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ABSTRACT

This paper describes a very efficient algorithm for image signal ex-

trapolation. It can be used for various applications in image and

video communication, e. g. the concealment of data corrupted by

transmission errors or prediction in video coding. The extrapolation

is performed on a limited number of known samples and extends the

signal beyond these samples. Therefore the signal from the known

samples is iteratively projected onto different basis functions in or-

der to generate a model of the signal. As the basis functions are not

orthogonal with respect to the area of the known samples we pro-

pose a new extension, the orthogonality deficiency compensation, to

cope with the non-orthogonality. Using this extension, very good

extrapolation results for structured as well as for smooth areas are

achievable. This algorithm improves PSNR up to 2 dB and gives

a better visual quality for concealment of block losses compared to

extrapolation algorithms existent so far.

Index Terms— Signal extrapolation, Error concealment, Predic-

tion, Image processing

1. INTRODUCTION

Estimating data samples from known surrounding samples is a major

signal processing task for modern communication applications, es-

pecially in image and video communication. The extension of a sig-

nal beyond a limited number of known samples is usually referred

to as signal extrapolation. A very common task is concealment of

transmission errors in mobile image or video communication by es-

timating lost data blocks using correctly received adjacent blocks.

Another area for extrapolation is prediction whereas data samples

are estimated based on known data, so only the prediction error has

to be transmitted instead of the original signal.

The algorithm described in this paper is an enhancement to the

frequency selective extrapolation algorithm proposed in [1]. For er-

ror concealment, it was shown in [1] that the original algorithm pro-

vides very good extrapolation results compared to others, such as the

sequential error-concealment algorithm from Li and Orchard [2], the

DCT-based interpolation algorithm from Alkachouh and Bellanger

[3], the projections onto convex sets algorithm proposed by Sun and

Kwok [4] or the maximally smooth image recovery algorithm by

Wang et al. [5]. Even if the algorithm [1] belongs to the best extra-

polation algorithms existing so far, in some rare cases it still pro-

duces visible artifacts. In addition to an increase of the PSNR our

proposed algorithm produces less extrapolation artifacts. A compar-

ison between the proposed algorithm, the original algorithm and the

extrapolation algorithms mentioned above is presented at the end of

this paper. Within the scope of this contribution, the algorithm is

m

n

M

N

L = A ∪ B

A

B

Fig. 1. Data area L used for two-dimensional extrapolation consist-

ing of the missing area to be estimated B and the known surrounding

support area A

carried out for two-dimensional data sets only, but by making use of

[6] it could easily be adapted to higher dimensional data sets as well.

2. SIGNAL EXTRAPOLATION

In Fig. 1 a possible two-dimensional data set is shown, depicted by

the two spatial dimensions m and n. Area B, called missing area,

contains the data samples of unknown magnitude. The magnitude of

these samples should be estimated by means of the data samples with

known magnitude, subsumed in area A which is called support area.

Areas A and B together form area L that contains all data samples

involved in the extrapolation process.

2.1. Extrapolation principle

The magnitudes of the samples in area L are described by the dis-

crete function f [m, n] that is defined over the whole area L, but

the magnitudes of f [m, n] are only accessible over the support area

A. The algorithm aims to generate a parametric model g [m, n],
defined over L in such a way that g [m, n] becomes an approxi-

mation of f [m, n] over A. The parametric model emanates from

a weighted linear combination of two-dimensional basis functions

ϕk [m, n]. The basis functions have to be mutually orthogonal with

respect to the whole considered area L.

g [m, n] =
∑

∀k∈K

ckϕk [m, n] , (1)

where the weighting factors ck are denoted as expansion coefficients

and the set K covers the indices of all basis functions used for the

parametric model. In general, for decomposition of a discrete signal

as many orthogonal basis functions are needed as there are samples.

Therefore, the number of different orthogonal basis functions used

for the generation of g [m, n] equals |L|, the number of samples in



the signal. Since |A| < |L| holds, the expansion coefficients for

every basis function cannot be calculated directly and an iterative

approach is needed. There, in every iteration step one basis function

and the corresponding expansion coefficient is determined and added

to the parametric model

g
(ν) [m, n] = g

(ν−1) [m, n] + ĉ
(ν)
u · ϕu [m, n] . (2)

Here g(ν) [m, n] denotes the parametric model in the ν-th iteration

step, u denotes the index of the basis function that was chosen for

this iteration step and ĉ
(ν)
u is the estimate for the real expansion co-

efficient. The initial model g(0) [m, n] is set to zero. In the course of

the iteration a multiple selection of the same basis function is possi-

ble.

The residual approximation error r(ν) [m, n] between f [m, n]

and the parametric model g(ν) [m, n] in the ν-th iteration step is ex-

pressed by

r
(ν) [m, n] =

(

f [m, n] − g
(ν) [m, n]

)

· b [m, n] (3)

=
(

r
(ν−1) [m, n] − ĉ

(ν)
u · ϕu [m, n]]

)

· b [m, n].(4)

The masking function b [m, n] is used to mask the missing area B

b [m, n] =

{

1 , ∀ (m, n) ∈ A
0 , ∀ (m, n) ∈ B

, (5)

since the approximation error can be evaluated only over A.

2.2. Projection on basis functions

Each iteration step begins with the weighted projection of the ap-

proximation error onto each basis function. Thereby the weighting

function

w [m, n] =

{

ρ [m, n] , ∀ (m, n) ∈ A
0 , ∀ (m, n) ∈ B

(6)

is used to control the influence each sample has on the extrapolation

process depending on its position in area A. One part of w [m, n] is

again used to mask B. The actual weighting is performed by ρ [m, n]
which can be chosen arbitrarily. A good choice for a weighting func-

tion is given in (19). The weighted projection onto the k-th basis

function in the ν-th iteration step results in the projection coefficient

p
(ν)
k .

p
(ν)
k =

∑

(m,n)∈L

r
(ν−1) [m, n] · ϕk [m, n] · w [m, n]

∑

(m,n)∈L

w [m, n] · ϕ2
k [m, n]

. (7)

Thereby the numerator is formed by the weighted scalar product be-

tween the approximation error and the k-th basis function. The de-

nominator causes a normalization by the weighted scalar product

between the selected basis function and itself.

Up to here the algorithm is comparable to the algorithm from [1].

The difference between this algorithm and our proposed algorithm is

that [1] directly uses the projection coefficient as an estimate for the

expansion coefficient without considering that the used basis func-

tions are not mutually orthogonal any longer if evaluated with re-

spect to the support area A. Although the existing algorithm already

provides very good extrapolation results, the consideration of the

orthogonality property yields a significant enhancement as will be

shown in the following.

2.3. Orthogonality deficiency compensation

Even if the basis functions are orthogonal regarding the whole area

L, the orthogonality does not apply any longer if the basis functions

are evaluated with respect to the support area A, especially if they

are evaluated in combination with the weighting function. Since, de-

pending on the relation between A and B, the basis functions are

still close to orthogonality this attribute should be referred to as or-

thogonality deficiency and not non-orthogonality.

Due to orthogonality deficiency the projection does not only lead

to the contribution a basis function has to the approximation error

signal but additionally contributions from other basis functions are

incorporated as well. In order to determine the contribution a basis

function has to the approximation signal, the expansion coefficients

have to be derived from the projection coefficients. Therefore the ap-

proximation error signal is regarded as superposition of all possible

basis functions, weighted with their real residual expansion coeffi-

cients

r
(ν) [m, n] =

1

MN
· b [m, n]

∑

l=0,... ,|L|−1

c
(ν)
l ϕl [m, n] . (8)

Applying this to (7) leads to

p
(ν)
k ·

∑

(m,n)∈L

w [m, n] · ϕ2
k [m, n] = . . .

=
∑

l=0,... ,|L|−1

c
(ν)
l

∑

(m,n)∈L

ϕl [m, n] · ϕk [m, n] · w [m, n] (9)

holding for every k = 0, . . . , |L| − 1. Considering the two vectors

p
(ν) =

[

p
(ν)
0 , . . . , p

(ν)

|L|−1

]

T

(10)

c
(ν) =

[

c
(ν)
0 , . . . , c

(ν)

|L|−1

]

T

(11)

and the matrix

K =















∑

(m,n)∈L

w̃ϕ̃0ϕ̃0 · · ·
∑

(m,n)∈L

w̃ϕ̃|L|−1ϕ̃0

...
. . .

...
∑

(m,n)∈L

w̃ϕ̃0ϕ̃|L|−1 · · ·
∑

(m,n)∈L

w̃ϕ̃|L|−1ϕ̃|L|−1















(12)

with w̃ = w [m, n] and ϕ̃i = ϕi [m, n] the system of equations (9)

could be rewritten in vectorial notation

diag (diag (K)) · p(ν) = K · c(ν)
. (13)

The matrix diag (diag (K)) is a quadratic matrix with entries only

on the main diagonal. The entries on the main diagonal are the same

as in matrix K .

Unfortunately, the matrix K cannot be inverted in general, hence

an approximate solution is needed to determine the expansion coef-

ficients from the projection coefficients. Therefore the matrix

K̂ = (diag (diag (K)))−1 · K (14)

is defined. For every k in 0, . . . , |L| − 1 the projection coefficient

p
(ν)
k is the sum of the real expansion coefficient c

(ν)
k and the terms

generated by orthogonality deficiency

p
(ν)
k =

∑

l=0,... ,|L|−1

c
(ν)
l ·

(

K̂

)

k,l
= c

(ν)
k ·

∑

l=0,... ,|L|−1

c
(ν)
l

c
(ν)
k

·
(

K̂

)

k,l
(15)



“Lena” “Peppers” “Baboon”

Maximally smooth recovery [5] 24.8 dB 24.6 dB 19.6 dB
Spatial domain interpolation [3] 22.2 dB 23.4 dB 16.8 dB
POCS [4] 22.8 dB 22.7 dB 19.0 dB
Sequential error concealment [2] 24.7 dB 26.9 dB 18.7 dB
Frequency selective extrapolation [1] 24.8 dB (15) 25.3 dB (15) 19.2 dB (5)
Presented algorithm 26.7 dB (500) 26.8 dB (250) 19.7 dB (200)

Table 1. Maximum achievable PSNR for different extrapolation algorithms. In brackets: number of iterations needed for the respective

values for frequency selective extrapolation with and without orthogonality deficiency compensation

with
(

K̂

)

k,l
denoting the l-th column in the k-th line of K̂ .

Assuming that

p
(ν)
k ≈ αc

(ν)
k , ∀k = 0, . . . , |L| − 1 (16)

with α being a constant factor, the expansion coefficient ĉ
(ν)
k can be

estimated well using (15)

ĉ
(ν)
k =

p
(ν)
k

∑

l=0,... ,|L|−1

p
(ν)
l

p
(ν)
k

·
(

K̂

)

k,l

(17)

Even if (16) is a relatively weak assumption, it is valid as the sum-

mation over all projection coefficients equalizes possible minor vari-

ations of the real factor α.

2.4. Basis function selection

After computing the appropriate expansion coefficients for all possi-

ble basis functions, one basis function has to be chosen to be added

to the parametric model in the iteration step. There are several dif-

ferent possible criteria for choosing the basis function. All lead to

slightly different orders of the basis functions to use but also to com-

parable extrapolation results. The criterion used here is to choose the

basis function which minimizes the distance from the approximation

error signal to the weighted projection onto the basis function. The

index u for the basis function to use is determined by

u = argmax
k=0,... ,|L|−1



p
(ν)2

k ·
∑

(m,n)∈L

w [m, n] · ϕ2
k [m, n]



 . (18)

3. RESULTS

The results for the frequency selective signal extrapolation with or-

thogonality deficiency compensation are shown for concealment of

erroneous blocks in images. Therefore blocks are cutted out from

the images “Lena”, “Peppers” and “Baboon” according to an error

pattern and the extrapolated signal is compared with the original sig-

nal in these areas. As error criterion the PSNR is evaluated for the

luminance component in the lost areas. The left subfigures of Fig.

3.1 to Fig. 3.3 illustrate some parts of the examined error pattern

used for concealment of 16 × 16 pixel sized block losses.

The proposed algorithm is compared with the original frequency

selective extrapolation without orthogonality deficiency compensa-

tion [1] and the extrapolation algorithms from Li and Orchard [2],

Alkachouh and Bellanger [3], Sun and Kwok [4] and Wang et al.

[5]. As parameters for the frequency selective extrapolation (with
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Fig. 2. PSNR over iterations for “Lena”, “Peppers” and “Baboon”

with losses of size 16 × 16 pixels. Solid line: orthogonality defi-

ciency compensation used. Dashed line: original algorithm [1]

and without compensation) we use ones close to the parameters pro-

posed in [1]. According to them, the weighting function used for the

concealment is generated by a radial symmetric isotropic model

ρ [m, n] = ρ̂

√

(m− M−1

2
)2+(n− N−1

2
)2 (19)

with the correlation coefficient ρ̂ chosen to 0.8. The support area is

formed by a frame of 16 pixels around the missing area.

The basis functions used are the functions of the two-dimensional

discrete Fourier transform whereby a very efficient realization of the

algorithm presented in [1] is possible. Since the entire algorithm per-

forms in the frequency-domain only two FFTs are needed to change

into the frequency domain and back respectively. Additionally, the

DFT basis functions are suited especially for signal extrapolation

since monotone areas, noisy regions and edges can be extrapolated

very well. Here, the FFT applied has a size of 64 × 64 samples.

In Table 1 the concealment results for the used error pattern are

listed for the mentioned extrapolation algorithms. It can easily be

seen that the original algorithm already outperforms most of the

other methods. But in combination with the proposed orthogonality

deficiency compensation a further increase of up to nearly 2 dB is

possible. Although the proposed algorithm performs 0.1 dB worse

for “Peppers” compared to the sequential error concealment [2] it

provides the best extrapolation results from the regarded algorithms

considering all images.

Further the influence of the orthogonality deficiency compensa-

tion on the frequency selective extrapolation is investigated. For that

in Fig. 2 the PSNR achievable with and without orthogonality defi-

ciency compensation is plotted with respect to the number of itera-



tions. The gain in PSNR is apparent but in addition it is obvious that

more iterations are needed to achieve this gain. This is caused by the

circumstance that in the first iteration steps the generated paramet-

ric model gets less energy due to the orthogonality deficiency com-

pensation. So more iterations are needed in order to gather enough

energy in the model. By avoiding a too strong emphasis of single

basis functions caused by orthogonality deficiency no degradation

occurs with an increasing number of iterations. Whereas the orig-

inal approach declines after passing a peak the proposed algorithm

causes a saturation of the PSNR. This is especially important as the

mentioned peak normally cannot be met in practice. By using the

original algorithm one always runs the risk to perform too much or

not enough iterations and miss the best possible extrapolation. Due

to the saturation effect this is risk is avoided using the proposed al-

gorithm. In Table 1 the number of iterations needed to achieve the

best PSNR is listed in brackets for the two algorithms.

One asset of the original approach is that it is able to reconstruct

monotone areas as well as edges and noisy regions very well. In

some rare cases artifacts are produced at sharp corners. The pro-

posed algorithm is able to reduce these artifacts noticeably so that

they are barely visible. For illustration representative parts of the

examined images are shown in Fig. 3.1 to Fig. 3.3. On the left side,

the erroneous pictures are shown. Mid, the concealed picture by

use of the frequency selective extrapolation without orthogonality

deficiency compensation is presented. On the right side, the ortho-

gonality deficiency compensation is used. To achieve the best visual

quality the number of iterations are chosen 20 (without compensa-

tion) and 250 (with compensation) for “Lena” and “Pepper”. For

highly structured images such as “Baboon” more iterations are per-

formed as indicated by PSNR. This is due to the fact that structured

areas have to be composed of more basis functions to give a natu-

ral appearance. So we use 50 iterations for the uncompensated and

1000 iterations for the compensated approach. Although the num-

ber of iterations seems to be very high far less iterations can be used

as well. In practice the described algorithm only needs little more

iterations than the original algorithm to outperform it (see Fig. 2).

The encircled areas show some example blocks where the outlined

algorithm produces less visible artifacts compared to the original al-

gorithm. Apparently, the proposed algorithm provides very good

visual results for smooth as well as structured areas and on sharp

edges.

4. CONCLUSION

The algorithm presented here provides a very efficient approach to

cope with the orthogonality deficiency that has been inherent in the

frequency selective extrapolation up to now. This approach leads

to very good objective and subjective results and it is an efficient

method to extrapolate signals in monotone and noise-like areas and

over edges. Although the proposed algorithm is computational ex-

pensive compared to the other considered algorithms, for every ap-

plication a good trade-off between quality and complexity can be

found by limiting the overall number of iterations for an image and

distributing the iterations to blocks according to their surroundings.

Nevertheless, further work will focus on deriving a simplified ap-

proach to compensate the orthogonality deficiency with less compu-

tational complexity.
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