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ABSTRACT
In this paper we propose a novel LMS algorithm in com-

bination with a voice activity detector (VAD) for filtering
speech sounds in the Adaptive Noise Cancelation (ANC)
problem. The filtering stage is based on the minimization of
the squared Euclidean norm of the difference weight vector
under a stability constraint over the a posteriori estimation
error. To this purpose, the Lagrangian methodology has been
used in order to propose a non-linear adaptation defined in
terms of the product of differential inputs and errors. This
approach yields better tracking ability under conditions held
in Discontinuous Transmission (DTX) systems than previous
approaches. In addition the use of a precise VAD provides
two operation modes in order to obtain the best trade-off be-
tween misadjustment and convergence speed in speech/non-
speech frames. The experimental analysis carried out on
the AURORA 3 speech databases provides an extensive per-
formance evaluation together with an exhaustive comparison
to standard LMS algorithms including the normalized (N)-
LMS, and other recently reported LMS algorithms such as
the Modified (M)-NLMS or the Normalized Data Nonlinear-
ity (NDN)-LMS Adaptation.

1. INTRODUCTION

The widely used least-mean-square (LMS) algorithm has
been successfully applied to many filtering applications in-
cluding modeling, equalization, control, echo cancelation
biomedicine or beamforming [1]. The typical noise cance-
lation scheme is shown in Figure 1. Two distant microphones
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Fig. 1. Adaptive Noise Canceler.

are needed for such application to capture the nature of the
noise and the speech sound simultaneously. The correlation

between the additive noise that corrupts the clean speech (pri-
mary signal) and the random noise in the reference input
(adaptive filter input) is necessary to adaptively cancel the
noise of the primary signal. The adjustable weights are typi-
cally determined by the least mean squares (LMS) algorithm
[1] because of its simplicity, ease of implementation and low
computational complexity. The weight update equation for
the adaptive noise canceler (ANC) is:

w(n+1) = w(n)+ µe∗(n)x(n) (1)

where µ is a step-size parameter, e∗(n) denotes the complex
conjugate of output signal e(n), and x(n) = (ν2(n), . . . ,ν2(n−
L−1))T is the data vector containing L samples of the refer-
ence signal ν2(n).

Many ANCs [1, 2, 3] have been proposed in the past
years using modified least mean-squares (LMS) algorithms
in order to simultaneously improve the tracking ability and
speed of convergence. Bershad studied the performance of
the Normalized LMS (NLMS) with an adaptive step size in
[5] showing advantages in convergence time and steady state.
Later, Douglas and Meng [3] proposed the optimum nonlin-
earity for any input probability density of the independent in-
put data samples, obtaining the Normalized Data Nonlinear-
ity adaptation (NDN-LMS). Although the latter algorithm is
designed to improve steady-state performance, its derivation
did not consider the ANC in case of a strong target signal in
the primary input [2]. Greenberg’s Modified-LMS (M-LMS)
extended the latter approach to the case of the ANC with the
nonlinearity applied to the data vector and the target signal
itself, obtaining substantial improvements in the performance
of the canceler. The disadvantage of this method is that it
requires a priori information about the processes which is
generally unknown. This paper shows a novel adaptation for
filtering speech signals in discontinuous speech transmission
(DTX) systems, which are characterized by sudden changes
of the signal statistics. The method is derived assuming stabil-
ity in the sequence of a posteriori errors instead of the more
restrictive hypothesis used in previous approaches [6], that is,
enforcing it to vanish. The result of the Lagrange minimiza-
tion is the application of the NLMS algorithm to a new set
of difference signals that is more suitable for ANC of speech
signals in DTX systems. The combination of the proposed
method with an effective VAD [9]-[15] allows to change the
operation of the algorithm over speech/non-speech segments
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which provides a better tracking ability to the adverse non-
stationary environment.

2. CONSTRAINED STABILITY (CS)-LMS
ALGORITHM

Our approach belongs to the class of LMS algorithms that try
to find the optimal weight adaptation scheme [5] rather than
optimizing the step size function [2]. The derivation of the
nonlinearity applied to the target signal and the data vector
is achieved by using the Lagrangian formulation relaxing the
conditions imposed on the solution unlike the LMS algorithm
which enforces the error sequence to vanish [7]. Consider the
constrained optimization problem that provides the following
cost function:

L (w(n+1)) = ||δw(n+1)||2
+Re

[
λ ∗(e[n+1](n)− e[n+1](n−1))

] (2)

where δw(n + 1) = w(n + 1) − w(n), e[k](n) = d(n) −
wH(k)x(n) is the error at time n obtained from the weight
vector at time k, H denotes the Hermitian and λ is the La-
grange multiplier. The solution to this optimization problem
wopt(n + 1) minimizes the norm of the difference between
two consecutive weight vectors and satisfies the equilibrium
constraint e[n+1](n) = e[n+1](n−1) if

λ =
2δe[n](n)
||δx(n)||2 (3)

where δe[n](n) = e[n](n)−e[n](n−1) is the difference between
the a priori error sequence and ||δx(n)||2 = ||x(n)−x(n−
1)||2 is the squared norm of the difference between two con-
secutive input vectors, subsequently called difference input
vector for short. This equilibrium constraint imposes stability
onto the sequence of a posteriori errors, i.e. the optimal solu-
tion wopt(n+1) is the one that renders the sequence of errors
as smooth as possible. Thus, the minimum of the Lagrangian
function satisfies the following update condition:

w(n+1) = w(n)+
δx(n)(δe[n](n))∗

||δx(n)||2 (4)

Thus, the novel condition on the sequence of errors updates
the weight vector using the concurrent change of the pro-
cessing variables which variance is lower if they are strongly
correlated, i.e. this operation reduces the variation on the
statistics in the channel. The weight adaptation rule can
be made more robust by introducing a small number ε into
the denominator to prevent numerical instabilities in case of
a vanishingly small squared norm ||δx(n)||2 and by multi-
plying the weight increment by a constant step size µ to
control the speed of the adaptation. Note that the equilib-
rium condition enforces the convergence of the algorithm if
||δx(n)||2 6= 0. The convergence of the algorithm, the Excess
Minimum Squared Error (EMSE) and the Misadjustment (M)
could be readily analyzed in a fashion similar to the NLMS
algorithm for the proposed nonlinearities [7] since the adap-
tation rule is equivalent except for the difference data. In ad-
dition, under certain conditions imposed onto the difference

data and the step size µ of the adaptation rule, the determinis-
tic CS-LMS algorithm converges to the Wiener solution wo.

3. RELATIONSHIP BETWEEN CS-LMS AND NLMS.

As shown in the previous section, the CS-LMS adaptation
rule is equivalent to the NLMS algorithm but over a differ-
ent set of data. It is interesting to consider the conditions
needed for both algorithms to have the same optimal Wiener
solution. Let x1(n) = δx(n) denote the difference incom-
ing signal, d1(n) = δd(n) = d(n)− d(n− 1) the difference
desired signal and e1(n) = δe(n) = d1(n)−wHx1 the error
signal. Using this new set of transformed data and applying
the Wiener-Hopf methodology, the classical filtering problem
is to minimize the cost function:

wo,1 = arg minwE[|e1(n)|2] (5)

Note that the gradient of the latter cost function defines the
deterministic CS-LMS algorithm, that is, in terms of expected
values. The optimal Wiener solution for the novel data set is
defined to be:

wo,1 = R−1
x1

rd1x1 (6)
where the autocorrelation matrix Rx1 is assumed to be full
rank and rd1x1 is the cross correlation vector. Generally,
wo 6= wo,1 but if the desired signal is assumed to be generated
by the multiple linear regression model: d(n) = wH

o x(n) +
eo(n), where eo(n) is an uncorrelated white-noise process that
is statistically independent of the input vector x(n) then:

rd1x1 = Rx1wo ⇒wo = wo,1 (7)

4. CONVERGENCE ANALYSIS OF THE CS-LMS
ALGORITHM

Firstly, lets consider the convergence of the deterministic CS-
LMS algorithm which is described as the Steepest Descent
algorithm on the novel data set. From the algorithm adapta-
tion we can formulate the following deterministic adaptation
for the CS-LMS algorithm:

w(n+1) = w(n)+
µ̂

[
−∇{ J[n](n)+ J[n](n−1)}+2Re{∇Ĵ[n](n)}

] (8)

where J(n) = E[|e(n)2|] and Ĵ[n](n) = E[e[n](n)(e[n](n−1))∗].
In terms of the novel data model {x1(n),d1(n),δe(n)} intro-
duced in section 3 the adaptation could be expressed as:

w(n+1) = w(n)+ µ̂
[
−∇{ J[n]

1 (n)}
]

(9)

where J[n]
1 (n) = E[|δe(n)|2]. Since δe(n) = d1(n)−wHx1(n)

then:

J[n]
1 (n) = σ2

d1
−wHrd1x1 −rd1x1

Hw−wHRx1w (10)

It is readily seen that necessary and sufficient condition for
convergence of this modified algorithm can be expressed, in
terms of the step-size parameter µ̂ and the largest eigenvalue
λmax of the difference matrix ∆R(1) = R(0)−R(1) where
R(k) = E[x(n+ k)xH(n)], as:

0 < µ̂ <
1

λmax
(11)
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4.1. Convergence Analysis of the stochastic CS-LMS al-
gorithm
From (4) it can be readily seen that the stochastic CS-LMS al-
gorithm is equivalent to the NLMS adaptation over the novel
difference data set which was defined in the previous section.
Thus, once we have proven that they have the same Wiener so-
lution and the stochastic CS-LMS is equivalent to the NLMS
on the novel data set, we can apply the same properties of the
standard NLMS algorithm [7] to our approach using the dif-
ference data set. As a consequence, the stochastic CS-LMS
adaptation using an estimated gradient is convergent in the
mean square if Eq. (11) is satisfied. In this case, instead of
minimizing the power of the difference error in (5), the error
sequence is made as smooth as possible as shown in (2).

4.1.1. Learning curves in ANC application

It is common in practice to use ensemble-average learning
curves to study the statistical performance of adaptive filters.
The estimation error produced by the filter in the ANC appli-
cation is expressed as:

e(n) = s(n)+ eo(n)+ εH
o (n)x(n); for µ small (12)

where eo is the estimation error produced by the Wiener filter
and εo is the zero-order weight-error vector which satisfies
the stochastic difference equation described in [4], i.e. we
invoke the direct averaging method. Hence, assuming that
eo is statistically independent with x(n) and s(n), the mean-
squared error produced by the filter on the novel data is given
by:

J(n) = Jo +E[|s(n)|2]+E[εH
o (n)x(n)x(n)Hεo(n)]; (13)

where Jo = E[|eo(n)|2] and Jmin = Jo + E[|s(n)|2]. It can be
readily seen that a reduction in mean-squared error J(n) is
obtained by the CS-LMS algorithm if the desired signal s(n)
and the input signal x(n) are strongly correlated since:

εo(n+1) = (I−µRx1)εo(n)−µx1(n)δ ẽ∗o(n) (14)

where δ ẽo(n) = δeo(n) + δ s(n) and the excess error in the
steady state is expressed as:

Jex(∞) = limn→∞ E[εH
o (n)x(n)x(n)Hεo(n)] =

limn→∞ tr[RxE[εo(n)εo(n)H ]]≤ µ J̃ ∑L
k=1

λk
2−µλk

< JLMS
ex (∞)

(15)
where J̃ = 2(Jmin − Re{rs(1)}) and rs(1) is the correlation
function of the desired signal at lag 1, if the input signal x(n)
is weakly correlated (first inequality: if R(1)∼ 0) and the de-
sired signal is strongly correlated s(n) (second inequality: if
Re{rs(1)}> 3/4Jmin), we achieve a clear reduction in excess
mean squared error.

In addition, if the power of the desired signal is neglected
(or disappear in time, i.e. when s(n) is intermittent) the Mis-
adjustment (M) satisfies the following equality:

M = Jex(∞)
Jmin

' µtr(Rx1) =
µ [2(tr(R)− tr(Re{R(1)}))] = 1

2 µDtr(R);
J(n)' Jo + µJotr(Rx1)

(16)

where Jex(∞) is the steady state EMSE, Jmin = Jo, tr stands
for trace of a matrix and µD = 4µ

(
1− tr(Re{R(1)})

tr(R)

)
. In DTX

systems, the adaptive filter is required to have a high step
size µ to cope with changing statistics in the channel. This
affects the M of the algorithm which is increased substan-
tially. Beforehand, a clear reduction of Jex(∞) in the CS-
LMS algorithm is achieved by reducing Jmin to J̃ (see equa-
tion 15) and/or the trace of the input correlation matrix since
M ' µ · tr(Rx1) (see equations 15 and 16). The condition
for the reduction of M, that depends on the input sequence, is
that:

tr(Re{R(1)}) >
3
4

tr(R) or µD < µ (17)

Note that this condition is incompatible with the one assumed
to obtain the upper bound for Jex(∞) (R(1) ∼ 0. Thus, the
reduction of it by using the trace of the correlation matrix is
unfeasible.

It also follows from the NLMS analysis [7] that the high
value of µ balances the trade-off between M and the aver-
age time constant. Indeed the average time constant for the
stochastic CS-LMS algorithm can be expressed as:

τ ' L
µtr(Rx1)

(18)

where L is the filter length. On the basis of this formula, we
may make the same observations as in [7] about the connec-
tion between M and τ . This constant is higher than the stan-
dard LMS algorithm for the same µ but fits with the ANC
application for DTX systems (a high value of step size is
needed). In the following section we show a customized ver-
sion of the CS-LMS algorithm, the lag CS-LMS algorithm,
that allows to select a suitable trade-off between convergence
and average time constant.

5. VAD AND THE LAG CS-LMS ALGORITHM

We can exploit the advantages of the CS-LMS algorithm over
noise segments just relaxing the equilibrium constraint. In
many cases, constraining the least squared filter to minimize
5 is overly restrictive (see p. 171 in [8]). For example, if a
delay may be tolerated, then we may consider minimizing the
expected value of the difference:

min
w

E[|ek(n)|2] (19)

where ek(n) = e(n)− e(n− k). In most cases, a nonzero de-
lay k will produce a better approximate filter and, in many
cases, the improvement will be substantial. Following the
same methodology as in section 2 and imposing the condi-
tion:

e[n+1](n) = e[n+1](n− k) (20)

we obtain an additional improvement in the filtering of noise
segments unlike the speech segments where the high non-
stationary affects the solution provided by the lag algorithm.
The explanation of this behavior is that using the novel data
set ek(n) we decrease the average time constant by increasing
the trace of the novel input autocorrelation matrix Rxk

(and
consequently increasing the M). This is really effective over
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noise segments as shown in Figure 2, given that a small aver-
age time constant provides a smaller averaged M over the si-
lence frame. Thus, the combination of both operation modes
using an effective VAD, i.e. based on energy and contex-
tual information [9]-[15], is expected to supply better tracking
ability and filtering results. The evaluation of the proposed
strategy over an utterance of the Speech-Dat Car Aurora3 is
shown in Figure 2. As clearly stated in the latter Figure and
in the experimental section, the use of VAD in ANC provides
an additional improvement in the results obtained by the CS-
LMS algorithms separately.
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CS-LMS using VAD in terms of EMSE (dB= 20 · loge(.)).

6. EXPERIMENTS

The experimental analysis is mainly focussed on the determi-
nation of the EMSE and M at different SNR levels, step sizes,
and environments. The AURORA subset of the original Span-
ish SpeechDat-Car database [16] was used. It contains 4914
clean recordings from more than 160 speakers. The noise ν
was assumed to be zero mean white Gaussian with different
variances, and non-stationary with linearly increasing vari-
ance (from σ2,min

v to σ2,max
v ) as shown in Table 1. The filter

length L and the step size µ were also varied, ε = 0.0001 and
the impulse response of the filters h1 and h2 were modeled as
low pass IIR filters: H−1

1 (z) = 1−0.3z−1−0.1z−2;H−1
2 (z) =

1−0.2z−1. The equilibrium condition can be easily achieved
over the stationary noise segments (see Figure 3 a)); over the
speech segments the equilibrium constraint is hardly satisfied
because of the non-stationary nature of speech. We also show
the spectrogram of the estimated clean signal e(n) by using
the CS-LMS adaptation. Figure 3 b) shows a non-stationary
experiment on the same utterance. Finally, Table 1 summa-
rizes the averaged results of the EMSE and M using the pro-
posed and referenced algorithms over the complete Spanish
Aurora 3 databases, set of parameters and environments (first
row: stationary environment). As a conclusion, the proposed
method yields the minimum EMSE and M for a wide range
of adverse noise variances, filter lengths and step sizes given
in Table 1.

Table 1. Performance of Referenced and proposed LMS al-
gorithms (dB=20 · loge(.))

Stat./Non-Stat. White Noise N-LMS NDN-LMS
µ = 0.1;0.25;0.5 L = 8;12;24 EMSE(dB) M EMSE(dB) M

σ2
v σ2,min/max

v -31.94 0.98 -22.83 1.67

0.01;0.1;0.5 0.1/0.5 -23,04 1,66 -11,00 1,71

VAD CS-LMS CS-LMS M-LMS
EMSE(dB) M EMSE(dB) M EMSE(dB) M

-36.69 0.38 -36.11 0.43 -32.71 1.07

-35,87 0,40 -35,31 0,45 -22,71 1,85

7. CONCLUSION

This paper showed a novel CS-LMS algorithm based on the
minimization of the squared Euclidean norm of δw(n + 1)
subject to the constraint of equilibrium condition in the se-
quence of a posteriori estimation errors and its application
to effective ANC systems. To solve this constrained opti-
mization problem, the Lagrange multiplier method was used
for the general case of complex-valued data. In this way a
novel adaptation algorithm that applies non-linearities to the
error and input signal sequences was obtained. In DTX sys-
tems, the trade-off between M and convergence speed was
controlled i) by using a novel difference data set and ii) by
including a lag in the equilibrium constraint, provided that
the step size of the algorithm µ is necessarily fixed to a high
value to track the variability of the incoming signal. The latter
technique, which increases the trace of the input autocorrela-
tion matrix, is only effective over noise segments since, over
non-stationary speech frames, a small M is required. For both
stationary and non-stationary adverse noise environments, the
proposed ANC based on the CS-LMS algorithm and a VAD,
which exchanges the operation modes, showed increased per-
formance by decreasing the excess mean-squared error and
misadjustment compared to referenced algorithms [3, 2, 5].
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Fig. 3. EMSE evolution (dB= 20 · loge(.)) over an utterance of
the Aurora3 (µ = 0.1, L = 12). (a) Stat. environment (σ2

v =
0.1). (b) Non-Stat. environment (σ2,min

v = 0.1, σ2,max
v = 0.7)
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