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ABSTRACT

The goal of noise cancelling for hearing aids is to remove the noise
in the corrupted speech so that the hearing impaired can better un-
derstand and participate in a conversation. Most digital hearing aids
use a Weighted Overlap-Add (WOLA) structure [1] to implement
the noise cancelling algorithm. Often, it is attempted to build a
short time Wiener filter with a WOLA either in the FFT or in the
Bark domain. Such a filter results in real valued gains to the FFT
bins of the input signal and can be easily implemented in the WOLA
structure. These real valued gains are also symmetrical with respect
to the Nyquist rate, which results in a real valued impulse response
from the filter.

In this paper we answer the question of how an optimal min-
imum mean square error (MSE) filtering should be done with a
WOLA structure, given the constraint of real valued gains and a
real valued filter impulse response. Since the gains obtained with
a Wiener approach are between zero and one, we also find the op-
timal gains given these additional constraints using quadratic pro-
gramming.

We assume that we have access to all the spectral properties of
the speech and the noise signal we need, so that we can find the
optimal gains. By assuming that this spectral estimation is ideal,
we decouple the estimation problem and the MSE filtering problem
with a WOLA structure, and the results show the performance that
would be achievable using this popular signal processing structure.

The problem of finding the optimal gains is structured in such
a way that we first find the optimal solution for each individual
WOLA frame. Since in the WOLA structure, the contribution of
a given frame to the final output is weighted by a window function,
we next find a weighted optimal solution, which results in a bet-
ter overall solution. We then introduce an iterative scheme which
attempts to find an overall optimal solution by considering the con-
tributions of each frame and improving the frames iteratively. We
show that this scheme must converge to a local optima, which can
be significantly better than the per frame solutions.

1. INTRODUCTION

In most digital hearing aids, the noise cancelling is achieved us-
ing a WOLA structure and a type of Wiener filter. Since neither
the power spectral densities of the signal nor the noise are usually
known, they need to be estimated. After the estimation, the Wiener
filter formula can be used to calculate the gains in either the FFT or
the Bark domain, and the gains are then applied in the FFT domain
and the resulting signal is transformed back into the time domain.
The structure of the Wiener filter formula results in gains for each
FFT bin which are real, symmetrical with respect to the Nyquist
rate, and between zero and one.

Every practical noise cancelling system can be thought of as an
estimator/filter combination, where the estimation process is used
to estimate the spectral properties of the noise and speech, and the
filter is used to remove the noise from the corrupted speech. Since
such noise cancelling systems are almost always tested as whole
systems, it is not clear what part of the system, the estimator or the
filter or even a particular combination of those, is responsible for
the observed performance.

The aim of this paper is to study the filter alone. That is, we
assume that the estimator results in perfect estimations of the infor-
mation we need for the filter. The aim is to find the performance

limit of the frequently employed WOLA structure, using real val-
ued gains that are symmetrical with respect to the Nyquist rate, i.e.,
that would result in a real valued impulse response. Furthermore we
also add the constraint that results from the Wiener formula, that the
gains have to be between zero and one, and observe the resulting
performance loss because of this constraint.

Since in the WOLA structure, the frames have a strong over-
lap, treating the frames independently will not result in an overall
optimal solution. Furthermore, this dependency results in an opti-
mization problem for which a globally optimal solution might be
very hard to find. Hence, using the optimal solution formulated for
a single frame, we introduce an iterative scheme that is guaranteed
to converge to a local optima for the overall system.

The paper is organized as follows. In section 2 we introduce the
required notation. In section 3 the optimization problem for a sin-
gle WOLA frame is defined and a solution in the time and the FFT
domain is derived. In section 4, it is observed that each frame of
a WOLA has a weighted contribution to the final signal and hence
minimizing the MSE might not be the best approach, since the parts
in the middle of the frame are much more heavily weighted than
the edges of the frame. Hence a weighted MSE solution is pre-
sented. In section 5 the constraints imposed by the Wiener formula
are introduced to the optimization problem. Hence the gains are
only allowed to be between zero and one. This additional constraint
set is dealt with using a quadratic programming approach. In sec-
tion 6, the per frame optimal solution is extended to an iterative
scheme for the entire sequence which is guaranteed to converge to
a local optima. In section 7, experiments with the different schemes
are presented and compared to a Wiener filter. Finally, the paper is
summarized and conclusions are drawn in section 8.

2. MATHEMATICAL NOTATION

The idea behind a WOLA is that the input signal is cut into frames
of a given length and each frame is weighted by a window func-
tion. These windowed frames are then transformed with an FFT
into the frequency domain, where they can be manipulated. Nor-
mally, successive frames have a strong overlap, resulting in a data
expansion in this process. After the frames have been manipulated
in the frequency domain, they need to be transformed back into the
time domain. Since each frame is contributing an overlapping part
to the final result, the frames need to be added. It is interesting
to note that it is possible that, through the manipulation in the fre-
quency domain, there is no corresponding time sequence anymore.
In other words, there is no time sequence which would result in the
manipulated frequency information. Hence the goal is to find that
time sequence which, if transformed by a WOLA, would result in a
frequency representation that would have the smallest mean squared
error compared with the manipulated frequency information. This
is achieved by adding the frames, weighted with the original win-
dow, and normalizing by a term that depends on the window used.
In this paper a raised cosine window (also called a Hann window)
having 25% overlap is used and the term is in this case a constant,
1.5.

The manipulation in the frequency domain has the goal of re-
ducing the noise in the composite signal. Simply speaking, this is
achieved by suppressing the bins that contain a lot of noise. The fac-
tors that are used to lower the bins are called the gains or weights
and these are real values. Since the original signal is a real signal
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and the filtered signal should also be real, the gains are symmetrical
with respect to half the sampling frequency (Nyquist rate).

Hence, given one wants to stay within this established frame-
work of noise cancelling in a WOLA structure, these gains, which
have to be real and symmetrical, are the free parameters that we
want to estimate, such that the resulting mean squared error of the
filtered signal compared with the original speech signal is as small
as possible.

We now introduce the notation necessary to formulate the prob-
lem mathematically. Let s(n) be the sampled speech signal and n(n)
the sampled noise signal at the discrete time n. Let x(n) = s(n)+
n(n) be the composite signal, which is the noisy speech signal. Let
w(n) be the real valued weights of the filter and y(n) = x(n)⊗w(n)
be the output of the filter, which is the circular convolution of the
input signal (noisy speech) with the impulse response of the filter.
The convolution is circular since it is the result of a multiplication
of the gains in the FFT domain. Since in this section and the next
two sections we are concentrating on the single frames, and not on
the entire sequence, we use vectors to represent the signals for a
given frame. For illustrative purposes we pick a frame length N of
128 samples and a sampling frequency fs of 20480 Hz. Further-
more, the frames have a 32 sample overlap and the window func-
tion is the well known raised cosine window function (Hann win-

dow) h(i) = 0.5−0.5cos(
2π(i−1)

N ), where i is the frame index going
from 1 to N. The speech signal vector for a given frame f multi-
plied with the h window function is called s f . Correspondingly the
windowed noise vector is called n f and the windowed composite
vector x f = s f +n f . The corresponding vectors in the FFT domain
are called S f , N f and X f , where the frequency index k also goes
from 1 to N. The real valued weights can also be written as a vector
w f and its corresponding FFT is called W f .

3. OPTIMAL PER FRAME SOLUTION

In the per frame optimal solution, the goal is to find the real valued
weights W f , which must be even symmetric about the Nyquist rate,
such that the filter output y f has the smallest possible MSE when
compared to the original windowed signal vector s f .

3.1 Optimal solution in the time domain

Since the filter process is done in the FFT domain using a multipli-
cation Y f (k) = X f (k)W f (k), the time operation is a circular convo-
lution, which can be written as a matrix operation. I.e., y f = Aw f ,
where A is a Toeplitz matrix filled with the elements of x f . Ideally,
y f = s f , and if this is not possible, then the MSE between y f and s f

should be minimized. Since N equations have to be satisfied with
N variables, the error will be zero, but as we will see later on, the
N variables are not independent. The time domain error e f can be
calculated as the difference between the windowed speech and the
filter output: e f = s f −Aw f . The goal is now to find a solution w f ,

such that the squared sum of the error eT
f e f is minimized. The well

known solution to this MSE problem is

w f = (AT A)−1AT s f . (1)

Clearly the weights w f are all real, but there is no guarantee that,
in the FFT domain, W f will be real. This will only be the case
if w f is even symmetric about the middle point. This can be eas-
ily accomplished by reducing the degrees of freedom from N to
N/2 + 1, (in our example from 128 to 65). In other words, to
force the required symmetry, the following must hold: w f (2) =
w f (N),w f (3) = w f (N −1), . . . ,w f (N/2) = w f (N/2+2).

In our example with N = 128 we now have only 65 degrees of
freedom and clearly the matrix A must be adjusted to reflect that
fact by adding the corresponding columns together which results in
a temporary matrix T . Now the new MSE solution t for the first 65
dimensions of w f can be found using the same formula as above,

t = (T T T )−1T T s f . The remaining coefficients of w f can then sim-
ply be copied from t such that the resulting w f has the required
symmetry.

3.2 Optimal solution in FFT the domain

In the FFT domain, the output of the filter Y f = XmW f can be stated
as the multiplication between a diagonal matrix Xm, where the diag-
onal is the X f vector and all other elements are zero, and the weight
vector W f . Calculating the squared error in the time domain or in the
FFT domain leads to equivalent results, except that the in the FFT
domain, the result is scaled by N. In other words, the squared error
in the FFT domain needs to be divided by N to result in the same
value as in the time domain. The error in the FFT domain can hence
be simply calculated by taking the difference between the win-
dowed and transformed speech S f and the output of the filter in the
FFT domain E f = S f −XmW f . The sum of the squared error, which

has to be minimized is thus, EH
f E f = (S f −XmW f )

H(S f −XmW f ).

Since minimizing the MSE in time or in FFT results in the same

W f , the MSE solution is W f = (XT
m Xm)−1XT

m S f . The problem with
this solution is that, in general, the weights W f will not be real,
which violates the original assumptions. Fortunately, it is relatively
easy to force the solution to become real by converting the complex
matrix Xm and the complex vector S f into a stacked real matrix and a
stacked real vector of twice the number of rows. This is achieved by
stacking the real parts on top of the imaginary parts. The matrix and
the vector resulting from this procedure are then called Xs and Ss,
where the s subscript stands for the stacking. Now the MSE problem

has the following form W f = (XT
s Xs)

−1XT
s Ss, which will result in

a real W f that is minimizing the MSE between Ss and Ys = XsW f .
This MSE is calculated as the sum of the squared differences of
all elements between Ss and Ys. Since the first N elements are the
differences between the real parts and the second N elements are the
differences between the imaginary parts, the sum over these squared

differences is equivalent to (S f −Y f )
H(S f −Y f ), which is the sum

of the squared errors in the complex FFT domain.

Since w f has to be real, W f has to be even symmetric about the
middle point (Nyquist rate). As it turns out, since all the signals
involved are real time signals, the above formulation results auto-
matically in an even symmetric W f . This symmetry results from the
matrix inversion but it would be better to force it from the begin-
ning, so that the inversion can be carried out with a matrix of size
(N/2+1)× (N/2+1) versus N ×N.

This can be easily accomplished by reducing the degrees of
freedom from N to N/2 + 1 (in our example from 128 to 65).
In other words, to force the required symmetry, the following
must hold: W f (2) = W f (N),W f (3) = W f (N − 1), . . . ,W f (N/2) =
W f (N/2+2).

In our example with N = 128 we now have only 65 degrees of
freedom and clearly the matrix Xs must be adjusted to reflect that
fact by adding the corresponding columns together, resulting in the
temporary matrix T . Now the new MSE solution t for the first 65
dimensions of W f could be found using the same formula as above:

t = (T T T )−1T T Ss. Since T T T is a diagonal matrix, the inversion
is much simpler and faster than in the time domain. The remaining
coefficients of W f can then simply be copied from t such that the
resulting W f has the required symmetry.

The above result can also be explicitly derived by setting the
derivative of the sum of the squared error in the FFT to zero. This
derivation leads to a formula which is closely related to the well
known Wiener filter formula. Let E f = S f −XmW f be the error in
the FFT domain. Then the goal is to minimize

EH
f E f = (S f −XmW f )

H(S f −XmW f ) (2)

= SH
f S f −SH

f XmW f −W H
f XH

m S f +W H
f XH

m XmW f ,

where it is important to note that for real valued weights, W f =W H
f .

This can be achieved by taking the derivative with respect to W f and

setting it to zero. This results in 2XH
m XmW f = (SH

f Xm)T + XH
m S f .

Since XH
m Xm is a diagonal matrix, this result can be written for any
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given FFT bin k without a matrix inversion as

W f (k) =
S f (k)

∗X f (k)+X f (k)
∗S f (k)

2X f (k)∗X f (k)
. (3)

Since X f = S f + NF , it becomes clear that if the signal and the
noise are uncorrelated, averaging over the above formula results in
the well known Wiener weights for wide sense stationary processes,

W (k) =
S(k)∗S(k)

S(k)∗S(k)+N(k)∗N(k)
, (4)

where the subscript f has been removed to show that these are av-
erage values averaged over all frames. Given that the above vectors
are known (or estimated) for each frame, the following formula can
be used as an instantaneous Wiener filter,

W f (k) =
S f (k)

∗S f (k)

S f (k)∗S f (k)+N f (k)∗N f (k)
. (5)

4. WEIGHTED OPTIMAL PER FRAME SOLUTION

In the previous section we have derived the MSE solution for a given
WOLA frame. In a WOLA structure, the resulting contribution of
each frame to the final sequence is weighted by a function that de-
pends on the analysis window. In this paper we use the raised cosine
(Hann) window and in this case the final output of the filter opera-
tion y f is multiplied with this window h and divided by a factor 1.5.
In our example, the frames are overlapped by 25%, which means
that each final sample is a weighted sum of samples from four con-
secutive frames. Hence if the weight is high, then the sample in
y f should be as accurate as possible, while when the weight is low,
it can be less accurate. Since the weight is known for each sam-
ple, (it is the window h divided by 1.5 for the Hann window,) it
should be incorporated into the optimization per frame procedure.
In other words, the goal should be to minimize the average (sum) of
a weighted error squared, where the weight for each sample in y f is
known from the window function.

4.1 Weighted optimal solution in the time domain

As shown in the previous section, the output of the filter is y f =
Aw f , where A is a Toeplitz matrix filled with the elements of x f .
The resulting error is e f = s f −Aw f . This error is minimized using
the MSE criterion, which is the sum of the squared error which can

be written as eT
f e f . Now the goal is to minimize the sum of the

weighted error squared, where the weight is the squared window
function h. (Note that the fixed factor 1.5 does not change the opti-
mal solution.) This can be easily achieved by considering a matrix
g which is a diagonal matrix with the diagonal equal to h. Then
left multiplying the above error equation yields ge f = gs f −gAw f .
Solving this using the same approach as in the previous section will

minimize eT
f gT ge f , which was our objective, since this is the sum of

the weighted square error where the weight is the window function
squared.

4.2 Weighted optimal solution in the FFT domain

As shown in the previous section, the output of the filter is Y f =
XmW f . Since the weighting is done in the time domain, it becomes
a bit more complicated to add this functionality in the FFT domain
than it was above in the time domain. The error in the FFT domain
can be written as E f = S f −XmW f . Multiplying in time with the
window h results in a circular convolution in the FFT domain, di-
vided by the factor N. This can be expressed as a multiplication
between a vector and a Toeplitz matrix, which we call Q. Hence
the error is now QE f = QS f −QXmW f . Finding the MSE solution
(for a real W f ) can now be done just as in the previous section and
the optimal solution to the weighted optimization problem in the
FFT domain is solved. Note though, that the matrix inversion is

now much more involved than for the non-weighted case, since the

resulting matrix T T T is no longer a diagonal matrix.
One could try to derive the above result explicitly by setting the

derivative of the sum of the weighted squared error in the FFT to
zero. Let QE f = QS f −QXmW f be the error in the FFT domain.
Then the goal is to minimize

EH
f QHQE f = (QS f −QXmW f )

H(QS f −QXmW f ) (6)

= SH
f QHQS f −SH

f QHQXmW f

−W H
f XH

m QHQS f +W H
f XH

m QHQXmW f .

where it is important to note that for real valued weights W f = W H
f .

This can be achieved by taking the derivative with respect to W f and

setting it to zero. This results in 2XH
m QHQXmW f = (SH

f QHQXm)T +

XH
m QHQS f . Hence the solution is

W f = (2XH
m QHQXm)−1((SH

f QHQXm)T +XH
m QHQS f ). (7)

Note that the first routine is significantly faster, since it only
needs to invert a matrix of dimensions 65× 65 and not 128× 128
like the routine above. The above formula is nevertheless interest-
ing, since, given that X f = S f +NF and the signal and noise are un-
correlated, averaging over the above formula and applying it frame-
wise results in something we call a weighted instantaneous Wiener
filter in the FFT domain,

W f = (2SH
m QHQSm +2NH

m QHQNm)−1 (8)

((SH
f QHQSm)T +(SH

m QHQS f )),

where the subscript m stands for a diagonal matrix. That is, Sm is a
diagonal matrix with S f in the diagonal and Nm is also a diagonal
matrix with N f in the diagonal.

5. CONSTRAINED WEIGHTED OPTIMAL PER FRAME
SOLUTION

We have shown in the previous two sections, that we can find the
optimal weights W f which minimize the weighted MSE. We have
formulated the solution in the time and the FFT domain. This op-
timization was constrained by the conditions that the weights W f

have to be real and even symmetric about the Nyquist rate. The
symmetry requirement guarantees a real filter impulse response w f .

In this section, we introduce additional constraints so that we
can compare the performance impact of these constraints with the
previous unconstrained methods. There are two sets of constraints
that are relevant. First, we have experimentally observed that
the unconstrained optimal solutions to W f contain negative values,
which is not possible when the gains are selected using Wiener
type schemes. In fact, when a Wiener approach is used, the gains
(weights) have to stay between zero and one, since a Wiener filter
can only attenuate a particular FFT bin, but never amplify and/or
change its sign. It is important to note that these constraints are
introduced simply so that we can show their implications on per-
formance, seeing as they are so commonly employed. In a WOLA
structure, weights greater than one and smaller than zero are per-
fectly acceptable and pose no problem for the implementation.

In general, finding the optimal solution to a constrained prob-
lem is much harder than finding the optimal solution to a non-
constrained problem. Early approaches for solving such constrained
problems used to convert a constrained problem to a unconstrained
one using Lagrangian multipliers. By moving the constraints to the
objective function weighted by Lagrangian multipliers, it becomes
possible to solve an unconstrained problem in more variables and
deduce the constrained solution from the optimal solution of the
relaxed problem.

While these methods work well, they have recently been outper-
formed by other methods. The Matlab function quadprog, which
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we use to solve the constrained quadratic programming problem,
employs an active set strategy. It operates in two stages, where in a
first stage, a feasible point is calculated using the simplex method
to solve a linear programming problem. Then in the second stage, it
generates iterative solutions using a line search method which con-
verge towards the optimal solution.

This quadratic programming approach is well suited for our
problem, since our cost function is quadratic (the MSE) in the vari-
ables (W f ). Hence to solve the constraint quadratic program, we use
the Matlab function quadprog, which allows us to specify con-
straints on the variables W f , such as our limits zero and one. Hence
in all the above unconstrained MSE optimization tasks, Matlab code
like the following would be used to find the MSE solution,

t=inv(T’*T)*(T’*(Qs*Ss));

where (Qs∗Ss) is the particular vector needed to solve the particular
problem at hand. This code can now be replaced with the statement,

t=quadprog((T’*T),-(T’*(Qs*Ss)),[],[],[],[],

zeros(22,1),ones(22,1));

and the constrained optimization problem where zero and one are

the limits is solved. As long as T T T is positive semi-definite, the
objective function is convex and an optimal solution will be found.
Because of the way the matrix is constructed, it will always be pos-
itive semi-definite and hence an optimal constrained solution is al-
ways found.

As we mentioned before, the optimal solutions will sometimes
pick negative weights in the frequency domain. From a Wiener
point of view, it is hard to understand why switching the sign of
a frequency bin should be needed to reduce the MSE, nevertheless,
the optimal solutions do use negative values from time to time. With
the quadratic programming approach, the values can easily be con-
strained to stay non-negative by simply using the code below,

t=quadprog((T’*T),-(T’*(Qs*Ss)),[],[],[],[],

zeros(22,1)).

This will allow us to gain an understanding of how much perfor-
mance is lost by not allowing negative weights (gains).

6. ITERATIVE SCHEME FOR THE ENTIRE SEQUENCE

So far we have only worked one frame at a time. Since the resulting
sequence is the weighted sum of all the frames, one should try to
find the optimal solution to the entire sequence. Clearly this will re-
sult in a large optimization problem, since each frame has 65 (FFT)
free parameters and a sequence can consist of an arbitrary number
of frames. Furthermore, it is not clear how to formalize the optimal
solution, since the frames overlap and hence there are strong depen-
dencies among the frame solutions. In our example, each sample in
the final sequence is made up of the weighted sum of four frames.
One possible approach would be to employ a dynamic program-
ming strategy, since the current frame depends on a finite number
of previous frames. But even with a such an approach, the problem
is still quite large.

The method which is presented in this section is based on a sim-
ple iterative scheme. The idea is that, for each frame, we calculate
what its contribution should be, given that all the other frames are
fixed. In other words,we subtract from the clean speech frame the
contributions from the neighboring WOLA frames and the remain-
ing residual vector, which we call r f , becomes the goal of the MSE
optimization of the current frame. Since the MSE solution for this
frame is the optimal solution for this particular frame, the total MSE
(i.e., the MSE between the entire filtered sequence and the original
speech signal) becomes smaller or stays the same.

Since we now have a procedure, where each frame can be re-
placed with a frame that results in the same or a smaller MSE, an
iterative scheme that selects frames one-by-one and replaces them

with the optimal frame solution (given all the other frames) is guar-
anteed to converge to a local optima. Furthermore, our experiments
show that the starting point is not important for the quality of the
final solution.

What is left to show is that the optimal MSE solution for an
arbitrary residual vector r f can be found. If this is possible, then
the above iterative scheme is guaranteed to converge to a local op-
timum. There are many ways one can iterate over the frames of a
sequence. All of these strategies have the above property and hence
will converge to a local optima. In the implementation used in this
paper, we first go over the frames 1,5,9 etc., then 2,6,10, etc., then
3,7,11, etc., and finally 4,8,12, etc. and then we start again at the
beginning. This strategy has the advantage that, with our overlap
of 25%, frames are not changed just after a neighboring frame has
changed. This seems to lead to faster initial convergence but after
a large number of passes over the entire sequence other schemes
reach the same quality.

6.1 Optimal solution in the time domain

The output of the filter y f is weighted by the window function h,
which must be taken into account. In other words, since we know
that the output will be windowed by h, we know how much big-
ger y f has the be at the ends of the frame to match an arbitrary
residual vector r f . Since the output y f = Aw f , we can simply pre-
multiply the circular convolution matrix A with a diagonal matrix
g having h as its diagonal. That way, the product of gAw f results
in an element-wise multiplication of y f and h which corresponds to
the weighting of the output y f with the window h. Since the goal is
to match r f instead of s f , the error we need to minimize becomes

e f = r f − gAw f /K. The factor K equals 1.5 for a Hann window
and an overlap of 25%. This is needed since in a WOLA gAw f the
weighted output is divided by this factor K before it is added to the
final output sequence.

6.2 Optimal solution in the FFT domain

The above solution can also be found in the FFT domain, fol-
lowing the approach described in the previous sections. The FFT
transformed residual vector r f is called R f . Hence the error E f =
R f − QXmW f , where Q is the Toeplitz matrix introduced before.
Note that here, the Toeplitz matrix is used for the weighting of
the filter output vector, while before, the same matrix was used for
weighting the error. Since for a Hann window, the output of the
filter is divided by K = 1.5, the matrix is also scaled by this factor.

As before, a solution can also be found minimizing the squared
error directly by setting the derivative of the squared error with re-
spect to W f equal to zero. This results in the following formula,

W f = (2XH
m QHQXm)−1((RH

f QXm)T +XH
m QHR f ). (9)

7. EXPERIMENTS

In this section we present the different experiments we have con-
ducted using the above introduced schemes. These experiments are
conducted at a 0dB SNR, which means that the noise power is equal
to the signal power. The signal is 30 seconds of a male speaker giv-
ing an answer to an interviewer’s question, while the noise is either a
uniformly distributed white noise or a party noise. The party noise
is a mixture of many human voices, such as one would expect to
hear in the background at a party. The parameters are the ones we
have used throughout the paper, the sampling frequency is 20480
Hz, the frame length is 128 samples, the window is a Hann window
and the overlap is 32 samples.

We have introduced many different schemes, and each of them
we tested using the above two noise scenarios, white and party
noise, and two different frequency domains, the FFT and the Bark
domain. Note that, because of the lack of space, and since the
derivation in the Bark domain is similar to the derivation in the FFT
domain, the Bark domain derivation has not been presented in this
paper.
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White noise Party noise
FFT Bark FFT Bark

Inst. Wiener 13.0 12.5 10.1 9.9
1 ≥ Optimal ≥ 0 14.0 13.2 10.8 10.7

Weighted inst. Wiener 14.3 13.2 11.3 11.1
1 ≥ Weighted optimal ≥ 0 14.5 13.6 11.2 11.1

Optimal ≥ 0 15.3 14.1 12.1 11.8
Optimal 16.1 14.4 12.8 12.4

Weighted optimal ≥ 0 16.9 15.1 13.8 13.3
Weighted optimal 19.4 15.8 15.8 15.0

10 Iterations 34.2 18.9 31.6 23.4

Table 1: The MSE improvement in dB using the proposed filters

The different schemes are: the instantaneous Wiener filter
(Eq.5), the optimal scheme (Eq.3), the weighted optimal scheme
(Eq.7), the weighted instantaneous Wiener scheme (Eq.8) and the
iterative scheme (Eq.9). We furthermore conducted experiments
using constrained quadratic programming for the optimal and the
weighted optimal schemes, where two different constraint sets were
used: W f as non-negative and W f as between zero and one.

Table 1 shows the results of the different experiments. As a
quality metric, the MSE between the final sequence and the origi-
nal speech signal is taken and converted to dB using the following

formula: 10log10(
1

MSE ). Since we normalized the original noise
(and also the original signal) to have zero mean and a variance of
one, the unfiltered signal has an MSE of one (i.e., the variance of
the noise). The above formula gives therefore the improvement in
the MSE because of the filtering procedure in dB.

Table 1 shows several facts very clearly. First, better noise re-
duction can be achieved in the FFT domain than in the Bark domain.
Since the weights are found optimally, and we have more free pa-
rameters in the FFT domain than in the Bark domain, this does not
come as a surprise. Second, the iterative approach can result in very
good noise reduction. In fact, for the FFT domain, the reduction
can be so good, that one cannot acoustically distinguish the original
from the filtered speech. Again, this is because of the 65 free param-
eters, which concentrated on matching about half of the frame (64
samples). For the Bark domain, this is different, since here only 22
parameters are available for the 64 samples. Hence one converges
to a lower dB improvement, which is still quite good. Neverthe-
less there is still an acoustically recognizable difference to the clean
speech. Third, constraining the weights W f to be positive results in
a performance drop. This drop is more significant for the weighted
optimal solution (1.5dB on average) than for the optimal one (0.6dB
on average). This performance drop is even more severe when we
constrain the weights to be between zero and one, which is the usual
solution of a Wiener type filter. In this case the weighted optimal
solution loses on average 3.8dB and the optimal solution 1.75dB.
In the most severe case (FFT domain, white noise, weighted op-
timal solution) the performance loss is 4.9dB, which is a signifi-
cant performance loss. In other words, one might want to consider
schemes where the weights (gains) do not have to be between zero
and one. Fourth, it is interesting to observe the performance gain
from the optimal scheme to the weighted optimal scheme. The gain
is on average 2.6dB, which again is quite significant, considering
the fact that these are basically identical schemes, except that the
weighted optimal scheme is focusing on reducing the squared error
in the middle of the frame while the optimal scheme minimizes the
squared error over the entire frame. The gain is not as large (1.1dB)
when comparing the instantaneous Wiener filter with the weighted
instantaneous Wiener filter, but nevertheless, the gain is there.

Figure 1 shows 300ms (about 6000 samples, i.e., about 200
frames) of the difference between the WOLA output and the clean
speech, where the noise is a uniformly distributed white noise. It-
eration 0 means that we have simply used the weighted optimal
method in the FFT domain and no additional pass has been made
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Figure 1: Convergence of the iterative scheme in the FFT domain

over the sequence using the iterative scheme. Iteration x means that
x passes have been made over the entire sequence using the iterative
scheme in the FFT domain. To indicate the convergence in MSE re-
duction, next to the iteration number the delta MSE in dB is stated.
As Figure 1 clearly shows, the iterative scheme converges to a local
optima.

8. SUMMARY AND CONCLUSIONS

In this paper, the aim was to find the limits of the well known and
widely used WOLA structure for the task of de-noising corrupted
speech. To this end, we assumed that the estimation part of a com-
plete noise cancelling system would be ideal, i.e., it can deliver the
filtering part with whatever information is needed to accomplish its
task. The focus was on the filtering part, to be exact, on the perfor-
mance limits of a WOLA structure.

We showed that the WOLA structure itself does not impose a
severe limit to the ability of speech de-noising. In fact, staying in
the FFT domain and using an iterative scheme, we were able to
produce WOLA weights which could produce filtered speech that
was acoustically indistinguishable from the clean speech.

Several different schemes were developed. The optimal solu-
tion to these schemes were always developed in the time and the
FFT domain. We derived a frame-wise optimal solution that will
result in the well known instantaneous Wiener filter, when we as-
sume that the noise and the speech are uncorrelated and when we
average over all frames. Furthermore, we also developed a so-called
weighted optimal solution, where the MSE is minimized in the mid-
dle of the frame more than at the edges, and showed experimentally
that this results in better filtered sequences. We then showed that by
averaging over all frames, a kind of weighted instantaneous Wiener
filter results, which also outperforms the instantaneous Wiener fil-
ter.

Another major point was that we developed a quadratic pro-
gramming solution to solve the above problems, given some con-
straints on the weights W f . These optimal constraint solutions
showed that constraining W f to be between zero and one comes
with a relative high penalty in performance. Since most WOLA
based noise cancelling schemes do this today, this is an important
result.
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