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ABSTRACT

An important application of adaptive filters is in sys-
tem identification. Robustness of the adaptive filters to
impulsive noise has been studied. In this paper, we pro-
pose an alternative way to developing robust adaptive
filters. Our approach is based on formulating the prob-
lem as a maximum penalized likelihood (MPL) prob-
lem. We use student-t distribution to model the noise
and a quadratic penalty function to play a regulariza-
tion role. The minorization-maximization principle is
used to solve the optimization problem. Based on the
solution, we propose two LMS-type of algorithms called
MPL-LMS and robust MPL-LMS. The robustness of the
latter algorithm is demonstrated both theoretically and
experimentally.

1. INTRODUCTION

A typical application of an adaptive filter is in identify-
ing an unknown linear system. Formulating the problem
in an iterative way, we have at time n the available data,
denoted D,, = {yn, %, } and the observation model

Yn = Xn W + €5 (1)

where the true impulse response of the unknown system
w is an (M x 1) vector, x,, is a (1 x M) input signal vec-
tor, y, is the system output and e, is the independent
and identically distributed noise with a known distribu-
tion function. We also have the estimate of the system
impulse response from the (n-1)th iteration, denoted by
w,_1. A classical solution to this problem is the LMS
algorithm [1]

Wo =W, 1 + Aéx). (2)

where ) is called the step size and é = y,, —x, wW,_1. The
normalized LMS (NLMS) algorithm can be regarded
as a special case of the LMS when the step size is
A = n/(x,xL), where 7 is the step size of the NLMS
algorithm.

A potential problem for the LMS algorithm is that
it is not robust to outliers such as impulsive noise. Let
us assume that w,,_ is quite close to w, and e,, is the
impulsive noise. In this case é is dominated by the noise
and the second term of (2) is large. As a result w,, will
be forced to move away from w. Various type of robust
adaptive filters have been studied to tackle this problem.
These include robust recursive-least-squares filters [2, 3]
and robust LMS filters [4-6] which have the following
form

Wo = Wy_1 + ®(&)éxt (3)

n

where ®(é) is a nonlinear function of é. Comparing (2)
and (3), we can see that a robust LMS algorithm has a
variable step size that depends on é.

In this paper, we develop robust adaptive filters from
an alternative perspective. We formulate the problem as
a maximum penalized likelihood (MPL) problem. The
robustness is achieved by using the student-t distribu-
tion for the likelihood and the quadratic penalizing func-
tion is used for stabilizing the algorithm. This is pre-
sented in section 2. In section 3, we first develop an iter-
ative algorithm based on the minorization-maximization
(MM) principle [7] to solve the optimization problem.
We then simplify the algorithm and proposed an MPL-
LMS algorithm and a robust MPL-LMS algorithm. In
section 4, we present simulation results.

2. PROBLEM FORMULATION

Given the observation model (1) and the assumptions,
we propose to develop an adaptive filter to identify the
unknown system based on the principle of maximum
penalized likelihood. More specifically, at time n, the
objective function to be maximized is given by

J(w) = L(w) = P (w) @)

where a > 0 is the tuning parameter. The log-likelihood
function is £L(w) = logp(yn|W,x,) = logp(e,|H) where
‘H represents model assumptions. The penalty function
is P(w) = F(||w — wy_1||) where the functionF(|| - ||)
represents a suitable measure of the distance between
the two vectors.

In this paper, we assume that the noise e, follows
a zero mean i.i.d student-t distribution, denoted by
plen|H) = t,(0,02) where v is the degrees of freedom of
the distribution and o2 is the scaling parameter. This
assumption is motivated by the requirement for robust-
ness to outliers. To cope with outliers, we can use heavy-
tailed distribution functions such as the student-t dis-
tribution. An interesting property of the student-t dis-
tribution is that when v — o0, it becomes a Gaussian
distribution.

On the other hand, we choose the ly-norm for the
penalty function

P(w) = %(W—anl)T(W—anl) (5)

which favors a solution that is close to the previous es-
timate w,_1. Although a generalized [/,-norm may be
used as the penalty function, the ls-norm is chosen to
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simplify the algorithmic development. We can see that
the penalty function plays a regularization role in the
optimization process. Without it, the solution of maxi-
mizing the log-likelihood will be highly dependent on the
data D, and it may change wildly from one iteration to
another. As such, the tuning parameter « controls the
relative importance between the two requirements: fit-
ting the data reasonably well and not moving far away
from the previous estimate.

3. THE ADAPTIVE FILTERING
ALGORITHM

The adaptive filtering algorithm is developed by solving
the optimization problem

W, = max J(w) (6)

Since there is no closed-form solution, we develop an
iterative algorithm to solve this problem. We use the
idea of MM algorithm [7] and the convexity of the log-
likelihood after suitable mapping of variables.

3.1 The MM algorithm

We briefly review the basic idea of the MM algorithm.
The function Go(z;2®) with a known parameter z(*)
is said to minorize G(x) at the point z(¥) provided

Go (s 2 ®)
Go(@®);2®))

IN

G(z) for all z
G(z™) (7)

Let *+1) = max, Go(x; 2®)). From the definition, we
have

Go(x(’““);x(k)) > Go(x(k);x(k)) — G(x(k))

and
G(x(’““)) > Go(x(kJrl);x(k)).

Therefore, maximizing Go(z;xz*)) results in a non-
decreasing sequence G(z**1) > G(2®). This algo-
rithm is called a minorization-maximization (MM) al-
gorithm [7]. Therefore, instead of directly maximizing
G(z),we can iteratively maximize its minorizing func-
tion Go(x; ™).

3.2 The convexity of the log-likelihood function

The student-t distribution of a zero mean random vari-
able = with a fixed degree of freedom v, can be repre-
sented as [8]

t(al0.0%) = | :Op<x|o,a2/u>p<u>du (8)

where p(m|0 o?/u) is a Gaussian distribution with vari-
ance 02 /u and p(u) = T'(ul%,%) is a gamma distribu-
tion. Therefore, we have

L(w) = logt,(en|0,0?)

— log [ Van(u)expl-gelldut e (9)
0

where c is a constant and we assume both v and s are
known parameters of the distribution. By changing vari-
able z = €2 /(20?), we define a function

(oo}
= log/ Vup(u) exp[—uz]du (10)
0
Since f(z) is the logarithm of the Laplace transform of
Vup(u), f(z) is convex [9], .
3.3 The iterative algorithm

Since f(z) is convex, we have for any constant z(¥) > 0

F() 2 fEW) + W) - =) (11)

where +1
"Ry — T
f (Z ) V—I—QZ(k)

Ignoring constants, we can write the objective function
J(w) as

g
dz ' =*" ~

Jw) = fz) - ~P(w)

FEW) + £1(2®) (= -

Denote the solution to the problem stated in (6) at the

kth iteration by W( ). Here the subscript n indicates
the time and the superscript (k) indicates the iteration.
Let 2% = (y, — x, w2/ (20
new objective function

Lp(w)

(07

v

Z(k)) —

2). We can now define a

— Z(k)) _ lp(w)
(12)

To(w;wil) = f(z0) + [/ (=) (=
We can see that J(w) is minorized by Jo(w; wi ) in
that J(w) > Jo(w; w%)) for any w® and J(w (k)) =
Jo (w%"),w% )).  To simplify notation, let /%)

—f (2(®)). Then using the MM algorithm, the solution
at the (k+1)th iteration is given by

w%k"'l) = max Jo(W;Wng))
. B® , 1
= min[5—5 (yn —Xaw)" + —P(w)]
(k) exT
— K Xn
= Wp_1+ T+ /J,(k)XnXT (13)

where é = y,, — x,W,_1 and u = ap®

In summary, the MM algorlthm that 1teratively
solves the maximum penalized likelihood problem
stated in (6) involves the following steps.

Input: y,, X, and w,_1

Output: w,
Step-1: k= 0; w(k) =Wn_1.
Step-2: Calculate w™ using (13).

Step-3: If convergence condition is satisfied or maxi-
mum number of iterations is reached, then stop the
iteration and output w, = wgﬁl), else, k = k + 1;
goto Step 2.
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3.4 Proposed algorithms
Since the MM algorithm guarantees non-decreasing
penalized likelihood in each iteration J (wgﬁ_l)) >

J (wgﬂ) ), a possible simplification of the above iterative
algorithm is to use only one iteration. As such we can
write

aoT
HEXy,
n = Wn_ —r=m 14
Wi = W1+ 7 ) (14)
where
1= ap/o?
and
v—+1 v+1

b= v+ 2:0 v+ é2/c?

There are a number of motivations for such simpli-
fication. Using only one iteration will produce a non-
decreasing penalized likelihood in light of the new data
Dy, ie., J(wy) > J(Wn_1). As such, w,, is no worse
than w,,_1 in terms of the objective function, although
Ww,, is not necessarily an optimal solution which requires
significantly more computations. The optimal solution
is thus sacrificed for reduced computation time. This
is similar to the basic idea of a generalized EM algo-
rithm [8] where instead of pursuing the maximum like-
lihood, only an increase of the likelihood is sought for
simpler implementation. Another appealing motivation
is that using only one iteration leads to an LMS type
of adaptive filter. This permits us to study it using the
established theories on LMS algorithms.

3.4.1 The MPL-LMS algorithm

For example, let us consider a special case where v —
oo. In this case, the student-t distribution becomes a
Gaussian distribution. The log-likelihood function is
L(w) = _#(?Jn —x,w)? and the maximum penalized
likelihood problem becomes a minimum penalized least
squares problem where the objective function is

J(W) - r;lﬂ(yn - XnW)2 + L(W - anl)T(W - anl)

2c

(15)
In this case, (14) is the exact solution to this problem
with lim, .o 3 = 1 and u = a/c?. Furthermore, the
objective function (15) can be interpreted as the log-
posterior of w where the first term is the log-likelihood
and the second term is the log-prior. The parameter
o? is now the variance of the noise, and « is the vari-
ance of the prior which is also a Gaussian distribution.
Therefore, 1 is the ratio of the prior variance to the
noise variance. To relate the MPL-LMS algorithm to
the normalized LMS algorithm, we consider an extreme
case where @ — 00, i.e., the variance of the prior is very
large and the prior is approximately a uniform distrib-
ution with its mean at w,_1. In this case, 4 — oo and
(14) becomes

which is the NLMS algorithm with n = 1. In addi-
tion, the MPL-LMS algorithm can be regarded as spe-
cial cases of the LMS algorithm in that for the MPL-
LMS X = u/(1 4 px,xL).

8.4.2 The robust MPL-LMS algorithm

We now discuss the general algorithm given by (14),
which is rewritten as follows

ext

1/p+ x,xT

T

- (16)

+ X, xF

Wn, = Wp_1+

éx
vo? + é2
a(v+1)

= Wp-1-+

This equation is of the same form as that of the MPL-
LMS algorithm. The difference is that in (16) p is a
function of é, which makes it robust to outliers and is
demonstrated as follows. We also note that (16) is of the

24 32
same form as (3) in that ®(é) = 1/(% + xp,x2).

We call this algorithm the robust MPL-LMS algorithm.
The robustness of the proposed algorithm can be
demonstrated by recognising that the second term of
(16), denoted u, is the correction term due to the new
data D,,. It is a nonlinear function of é in the form

e
= 17
YT a7)
where
a=alv+1)x}
and

b=alv+1)x,x. + vo?.

When all parameters v, 0 and « are fixed, é is the
error due to fitting the previous estimate w,_1 to the
current data. If w,_1 is not very far away from the true
impulse response vector w, then € is mainly due to the
additive noise. If |é] is very large, then it is likely there
is an impulsive noise. As such, if the correction term is a
linear function of é, which is the case for both the LMS
and NLMS algorithms, then the algorithm is not robust
in that it makes unnecessarily large correction due to
noise.

We now show that the robustness of the proposed al-
gorithm comes from the nonlinear relationship expressed
n (17). Without losing generality, in figure 1, we show
the value of the mth element of u, denoted u(m), as
a function of é (when 0 < é < 10) for some particu-
lar combinations of @ = a(v + 1)x,(m) and b. Here
we use Zp(m) to represent the mth element of the vec-
tor x2'. We can see from figure 1 that for small value
of é the correction increases with it. After a thresh-
old, the correction decreases as é continues to increase.
The threshold, denoted by é;, can be calculated by us-
ing (17) and is given by é = vb. Therefore, when
|é] < é, the correction term of the proposed robust
MPL-LMS algorithm behaves in a similar way as the
NLMS and LMS algorithm. However, when |é| > é,
the proposed algorithm shrinks the correction term to
avoid mis-adjustment. The threshold depends on the all
paraTmeters of the algorithm and the input signal energy
XpX,, -
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Figure 1: The value of the correction term as a function
of é (when 0 < é < 10) for some combinations of a and

b.

4. SIMULATION RESULTS

To study the robustness of the algorithm, we perform
the following simulation experiments. The impulse re-
sponse of the system to be identified is generated as a
random (12 x 1) vector w. In the nth iteration, a ran-
dom input signal vector x,, is generated and y,, is cal-
culated using (1), where the noise e,, is generated from
a mixture of two zero mean Gaussian distributions with
variance s1 and sy (so = msy, m > 1), respectively.
This is simulated in Matlab by: en = s1 * randn + s2 *
randn * (abs(randn) > T). We perform simulations with
51 =0.1,s5 =1and T = 3. We also fix 02 = a = 0.01
and study cases for v = 10'°,10,3,1. The performance
of algorithm is measured by the distance between the
two vectors D,, = ||w —w,||?. Results are shown in fig-
ure 2. We can see that when v = 10'° the algorithm is
essentially the MPL-LMS algorithm which is not robust
in that D,, tracks the impulsive noise. When v = 1,3,
the results is very robust to the impulse noise. This
verifies the theoretical analysis in the previous section.
When v is increased, the learning speed is also increased
and so is the sensitivity of the algorithm to the impulsive
noise.

5. SUMMARY

In this paper, we have proposed a new robust adap-
tive filters called robust MPL-LMS algorithm. A special
case of the algorithm is the MPL-LMS algorithm which
is similar to the NLMS algorithm. The development is
based on the student-t distribution and penalized max-
imum likelihood. We have demonstrated the robustness
of the algorithm. A key element of the algorithm is
the setting of the parameters such that the algorithm
achieves the best trade-off between the learning speed
and the sensitivity to impulsive noise. This should be
studied using practical models of the additive noise.
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