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Abstract—This paper investigates the problem of source lo-
cation from a single sensor using direct and indirect signals
in a maritime context. To localize the emitters, we propose to
exploit time difference of arrival (TDOA) and angle of arrival
(AOA) measurements. The proposed approach uses any a priori
knowledge of the reflectors positions. However, in practice, it
is necessary to solve an assignment problem. It consists in
associating each pair of TDOA-AOA measurement to a given
reflector, this pair being already associated to a given emitter. In
order to show the potential of our approach, numerical results
using simulated and real data are proposed.

Index Terms—Source localization, single sensor, multipath
signals, TDOA, AOA, assignment problem, data association.

I. INTRODUCTION

The localization of emitting sources is an important problem
in several applications. It has been shown that passive systems,
based on sensor networks or a single sensor, can estimate
these locations from various measurements like angle of arrival
(AOA), time difference of arrival (TDOA), time of arrival
(TOA), frequency difference of arrival (FDOA), received sig-
nal energy measurements and/or time of intercept (TOI) of the
emitter beam.

Various methods have been already proposed for sensor
networks. One of the main method, known as triangulation,
uses the AOA measurement from each sensor to calculate the
most likely source location from the intersections of the lines
of bearing [1], [2]. The second main approach takes advantage
of the TDOA or TOA [3], [4], [5]. Each TDOA (computed
from pair of sensors) localizes the emitter on a hyperboloid.
The intersection between the hyperboloids from at least three
independent TDOA (thanks to four different sensors) gives the
location of the target. An equivalent method can be done using
TOA. Approaches combining bearing (i.e. AOA) and TDOA
have also been proposed in [6]. To avoid the use of sensor
networks, a solution consists in moving a single sensor on a
carrier having a relatively high speed compared to the sources
to be located. Then a set of AOA can be measured and used
to estimate the emitter positions [2].

When considering a single sensor at a stationary position,
multipath must be taken into account. The proposed methods

are mostly used in urban or indoor contexts and exploit TOA
measurements [7], [8], [9]. There exists other methods exploit-
ing for example FDOA measurements for moving emitters
[10]. In [11], it is shown that, for scanning emitters, the
emitter-sensor-reflector triangle is perfectly solved when using
measurements of AOA, TDOA and emitter pointing angle.

In this paper, we address the problem of source localization
using a single sensor, assumed to be at a stationary spatial
position, and multipath propagation. In naval application the
sources can also be considered fixed during the localization
procedure. The proposed approach, based on geometric cal-
culations, uses AOA and TDOA measurements. In practice,
an assignment problem must be solved before localizing the
emitters and the reflectors. It consist in assigning each pair of
TDOA-AOA measurement to a given reflector, assuming this
pair being already associated to a given emitter.

Assignment algorithms have already been proposed for
other applications. For example, in [12] an assignment algo-
rithm for the multisensor-multitarget state estimation is pro-
posed. The goal is to determine from which target, a particular
measurement is originated. [13] has adapted this algorithm for
a multi-input single-output passive system. These approaches
can not be directly used in our context. Thus we propose an
new assignment algorithm.

This paper is organized as follows. Section II describes the
problem considered in this paper. In Section III the localization
problem is introduced. Section IV describes the assignment
method. Section V gives a numerical results using simulated
and real data. Finally, Section VI gives some concluding
remarks and prospects.

II. PROBLEM FORMULATION

In order to localize radar emitters, passive measurements
from a single sensor are considered. To solve this problem a
TDOA-AOA method is investigated within a two-dimensional
configuration. It uses the measurement of the direct and
indirect paths received by the sensor.

Assume that there are an unknown number of emitters NE

and an unknown number of point reflectors NR. Each emitter
illuminates each reflector at the receiver with the probability
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Pd. It is also assumed a false alarm rate Pfa. From the detected
signals, the sensor provides TDOA and AOA measurements.
It is assumed that the direct signals can be separated from the
indirect signals by the sensor system. It is also assumed that
the direct and direct paths can be associated to the emitters
that generated them. The corresponding set of information are
put together in a measurement vector z:

z = [zE, zR1 , . . . , zRNS
]T , (1)

with

zE = [θE1 , . . . , θENE
]T ,

zRi
= [θRi/E1

, τRi/E1
, . . . , θRi/ENE

, τRi/ENE
]T .

θEi and θRj/Ei
are respectively the measured AOA associated

to the emitter Ei and to the reflector Rj illuminated by Ei.
τRj/Ei

is the TDOA associated to the emitter Ei and reflector
Rj (see Fig. 1).

Fig. 1. Geometric representation of the considered quantities.

From these measurements, the goal is to locate the emitters
and, possibly, the reflectors. As we have access to the AOA, the
localization problem reduce to the estimation of the distances
between the sensor and the emitters DSEi

, and the sensor and
the reflectors DSRj

.
However, in practice, a data association problem must

be solved before the localization step. Indeed, the sensor
provides NE estimated AOA for the emitters and NE lists
of measurements noted Li, i = 1, ...NE . Each list is made of
ni pairs of variables (θmi/Ej

, τmi/Ej
), mi = [1, ..., ni] and

j = 1, ..., NE , according to the Pd associated to each reflector
illuminated by a given emitter, noted PdRi/Ej

. The assignment
problem consists in associating these pairs of variables to the
appropriate reflectors.

Finally, we would like to emphasize that the goal of this
paper is not to identify the emitters or the reflectors but to
localize them. Thus, the numbering of these objects in the
obtained localization maps are not necessary the same to those
in the simulated configurations. Indeed, they are numbered
according to some considerations in the global algorithm, like
for example the increasing values of the estimated AOA for
the emitter numbering.

III. SOURCE LOCALIZATION

In this section the source location problem is described and
the proposed solution is introduced. It is assumed that the

assignment problem, presented in the next section, has been
successfully solved.

A. Basic configuration
It can be shown that the minimal (or elementary) configura-

tion requires at least NE = 2 emitters and NR = 2 reflectors.
Fig. 2 shows this elementary setup. The sensor (S) position is
given by a black disk. A color (red or blue) cross stands for the
emitter (Ei) position. A color-coded disk stands for a reflector
(Ri) position: the color indicates that there exist a reflection
on this point due to the emitter with the same color. This disk
can include several colors (i.e. there are several reflections).

This configuration (with S 6= Ei 6= Rj , Ei 6= Ej and
Ri 6= Rj for any i and j) assumes that there is not indirect
path detected at the receiver coming from the emitter (i.e.
PdEi/Ej

= 0, with i 6= j, and PdEi/Rj
= 0, for i and j =

{1, 2}), and PdRi/Ej
= 1, for i and j = {1, 2}, and PdRi/Rj

=
0 for i 6= j.

Fig. 2. Basic configuration for passive TDOA-AOA localization.

Using a geometric description of the problem, an analytical
solution of the emitters locations can be easily obtained
by solving a set of two equations with two unknowns (the
distances DSEj

between the sensor and the two sources).
Then, we can also easily find the distances DSRj between
the sensor and the two reflectors. These equations are not
presented in this paper due to the page limitation.

B. General configuration
Let consider a scenario with NE ≥ 2 and NR ≥ 2. To

solve the localization problem, we propose to split the problem
by considering a first pair of emitters and their associated
reflections. Thus it is possible to solve the corresponding
localization problem which is like the basic configuration but
with NR ≥ 2. Once this problem is solved, we can consider
another pair or use one localized emitter with a non localized
one. Thus, in what follows we just describe the localization
problem for NE = 2 and NR ≥ 2. An example of this
configuration is given in Figure 3 with NR = 6. In this figure,
one can note that the receiver do not detect all the reflecting
signals (for R1 and R5).

Let s be the state vector made of the positions of the two
emitters and of NdR detected reflectors (NdR ≥ NR), and z
the measurement vector:

s = [xE1 , yE1 , xE2 , yE2 , xR1 , yR1 , . . . , xRNdR
, yRNdR

]T ,

z = [zE, zR1 , . . . , zRNdR
]T .
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Fig. 3. Example of source localization scenario.

The Cartesian coordinates of the emitters and reflectors in s
are obtained from their polar coordinates given by the AOA
and the distances.

The measurement equation is given by

z = h(s) +w (2)

where w is the noise vector and h stands for the transfer
function.

The maximum likelihood (ML) estimation of the state
vector is given by

ŝ = argmin
s

((z− h(s))TR−1(z− h(s))), (3)

where R is the covariance matrix of measurements. The ML
estimation can be solved using for example the matlab function
fminsearch. It is well known that this kind of iteration method
is sensitive to the initialization. We will see in what follows
that a first estimate ŝ0 can be obtained from the assignment
algorithm.

IV. ASSIGNMENT PROBLEM

Due to the page limitation, it is not possible to fully detail
our assignment algorithm. Thus, in what follows we introduce
the basic ideas and the main parts of our approach. We also
consider the basic configuration with NE = 2 and NR ≥ 2.

A. Problem description

The assignment problem consists in associating the mea-
surements provided by the receiver and made of pairs of
values: (θmj/Ej

, τmj/Ej
), with mj = [1, ..., nj ] and j = 1, 2,

to the appropriate reflectors. These measurements are given
through two lists L1 and L2 associated to each emitter.

To solve this problem, an [n1×n2] assignment matrix, noted
X , must be constructed. Each element of this matrix represents
a valid (xij = 1) or invalid (xij = 0) association between
one reflection of L1 and one reflection of L2. Note that one
reflection for each list shall only be associated to one couple of
emitter/reflector. Thus we can define the following assignment
constraints{∑n1

i=1 xij ≤ 1 for all j = 1, · · · , n2∑n2

j=1 xij ≤ 1 for all i = 1, · · · , n1
(4)

The assigned measurements also provide the number of
reflectors that are illuminated by the two emitters and whose
reflecting signals are detected by the receiver. In what follows
NjR stands for the theoretical number of joint reflectors.

Some reflections of L1 (respectively L2) can not be associ-
ated with reflections of L2 (respectively L1). In this case, the
receiver detects only one of the two possible reflections of the
corresponding reflectors. Corresponding rows and/or columns
of the assignment matrix are equal to zeros. N1

nR and N2
nR

stand for the numbers of these so-called unjoint reflectors illu-
minated respectively by E1 and E2. Thus n1 = NjR +N1

nR,
n2 = NjR + N2

nR and the number of detected reflectors
NdR = NjR +N1

nR +N2
nR.

B. Assignment algorithm

The first part (called AOA assignment algorithm) of the
proposed method is based on similarity between the AOA
values of the reflected signals from the same reflector. There
are n1n2 candidates. It is possible to simply compare the
AOA values according to a threshold ε (|θi/E1

− θj/E2
| < ε).

This threshold can be defined from the estimated standard
deviation of the AOA measurement (i.e. the measuring res-
olution): ε = 2σAOA. Thus, if the AOA are similar then the
corresponding matrix element (xij) is set to 1 otherwise it is
set to 0. Let Na the number of assignments. If the assignment
matrix verify the assignment constraints then the problem is
solved and Na = NjS .

However, if at least two reflectors are in the same angular
area, the matrix X obtained does not verify the assignment
constraints and so we have to go further in the assignment
process. As a result, at this point, we have Na > NjS and
we are looking for the NjS assignments that correspond to
actual joint reflectors. This is the goal of the second part of
the method.

We construct the set of NC =

(
Na

2

)
measurement vectors

z = [θE1
, θE2

, θi/E1
, τi/E2

, θj/E2
, τj/E1

]T , (5)

with i, j = 1, ..., Na. Thus, we compute all the possible pairs
of distances (D̂SE1

,D̂SE2
) corresponding to the configuration

combinations made of NE = 2 and NR = 2. The combi-
nations leading to a negative values of at least one of the
estimated distances are removed.

Then, a bivariate probability density f of these pairs of
distances (D̂SE1 ,D̂SE2 ) is estimated. The maximal value of
this density, noted fmax, is assumed to provide a good
candidate for the cartesian coordinates of the emitters.

We select afterward the pairs (D̂SE1 ,D̂SE2 ) around fmax,
noted {dSE1 ,dSE2} and we iterate a procedure until an
assignment matrix, noted X∗, verifying the assignment con-
straints is found. This procedure consists in setting X∗ to zero
and then allocating 1 at the rows and the columns of X∗

associated to the pairs {dSE1 ,dSE2}. If X∗ does not verify the
assignment constraints then the pair (D̂SE1 ,D̂SE2 ) associate to
the minimal value fmin = min(f{dSE1

,dSE2
}) is removed

from {dSE1
,dSE2

} (see the pseudo-code in Algorithm 1). The
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initial state vector ŝ0 for the ML estimation in Equation (3) is
obtained at the end of the assignment process.

It’s important to note that for some configurations, the
algorithm converges to an inappropriate solution or gives no
solution. Future works will try to sort out these cases.

Algorithm 1 Assignment algorithm - pseudo code
Inputs: L1 and L2

Run AOA assignment algorithm;

Compute the
(
Na

2

)
pairs of distances (D̂SE1 ,D̂SE2 );

Suppress the pairs with negative values;
Calculate the bivariate kernel density estimation f of the selected
distances (D̂SE1 ,D̂SE2 );
From max(f) compute (x̂E1 , ŷE1 , x̂E2 , ŷE2);
Select the pairs (D̂SE1 ,D̂SE2 ) around max(f)
while constraints in (4) are not respected by X∗ do

X∗ ← 0;
x∗
ij associated to {dSE1 ,dSE2} ← 1;

Remove the pairs (D̂SE1 ,D̂SE2 ) associate to the minimal den-
sity value from the set {dSE1 ,dSE2};

end while
From X compute (x̂Ri , ŷRi) with i = 1, . . . , NdR;
Outputs: Assignment matrix X and the initial state vector ŝ0.

V. NUMERICAL RESULTS

A. Simulated data

We consider the scenario depicted in Figure 3. The polar
coordinates of the emitters and reflectors are given in Table I.

E1 E2 R1 R2 R3 R4 R5 R6

Angle θ (deg) 80 -10 20 20 40 40 70 70
Distance D (km) 10 7 8 10 6 12 4 7

TABLE I
LOCATION (POLAR COORDINATES) OF THE EMITTERS AND REFLECTORS.

From these coordinates, it is possible to calculate the
exact AOA and TDOA. To simulate more realistic values,
we consider an additive Gaussian noise with zero mean and
standard deviation σAOA = 0.5◦ and σTDOA = 50ns for the
AOA and the TDOA, respectively. These values appear to be
realistic in practice. Thus, we can generate the two lists of
measurements L1 and L2.

If we apply the AOA assignment algorithm, the assignment
matrix obtained is

X =


1 0 0 0 0
1 0 0 0 0
0 1 1 0 0
0 1 1 0 0
0 0 0 1 1

 . (6)

This assignment matrix doesn’t respect the constraints de-
scribed in the previous section. The problem and the main
challenge with the considered configuration come from reflec-
tors with same AOA.

Algorithm 1 provides to the assignment matrix

X∗ =


0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1

 (7)

which is now in accordance with the assignment constraints.
Figure 4.a shows the pairs (D̂SE1 ,D̂SE2 ) found during the

AOA assignment algorithm and the corresponding bivariate
density (in gray level). Figure 4.b shows the highest value of
the density (red dot). This value is used has the initial state
vector ŝ0 in the iterative algorithm for ML estimation. The
green dots correspond to the pairs (D̂SE1

,D̂SE2
) providing

the matrix X∗ (which verify the assignment constraints). The
number of green dots correspond to the number of joint
reflectors (NjS = 4).

Fig. 4. (a) Density of the estimated pair of distances (D̂SE1
,D̂SE2

). (b)
the red dot stands for the maximum value of the density and the green dots
are the (D̂SE1

,D̂SE2
) selected.

Figure 5 shows the locations obtained for the two emitters
and the four joint reflectors for 200 runs. The black crosses
correspond for the estimated positions of the joint reflectors
and the magenta crosses show the estimated locations of the
emitters. A previously indicated, the numbering of the emitters
and reflectors in the final map do not necessary match the
numbering in the simulation. Finally, these results illustrate
the potential of the proposed approach.

Fig. 5. Results of the proposed approach obtained for 200 runs.
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B. Results from real data

In this part, the proposed method is tested using real data.
For this first experiment, the receiver is at a fixed location and
we have only one emitter that transmitted signals from two
different spatial locations, noted P1 and P2, at two different
times (see Figure 6). For our problem we assume that these
signals have been recorded at the same time. We believe that
this experiment is realistic and very close to the configuration
we are dealing with. The only difference is that we are not
recording the signals from two different emitters at the same
time. Thus, some (probably limited) reflecting phenomena
must not appear.

Fig. 6. Experimental setup.

Figure 7.a shows the pairs (AOA,TDOA) measured at P1

(red points) and at P2 (blue points). They correspond to
the lists L1 and L2 that the receiver would provide when
considering an experiment with two emitters recorded at the
same time. This figure also shows that there are too much cases
to be processed. However, it is possible to distinguish some set
of points that can be probably associated to the same reflecting
area. In order to reduce the number of points, we have applied
the well known density-based spatial clustering of applications
with noise (DBSCAN) algorithm. Each cluster obtained is
replaced by a single point at its centroid coordinates. Figure
7.b shows the obtained result for our data.

(a) (b)

Fig. 7. (a) lists of measure (AOA,TDOA). (b) Selected pairs of (AOA,TDOA)
after DBSCAN. Red dots: L1 and blue dots: L2.

Finally, using the proposed assignment and localization
approach, we obtain the result shown in Figure 8. The es-
timated distances D̂SP1

= 8.64km and D̂SP2
= 6.52km

fit the distances measured during the experiment DSP1
=

8.52km and DSP2
= 6.42km. Assuming σAOA = 0.2◦ and

σTDOA = 25ns, the Cramer Rao Lower Bounds (CRLB) can

be calculated : standard deviations of D̂SP1
and D̂SP2

are
bounded by : σSP1

= 101.79m and σSP2
= 102.56m.

Fig. 8. Estimated locations of the emitters and (joint) reflectors.

VI. CONCLUSION AND FUTURE WORKS

In this paper, we propose to use passive AOA and TDOA
measurements to localize radar emitters with no a priori
knowledge on the location of the reflectors. To solve this
problem an assignment algorithm has been proposed. The
numerical results using simulated and experimental data have
shown the potential of the proposed approach.

Future works will evaluate the performances of our ap-
proach and propose some enhancement in the proposed al-
gorithm. We also plan new experiments to test this approach
with more challenging operational situations.
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