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ABSTRACT

In this paper, we propose to improve a Cooperative Automatic

Repeat reQuest (C-ARQ) scheme through the optimization

of the distribution of the average relay energy cost in a two

sources one destination wireless system. We consider a BPSK

modulated transmission over Rayleigh fading channels. We

propose to use specific relay and destination treatment for dif-

ferent possible cases: both received packets are error free,

only one received packet is detected erroneous or both re-

ceived packets are detected erroneous at the destination. We

derive semi-analytical bounds of the throughput and the av-

erage relay energy. We find the optimal relay energy distri-

bution which maximizes the throughput by using dichotomy

search. Numerical results confirm the accuracy of the derived

closed form expressions and show the throughput improve-

ment due to the relay energy optimization compared to the

conventional cooperative ARQ scheme.

Index Terms— Cooperative ARQ communication, Ana-

log Network Coding, throughput and energy optimization.

1. INTRODUCTION

Cooperative communication in wireless networks constitutes

an interesting diversity technique that offers significant gains

in overall throughput and energy efficiency by extending cov-

erage without requiring higher transmission power [1]. In

particular, Cooperative Automatic Repeat reQuest (C-ARQ)

protocols have been recently investigated to overcome the

source destination poor channel conditions by requesting

retransmissions from relay nodes whose had overheard the

direct transmissions [2]. Different C-ARQ relaying pro-

tocols, using relay selection and adaptive techniques have

been proposed and have been shown to improve the system

performance in terms of throughput [3, 4]. Certainly, in such

systems, throughput and capacity are critically constrained by

the energy consumption because nodes are typically powered

by batteries. The energy efficiency topic has been studied in

the conventional ARQ protocols, such as in [5], and in coop-

erative systems [6], but not enough in C-ARQ. In [7], authors

have studied the average transmission power of one source

node communicating with one relay node and one destina-

tion node in a C-ARQ system while assuming a fixed relay

node transmitted power over all retransmissions attempts. In

this work, we are interested in a C-ARQ system where an

Amplify and Forward (AF) relay node is asked through a

feedback channel to retransmit, in case of errors detection,

sources packets sent from two sources nodes to one common

destination node. We propose to study the relay energy allo-

cation according to two possible error detection events: only

one source packet is detected erroneous and both sources

packets are detected erroneous. Indeed, the relay amplifies

and forwards the received packet in case of one packet de-

tection error or a combination of both received packets, as

in Analog Network Coding (ANC) scheme [8], in the case

of two packets detection errors. Hence, we propose to allo-

cate to the relay a different energy as the relay transmits one

packet or the combination of two packets. We propose to find

the optimal relay energy allocation to maximize the overall

throughput efficiency constrained by an average relay energy

cost. To this end, we give semi-analytical bounds of through-

put and average relay energy and use dichotomy search to

specify optimal relay energy distribution.

This paper is organized as follows. In Section 2, we present

the proposed cooperative ARQ system. In Section 3, we

study the relay energy optimization problem. In Section 4,

we present numerical results. In Section 5, we give conclu-

sions.

2. COOPERATIVE ARQ SCHEME

We consider a wireless cooperative communication system

consisting of two sources {S1, S2} communicating directly

and through the aid of a half-duplex relay node R with one

common destination nodeD as shown in figure 1. In the first

time slot, the source node S1 transmits its data packet to the

destination node D. In the second time slot, S2 transmits its

data packet to D. In these two slots, the relay node R has

overheard sources transmissions. We adopt a truncated (C-

ARQ) protocol where the sources nodes and the relay node

perform packets retransmissions until error free detection or

a maximum number M of retransmissions (by the sources
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Fig. 1: Three-slots cooperative scheme in case of detected er-

rors.

and the relay) is reached. A feedback channel between nodes

is available for positive acknowledgement (ACK) or negative

acknowledgement (NACK).

We consider a Rayleigh block fading channel denoted by

hXY between each transmitting node X ∈ {S1, S2, R} and
each receiving node Y ∈ {R,D}. We consider a path loss

model given by

E(|hXY |2) = (
dXY

d0
)
−α

, (1)

where E(.) denotes the expectation, d0 is a reference dis-

tance, dXY is the distance between X and Y and α is the

path loss exponent. We assume a perfect Channel State In-

formation (CSI) knowledge of hXY at the receiver node Y ,
Y ∈ {R,D}. Perfect error detection based on Cyclic Re-

dundancy Check (CRC) is adopted and Binary Phase Shift

Keying (BPSK) modulation is used by transmitting nodes

(sources and relay). In the time slot i ∈ {1, 2}, the received
signals at nodesR andD broadcasted by Si are respectively

ySiR
=

√

EShSiRxSi
+ nSiR, (2)

ySiD
=

√

EShSiDxSi
+ nSiD, (3)

where ES is the transmitted energy per symbol for each

source, xSi
is the transmitted packet by the node Si and nSij

where j ∈ {R,D} is the zero-mean complex additive white
Gaussian noise vector with variance σ2

n = N0.

For next slots, three different cases are possible :

• D decodes successfully the two transmitted packets of S1

and S2. In this case,R remains silent. The Signal to Noise

Ratio (SNR) at the destination of each direct transmission

denoted by ΓSiD , i ∈ {1, 2} is expressed as

ΓSiD =
ES |hSiD|2

N0
. (4)

In the two next slots, the two sources transmit their new

packets as in the previous slots.

• D decodes successfully one of the two transmitted pack-

ets. In this case, R amplifies and forwards only the erro-

neous packet indexed i with i ∈ {1, 2}, then the received

signal at D is

yRD = βi

√

ER1
hRDySiR

+ nRD, (5)

where ER1
is the relay node energy spent to retransmit

one data packet and βi is the amplification factor given by

βi =
1

√

ES |hSiR|2 +N0

. (6)

At the destination node D, the Maximum Ratio Combin-

ing (MRC) is used. The decision variable is expressed as

follows

x̃i =

√
ESh

∗
SiD

N0
ySiD

+
βi

√

ER1
ESh

∗
RDh∗

SiR

N0(β2
i ER1

|hRD|2 + 1)
yRD. (7)

As a result, the output SNR is expressed as the sum of the

individual instantaneous SNRs and is given by

ΓMRC = ΓSiD + ΓSiRD

=
ES |hSiD|2

N0
+

β2
iER1

ES |hRD|2|hSiR|2
N0(β2

i ER1
|hRD|2 + 1)

.

(8)

If D fails again in decoding the data packet, since chan-

nels are independent from slot to slot and for complexity

and buffer size reasons, we propose to drop received sig-

nals in the two previous slots. Then, we refer to the source

node Si to retransmit the packet. The process of retrans-

mitting the packet alternatively by the source node and

the relay node will continue until successful decoding or

reaching the maximum number of retransmissions.

• D fails in decoding both transmitted packets. Then, R
amplifies and forwards the combination of both packets it

receives from the sources. The received signal at D is

yRD = G
√

ER2
hRD[yS1R

+ yS2R
] + nRD, (9)

where ER2
is the relay node energy spent to retransmit

two data packets and G is the amplification factor given

by

G =
1

√

ES |hS1R|2 + ES |hS2R|2 + 2N0

. (10)

The decoding scheme here is based on successive inter-

ference cancellation using MRC. The destinationD starts

with the decoding of the data packet which has the best

chance to be decoded correctly, i.e., which has the best

Signal to Interference Noise Ratio (SINR) at the output

of the MRC by treating the other packet as noise. In the

case of successful decoding of the packet, its contribu-

tion is removed from the signal yRD. Then, D contin-

ues the decoding of the other packet using the MRC. If

D fails in decoding the packet, received packets during
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the two previous slots are dropped and the correspond-

ing source is asked to retransmit its packet. In case of

decoding failure at D, R retransmits it alternatively with

the source until successful decoding or reaching the max-

imum number of retransmissions. In case of failure of de-

coding of both packets, received signals are dropped and

both source nodes are asked to retransmit their data pack-

ets and the treatment is repeated from the beginning with

the three possible cases.

3. RELAY ENERGY OPTIMIZATION

3.1. Optimization problem

We aim to optimize the relay node energy per symbol spent

in the case where the relay retransmits one packet denoted by

ER1, and in the case where it retransmits the combination of

two packets denoted by ER2, so as to maximize the system

throughput for a given constraint on the average relay energy

cost per symbol ERavg:

max
ER1≤ER1max,ER2≤ER2max

Throughput

subject to ERavg ≤ ERtarget, (11)

where ERtarget is the total target relay energy cost, ER1max

and ER2max are the maximum allowed relay energies for

transmitting one and two packets respectively, and

Throughput =
k

k + np

× 1− PPE

E[Tr]
, (12)

where k is the number of information bits per packet, np is

the number of parity bits added, E[Tr] is the average number
of transmissions and PPE is the probability of packet era-

sure afterM retransmissions.

In the following, we propose to derive closed bounds of

E[Tr], PPE andERavg . We consider the case whereM = 6.
The generalization of the study to a greater number of retrans-

missions can be easily done.

3.2. Analysis of the throughput and the average relay en-

ergy

We denote by

• PSiD the probability of the event: the received packet at

D through the direct link SiD, i ∈ {1, 2} contains de-

tected errors.

• P1S the probability of the event: only one received packet

at D from one source node contains detected errors.

• P2S the probability of the event: both received packets at

D from source nodes contain detected errors.

• P1S,1R the probability of the event: only one received

packet at D from one of the two sources nodes contains

detected errors and after the retransmission of this packet

byR, the estimated packet atD obtained using MRC con-

tains also detected errors.

• P2S,1R the probability of the event: both received packets

at D from sources nodes contain detected errors and af-

ter the retransmission by R, only one estimated packet at
D obtained using MRC interference cancellation contains

also detected errors.

• P2S,2R the probability of the event: both received packets

at D from sources nodes contain detected errors and after

the retransmission by R, both packets are still detected

erroneous after MRC interference cancellation.

In the following, we first give the expressions of these dif-

ferent probabilities, then we analyse the throughput and the

average relay energy.

The probabilities P1S and P2S can be written respectively as

P1S = PS1D(1− PS2D) + PS2D(1− PS1D), (13)

P2S = PS1DPS2D, (14)

where for a BPSK modulation, PSiD is given by

PSiD = 1−
∫

[

1− 1

2
erfc(

√
u)

]N

pΓSiD
(u)du, (15)

where N is the size of the data packet and pΓSiD
is the Prob-

ability Density Function (PDF) of ΓSiD which follows a chi-

square distribution with 2 degrees of freedom (exponential

distribution) for Rayleigh fading channel. The PDF pΓSiD

is then given by

pΓSiD
(u) =

1

Γ̄SiD

e
−u

Γ̄SiD , (16)

where Γ̄SiD = E(ΓSiD).
In the case of equal direct channels powers, we can write that

PS1D = PS2D = PS .

To derive the expression of P1S,1R, we need to determine the

statistical characterization of the MRC output SNR given in

(8). In cooperative systems with AF relay, an upper bound of

the equivalent SNR ΓSiRD is given by [9] as a function of the

SNRs of the two hops ΓSiR and ΓRD

ΓSiRD ≺ Γup
SiRD =

ΓSiRΓRD

ΓSiR + ΓRD

, (17)

where ΓSiR and ΓRD are respectively given by

ΓSiR =
ES |hSiR|2

N0
and ΓRD =

ER1
|hRD|2
N0

. (18)

ΓSiRD
up follows a chi-square distribution of 2 degrees of

freedom with a PDF given by

pupΓSiRD
(u) =

1

Γ̄up
SiRD

e
−u

Γ̄
up
SiRD , (19)

where

Γ̄up
SiRD =

Γ̄SiRΓ̄RD

Γ̄SiR + Γ̄RD

(20)
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and Γ̄XY = E(ΓXY ).
Since ΓMRC is the sum of two random variables each of them

is following a chi-square distribution of 2 degrees of free-

dom with different variances, the PDF expression of ΓMRC

is given by [10] as

pΓMRC
(u) =

αSiD

Γ̄SiD

e
−u

Γ̄SiD +
αSiRD

Γ̄SiRD

e
−u

Γ̄SiRD , (21)

where

αSiD =
Γ̄SiD

Γ̄SiD − Γ̄SiRD

and αSiRD =
Γ̄SiRD

Γ̄SiRD − Γ̄SiD

. (22)

The error probability P1S,1R is

P1S,1R = 1−
∫

[

1− 1

2
erfc(

√
u)

]N

pΓMRC
(u)du, (23)

where pΓMRC
is given in (21).

In the case where both received packets atD contain detected

errors, due to the complexity of the analytical derivation of

the equivalent SNR and its PDF, we propose to calculate the

probabilities P2S,2R and P2S,1R numerically through simula-

tions.

Since error events are dependent, the average number of trans-

missions of a packet can be lower bounded by

E[Tr] ≥ 1

2
[2 + P1S + P2S

+ P1SP1S,1R + 2P2SP2S,2R + P2SP2S,1R

+ P1S(P1S,1RPS + P2S,2RP2S)

+ P2S(P2S,2RP2S + 2P2S,1RPS)]. (24)

The probability of packet erasure can be lower bounded by

PPE ≥ P1SP1S,1RPSP1S,1R

+ P2SP2S,2R[P1SP1S,1R + P2SP2S,2R + P2SP2S,1R]

+ P2SP2S,1RPSP1S,1R. (25)

The average relay energy can be lower bounded by

ERavg ≥ 1

2
[ER1[P1S(1 + P1S,1RPS)

+ P2S(P2S,2RP1S + P2S,1RPS)]

+ ER2[P2S(1 + P2S,2RP2S)]]. (26)

3.3. Optimization methodology

We recall here that probabilities P2S,1R and P2S,2R depend

on ER1 and ER2 which lead to the non linearity and com-

plexity of the optimization problem (11). Hence, we resort to

a numerical dichotomy search of energies portions ER1 and

ER2. We quantize the energies ER1 and ER2 and start our

search with a first search loop of energies which maximize

the throughput using a moderate quantization footstep. Sub-

sequently, we pursue the search with a second loop using a

refined footstep around the values of ER1 and ER2 found in

the first loop. We repeat the process as many times as needed

in order to achieve a target quantization precision.

3.4. Relay energy optimization during the retransmis-

sions

We propose here to optimize the relay energy distribution dur-

ing the retransmissions. Thus, when M = 6, there are four

energy values to optimize namely E
(1)
R1 , E

(1)
R2 , E

(2)
R1 and E

(2)
R2 .

The exponent is relative to the relay retransmission number. It

is easy to extend the study of sections 3.1, 3.2 and 3.3 to this

case. However, the dichotomy search becomes more complex

since the number of energy values to optimize is higher.

4. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we provide analytical and simulation results il-

lustrating the performance of the proposed C-ARQ approach.

We consider data packets composed of k = 90 information
bits and np = 10 parity bits modulated with BPSK. We

consider that the relay node R is closer to the destination

D than sources nodes. The path loss exponent α is set to

4. The quantity ERtarget is set to 1.5, maximum allowed

relay energies ER1max and ER2max are set to 1 and sources

nodes energy Es is also set to 1. The maximum number of

retransmissions isM = 6.
Figure 2 compares semi-analytical and simulation results for

lower bounds of E[Tr], PPE and ERavg . The figure con-

firms the accuracy of the semi-analytical derived expressions

(24), (25) and (26) especially at medium and high SNR. At

low SNR, semi-analytical bounds are affected by the depen-

dency of errors events.

Figure 3 illustrates simulation results of the throughput per-

formance of the optimized relay energy proposed C-ARQ

scheme compared to the proposed C-ARQ scheme with fixed

relay energy and the conventional C-ARQ scheme. For fixed

relay energy proposed C-ARQ scheme, we adopt equal re-

lay energy allocation set to the maximum allowed energy,

ER1 = ER1max and ER2 = ER2max. For conventional

C-ARQ scheme, in the case of two erroneous packets at D,

the relay node amplifies and forwards the two erroneous

source packets alternatively, thus, it needs one more time slot

compared to the scheme using network coding. Equal relay

energy allocation set to the maximum allowed energy is also

used in this scheme. We propose to evaluate the throughput

performance as a function of Eavg/N0, where Eavg is the

average energy of the relay and the sources spent per symbol.

Compared to the conventional C-ARQ scheme, the proposed

C-ARQ scheme with fixed relay energy provides a better

throughput for the same total energy cost. Indeed, the pro-

posed treatment in the case of both packets errors detection

improves efficiently the system throughput. The throughput is

improved when the relay energy distribution is optimized ac-

cording to the number of retransmitted packets (green curve)

corresponding to two energies values (ER1 and ER2). It is

further improved when the optimization is also done during

the retransmissions as proposed in section 3.4 (pink curve)

corresponding to four energy values (E
(1)
R1 , E

(1)
R2 , E

(2)
R1 and
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Fig. 2: Semi-analytical and numerical results of the average

number of transmissions, the probability of packet erasure

and the average relay energy.
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Fig. 3: Throughput for proposed schemes compared to con-

ventional C-ARQ.

E
(2)
R2 ). The improvement is more significant at low Eavg/N0

since in this case, the probability of packets retransmissions

by the relay increases.

Figure 4 shows the probability of packet erasure performance

versus Eavg/N0 of the different proposed schemes. We no-

tice that the performance in terms of PPE is improved when

the relay energy is optimized according to the number of re-

transmitted packets and further improved when optimization

is also done through retransmissions.

5. CONCLUSIONS

In this paper, we studied the optimization problem of relay en-
ergy distribution in a C-ARQ system using Analog Network
Coding. The optimization is done according to the number
of packets retransmitted by the relay and during the retrans-
missions. The aim is to maximize the throughput under an
average relay energy constraint. We derived semi-analytical
bounds of the average number of transmissions, the prob-
ability of packet erasure and the average relay energy and
proposed to solve the optimization problem via a dichotomy
search. Numerical results showed the performances enhance-
ment of both throughput and probability of packet erasure rate
using optimized approach compared to the proposed approach
with fixed relay energy and conventional C-ARQ approach.
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compared to conventional C-ARQ.
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