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Abstract— The use of multi-antenna arrays in wireless com-
munications through disordered media promises huge increases
in the information transmission rate. It is therefore important
to analyze the information capacity of such systems in realistic
situations of wireless transmission. Here, we apply the replica
method, an approach that provides analytic expressions for the
statistics of the mutual information, to the complex Gaussian
Ricean channel. Although it is valid formally for large antenna
numbers, this approach produces extremely accurate results even
for arrays with as few as two antennas. We also develop a method
to analytically optimize over the input signal distribution, which
enables us to calculate analytic capacities when the transmitter
has knowledge of the statistics of the channel.

I. INTRODUCTION

There has been increased recent interest in using multi-
antenna arrays simultaneously in transmission and reception.
Recent theoretical work in [1] and [2] has shown that for
sufficiently rich scattering environments the Shannon capacity
of an nt-element transmitting and an nr-element receiving
array is roughly proportional to min(nr, nt) for large numbers
of antennas. This is a great increase from the usually logarith-
mic increase in capacity for increasing antenna numbers when
only a single path (plane-wave) connects the transmission and
reception arrays (line-of-sight). Intuitively, one can understand
this result by observing that if the scattering is rich enough,
then there is an independent channel from each transmission
antenna to each reception antenna. Therefore, one can send
independent signals from each transmission antenna. As an
ideal scenario, spatially uncorrelated channels were initially
studied.

More recently, the case of the Ricean channel has received
some interest. This channel may arise when a strong line-of-
sight path exists in addition to diffuse scattering. This channel
may also be applicable when the channel feedback to the
transmitter from the receiver (who is assumed to always know
the channel) may be impaired or noisy. The Ricean channel
has been recently analyzed in the literature using various
methods. In [3], [4] a closed form solution has been given
for the moment generating function, from which all moments
of the mutual information can be deduced. Due to their relative
simplicity, asymptotic methods have also been proposed [5],
[6], which calculate the ergodic capacity in the limit of large
antenna numbers.

In this paper we present work done in [7]–[10] to provide
analytic expressions for the statistics of the mutual information
in the case of the Ricean channel. We apply a method

from physics, known as the replica approach, to analyze the
resulting random matrix problems. The replica approach, first
introduced in [11], has been used heavily in physics for
understanding random systems [12], [13].

We will use the replica method to average over the channel
realizations and obtain moments of the distribution of the
mutual information. For large antenna numbers n, the first and
second moments of the mutual information are of O(n) and
O(1) respectively. In [7] it was also shown that the higher
order moments are of order O(1/n), thereby showing that
the mutual information distribution approaches a Gaussian.
Despite the exact results obtained using other methods, [3] the
replica method produces far simpler equations. Interestingly,
the results from our analysis agree with previous asymptotic
results [6] and generalize them by including the variance of
the distribution. Surprisingly, the replica method also gives
accurate results when applied to arrays with even few (two
or three) antennas. Thus, this analytic approach provides a
powerful tool for analyzing antenna systems with even a few
antennas.

In the next section we define several quantities of interest
(Section II). In Section III we describe the mathematical
framework of the methods used to calculate the statistics of
the mutual information. In the next section (Section IV) we
maximize over the input signal distribution to calculate the
maximum mutual information (channel capacity). Finally, in
Section V we discuss the Gaussian character of the distribution
by presenting numerical examples.

II. DEFINITIONS

We consider the case of single-user transmission from nt

transmit antennas to nr receive antennas over a narrow band
fading channel. The received nr-dimensional complex signal
vector y can be written as

y =
√

ρ

nt
Gx + z (1)

G is a nr × nt complex matrix with the channel coefficients
from the transmitting to the receiving arrays, while x and z are
nt and nr dimensional vectors of the transmitted signal and
the additive noise, respectively, both assumed to be zero-mean
Gaussian. The signal covariance Q = E

[
xx†], is normalized

so that Tr {Q} = nt. For simplicity, the noise vector z is
assumed to be white with unit covariance, normalized so that
E

[
zz†

]
= Inr

. Finally, ρ is the signal-to-noise ratio (SNR).



It is assumed that the receiver knows the channel matrix G
and ρ. The transmitter, on the other hand, knows only the
statistics of the noise, p (y| {x,G}), as well as the statistics
of the channel p (G).

The associated mutual information can be expressed as [1]

I = log det
(
Inr

+
ρ

nt
GQG†

)
(2)

The log above (and throughout the whole paper) represents
the natural logarithm and thus I is expressed in nats.

Due to the underlying randomness of G, I is also a random
quantity. To analyze its statistics we assume that G has
Gaussian statistics with a non-zero mean and unit covariance,
i.e. with

〈Gaα〉 = µaα
√

pc (3)

〈GaαGbβ
∗〉 − 〈Gaα〉〈Gbβ〉 = pdδαβ δab

In the above, pd signifies the fraction of the power due to
diffuse (ergodic) components of the channel, while pc = 1−pd

is the stationary part of the channel, which is not averaged
over. These are related with the commonly used Ricean factor
K, by K = pc/pd. We will also be using the notation ρd =
ρpd and ρc = ρpc for the diffuse and stationary fractions of
the signal to noise ratio.

III. MATHEMATICAL FRAMEWORK

We analyze the statistics of the mutual information I in
(2) for Gaussian channels having statistics given by (3) by
deriving analytic expressions of the cumulant moments of I .
This method was introduced in this context in [9], [10]. We
first introduce the generating function g(ν) of I

g(ν) =

〈[
det

(
Inr

+
ρ

nt
GQG†

)]−ν
〉

=
〈
e−νI

〉
(4)

= 1 − ν〈I〉 +
ν2

2
〈I2〉 + . . .

Assuming that g(ν) is analytic at least in the vicinity of ν = 0,
we can express log g(ν) as follows

log g(ν) = −ν 〈I〉 +
∞∑

p=2

(−ν)p

p!
Cp (5)

where Cp is the p-th cumulant moment of I . For example, C2 =
V ar(I) = 〈(I − 〈I〉)2〉 is the variance and C3 = Sk(I) =
〈(I − 〈I〉)3〉 is the skewness of the distribution. Thus to obtain
the moments of the mutual information distribution we need
to calculate g(ν) for ν in the vicinity of ν = 0.

We do this by making the replica assumption that g(ν) can
be evaluated for positive integer values of ν and then can
be analytically continued to the vicinity of ν = 0+. This
assumption, used also in [12]–[14], alleviates the problem
of dealing with averages of logarithms of random quantities,
since the logarithm is obtained after calculating g(ν). Here,
we will be using it without any direct proof, although we
will be comparing some of our final results to Monte Carlo
simulations to demonstrate their validity.

After straightforward manipulation of the average of (4) [7]
we bring g(ν) to the form

g(ν) =
∫

dµ (T ,R) e−S (6)

where the metric dµ (T ,R) corresponds to integrating the ν×
ν matrices T , R over perpendicular paths on the complex
plain, and

S = log det
(
Inr

⊗
[
Iν +

√
ρd

nt
R

])
− Tr {T R} (7)

+ log det
(
Int

⊗ Iν +
√

ρd

nt
Q ⊗ T

+
ρc

nt
Q1/2µ†µQ1/2 ⊗

[
Iν +

√
ρd

nt
R

]−1
)

Before taking the limit of ν → 0+ above, we will first take
the limit of large antenna numbers nt,nr � 1. Thus we will
evaluate the above integral using the saddle-point method [10].
Here, we make the following ansatz about the structure of the
saddle point, i.e. that T and R at the saddle point are t

√
nt Iν

and r
√

nt Iν , respectively. The extra factor of
√

nt has been
included for convenience, as will become evident below. To
consider the vicinity around the saddle point, we thus rewrite
T , R as

T = t
√

nt Iν + δT (8)

R = r
√

nt Iν + δR

where δT, δR are ν × ν matrices representing deviations
around the saddle point. One can then expand S of (7) in
a Taylor series of increasing powers of δT, δR as follows

S = S0 + S1 + S2 + S3 . . . (9)

with Sp containing p-th order terms in δT, δR. These terms
can be obtained explicitly by differentiating (7).

The saddle point solution of (6) and hence the corresponding
values of t, r is found by demanding that S is stationary with
respect to variations in T , R, [15] resulting to S1 = 0. This
produces the following saddle point equations:

ntr√
ρd

= Tr

{
τQ

τ(Inr
+
√

ρdtQ) + ρc

nt
Qµ†µ

}
(10)

nttτ√
ρd

= nr − Tr

{
ρc

nt
Qµ†µ

τ(Inr
+
√

ρdtQ) + ρc

nt
Qµ†µ

}
(11)

where we have defined for convenience

τ = 1 + r
√

ρd (12)

Since for generic full rank matrices Q, µ†µ, both r and t are
of order unity, the expansion coefficients multiplying the terms
δTp, δRp, etc. are generally of order O(n1−p/2), successively
decreasing in size for increasing p. However, only integer
powers of 1/n survive in the expansion [8].



A. Ergodic Mutual Information

To leading order in ν, we find that g(ν) ≈ exp(−S0) =
exp(−νΓ), where

Γ = nr log (τ) − ntrt (13)

+ Tr

{
log

(
Inr

+
√

ρdtQ +
ρc

τnt
Qµ†µ

)}

which is evaluated using (10)-(11). Thus the leading term in
the expansion of 〈I〉 is Γ and note that 〈I〉 = O(n). These
equations agree with [6].

B. Variance of the Mutual Information

To obtain the O(ν2) term in the expansion of log g(ν)
in (5) we need to include the next non-vanishing term, S2.
Thus, for the moment we neglect higher order terms Sp for
p > 2. Noting the measure-preserving transformation T , R →
δT, δR of (8) we have

g(ν) = e−S0

∫
dµ (δT, δR) e−S2 (14)

This integral is quadratic in δT, δR and therefore can be
exactly by appropriately rotating the integration of the matrices
δT, δR. (14) therefore becomes [7]

g(ν) = e−S0 |detΣ|−
ν2
2 (15)

where the elements of the symmetric 2× 2 Hessian matrix Σ
are given by

Σ11 =
ρd(nt − nr)

ntτ2
(16)

− ρd

nt
Tr

⎧⎪⎨
⎪⎩

(Inr
+
√

ρdtQ)2(
τ(Inr

+
√

ρdtQ) + ρc

nt
Qµ†µ

)2

⎫⎪⎬
⎪⎭

Σ22 = −ρd

nt
Tr

⎧⎪⎨
⎪⎩

τ2Q2(
τ(Inr

+
√

ρdtQ) + ρc

nt
Qµ†µ

)2

⎫⎪⎬
⎪⎭

Σ21 + 1 =
ρdρc

nt
2

Tr

⎧⎪⎨
⎪⎩

Q2µ†µ(
τ(Inr

+
√

ρdtQ) + ρc

nt
Qµ†µ

)2

⎫⎪⎬
⎪⎭

Comparing (5) to (15), we can identify the leading term in the
variance of the mutual information to be

〈I2〉 − 〈I〉2 = C2 = − log |detΣ| (17)

We note that the variance is O(1) in the expansion of n−1/2

when both nt and nr are of the same order. (However, if nr

is fixed while nt increases, we find that C2 = O(n−1), in
agreement with [17].)

IV. CAPACITY-ACHIEVING SIGNAL COVARIANCE Q

Since the transmitter has only statistical information for
the channel G, namely only µ and ρ are known, the signal
covariance can be optimized only based on this information
to maximize a particular metric of the mutual information
distribution. To leading order in the antenna number we
only need to optimize Q, by maximizing the leading order
average mutual information, i.e. to find maxQ Γ. Due to the
”hardening” of the distribution, this criterion will maximize
both the ergodic and the outage capacities.

We start by observing that Γ depends on Q through the
last term in (13). By using convexity arguments [2], [8]
we find that this term is maximized when Q and µ†µ are
simultaneously diagonalizable.

To find optimal eigenvalues qk of Q for k = 1, . . . , nt, Γ
has to be optimized subject to the power constraint TrQ = nt.
This constraint is enforced by adding a Lagrange multiplier to
Γ, i.e.

Γ → Γ − Λ

(
nt∑

k=1

qk − nt

)
(18)

Incorporating the Lagrange multiplier to (13) and maximizing,
it is easy to see that the optimal eigenvalues of Q are then
given by

qk =
[

1
Λ

− τ
√

ρdtτ + ρcµ2
k

]
+

(19)

where [x]+ = {x + sgn(x)}/2. Here, Λ > 0 is determined by
imposing the power constraint

Tr {Q} =
nt∑

k=1

qk = nt (20)

Solving (19), (20) together with (11), (10) allow us to calculate
〈I〉 and V ar(I) in (13), (17) to obtain the ergodic capacity and
the variance of the distribution around it. Note that the opti-
mization over Q at the transmitter is based on statistical, rather
than instantaneous information about the channel. Therefore
it depends on statistical quantities (µ†µ and ρ, rather than G
itself). As a result, the transmitter needs to be updated about
the channel information at a relatively slow rate.

V. VALIDITY OF GAUSSIAN APPROXIMATION

N (〈I〉 , V ar(I))

In [7] we have seen that in the limit of large n, the
distribution of the mutual information approaches a Gaus-
sian with mean equal to the Γ and variance the calculated
variance of I , in the sense that all higher moments and
corrections tend to zero. Surprisingly, this approximation is
valid for even a small number of antennas. We demonstrate this
property by comparing numerically the Gaussian distribution
N (〈I〉, V ar(I)) calculated using (13) and (17) with the
simulated distribution resulting from the generation of a large
number of random matrix realizations. This comparison can
be seen in Fig. 1, where indeed the agreement not only to the
Gaussian distribution, but to its correct means and variances
is striking, for both small n = 2 and large n = 10 antenna



numbers. This allows us to accurately calculate not only the
ergodic capacity but also the outage capacity.
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Fig. 1. Cumulative distribution (CDF) of mutual information per antenna
(I/nt) for nr = nt = 2, 10. The signal to noise ratio is set to ρ = 1, while
the diffuse component is 50% of the power ρd = ρc = 0.5. The dotted lines
correspond to the numerically generated curves, while the solid ones are the
theoretical ones, generated as Gaussian distributions with mean and variance
the ones obtained by applying the methods of this paper. We see that the
agreement is very good. We also see that for n = 10 the distribution is more
narrowly peaked. In both cases the non-zero mean component of the channel
(µ) was generated randomly from a Gaussian distribution. Among the pairs
of corresponding to the same number of antennas, the ones to the left have
the transmission covariance matrix Q optimized with respect to the known
µ†µ, while the ones to the right simply have Q = Int .

VI. CONCLUSION

In conclusion, we have presented an analytic approach to
calculate the statistics of the mutual information of MIMO
systems for the case of Ricean statistics. To this end we applied
tools developed for the analysis of mesoscopic systems, such
as replicas and random matrix theory. In addition, we have
used this method to find the optimal signal covariance Q and
thus analytically calculate the capacity when the statistics of
the (Gaussian) channel are known at the transmitter. These
methods, although formally valid for large antenna numbers,
apply with very high accuracy to arrays with only few numbers
of antennas. This allows us to accurately evaluate the outage
capacity for any number of antennas. We demonstrated this
by comparing to numerical simulations. This analytic approach
provides the framework and a simple tool to accurately analyze
the statistics of throughput of even small arrays. In addition,
these results are in a sense complementary with those obtained
in [6] since they agree in the calculation of the ergodic capacity
of the Gaussian Rice channel, which are shown there to hold
for general Ricean channels. At the same time we generalize
their results by calculating the variance of the distribution.
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