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ABSTRACT call these two techniques the vocariance recursion method
Estimation of the autoregressive moving average (ARMAJVRM) and the vocariance ESPRIT method (VEM) (see [11]
parameters of a stationary stochastic process is a problemand also below). The outline of VEM below includes a novel
often encountered in the signal processing literature.slt i parameter estimation approach specifically designed for th
well known that estimating the moving average (MA) paramproblem when the zeros are located close to the unit circle.
eters is usually more difficult than estimating the autoesgr  All methods are described in a concise and simple manner.
sive (AR) part, especially if the zeros are located close to In Section 2 brief descriptions of these four methods
the unit circle. In this paper, we present four linear method (DM, ICM, VRM, and VEM) are presented. In Section 3,
for MA parameter estimation (i.e., methods that involve/onl we show a simulation study based on two second-order MA
linear operations) and compare their performances first in aexamples in which we compare the four techniques with a
case when the zeros are located far away from the unit circl@onlinear least squares (NLS) search method, in terms of es-
and secondly in a presumably harder case when the zeros atiEmation accuracy and computational speed. Finally, in-Sec

located very close to the unit circle. tion 4, we give some conclusions and suggestions on which
technique of those above should be preferred in a specific
1. INTRODUCTION scenario.
Consider the following MA equation 2. METHODS
y(t) = e(t) + bre(t — 1) +--- 4 bre(t —n) 2.1 Durbin’smethod (DM)
_ B(zfl)e(t) t—=0.. N—1 1) Durbin's method [4] is one of the most widely used tech-
T niques for MA parameter estimation. It is also known as the
where 2-stage LSM (least squares method) (see, e.g., [2] [3] and th
B(zfl) =1+biz 1+ -4+byz" (2)  references therein for more information). The two stages ca
_ ) ) ) ) be outlined as follows:
and where{e(t)} is a white noise sequence with variance Step 1.The first step consists of fitting an AR model of

N is the number of available samples. The model ortisr  orderm > nto {y(t)}. Oncem has been specified, the esti-
assumed to be known in the following. fifis unknown, it mated AR parametefg }I" , can be obtained via the LSM.
can be estimated using, for example, an information CrlteHence' est|mate§(t)} of tﬁe noise Sequenc{@(t)} can be

rionrule (see,e.g., [1]). computed as
Our problem lies in estimating the parametgog} from
the measured signdy(t)}N;!. Several methods have been &t)=Azlyt) t=0,...,N—-1 (3)

developed in the past for solving this problem (see, e.¢., [2

[3] and the references therein). As long as the zeros assthere .

ciated with the polynomial in (2) are located reasonably far AzYh=1+&zt+ - +amz ™
away from the unit circle most known MA parameter estima- Step 2Using {&(t)} we can write

tion methods perform satisfactorily. However, when the ze-

ros are located close to the unit circle the problem becomes &t—1)

more intricate, and the accuracy of the parameter estimates " .

usually decreases. y(t) — &t) ~ [by ... by] : 4
In this paper we will compare fodinear MA parameter ét—n)

estimation techniques to see how their performances differ ~

from one another, especially in the two cases where the zerdart = 0,...,N — 1, from which estimategby} of {by} can
are located close to respectively far away from the uniteirc be obtained via the LSM. The model ordercan be selected
We consider the well known Durbin’s method (abbreviatedvia the Akaike’s information criterion (AIC) or the Bayesia
DM in the following) [4] which is commonly used for the information criterion (BIC) (see, e.g., [1]). However, arao
estimation of the/ by} in (1). The second method consideredexpedient rule for selecting is m= 2n, which we will use
is called the inverse covariance (or correlation) methdd (a in the following.

breviated ICM here) (see, e.g., [5] [6]). Finally, we coresid

two MA parameter estimation techniques based on the cef22 Inverse covariance method (ICM)

strum, or thevocariance sequendsee, e.g., [7] - [13]). We  1hg main idea behind this technique is outlined below. For
This work was partly supported by the Swedish Science Cogvis) ~ More information, see, e.g., [5] [6] and the referencestner
and the European Research Council (ERC). The standard covariance sequence of a data sfxifig}
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is given by

1

gk = —
2

m .
/qb(w)e'k‘*’dw k=0,+1,42,... (5)
-7

where®d(w) is the power spectral density ¢§(t)}. As the

name suggests, the inverse covariance sequence is given by

k= %T/jrﬁe"‘wdw (assumingb(w) > 0, Yw).
(6)

For notational convenience, le®,} denote the values taken

by the spectrum at the Fourier frequency grid points:

2m
oop:Wp p=0,...,N—1 (7
The periodogram estimate @, is given by (see, e.g., [3]):

2

R 1 N-1 oot
Pp=5| D> y)e'™ 8)
N| 2
forp=0,...,N—1. Using (8) we can estimafgxy} as
L ANt N
Pk= = A—eakp k:O,...,— (9)

(for k > N/2 the sequence is mirror symmetric). An alterna-

tive spectral es;timatcﬁ:)p based on the long AR polynomia
in (3) has also been tested. However, the difference in perfo

i kbt = ibkzk i ka2 2. (13)
k=1 k= k=1

The vocariance$cy} can be consistently estimated via

1 N-1

&= pzom(q:p)éaw Kk

1,... (14)

)

(for k > N/2 the sequence is mirror symmetric). Note that

the right hand side in (13) can be rewritten as

n (o]
k-1
> kadbpz”
p=0k=1

0 n )
= (J—*pﬁLl)C', 1bp | Z
JZO L)Zo j—p+10p

(assumingej = 0 for j < 0). The left hand side in (13) can
be rewritten as

(15)

n—-1

(j+1)bj12.
,Zo j

Equating (15) and (16) leads to the recursibg-£ 1):

(16)

111
bi==YS (j—p)ci_gb i=1...n (17
i JpZo(J P)Cj—pbp J (17)

| Which is atriangular linear system i{b; }. Replacing{cy}

in (17) by their estimate$éc} obtained from (14) gives us

mance between the two estimators was small, and hence Wee desired estimate®; } of {b;}.

will use the estimator in (8) since it has lower computatlona

complexity.

Since
1 1

®(w) — 0?[B(EY)]
which is an AR spectrum, it follows thdty} and{py} are

(10)

related via the Yule-Walker equations. Hence we can getes

t

More details about this type of MA parameter estimation
method, and its extension to ARMA signals, can be found in
[11].

2.4 Vocariance ESPRIT method (VEM)

The final technique is also based on the estimation of vo-
ariance sequence. The main idea behind this approach was

mates{by} from {px} via the Yule-Walker method (see, €.9., partly described in [12]; however, [12] includes a nonlin-

(2] [3))-

2.3 Vocariancerecursion method (VRM)

This technique is based on estimation of te@strumor the
cepstral coefficientsor, yet, thevocariance sequendgsee,

.9, [7]-10). | .
By definition, the vocariance sequenfgg} satisfies

Ind(z) = oz X
k:ZOO

(11)

where, in the present scenand(z) = 0?B(2)B(z1). It fol-
lows that

InB(z) = i < (12)
K=1

which implies, by differentiation with respect mthat

B'(2 ¢ 1
B ~ k;kq(zk VN

ear estimation step which is here replaced by the ESPRIT
method (see, e.g., [3]). The resulting technique is notyeal
a linear method since it involves a singular value decomposi
tion (SVD) step. However, it can be considered to be “quasi-
linear”, since the SVD is such a reliable operation. For more
information about the relationship (20) below betwdép}
and the vocariance sequence, which lies at the basis of VEM,
see [13].

Let{1/z,} be the zeros oB(z)

B(z) = |'| (1—12zp2) |zp| < 1. (18)
p=1
Then
n n oo 1
INB(2) = Y In(1—252) = — SXK (19
"B@)= 3 nl-zE) =3 5 A (9)
Comparing (12) and (19) gives
—kg = iz‘g (20)
p=1
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Replacing{ck} in (20) by {E} obtained from (14) gives where{e(t)} is a white Gaussian noise sequence with zero
mean and unit variance. The corresponding zeros are located
at z;» = —0.275+ 0.273 which correspond to a distance
|z1,2| = 0.387 from the origin.

In Fig. 1, we show the TYb) for the five methods
whereM > 2n is a user parameter. Note that the right handor different values ofN. In this example, with zeros far
side of (21) can be seen as a damped sinusoidal modelway from the unit circle, DM and VRM perform very well,
Hence we can use ESPRIT (see, e.g., [3]) to estifiagi¢  having parameter estimation accuracies comparable to that
from {—ké}. Once{z,} have been estimated we can obtainof NLS. ICM shows a lower performance and VEM does not
estimates{f)j} of {bj} via (18). provide reliable parameter estimates in this case. The low

Regarding the choice &fl, we note that even though the Performance of VEM can be explained by the fact that zeros
errors in{¢} have the same variance (see [9]), the errors irflose to the origin correspond to heavily damped sinusoids
{ké&} have increasing variance ksncreases. Moreover the ¥vh|chlare halrd tofe'\it'm_la}:]e using aft] ESPT?'based me’:jhod
“modes”{Z} in (21) may go quickly to zero with increasing 0" & '1OW value oM. € computational ime require
k. Hence{vfgsh(()ulg notyc%ogsetoglarge. In thefollowingg to perform 1000 Monte Carlo runs using each of the five

: L ; techniques is presented in Fig. 2. The differences between
we will useM = 4n, which is a reasonable choice for several .
practical values of. the four linear methods (DM, ICM, VRM, and VEM) are

small. The main observation from Fig. 2 is that all four
linear methods are significantly faster (about 100 times)
3. NUMERICAL EXAMPLES than NLS. In addition, the time required for NLS depends
significantly on the considered example, the number of
M parameters to be estimated, the location of the zeros, &nd th
'initial estimates, whereas the computational time reguire

n
fkékzZZE k=1,...,M (21)
p=1

The four MA parameter estimation techniques (DM, IC
VRM, and VEM) will be compared with one another in two :

rather different numerical examples. We will also compareforthe other techniques does not depend as much on the data.
the performances of the above four linear methods to that of .
nonlinear least squares (NLS) search method. The estimzitio@)(ampIe 2 Next consider the MA sequence

criterion of the NLS method can be written as y(t) =e(t) — L.4e(t— 1) +0.98e(t — 2)
N[ ? t=0,...N-1
min —y(t)| . 22 = e N
3, g #2

where{e(t)} is again a white Gaussian noise sequence with

NLS achieves the Cramér-Rao lower bound (CRB) in th ero mean and unit variance. The corresponding zeros are

Gaussian data case, fbr> 1 (see, e.g., [3] [14]). Due to ocated atz;, = 0.7+ O._7|. which correspond to a distance
the high accuracy of the NLS approach, it will be used as 412172| =099 from the origin. . o
reference in the comparative performance study below. It- The obtained values of T\) are presented in Fig. 3 for
erative nonlinear methods require adequate initial patame the five methods for different valuesif In this example the
estimates to prevent the search algorithm from stopping &eros are located very close to the unit circle, which uguall
local minima. In the numerical examples below the initialleads to a harder estimation problem than that of Example

parameter values for the iterative NLS search are obtainelt In this case VRM and VEM perform better than DM and
via a Specia| four-stage LS-1V (|east-squares instrurﬂentalCM. None of the linear methods achieve the performance of

variable) algorithm (see [14] for more information). the NLS approach. The required time to perform 1000 Monte
As a performance measure, we consider the total variandearlo runs for each of these five techniques is similar to Ex-
(TV) of {by} ample 1 and the corresponding results are therefore omitted

~ n ~ 2
TV(b) = 5 E [bx— by (23) 4. CONCLUSIONS
K=1

VRM was the only linear method which performed satisfac-

where . . A torily in both examples above. Even though DM is a com-

b=[1by - by] monly used MA estimation technique, it is well known that

and whereE is the expectation operator which is estimatedits estimation accuracy degrades when the zeros are close to

from 1000 Monte Carlo runs for each method. We will showth€ unit circle for a fixed value afn. For such scenarios,

the TV for DM, ICM, VRM, VEM. and NLS forN=128, VRM or VEM can be appealing alternatives. The perfor-
256, 512, 1024, and 2048. In addition, we will show theMance of DM can be |mprqved by selecting alargervalue of
computational time (in seconds) required to perform thd™ but at the expense of an increased computational complex-

1000 Monte Carlo runs for each considered technique, aldhy: From the simple simulation study above, we conclude
versusN. that the parameter estimation accuracy of ICM is lower than

e.g. that of VRM. The significant difference in the perfor-
Example 1 Consider the following MA sequence mance of VEM in the two examples can be explained by the
fact that an ESPRIT-based method can estimate sinusoidal
y(t) = e(t) +0.55¢e(t — 1) + 0.15e(t — 2) components (in this case corresponding to zeros close to the
unit circle) very accurately. However the estimation perfo
t=0,...,N—1 mance for heavily damped sinusoids (corresponding to zeros
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Figure 1: The T\(b), versusN, for the five methods (DM, Figure 3: The T\(b), versusN, for the five methods (DM,
ICM, VRM, VEM, and NLS) in Example 1. ICM, VRM, VEM, and NLS) in Example 2.
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