-d) is the known sequence for the adaptation. The 
delay d introduced is used to compensate the communication 
channel delay and f'{•} is the derivative of the activation 
function. 

Equations (10) and (11) are recursive type and relaxed look 
ahead technique can be applied resulting in (12) and (13). 

 ( ) ( ) ( ) ( )
1

2 1 1
0
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LA T

k

n n D e n D k n D k
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µ −
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 = − + − − − −  ∑q q z  (12) 

( ) ( ) ( ){
1

2 1
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 − −− − − − −   
yq z (13) 

Matrix and vector sizes are given by: 

 [ ]
[ ] [ ] [ ]

dim

dim dim dim 1

M N

M

= ×

= = = ×

W

z q y
 (14) 

 

z-1

+

Equalizer

z-1 z-1

Decision

Channel

Adaptive
algorithm

-

( )ns ( )ny~

( )nŝ
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Fig. 1: Channel equalization technique 
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4. SIMULATIONS RESULTS 
A simulation study with a conventional linear equalizer 
based on transversal filter using a simple LMS adaptation 
procedure [2] and the ANN using the proposed adaptation 
structure has been realized for both linear and nonlinear 
channels. Channel equalization simulations were realized 
with non return to zero (NRZ) on off keying (OOK) random 
synthetic data. The linear channel is given by  

 ( ) ( ) ( ) ( )Ty n n n nη= +h s  (15) 

where the channel impulse response is [ ]0 1 2   ... T
Lh h h h=h . 

The input vector of the channel is original data 

( ) ( ) ( ) ( ) ( ) 1  2  ... 1
T

n s n s n- s n- s n L = − + s , ( )nη  is an additive 
Gaussian white noise and L is the length of the channel.  

The nonlinear channel is given by 

 
( ) ( ) ( ) ( )
( )

30.5

( ) ( )T

y n v n v n n

v n n n

η= + +

=h s
 (16) 

Coefficients for both linear and nonlinear invariant and 
stationary channel are 

 [ ]0 1 2
     0.3482   0.8704   0.3482

T Th h h = = h  (17) 

The input signal )(ns  is assumed to be an independent 
sequence taking values from {-1,1} with equal probability 
and )(nη  denotes the zero mean white Gaussian noise to 
obtain a signal noise ratio (SNR) of 5 dB to 40 dB. The 
quality of correction is assessed using the bit error rate 
(BER). Each algorithm used 5 000 data for the adaptation of 
its parameters for a SNR from 5 dB to 40 dB.  

Table 1 shows the simulations pipeline parameters for linear 
and nonlinear channel. For ANNx (x=1,2,3,4) structures, the 
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Fig. 4: BER vs SNR for a) linear channel and b) non linear 
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parameters are set to M=3, N=3, which correspond to the 
minimum to ensure the algorithm convergence, and the step 
size µ is set to optimize the convergence for linear channel 
(LC) and nonlinear channel (NLC).  Mean Square Error 
(MSE) results of the ANNx are compared with 7-tap and 23-
tap LMS transverse filter for the linear channel and nonlinear 
channel respectively, the step size µ is set to 0.1.  
Fig 3 shows the mean of 200 repetitions of MSE for both 
linear and nonlinear channels with SNR to 35 dB. We can 
see that convergence properties are altered by the pipeline 
depth. Also, residual error is higher as the pipeline gets 
deeper but the ANNx always converge with lower residual 
MSE than the LMS algorithm. In the nonlinear channel case, 
the LMS algorithm fails to converge which clearly show its 
limitation to linear problems. Simulations with LA<D2 has 
shown that the value of he sum relaxation parameter LA has 
to be made equal to parameter D2 to maintain convergence. 
This important characteristic makes the hardware overhead 
an issue for large number of inputs N.  
Robustness to noise of the equalizer for linear and nonlinear 
environment is depicted in Fig. 4. For these simulations, 
10 000 data are generated to test the algorithms, the BER 
was calculated after each learning on linear and nonlinear 
channels. Fig. 4 illustrates the mean of 20 repetitions. In the 
linear case, the result of Maximum Likelihood Sequence 
Estimator (MLSE) (Viterbi algorithm) with perfect 
knowledge of channel taps is shown as a reference point. We 
can see that all ANNx have the same equalization 
characteristics for both cases which demonstrate that 
pipelining the backpropagation algorithm preserve the 
equalizer performance.  

5. CONCLUSION 
In this paper, we have presented an algorithm approximation 
method based on the standard look-ahead technique. This 
relaxed look-ahead technique is used to pipeline recursive 
type algorithm with minimal hardware overhead. ANN based 
channel equalizer has been pipelined using the relaxed look-
ahead technique and simulation results has shown that 
convergence properties are affected by the pipeline depth but 
not the BER results. ANN structure with a depth pipeline 
gives an appropriate solution to equalize a nonlinear channel. 
Comparison was made with conventional LMS transverse 
filter and we saw that ANN equalization performances are 
kept at the same level even in a nonlinear channel 
application.  
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