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ABSTRACT

In this paper, the Weiss-Weinstein family of Bayesian lower bounds
on the mean-square-error of estimators is extended to an integral
form. A new class of Bayesian lower bounds is derived from this
integral form by approximating each entry of the vector of estima-
tion error in a closed Hilbert subspace of L2. This Hilbert subspace
is spanned by a set of linear transformations of elements in the do-
main of an integral transform of a particular function, which is or-
thogonal to any function of the observations. It is shown that new
Bayesian bounds can be derived from this class by selecting the par-
ticular function from a known set and modifying the kernel of the in-
tegral transform. A new computationally manageable lower bound is
derived from the proposed class using the kernel of the Fourier trans-
form. The bound is computationally manageable and provides bet-
ter prediction of the signal-to-noise ratio threshold region, exhibited
by the maximum a-posteriori probability estimator. The proposed
bound is compared with other known bounds in terms of threshold
SNR prediction in the problem of frequency estimation.

1. INTRODUCTION

Bayesian lower bounds are used as a benchmark for performance
evaluation of Bayesian estimators, such as the minimum-mean-square
error (MMSE) and the maximum a a-posteriori probability (MAP)
estimators, as well as for global performance evaluation of non-
Bayesian estimators, such as the maximum likelihood (ML) estima-
tor. Bayesian bounds can be partitioned into two categories: the
Ziv-Zakai [1] family, derived from a binary hypothesis testing prob-
lem and the Weiss-Weinstein family [2], derived from the covari-
ance inequality. The Ziv-Zakai class contains the Ziv-Zakai [1],
Bellini-Tartara [3], Chazan-Zakai-Ziv [4], Weinstein [5], extended-
Ziv-Zakai [6] and Bell [7] bounds. The Weiss-Weinstein class con-
tains the Bayesian Cramér-Rao (BCR) [8], Bayesian Bhattacharyya
(BBH) [2], Bobrovsky-Zakai (BZ) [9], Reuven-Messer (RM) [10],
Weiss-Weinstein (WW) [11], Bayesian Abel (BA) bound [12] and
the combined Cramér-Rao/Weiss-Weinstein (CCRWW) [13] bounds.
In this paper, we concern the Weiss-Weinstein class.

The Weiss-Weinstein class of bounds was derived via projection
of the estimation error on a particular function, denoted byψ, which
is orthogonal to any function of the observations. The bounds con-
tained in this family are derived by different selections of ψ. To this
day, only a small set of ψ’s, which satisfy the orthogonality prop-
erty and in some cases yield tight and computationally manageable
bounds, has been introduced. Moreover, in derivation of bounds,
such as the RM, WW, BA and CCRWW, these ψ’s should be eval-
uated, using the sampling operator, at large amount of test points
of the parameter space in order to obtain tight bounds. Selection of
these test points is carried out via numerical search methods, which

might become computationally cumbersome as the number of test
points and the dimensionality of the parameters increase.

In this paper, a new class of Bayesian lower bounds on the mean-
square-error (MSE) of estimators is derived from an integral form
of the Weiss-Weinstein family by applying an integral transform on
some well knownψ’s. By modifying the kernel of the integral trans-
form, new ψ’s for which the orthogonality property is satisfied, can
be easily derived from existing ψ’s. Moreover, the integral trans-
form generalizes the sampling or derivative operators, used in some
well known bounds in the Weiss-Weinstein family. Therefore, by
applying an integral transform on ψ, such that the elements in the
field of the transform are “compressed” into few elements in the do-
main of the transform, tight and computationally manageable bounds
can be obtained by evaluating the domain of the integral transform
in a smaller amount of test points. In similar to [14] and [15], the
proposed class is derived by approximating each entry of the vector
of estimation error in a closed Hilbert subspace of L2, which con-
tains linear transformations of elements in the domain of an integral
transform of ψ. It is shown that new Bayesian lower bounds can
be derived from this class by selecting ψ from a set of ψ’s, which
has already been introduced and by modifying the kernel of the in-
tegral transform. A new lower bound is derived from this class us-
ing ψ applied in [13] and the kernel of the Fourier transform. The
motivation of using the Fourier transform is as follows. First, the
Fourier transform is easy to compute. Second, in cases where the
power spectrum of a given ψ is concentrated in a small subset of the
frequency domain, most of the information on ψ in the parameter
space can be “compressed” into a few frequency components using
the Fourier transform. Hence, it is shown that the proposed bound
is computationally manageable and provides better prediction of the
signal-to-noise ratio (SNR) threshold region, exhibited by the MAP
estimator.

The paper is organized as follows: In Section 2, an integral form
of the Weiss-Weinstein class of Bayesian lower bounds is derived.
In Section 3, a new class of Bayesian lower bounds on the MSE of
estimators is derived from the integral form of the Weiss-Weinstein
family. In Section 4, a new bound is derived from the proposed class
using ψ applied in [13] and the kernel of the Fourier transform. In
Section 5, the proposed bound is compared with some other known
bounds in terms of threshold SNR prediction in the problem of fre-
quency estimation. Section 6, summarizes the main points of this
contribution.

2. INTEGRAL FORM OF THE WEISS-WEINSTEIN
CLASS: GEOMETRIC INTERPRETATION

In this section, an integral form of the Weiss-Weinstein class of lower
bounds [2] is derived by approximating each entry of the vector of
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estimation error in a Hilbert subspace of L2. This Hilbert subspace
contains linear transformations of a particular function, which is or-
thogonal to any function of the observations.

Derivation the integral form of the Weiss-Weinstein family is
preceded by the following definitions and assumptions:

1. All the functions used in this paper, are assumed to be mea-
surable [16].

2. Let (Θ,M) denote a measurable space with finite Lebesgue
measure, where Θ ⊂ RM denotes a parameter space andM
is a σ-algebra on Θ. In this paper, we consider the estima-
tion of g (θ), where g : Θ → RL and θ ∈ Θ is a random
unknown multivariate parameter.

3. Let (X ,F) denote a measurable space, where X and F de-
note an observation space of points x and σ-algebra on X ,
respectively. The space (X ×Θ,F ×M,P) is a complete
probability space, where P denotes a probability measure on
the measurable product space (X ×Θ,F ×M) andF×M
is the σ-algebra on the Cartesian product X ×Θ.

4. Let µ denote a σ-finite measure on (X ,F) and let λ denote
the Lebesgue measure on (Θ,M). The measure P is as-
sumed to have density f (x,θ) relative to the product mea-
sure µ×λ such that the joint probability of observing S ∈ F
and E ∈M is P (S,E) =

∫
S

∫
E

f (x,θ) dµ (x) dθ.

5. The space L2 (X ×Θ,F ×M,P) is the Hilbert space of
functions ζ : X ×Θ→ C with finite second-order moments
w.r.t. P . The inner product of two elements in this space is
given by 〈ζ, ζ′〉L2(X×Θ,F×M,P) =

∫
X

∫
Θ

ζ (x,θ) ζ′∗ (x,θ) ·

f (x,θ) dµ (x) dθ = Ex,θ [ζ (x,θ) ζ′∗ (x,θ)], where (·)∗
and Ex,θ [·] denote the complex-conjugate and the expecta-
tion operator w.r.t. f (x,θ), respectively.

6. Let ĝ (x) and e (x,θ) = ĝ (x)− g (θ) denote the estimator
of g (θ) and the vector of estimation error, respectively. The
MSE matrix is given by Ex,θ

[
e (x,θ) eT (x,θ)

]
, where it

is assumed that [e (x,θ)]l ∈L2 (X ×Θ,F ×M,P) ∀l =
1, . . . , L.

7. Let Λ ⊂ RM denote a measurable space with finite Lebesgue
measure. According to [2], a particular functionψ : X×Θ×
Λ→ RP is orthogonal to any function of the observations iff
∀τ ∈ Λ∫

Θ

ψ (x,θ; τ ) f (x,θ) dθ = 0 for a.e. x ∈ X . (1)

We assume that [ψ (x,θ; τ )]p ∈ L2 (X ×Θ,F ×M,P)

∀τ ∈ Λ and ∀p = 1, . . . , P . The orthogonality ofψ (x,θ; τ )
to any function of the observations is a necessary condition
for obtaining valid bounds, which are independent of the es-
timator.

Using the definitions and assumptions above, an integral form of the
Weiss-Weinstein family is derived by the following steps.

First, the following Hilbert subspace ofL2 (X ×Θ,F ×M,P),
which contains linear transformations of ψ is constructed.

H(ψ)
φ =

{
φq (x,θ) =

∫
Λ

qH (τ )ψ (x,θ; τ ) dτ

: φq (x,θ) ∈ L2 (X ×Θ,F ×M,P)

}
,

(2)

where q : Λ → RP . It is assumed that H(ψ)
φ is closed, i.e. any

Cauchy sequence inH(ψ)
φ converges to a limit inH(ψ)

φ .
Second, according to (1), (2) and using the Hilbert projection

theorem [16], it is shown in [17] that the best approximation of
[e (x,θ)]l, l = 1, . . . , L in H(ψ)

φ , in the sense of minimum norm
of approximation error in L2 (X ×Θ,F ×M,P) yields

eψ (x,θ) =

∫
Λ

∫
Λ

Zψ
(
τ ′
)
Gψ

(
τ ′, τ

)
ψ (x,θ; τ ) dτ ′dτ , (3)

where
Zψ (τ ) = Ex,θ

[
e (x,θ)ψT (x,θ; τ )

]
= Ex,θ

[
g (θ)ψT (x,θ; τ )

]
.

(4)

The last equality in (4) stems from equation (1) and the definition of
e (x,θ). The matrix function Gψ (·, ·) is defined in the following
manner. Let

Kψ

(
τ , τ ′

)
= Ex,θ

[
ψ (x,θ; τ )ψT

(
x,θ; τ ′

)]
, (5)

then Gψ (·, ·) is the inverse of Kψ (·, ·), such that∫
Λ

Kψ

(
τ , τ ′

)
Gψ

(
τ ′, τ ′′

)
dτ ′ = δ

(
τ − τ ′′

)
IP , (6)

where δ (·) denotes the Dirac’s delta function, such that δ (τ ) =
M∏
m=1

δ
(
[τ ]m

)
and IP is the P -dimensional identity matrix.

Finally, let u (x,θ) = e (x,θ) − eψ (x,θ), denote the vector
of approximation error. According to the Hilbert projection theorem
[16], each entry of u (x,θ) is orthogonal to each entry of eψ (x,θ).
In addition, the autocorrelation matrix of u (x,θ) is Hermitian pos-
itive semidefinite. Therefore,

Ex,θ

[
u (x,θ) uH (x,θ)

]
=

Ex,θ

[
e (x,θ) eT (x,θ)

]
− Ex,θ

[
eψ (x,θ) eT (x,θ)

]
� 0.

(7)

Hence, by substituting (3) into (7) and using (4), an integral form
of the Weiss-Weinstein class of lower bounds on the MSE matrix is
given by

C (ψ) = Ex,θ

[
eψ (x,θ) eT (x,θ)

]
=

∫
Λ

∫
Λ

Zψ
(
τ ′
)
Gψ

(
τ ′, τ

)
ZTψ (τ ) dτ ′dτ .

(8)

Geometric interpretation of the class of bounds in (8) for the one-
dimensional case i.e. L = 1 is depicted in Fig. 1. We note that the
integral form in (8) is a new representation of the Weiss-Weinstein
class. The commonly known discrete form [2] is a special case of
(8).

Observing (8), one can notice that by selectingψ such that (1) is
satisfied, numerous bounds can be derived from (8). However, to this
day only a small set ofψ’s, which satisfy (1) and in some cases yield
tight and computationally manageable bounds has been introduced.
Moreover, in derivation of bounds, such as the RM, WW, BA and
CCRWW these ψ’s should be evaluated at many of test points of
the parameter space in order to obtain tight bounds. Selection of
these test points is usually carried out via numerical search methods,
which become computationally cumbersome as the number of test
points and the dimensionality of the parameters increase.

16th European Signal Processing Conference (EUSIPCO 2008), Lausanne, Switzerland, August 25-29, 2008, copyright by EURASIP



3. A NEW CLASS OF BAYESIAN LOWER BOUNDS

In this section, a new class of Bayesian lower bounds is derived from
(8) by applying an integral transform onψ. The motivation for using
the integral transform is discussed in Section 1. The proposed class
is derived by the following steps.

First, a Hilbert subspace ofH(ψ)
φ , which contains linear transfor-

mations of elements in the domain of an integral transform defined
on the set Sψ = {ψ (x,θ; τ ) , τ ∈ Λ}, is constructed in the follow-
ing manner. Let V × Λ denote a product measurable space, where
V ⊂ RM is a measurable space with finite Lebesgue measure and
let H : V ×Λ→ CQ×P . An integral transform on Sψ is given by

(THψ) (α) =

∫
Λ

H (α, τ )ψ (x,θ; τ ) dτ = ϕH,ψ (x,θ;α) ,

(9)
where H (·, ·) and S(H,ψ)

ϕ =
{
ϕH,ψ (x,θ;α)

}
denote the kernel

and the domain of (THψ), respectively and α ∈ V. Hence, by
fixing H, a Hilbert subspace ofH(ψ)

φ is given by

H(H,ψ)
µ =

{
µ(H,ψ)
a (x,θ) =

∫
V

aH (α)ϕH,ψ (x,θ,α) dα

: µ(H,ψ)
a (x,θ) ∈ H(ψ)

φ

}
,

(10)

where it is assumed thatH(H,ψ)
µ is closed, i.e. any Cauchy sequence

inH(H,ψ)
µ converges to a limit inH(H,ψ)

µ and a : V→ RQ. In [17]
it is shown that a sufficient condition for µ(H,ψ)

a (x,θ) ∈ H(ψ)
φ is

absolute integrability of aH (α) H (α, τ )ψ (x,θ; τ ) on V×Λ for
a.e. x ∈ X and θ ∈ Θ.

Second, each entry of e (x,θ) is approximated in H(H,ψ)
µ . Us-

ing (1), (9), (10) and the Hilbert projection theorem [16], it is shown
in [17] that the best approximation of [e (x,θ)]l, l = 1, . . . , L in
H(H,ψ)
µ , in the sense of minimum norm of approximation error in
L2 (X ×Θ,F ×M,P) yields

eH,ψ (x,θ) =∫
V

∫
V

ΓHH,ψ
(
α′
)
GH,ψ

(
α′,α

)
ϕH,ψ (x,θ;α) dα′dα, (11)

where

ΓH,ψ (α) =

∫
Λ

H (α, τ ) ZTψ (τ ) dτ . (12)

The matrix function GH,ψ (·, ·) is defined in the following manner.
Let

KH,ψ

(
α,α′

)
=

∫
Λ

∫
Λ

H (α, τ ) Kψ

(
τ , τ ′

)
HH (α′, τ ′) dτdτ ′,

(13)
then GH,ψ (·, ·) is the inverse of KH,ψ (·, ·) such that∫
V

KH,ψ

(
α,α′

)
GH,ψ

(
α′,α′′

)
dα′ = δ

(
α−α′′

)
IQ. (14)

Finally, in similar to the derivation of (8) from (7), the proposed

class of lower bounds on the MSE matrix is given by

C′ (H,ψ) = Ex,θ

[
eψ,H (x,θ) eT (x,θ)

]
=

∫
V

∫
V

ΓHH,ψ
(
α′
)
GH,ψ

(
α′,α

)
ΓH,ψ (α) dα′dα

=

∫
Λ

∫
Λ

Zψ
(
τ ′
)
G̃H,ψ

(
τ ′, τ

)
ZTψ (τ ) dτ ′dτ .

(15)

The second equality of (15) is obtained by substitution of (11) into
the first equality of (15) and using (4), (9) and (12). The last equality
of (15) is obtained by substitution of (12) into the second equality of
(15), where

G̃H,ψ

(
τ ′, τ

)
,∫

V

∫
V

HH (α′, τ ′)GH,ψ

(
α′,α

)
H (α, τ ) dα′dα.

(16)

Geometric interpretation of the proposed class in (15) for the one-
dimensional case, i.e. L = 1, is depicted in Fig. 1. Observing (15),
one can notice that numerous bounds can be derived by fixingψ and
modifying H (·, ·).

In the following, the relation of the proposed class of bounds
in (15) to the integral form of the Weiss-Weinstein class in (8), in
terms of tightness and computational manageability, is discussed.
Since H(ψ)

φ ⊇ H(H,ψ)
µ , it is obvious that C (ψ) � C′ (H,ψ)

∀H. In [17], it is also shown that for any invertible integral trans-
form, (THψ), C (ψ) = C′ (H,ψ). If (THψ) is non-invertible,
then Gψ (τ ′, τ ) is approximated by G̃H,ψ (τ ′, τ ) and a less tighter
bounds than C (ψ) is derived. However, calculation of C (ψ) in-
volves the computation of Gψ (τ ′, τ ), according to (6). Hence, in
cases where this task is analytically impossible, C (ψ) is practically
incomputable and non-invertible integral transforms should be used
in order to obtain computationally manageable bounds.

( ),e x θ

( )
φ
ψH

( ),
µ
H ψH

( )C ψ

( ),C′ H ψ

( )2 , ,× ×ΘL X F M P

( ),eψ x θ

( ), ,eH ψ x θ

Fig. 1. Geometric interpretation of the integral form of the Weiss-
Weinstein family in (8) and the proposed class of bounds in (15), for
the one-dimensional case, i.e. L = 1. The scalars eψ (x,θ) and
eH,ψ (x,θ) denote the projections of e (x,θ) onH(ψ)

φ andH(H,ψ)
µ ,

respectively.
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4. A NEW BAYESIAN BOUND BASED ON THE FOURIER
TRANSFORM

The Fourier transform is easy to compute and in some cases has
a strong “energy compaction” property. Therefore, in cases where
∀p = 1, . . . , P the power spectrum of [ψ (x,θ; τ )]p is concentrated
in a small subset of the frequency domain, most of the information
in each entry of ψ (x,θ; τ ) can be concentrated in a few frequency
components via the Fourier transform. Motivated by this fact, a new
bound is derived from (15) using the kernel of the Fourier transform.

The proposed bound is derived using the following ψ and H:

ψ (x,θ; τ ) = [ψBCR(x,θ; τ ), ψWW(x,θ; τ )]T , (17)

where

ψBCR(x,θ; τ ) =
∂log f (x,θ)

∂θ
νΘ′ (θ) , (18)

and

ψWW(x,θ; τ ) =
(
ρt(x;θ + τ ,θ)− ρ1−t(x;θ − τ ,θ)

)
νΘ′ (θ) ,

(19)
such that Θ′ = {θ : f (x,θ) > 0 for a.e. x ∈ X}, νΘ′ (θ) ={

1 θ ∈ Θ′

0 θ /∈ Θ′
, ρ (x;θ + τ ,θ) = f(x,θ+τ)

f(x,θ)
and 0 < t < 1. We

note that the function ψ in (17) was used for computation of the
CCRW, where ψBCR and ψWW were used for computation of the
BCR and the WW bounds, respectively.

H (α, τ ) =

[
HBCR(α, τ ) 0
0T HFourier(α, τ )

]
, (20)

where
HBCR (α, τ ) = δ (α) δ (τ ) IM (21)

and

HFourier(α, τ ) =

J−1∑
j=0

N−1∑
n=0

δ (α−Ωj) δ (τ − τn) e−iα
Tτ ,

(22)
such that Ωj , j = 1, . . . , J denote frequency test bins and τn ∈
Λ, n = 1, . . . , N denote test points on the parameter space. We
note that {τn}Nn=1 is obtained by uniform sampling of Λ.

It can be shown that substitution of (17) and (20) into (15) yields
the following bound [17]:

CFourier = ΓI−1
BFIMΓT + QWH

(
WRWH

)−1

WQT , (23)

where the matrix elements composing the bound are given by

1. IBFIM = −Ex,θ

[
∂2log f(x,θ)

∂θ∂θT

]
is the Bayesian Fisher infor-

mation matrix.

2. Γ = −Eθ
[
dg(θ)
dθ

]
.

3. Q = ΓI−1
BFIMD−Φ.

4. Φ = [φ (τ 1) , . . . ,φ (τN )], where
φ (τn) = Ex,θ

[
(g (θ)− g (θ + τn)) ρt(x;θ + τn,θ)

]
.

5. D = [d (τ 1), . . . ,d (τN )], where

d (τn) = Ex,θ

[(
∂log f(x,θ)

∂θ

)T
ψWW(x,θ; τn)

]
.

6. The matrix R = Ψ−DT I−1
BFIMD, where

[Ψ]m,n = KψWW (τm, τn), m, n = 0, . . . , N − 1.

7. The elements of the Fourier matrix are given by [W]j,n =

exp
(
−iΩT

j τn
)
, j = 0, . . . , J − 1, n = 0, . . . , N − 1.

We note that the bound in (23) is composed of the BCR bound,
supplemented by a positive semidefinite term. Therefore, the regu-
larity conditions used in derivation of the BCR bound, are required
also here. In cases where these conditions are not satisfied, (17)
and (20) can be modified such that ψ (x,θ; τ ) = ψWW(x,θ; τ )
and H (α, τ ) = HFourier(α, τ ). Hence, (23) becomes C′Fourier =

ΦWH
(
WRWH

)−1
WΦT .

Observing (23), one can notice that
[
WQT

]
j,l

, j = 1, . . . , J ,

l = 1, . . . , L is the discrete Fourier transform (DFT) of the lth col-
umn of QT evaluated at Ωj and that

[
WRWH

]
j,k

, j, k = 1, . . . , J

is the two-dimensional DFT of R, evaluated at (Ωj ,−Ωk). Hence,
implementation of the bound can be easily performed using the fast
Fourier transform (FFT).

The bound in (23) is computed using N equally spaced test
points in Λ and J frequency test bins in V. For each SNR, the
frequency test bins are selected, such that the bound is maximized.
In many cases, most of the information in ψWW(x,θ; τ ) is “com-
pressed” into few frequency components, i.e. J � N . Therefore,
in these cases the computational complexity of the proposed bound
is significantly lower in comparison to known bounds, such as the
RM, WW, BA and CCRWW bounds, in which maximization w.r.t.
N > J test points in Λ is required in order to obtain tight bounds.

5. EXAMPLE

In this section, the proposed bound is compared with the BCR [8],
BA [12] and CCRWW [13], in the problem of frequency estimation
with zero-mean additive white circular complex Gaussian noise. The
comparison criterion is prediction of the threshold SNR region ex-
hibited by the MAP estimator. The observation model is given by

x = sa (θ) + n, (24)

where x denotes an L′ × 1 observation vector, s ∈ C is a known
complex amplitude, a (θ) = [1, exp (iθ) , . . . , exp (i (L′ − 1) θ)]

T

is the normalized sinusoid signal, n denotes an L′ × 1 complex cir-
cular Gaussian noise vector, with zero-mean and known covariance
Cn = σ2

nIL′ and θ ∈ Θ = (−π, π] is the parameter of interest. The
a-priori probability density function (PDF) of θ zero-mean Gaussian
with variance σ2

θ = 1
2

, such that the tails of the PDF for |θ| > π are
negligible.

Hence, by choosing t = 1
2

in (19) it is shown in [17] that the
terms composing (23) are given by

1. IBFIM = 1
3
SNR · L′ (L′ − 1) (2L′ − 1) + 1

σ2
θ

,

where SNR = |s|2
σ2
n

.

2. Γ = −1.

3. φ (τn) = −τn exp (−µ (τn, 0)), m,n = 0, . . . , N − 1,
where µ (τn, τm) = (τn−τn)2

8σ2
θ
−

1
2
SNR

(
sin

(
(τn−τm)L′

2

)
·cos

(
(τn−τm)(L′−1)

2

)
sin( τn−τm2 )

− L′
)

.

4. d (τn) = 2 exp (−µ (τn, 0)) ·η (τn), where η (τn) = τn
2σ2
θ

+

SNR

4 sin( τn2 )

(
sin(τn(L′− 1

2 ))
tan( τn2 )

− (2L′ − 1) cos
(
τn
(
L′ − 1

2

)))
.

5. KψWW (τm, τn) = 2
(
e−µ(τn,τm) − e−µ(τn,−τm)

)
.
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6. [W]j,n = exp (−iωjn), where ωj = Ωj∆τ ∈ (−π, π].

The comparison was carried out under the following conditions.
The number of observations was set to L′ = 27. The proposed
bound was computed using a set of N = 28 equally spaced test
points in Λ, given by

{
τn = 2πn

N
− π

}N
n=1

and J = 1 frequency
test bin, denoted by ω. For each SNR, the proposed bound was max-
imized w.r.t. ω ∈

{
2πk
N
− π

}N
k=1

. All other compared bounds,
except the BCR, were computed using a single test point in Λ, de-
noted by τ . For each SNR, these bounds were maximized w.r.t.
τ ∈

{
2πn
N
− π

}N
n=1

.
Fig. 2 depicts the power spectrum of {ψWW(x,θ; τn)}Nn=1 for

SNR of −15 dB, obtained by applying the two dimensional DFT on
{KψWW (τm, τn)}Nm,n=1. One can notice that most of the power
is concentrated in low frequencies. Therefore, a major part of the
information in ψWW(x,θ; τ ) can be “compressed” into a few fre-
quency components and the use of the proposed bound is suitable for
this scenario. Fig. 3 depicts the compared bounds on the root MSE
(RMSE) as a function of SNR. The RMSE of the MAP estimator is
depicted as well in order to compare the SNR threshold values pre-
dicted by the compared bounds. According to Fig. 3, the proposed
bound in (23) is the tightest and allows better prediction of the SNR
threshold region.

Fig. 2. The power spectrum of the random series
{ψWW(x,θ; τn)}Nn=1 in the scenario of Bayesian frequency
estimation, where the number of observations, L′ = 27, N = 210

and SNR=-15 dB.

Fig. 3. Comparison of RMSE lower bounds versus SNR.

6. CONCLUSIONS

In this paper, the Weiss-Weinstein class of lower bounds was ex-
tended to an integral form and a new class of Bayesian lower bounds
on the MSE of estimators was derived from this integral from. It
was shown that new Bayesian lower bounds can be derived from this
class by modifying the kernel of an integral transform applied on a
particular function, which is orthogonal to any function of the ob-
servations. Using the kernel of the Fourier transform, a new lower
bound was derived from the proposed class. It was shown by simu-
lations that the proposed bound is computationally manageable and
provides better prediction of the SNR threshold region, exhibited by
the MAP estimator.
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