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ABSTRACT 

A new method for motion estimation and segmentation of 

cardiac magnetic resonance images, based on variational 

and level set techniques is presented. The variational 

method for motion estimation is based on a total variation 

approach following a matrix implementation. It has been 

integrated with a level set method for segmenting the endo-

cardial wall, providing a valuable tool for motion estimation 

and segmentation together. The results obtained have been 

compared with a reference method. The robustness and ac-

curacy of these results have been proved. 

1. INTRODUCTION 

Motion estimation certainly belongs to one of the most cru-
cial and well investigated tasks in computer vision, in par-
ticular, the computation of the optical flow. The first works 
on this field were proposed by Horn and Schunk [1] and Lu-
cas and Kanade [2]. Numerous improvements in the quality 
of the optical flow estimation techniques have been achieved 
since then. One of them is carried out by the variational ap-
proach, which is motivated by the need to preserve the dis-
continuities on the optical flow [3]. Several experiments give 
evidence for the superior performance of this method, in 
terms of accuracy, robustness and computational time [4]. 
 
An important application for the motion estimation is found 
in the heart-wall motion quantification in medical imaging. 
Myocardial ischemia is a frequently encountered pathologi-
cal dysfunction. Therefore, non-invasive estimation of myo-
cardial contractility is of interest in order to detect regions 
with abnormal contraction and suspected obstructed arteries 
[5]. 
 
Among all the available imaging methods, Cardiac Magnetic 
Resonance (CMR) is one of the reference methods to per-
form the dynamic exploration of the cardiac function [6].  
Nevertheless, the mayor source of the limitations of conven-
tional cardiac function measurements is their inability to fol-
low the motion of individual portions of the heart wall [7]. 
CMR has improved the results obtained in cardiac function 
measurements, but the paucity of reliable identifiable land-

marks in the heart wall largely limits the assessment of the 
intramural motion. To achieve a better value of a quantitative 
assessment of intra-myocardial contractile function, the most 
reliable method is the Tagged MRI method [7]. Tagged-MRI 
uses specific sequences to create two orthogonal sets of par-
allel planes of magnetic saturation, which appear as a grid 
pattern of dark lines or tags [8]. 
 
Nevertheless, the assessment of myocardial function not only 
requires the motion estimation but also the segmentation of 
the myocardium over a cardiac cycle [9]. One of the most 
common used techniques based on geometric active contours 
is the level set method. This technique was introduced by 
Osher and Sethian [10], and later it has been investigated to 
cope with the image segmentation problem in several publi-
cations [11]. 
 
The work described in this paper combines the advantages of 
the variational technique for motion estimation to support the 
process of segmentation of the endocardial borders by means 
of the well-known level set technique. Real Tagged Cardiac 
Magnetic Resonance images have been used in this work for 
a better motion tracking. Comparison with the established 
method of reference HARP [12, 13] for motion estimation 
has been performed. 
 
This paper is organized as follows. In section 2 we introduce 
the variational technique and its total variation extension. 
The Level Set method and the integration of the two previous 
sub-systems are presented. In section 3 results are shown. 
Section 4 ends with the conclusions and discussion. 

2. METHODS 

The method proposed for the motion estimation of tagged 
cardiac magnetic resonance images is one belonging to the 
well-known differential techniques. Several experiments give 
evidence for the superior performance of these techniques 
[14] against other alternative techniques. The basis of these 
methods is the constancy of the intensity structures of local 
time-varying image regions under motion, at least for a short 
period of time [1]. The use of this method 
actually assumes an intensity conservation between 
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consecutive frames that can be admitted in the case 
of tagged MR image frames separated by short time intervals 
as compared with T1 recovery [15]. However, if required, 
the T1 signal modulation could also be included in 
the criterion [15].  
Formally, if u(x1,x2,t) is the intensity of the pixel (x1, x2) at 
time t, 

 ( ) ( )( ) ( )0201021 ,,,, txxuttxtxu =  t∀  (1) 
where x10 = x1(t0). Taking the derivative with respect to time 
yields,  

( ) ( ) ( ) 0,,,,, 02102121 =+∇⋅ txxutxxuxx tσ   (2) 
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2σ  are the velocity fields. 

Equation (2) is known as the optical flow constraint equation. 
Nevertheless, this equation is scalar, which is not enough to 
find both components of the velocity. This phenomenon is 
known as the aperture problem. Because this problem is ill-
posed, additional constraints are required. The most common 
is based on second-order derivatives, choosing a parametric 
model of velocity or regularizing the velocity fields [16]. 
 
2.1 Variational approach for motion estimation 

Horn & Schunk in [1] where the first authors to propose the 
following regularization term (part B in Eq. 3), 
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Nevertheless, this term (B) smoothes isotropically, and does 
not consider the optical flow discontinuities [17]. More ro-
bust norms have to be considered to cope with discontinui-
ties, for instance 
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where functions φ  allow noise removal and border conser-

vation. Among the different φ  functions [3], in this paper the 

norm L1 has been implemented. It is also known as the Total 

Variation (TV), ( ) tt =φ , which has very good anisotropic 

denoising properties [3]. Since solving the minimization 
problem in (4) by solving directly its Euler Lagrange equa-
tion is highly nonlinear and not continuous, a special atten-
tion must be paid to its discretization. Several relaxed lineari-
zation schemes were proposed. We follow the half-quadratic 
regularization scheme in [18] that introduces an auxiliary 
variable.  
 
When there is a homogeneous region characterized by low 
image gradients magnitude, no visible motion can be locally 
detected. To minimize this undesirable motion, an extra term 
of this form is added to the previous equation  
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where 
2
 is the Euclidean norm, and 

 

( )
( ) ( )22

21

1

xx uu

xc

+
=   (6) 

 
Equation 5 represents a penalizing term, which is low for 
high image gradients and high for low image gradients. Fi-
nally, the energy minimization equation yields as 
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2.1.1 Implementation 

To solve the energy minimization in (3), a matrix implemen-
tation has been chosen. The problem has been reduced to one 
equation constructed by matrices (U  denotes the diagonal 
matrix implementation of u ), whose unknowns are the ve-

locity fields 1σ  and 2σ .  
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where 
1

1 x
UU X ∂

∂=  and 
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The regularization term has been inserted as a discretization 

value in the form 111 )( σσ zL
T

 and 222 )( σσ zL
T

 [19], 

where z  is the auxiliary variable introduced by the half-
quadratic scheme which is updated in each iteration accord-
ing to 
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Matrices ( )zL1  and ( )zL2  are Toeplitz matrices, positive 

semidefinite constructed by z , which performs shift-variant 
convolution with z . To avoid division by zero, z  is defined 
for the TV case as,   
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where ε  is the relaxation parameter [20]. Note that in the 

relatively flat regions, ( ) ε≤xDσ  ( σD  denotes the gra-

dient distribution of σ ), ( )zL  becomes the Laplacian op-

A B 
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erator. In regions with high image gradient, ( ) ε≥xDσ , 

σσ )(zLT  approximates the TV semi-norm of the velocity 

σ . 
 

2.2 Segmentation through Level Sets and a Varia-

tional approach 

 
2.2.1 Level Set Method with a Variational formulation 

The method proposed for the segmentation of the video se-
quence of tagged cardiac magnetic resonance images is a 
modified version of the variational formulation for geometric 
active contours principle proposed in [21]. The main idea is 
to evolve the boundary C from some initialization in direc-
tion of the negative energy gradient. This is done by imple-
menting the gradient descent equation [22]: 

 

( )
n⋅=

∂

∂
−=

∂

∂
F

C

CE

t

C
 (11) 

and modelling the evolution along the normal n with a speed 
function F3. In the implicit contour representation theory, the 
contour C is represented as the zero level line of some em-
bedding function ϕ , as  

( ) ( ) ( ){ }0,,, == yxtyxtC ϕ   (12) 

In the method proposed by Osman and Sethian in [10], a 
contour is propagated by evolving a time-dependent embed-
ding function ϕ  according to an appropriate partial differen-

tial equation. The evolution equation of the level set function 
ϕ  can be written in the following general form 

F
t

ϕ
ϕ

∇−=
∂

∂
  (13) 

which is called the level set equation [10]. Nevertheless, the 
level set function ϕ  can suffer of transients, very sharp 

and/or flat shape during the evolution. For this reason, it is 
necessary to initialize the function ϕ  as a signed distance 

function before the evolution starts, and then “reshape” (or 
“re-initialize”) the function ϕ  to be a signed distance func-

tion periodically during the evolution. Re-initialization has 
been extensively used as a numerical remedy in traditional 
level set methods [23, 24], but in our implementation we 
have used the Variational approach explained in [21]. Pro-
vided that a signed distance function must satisfy a desirable 

property of 1=∇ϕ , the minimization of the following 

integral is proposed 

( ) ( ) dxdyP
2

1
2

1
−∇= ∫

Ω

ϕφ  (14) 

 
With the above defined functional P(φ), it is proposed the 
following variational formulation 

( ) ( ) ( )ϕϕµϕ mEPE +=      (15) 

 
where µ > 0 is a parameter controlling the effect of penaliz-
ing the deviation of φ from a signed distance function, and 

Em(ϕ ) is a certain energy that would drive the motion of the 

zero level curve of ϕ . 

 
2.2.2 Integration of the motion estimation and segmentation 

approach 

The main idea of the integration of the two sub-systems is to 
minimize computational cost of the segmentation process 
together with a better accuracy of the segmentation. In order 
to segment myocardial edges in tagged images, a pre-
processing stage is proposed. This allows to get rid of the 
tags of the image. This can be done very easily, by filtering in 
the Fourier domain the periodical frequency concentration 
and by taking the inverse Fourier transform. 
The block diagram of the system is shown in Figure 2 

 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

Figure 2 - Block diagram of the system of the motion estimation and 
segmentation 

By means of this algorithm, the computational time of the 
segmentation is considerably reduced, because we only need 
to compute the segmentation for the first image of the se-
quence. For the rest, the iteration process of the segmentation 
is stopped when the evolution of the level-set implementation 
is below a given threshold. 

3. RESULTS 

3.1. Motion estimation results with real images  

The algorithms presented in section 2 have been tested with 
six sequences of tagged cardiac magnetic resonance images. 
According to the standardized myocardial division of seg-
ments [25], the myocardium has been divided into six re-
gions. In each region, one point has been selected and 
tracked manually along each sequence. In figure 3, a com-
parison among the manually tracked points (stars in red col-
our), the HARP method (triangles in magenta colour) and the 
Variational method (points in green colour) is shown for one 
of the sequences. Four frames of the sequence are repre-
sented. 

 
a) b) 

Show first image of the sequence 

Draw a circle in the myocardium 
as  the starting contour 

Segment the first image 

Find motion to the following image 

Estimate segmentation from the  motion  

Refine the segmentation with level 

Extract the image magnitude from the sequence 
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Figure 3 – a) First image of the sequence. b) 2nd image of the se-
quence. c) 4th image of the sequence. d) 6th image of the sequence. 
For all the images, red stars are the results on manually tracked 
points, magenta triangles are those of HARP method, and green 

points are the Variational method.  

As it is shown, the results obtained with the Variational 
method are very accurate and close to those tracked manu-
ally. Compared with the HARP method, our results are more 
stable and accurate, due to the tag jumping suffered for some 
of the points when this method is used. This can be seen in 
Figure 4. 

 

Figure 4 –Tracking error in each point in time respectively of the 
HARP method (magenta colour) and Variational Method (green 

colour) compared to the points tracked manually. 

Figure 4 displays the error of the HARP method (magenta 
colour) and the Variational method (green colour) compared 
to the manually tracked points for the images in Figure 3. 
According to it, it can be seen that the Variational method fits 
better with the expected results and it can be observed that 
the error of the variational method is smaller in general. 
 
For the six points selected initially and ten images of the se-
quence, the error of both methods has been computed. In this 
case, the average error of the Variational method is 1.0325 
pixels, undoubtedly smaller than the result obtained for the 
HARP method, 5.5452 pixels. 

 
3.2. Segmentation results with real images 

Figure 5 shows the results obtained for the segmentation of 
the previous sequence. As it can be seen, results are accurate. 
Unfortunately, it was not possible to provide a quantitative 
estimation of the segmentation error made because annotated 
sequences were not available. The computational time has 
been tested for the program with the integration of both seg-

mentation and motion estimation modules. A comparison of 
the proposed procedure computational cost and that of the 
independent segmentation of each image has been made. 
Results are shown in figure 6. 
 

  

  
 
Figure 5 – Segmentation of the first four images of the sequence. 
 
As Figure 6 shows, the computational time obtained with our 
implementation is more than 2.5 times faster. This segmenta-
tion technique has been tested with other two sequences, with 
results similar to the previously described.  
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Figure 6 –Computational time for the proposed integrated solution 
compared with the time obtained segmenting each image. 

4. CONCLUSIONS AND DISCUSSION 

A method for segmentation and motion estimation of the 
myocardium based on variational and level set techniques 
has been presented. The variational method for motion esti-
mation uses the total variation norm. For the segmentation, a 
level set method with a variational formulation has been 
integrated with the motion estimation algorithm. Results on 
Tagged Cardiac Magnetic Resonance have been presented. 
According to the motion estimation, six points have been 
selected to perform the motion tracking. Comparisons 
among the variational method, the HARP method and the 
manually tracked points have been performed. Results con-
firm the better performance of the variational method for the 

c) d) 
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analyzed sequence. The segmentation has been proved to be 
feasible in real images, having a low computational cost. 
Further research will explore the segmentation accuracy of 
the described method. 
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