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Preface

It is our pleasure to welcome you in Berlin to the 2009 International ITG Workshop on Smart

Antennas. The workshop covers new developments in the design, implementation and applica-

tion of smart antennas in wireless communication networks. It continues to o�er a forum for

discussion and presentation of recent research on smart antennas. As in the previous years, the

objective of the workshop is to continue, accelerate, and broaden the momentum already gained

with a series of ITG Workshops held in Munich and Zurich 1996, in Vienna and Kaiserslautern

1997, in Karlsruhe 1998, in Stuttgart 1999, in Ilmenau 2001, in Munich 2004, in Duisburg 2005,

in Ulm 2006, in Vienna 2007 and in Darmstadt 2008.

From a large number of submissions, the program committee has selected 33 papers for oral

presentation and 18 posters. The conference is organized in 10 sessions, two of them are poster

sessions. In addition, there are two industry application talks and two keynote lectures given

by distinguished experts.

The papers for both poster and oral presentations are published in the conference procee-

dings saved on USB memory sticks. In addition, the proceedings will be made available in the

EURASIP Open Library.

The workshop is supported and organized by the Fraunhofer German-Sino Lab for Mobile Com-

munications, the Fraunhofer Institute for Telecommunications, Heinrich-Hertz-Institut, and the

Berlin University of Technology. We would like to acknowledge the assistance by the ITG and

EURASIP, as well as thank all sponsors for their �nancial support.

The Fraunhofer Heinrich-Hertz-Institut is a perfect place for the workshop. In the nineteenth

century, Heinrich R. Hertz, who obtained his PhD from the University of Berlin, demonstrated

the existence of electromagnetic waves, which had been previously predicted by James Clerk

Maxwell. Heinrich R. Hertz was the �rst to broadcast and receive radio waves. His experiments

triggered the invention of the wireless telegraph and radio by Marconi and others. The unit of

frequency of a radio wave � one cycle per second � is named the hertz, in honor of Heinrich R.

Hertz.

We wish you a successful participation in the workshop.

Workshop chairs:

Volker Jungnickel

Martin Schubert

Slawomir Stanczak

Gerhard Wunder
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Program – Monday, February 16
09:00 AM-16:30 – Tutorials

• IST MASCOT Tutorial, 2nd Multiuser MIMO Industry Course
http://www.ist-mascot.org
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Program – Tuesday, February 17
08:30-09:10 – Industry Application Talk 1

• Multiple Antenna Systems for LTE Advanced

Hans Peter Mayer (Alcatel-Lucent Stuttgart, DE)

Going from LTE to LTE advanced the improvement of system performance will by far and

large be realized by the massive use of multi-antenna technologies as well as the intro-

duction of advanced interfernce avoidance techniques. The talk gives an overview on the

approaches for MIMO and beamforming in single cell operation as well as on the di�erent

options for Cooperative Multipoint transmission.

09:10-10:50 – Channel Measurements and Antenna Design (S1)
Chair: Tobias Weber (University of Rostock, DE)

• MIMO E�ciency of a LTE Terminal Considering Realistic Antenna Models
p. 14

Alexander Geiÿler, Volker Wienstroer, Rainer Kronberger (Cologne University of Applied Sciences,

DE), Christian Drewes (In�neon Technologies, DE), Frank Dietrich (Rohde & Schwarz GmbH

& Co KG, Munich, DE)

• Modeling of 3D Field Patterns of Downtilted Antennas and Their Impact on
Cellular Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 19

Lars Thiele, Thomas Wirth, Kai Börner, Michael Olbrich, Volker Jungnickel (Fraunhofer Insti-

tute for Telecommunications, Heinrich-Hertz-Institut, Berlin, DE), Jürgen Rumold, Stefan Fritze

(KATHREIN-Werke KG, DE)

• Multi-User MIMO Channel Reference Data for Channel Modelling and Sys-
tem Evaluation from Measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 24

Christian Schneider, Gerd Sommerkorn, Milan Narandzic, Martin Käske, Aihua Hong, Vadim

Algeier, Wim Kotterman, Reiner Thomä (Ilmenau University of Technology, DE), Carsten Jan-

dura (Technical University of Dresden, DE)

• Arrays of Isotropic Radiators � A Field-theoretic Justi�cation . . . . . . . . . . .p. 32

Yordanov Hristomir, Michel Ivrlac, Peter Russer, Josef Nossek (Munich University of Techno-

logy, DE)

• Di�erential Feedback in MIMO Communications: Performance with Delay
and Real Channel Measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 36

Daniel Sacristan Murga (Centre Tecnologic de Telecomunicacions de Catalunya (CTTC), ES),

Florian Kaltenberger (Institut Eurecom, FR), Antonio Pascual Iserte (Universitat Politecnica de

Catalunya, Barcelona, ES), Ana Perez-Neira (CTTC, ES)
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Program – Tuesday, February 17
11:25-12:45 – Beamforming (S2)
Chair: Anja Klein (TU Darmstadt, DE)

• Filter-and-forward distributed beamforming with individual relay power cons-
traints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 44

Haihua Chen, Alex Gershman (Darmstadt University of Technology, DE), Shahram Shahbazpa-

nahi (University of Ontario, Institute of Technology, Oshawa, CA)

• Handover Sequences for Interference-Aware Transmission in Multicell MIMO
Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 49

Volker Jungnickel, Konstantinos Manolakis, Thomas Wirth, Lars Thiele (Fraunhofer Institute

for Telecommunications, Heinrich-Hertz-Institut, Berlin, DE), Thomas Haustein (Nokia Sie-

mens Networks GmbH & Co. KG, Munich, DE)

• Multi-Group Multicast Beamforming for Multi-User Two-Way Relaying p. 53

Aditya Amah, Anja Klein (TU Darmstadt, DE), Yuri Silva (Federal University of Ceara, Forta-

leza, BR), Andreas Fernekess (TU Darmstadt, DE)

• Throughput maximization through Network-Based Stream-Number Decision
for MIMO HSDPA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 61

Govinda Lilley, Martin Wrulich, Markus Rupp (Vienna University of Technology, AT)

13:45-14:25 – Keynote Speech

• Conventional, less conventional, and optimal modulation

Rudolf Mathar (RWTH Aachen, DE)

14:30- 15:50 – Interference channel (S3)
Chair: Holger Boche (TU Berlin, DE)

• Secrecy Rate Region of MISO Interference Channel: Pareto Boundary and
Non-Cooperative Games . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 67

Eduard Jorswieck, Rami Mochaourab (Dresden University of Technology, DE)

• Coordination on the MISO Interference Channel using the Virtual SINR Fra-
mework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 75

Randa Zakhour, David Gesbert (Eurecom, Sophia Antipolis, FR)
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Program – Tuesday, February 17
• Limited Transmitter Cooperation in Adjacent Broadcast Channels . . . . . .p. 82

David Schmidt, Wolfgang Utschick (Munich University of Technology, DE)

• Optimized Beamforming for the Two Stream MIMO Interference Channel at
High SNR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 88

Christoph Hellings, David Schmidt, Wolfgang Utschick (Munich University of Technology, DE)

16:15- 17:15 – Networks (S4)
Chair: Peter Grant (University of Edinburgh, UK)

• Analysis of Fusion and Combining for Wireless Source Detection . . . . . . . p. 96

Rajesh Sharma, Jon Wallace (Jacobs University Bremen, DE)

• Device collaboration in ad-hoc MIMO networks . . . . . . . . . . . . . . . . . . . . . . . . . . p. 104

Ari Hottinen (Nokia Research Center, FI), Tiina Heikkinen (University of Helsinki, FI), Ema-

nuele Viterbo (University of Calabria, Rende (CS), IT)

• Advanced Physical Layer Techniques for Wireless Mesh Networks with Net-
work Coding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 108

Andreas Dotzler, Johannes Brehmer, Wolfgang Utschick (Munich University of Technology, DE)

10:00-18:00 – Poster Session (P1)

• Performance Investigation on SCan-On-REceive and Adaptive Digital Beam-
Forming for High-Resolution Wide-Swath Synthetic Aperture Radar . p. 114

Federica Bordoni, Marwan Younis, Eduardo Makhoul, Nicolas Gebert, Gerhard Krieger (German

Aerospace Center (DLR), Wessling, DE)

• Experimental study on the impact of the base station height on the channel
parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 122

Aihua Hong, Reiner Thomä (Ilmenau University of Technology, DE)

• Performance of Printed Dipoles on Dual Band High-Impedance Surface p. 127
Daniel Kornek, Sven Hampel, Isabell Kiral, Ilona Rolfes (Leibniz University of Hannover, DE)

• Performance and Modeling of LTE H-ARQ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 130

Josep Colom Ikuno, Martin Wrulich, Markus Rupp (Vienna University of Technology, AT)
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Program – Tuesday, February 17
• On the Characterization of MU-MIMO Channels . . . . . . . . . . . . . . . . . . . . . . . . p. 136

Florian Kaltenberger (Institut Eurecom, FR), Laura Bernado, Thomas Zemen (Forschungszen-

trum Telekommunikation Wien, AT)

• Multi-user MIMO Downlink Precoding for Time-Variant Correlated Chan-
nels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 142

Bin Song, Martin Haardt (Ilmenau University of Technology, DE), Tarcisio Maciel (Federal Uni-

versity of Ceara, BR), Anja Klein (TU Darmstadt, DE)

• Probability of Error for BPSK Modulation in Distributed Beamforming with
Phase Errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 149

Shuo Song, John Thompson, Pei-Jung Chung, Peter Grant (University of Edinburgh, UK)

• Implementation of the Least Squares Channel Estimation Algorithm for MIMO-
OFDM Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 155

Samuli Tiiro, Jari Ylioinas, Markus Myllylä, Markku Juntti (University of Oulu, FI)
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Program – Wednesday, February 18
08:30-09:10 – Industry Application Talk 2

• Technical Challenges in Future Radiolocation Systems

Dirk Czepluch (Rohde&Schwarz Munich, DE)

Technical Challenges in Future Radiolocation Systems The rapid development of radio

communications has resulted in an increased in the importance of direction �nding, while

at the same time signi�cantly boosting the associated requirements and the complexity

of direction-�nding systems. However, there is a spread between theoretical investigations

and practical challenges. The antenna array design, which is necessary for direction �nding

systems, is a function of antenna pattern, number of antenna elements and the antenna

array diameter. We will show theoretical antenna pattern and their practical implementa-

tions. Another topic is the synchronization of a multichannel receiver, to gain a su�cient

phase- and amplitude balance. We will �nish our presentation with the implementation

aspects of high resolution direction �nding methods such as MuSiC.

09:10-10:50 – Resource allocation (S5)
Chair: Eduard Jorswieck (TU Dresden, DE)

• A low complexity space-frequency multiuser resource allocation algorithm
p. 162

Ana Perez-Neira (CTTC, ES), Pol Henarejos (Universitat Politecnica de Catalunya, ES), Ve-

lio Tralli (University of Ferrara, IT), Miguel Angel Lagunas (Telecommunications Technological

Center of Catalonia, Castelldefels, ES)

• Resource Allocation in Multiantenna Systems under General Power Cons-
traints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 170

Angela Feistel (Technical University of Berlin, DE), Slawomir Stanczak, Michal Kaliszan (Fraun-

hofer German-Sino Lab for Mobile Comm., Berlin, DE)

• On Proportional Fairness in Nonconvex Wireless Systems . . . . . . . . . . . . . . p. 178

Johannes Brehmer, Wolfgang Utschick (Munich University of Technology, DE)

• DFT-based vs. Cooperative MET-based MU-MIMO in the Downlink of Cel-
lular OFDM Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 182

Lars Thiele, Malte Schellmann, Thomas Wirth, Volker Jungnickel (Fraunhofer Institute for Tele-

communications, Heinrich-Hertz-Institut, Berlin, DE), Federico Boccardi (Alcatel-Lucent, UK),

Howard Huang (Alcatel-Lucent, US)

• Channel Adaptive OFDM Systems with Packet Error Ratio Adaptation p. 187

Dagmar Bosanska, Christian Mehlführer, Markus Rupp (Vienna University of Technology, AT)
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Program – Wednesday, February 18
11:25-12:45 – Signal processing and estimation (S6)
Chair: Abdelhak M. Zoubir (TU Darmstadt, DE)

• Time-Delay Estimation Applying the Extended Invariance Principle with a
Polynomial Rooting Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 192

Felix Antreich (German Aerospace Center (DLR), Wessling, DE), Josef Nossek (Munich Uni-

versity of Technology, DE), Gonzalo Seco-Granados (Universitat Autonoma de Barcelona, Bel-

laterra, ES), Lee Swindlehurst (University of California at Irvine, US)

• Structured Least Squares (SLS) based enhancements of Tensor-Based Chan-
nel Estimation (TENCE) for Two-Way Relaying with Multiple Antennas p. 198
Florian Roemer, Martin Haardt (Ilmenau University of Technology, DE)

• Sequential GSVD Based Prewhitening for Multidimensional HOSVD Based
Subspace Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 205

Joao Paulo da Costa, Florian Roemer, Martin Haardt (Ilmenau University of Technology, DE)

• Performance Assessment of the SAGE Algorithm in Unknown Noise Fields
p. 213

Michail Matthaiou (Munich University of Technology, DE), Felix Antreich (German Aerospace

Center (DLR), Wessling, DE), Josef Nossek (Munich University of Technology, DE)

13:45-14:25 – Keynote Speech

• Optimization-Boosted Beamforming: From Receive and Transmit Methods to
Cooperative Relay Techniques

Alex Gershman (TU Darmstadt, DE)

The aim of this talk is to present an overview of recent advances for receive, transmit,

and distributed (relay) beamforming based on the theory of convex optimization. Our par-

ticular focus will be on robust beamforming techniques for data streaming applications.

It will be demonstrated that convex optimization is a very e�cient toolbox for advanced

beamformer designs.

14:30- 15:50 – Coded modulation and capacity (S7)
Chair: Volker Kühn (University of Rostock, DE)

• Bounds on the Capacity of MISO Channels with Di�erent Types of Imperfect
CSI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 219

Mario Castaneda, Amine Mezghani, Josef Nossek (Munich University of Technology, DE)

• Improving the Performance of BICM-OFDM Systems in Presence of HPA
Nonlinearities by E�cient Bit and Power Loading . . . . . . . . . . . . . . . . . . . . . . . p. 227
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Program – Wednesday, February 18
Mark Petermann, Carsten Bockelmann, Dirk Wübben, Karl-Dirk Kammeyer (University of Bre-

men, DE)

• On the Performance of Trellis Coded Spatial Modulation . . . . . . . . . . . . . . . p. 235

Raed Mesleh, Irina Stefan (Jacobs University, Bremen, DE), Harald Haas, Peter Grant (The

University of Edinburgh, UK)

• Selected Sorting for PAR Reduction in OFDM Multi-User Broadcast Scena-
rios . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 243

Christian Siegl, Robert Fischer (University Erlangen-Nuremberg, DE)

16:10- 17:30 – Multiuser MIMO (S8)
Chair: Karl-Dirk Kammeyer (University of Bremen, DE)

• Sum Rate Improvement by Spatial Precoding in Multi-user MIMO SC-FDMA
Uplink . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 251

Hanguang Wu, Thomas Haustein (Nokia Siemens Networks GmbH & Co. KG, Munich, DE),

Eduard Jorswieck (Dresden University of Technology, DE), Peter Hoeher (University of Kiel,

DE)

• On the Asymptotic Optimality of Block-Diagonalization for the MIMO BC
Under Linear Filtering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 259

Raphael Hunger, Michael Joham (Munich University of Technology, DE)

• Tomlinson Harashima Precoding for MIMO Systems with Low Resolution
D/A-Converters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 264

Amine Mezghani, Ra�k Ghiat, Josef A. Nossek (Munich University of Technology, DE)

• Link Adaptation for MIMO-OFDM Systems using Maximum-Likelihood De-
tector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 270

Tetsushi Abe, Gerhard Bauch (DoCoMo Euro-Labs, Munich, DE)

10:00-18:00 – Poster Session (P2)

• Improving Channel Estimation with Turbo Feedback and Time Domain Fil-
tering in MIMO-OFDM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 275

Jari Ylioinas, Samuli Tiiro, Markku Juntti (University of Oulu, FI)

• Rate Allocation for K-user MAC with Turbo Equalization . . . . . . . . . . . . . . p. 281

Marcus Grossmann (University of Ilmenau, DE), Tadashi Matsumoto (CWC - Oulu, FI)
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Program – Wednesday, February 18
• Cooperative Regions For Coded Cooperation Over Time-Varying Fading Chan-
nels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 289

Paolo Castiglione (Forschungszentrum Telekommunikation Wien, AT), Monica Nicoli, Stefano

Savazzi (Politecnico di Milano, IT), Thomas Zemen (Forschungszentrum Telekommunikation

Wien, AT)

• Performance of Sp(n) Codes in Two-Way Wireless Relay Networks . . . . p. 297

Gilbert Yammine, Zoran Utkovski, Juergen Lindner (University of Ulm, DE)

• Arithmetic Extended-Mapping for BICM-ID with Repetition Codes . . .p. 304

Takashi Yano (Hitachi Ltd., Kokubunji, JP), Tad Matsumoto (Japan Advanced Institute of

Science and Technology, JP)

• Modulation Doping for Repetition Coded BICM-ID with Irregular Degree
Allocation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 312

Dan Zhao, Tad Matsumoto (Japan Advanced Institute of Science and Technology, JP)

• Performance Evaluation of Joint Power and Time Allocations for Adaptive
Distributed MIMO Multi-hop Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 319

Yidong Lang, Dirk Wübben (University of Bremen, DE)

• Adaptive Modulation for a Reduced Feedback Strategy in the Multibeam Op-
portunistic Schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p. 327

Nizar Zorba (Centre Tecnologic de Telecomunicacions de Catalunya (CTTC), Castelldefels, Bar-

celona, ES), Ana Perez-Neira (UPC, ES)
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ABSTRACT 

This paper shows the influence of small coupled 

antenna arrays on the MIMO efficiency. Two 

different antenna models with varying antenna 

distances are investigated: dipoles and realistic 

terminal antennas. Two solutions to decouple the 

antennas are presented: 1) A parasitic element; 2) A 

hardware design of a matching network on a 

substrate which is the first implementation of a recent 

proposal in the literature. The resulting RF antenna 

properties are incorporated in the SCME channel 

model. The benefit in throughput is evaluated based 

on the information theoretic capacity and the 

throughput of a full-scale (coded) LTE link-level 

simulator.  

1. INTRODUCTION 

The performance boost of MIMO (Multiple Input 

Multiple Output) systems is based on uncorrelated 

signal paths. This is usually the case for non line of 

sight connections with a rich scattering environment 

between the transmitter and receiver (e.g. urban 

areas). Furthermore, the antennas have to 

receive/radiate uncorrelated signals. However, for 

small terminals like cell phones this scenario is not 

realistic. Due to shortage of space in a market-ready 

3GPP LTE (Long Term Evolution) user equipment 

we are going to analyse the influence of the antenna 

coupling for varying antenna distances on the MIMO 

capacity. Most of the studies about MIMO systems 

are restricted to the channel model, antennas, or other 

isolated components. The extended analysis 

presented in this paper includes antennas, the RF 

frontend, the radio channel, and the baseband 

components (see Fig. 7). We show how parasitic 

elements and matching and decoupling networks 

affect the throughput and channel capacity in 2 x 2 

MIMO systems for the downlink case.  

2. THEORY OF ANTENNA 

MATCHING/DECOUPLING METHODS  

Mutual coupling, caused by the size restriction 

between MIMO terminal antennas, leads to 

impedance mismatch and power absorption by the 

coupled antennas and therefore degrades the overall 

system efficiency. Antenna coupling modifies the 

current distribution along the antennas. Thus the 

radiation characteristic of the antenna system is 

influenced and the far field pattern changed [1]. Due 

to the impact on the signal correlation, the mutual 

coupling can have a negative as well as a positive 

influence on the channel capacity [5, 6, 7].  

The challenge of our investigation was to minimize 

the signal correlation ρe between two antennas. As 

the correlation ρe of two identical antennas can be 

calculated with  

 

the correlation can be minimized by decreasing S11 

(antenna reflection factor) and S12 (antenna 

coupling), respectively [4]. For this goal two 

different methods for matching/decoupling have been 

investigated. In Fig. 2 and 5 these methods are shown 

with practical examples. In the first method, a 

parasitic antenna element is used which is placed 

between the antennas. The other method requires an 

optimal matching/decoupling network. 

Parasitic Element 

A parasitic element can be a simple metal wire or a 

complex structure with an arbitrary termination. In 

our investigations, a wire that works like a reflector 

of a yagi-uda antenna has been chosen. The length of 

this element mainly affects the coupling between the 

antennas. 

 
 

Fig. 1. Left: Two dipole antennas for 2 GHz, antenna 

separation 0.3 λ. Right: Far field diagram of the dipoles 

(Horizontal-Cut, dBi). 
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Fig. 2. Left: Two dipole antennas for 2 GHz with   

decoupling element (black stick), antenna separation 0.3 λ. 

Right: Far field diagram of the dipoles (Horizontal-Cut, 

dBi). 

Figure 1 and 2 show the antenna simulation results 

for two dipoles with and without parasitic elements, 

respectively, with their associated azimuth far field 

pattern. Fig. 3 shows the associated S-parameters 

with and without parasitic element. With this simple 

method at antenna distance of 0.3 λ the coupling can 

be reduced from -10 dB to -26 dB and the correlation 

from 0.0656 to 0.0126. Additionally, the antenna 

matching is slightly improved. The results of the far 

field pattern in Figures 1 and 2 (right) and the 

computation result in Table 1 for the correlation ρe 

(Dipoles: 0.3 λ) shows the decorrelating effect of this 

decoupling method. 

  

Fig. 3. S-parameters (in dB) of two dipoles with (right) and 

without (left) decoupling, antenna separation 0.3 λ. 

Matching Network 

The second method of reducing the antenna coupling 

is to insert a matching/decoupling network. In [4] it 

has been shown that such a network decreases the 

signal correlation between two identical antennas, but 

no hardware design has been reported before in the 

literature. Fig. 4 presents two short wideband 

monopoles on a substrate (MonSub). Based on this 

antenna configuration a matching/decoupling 

network has been designed. Fig. 5 shows the short 

wideband monopole antenna combined with this 

network. The network, consisting of microstrip lines, 

has been developed with Agilent’s Advanced Design 

System
©
 (ADS). Afterwards, it has been simulated in 

combination with the antennas in IMST’s Empire 

XCcel
©
.  

The S-Parameters in Fig. 4, 5 (right) show that at the 

antenna configuration with network both matching 

and coupling has been improved. The functionality of 

the network is described in [4]. 

 

 

Fig. 4. Two element MIMO broadband antennas and their 

S-Parameters, antenna separation 0.3 λ. Bottom layer 

(ground): blue, top layer (antenna): black, substrate: pink. 

 

 

Fig. 5. Two element MIMO broadband antennas with 

decoupling network and their S-Parameters, antenna 

separation 0.3 λ. Bottom layer (ground): blue, top layer 

(antenna/network): black, substrate: pink.  

The antenna efficiency and correlation values for all 

selected antenna distances in Table 1 show that the 

correlation can be decreased by optimal decoupling 

methods. Additionally the efficiency of the antennas 

and hence the antenna gain has been increased. This 

leads to a further capacity improvement. A 

theoretical analysis of the benefits of matching 

networks is shown in [6] and [7]. 

 Efficiency Correlation ρe 

Antennas Z0-Load 
Parasitic 

Elem./Match 

Network 

Z0-Load 
Parasitic 

Elem./Match 

Network 

Dipoles:  0.1 λ 56,9% 96,2% 0.3712 0.0091 

Dipoles:  0.2 λ 80,7% 83,2% 0.0325 0.0258 

Dipoles:  0.3 λ 88,1% 98,1% 0.0656 0.0126 

Dipoles:  0.5 λ 90,9% 95,9% 0.0253 0.0242 

MonSub: 0.1 λ 54,5% 98,2% 0,5709 0,1597 

MonSub: 0.3 λ 82% 97,5% 0.0341 0.0217 

Table 1. Efficiency and correlation for different antenna 

models, distances and decoupling methods 
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Both methods described above minimize losses in 

and between the antennas and change the radiation 

characteristics of the antennas which explain the 

decorrelation. Unfortunately, such methods in Figure 

2 and 5 are only suitable for a small frequency band 

and are therefore only applicable for single band 

antennas. For practical use, adaptive networks are 

necessary.  

3. SIMULATION MODELS 

In this section the used radio channel, antenna, and 

LTE simulation models are described.  

Antenna Simulation Models 

Two different antenna models were designed: 

Dipoles and printed wideband monopoles. Dipoles 

are used because of the simple structure and their 

well known antenna characteristic. The wideband 

monopoles have been developed especially for 

terminal devices with the size of a typical PDA. All 

electromagnetic simulations have been performed in 

a free space environment with the software Empire 

XCcel
©
. The simulations include matching and 

material losses; therefore they are comparable with 

real antennas. 

All antennas were simulated with distances between 

0.01 λ and 0.6 λ (wideband monopoles from 0.06 λ to 

0.6 λ because of their dimensions) in steps of 0.01 λ. 

For each antenna distance the obtained horizontal 

antenna pattern (H-Cut) with accuracy of [1:1:360] 

degree steps were transferred to the channel 

simulator. 

If no matching network is used, all simulated 

antennas are terminated with the characteristic 

impedance Z0
 
= 50 Ω.  

Channel Simulation Model 

The extended spatial channel model (SCME) [3], 

which is related to the 3GPP TR 25.996 [2], is used 

to simulate the behavior of the channel capacity 

regarding the channel environment and antenna 

behavior.  

 

Fig. 6. BS and MS angular parameters in SCM 

specification [2] 

The capacity simulations have been performed for a 

bandwidth of 20 MHz and for a center frequency of 2 

GHz. The Urban Microcell scenario with one MS 

(Mobile Station) and one BS (Base Station) for the 

non line of sight case has been selected. We have 

varied the antenna distance at the MS array (see Fig. 

6 MS array) as described above and have included 

the corresponding horizontal antenna far field pattern 

from the antenna simulations into the channel 

simulator. The current version of the SCME doesn’t 

support the elevation angle and therefore only the 

azimuth angle is considered. The antennas at the BS 

array are separated at a distance of 0.5 λ and are 

assumed to be omni-directional radiators. For further 

SCME simulation parameters see [3].  

Channel Scenario Urban Micro 

Number of paths (N) 6 

Number of sub-paths (M) per-path 20 

Mean AS at BS NLOS: 19
0
 

Per-path AS at BS (Fixed) 5 deg (LOS and NLOS) 

BS per-path AoD Distribution 
standard distribution  

U(-40deg, 40deg) 

Mean AS at MS E( AS, MS)=68
0
 

Per-path AS at MS (fixed) 35
0
 

MS Per-path AoA Distribution (Pr)),0( 2
AoA

 

Mean total RMS Delay Spread  E( DS )=0.251 s 

Distribution for path delays U(0, 1.2 s) 

Table 2. Channel parameter for the Urban Microcell 

scenario [2] 

In Figure 6 the angular parameters of the SCM 

specification are shown and Table 2 contains the 

main channel parameters. U(a,b) is a uniform 

distribution over (a,b) and η(0,  a zero-mean 

Gaussian distribution with variance   

LTE-Simulator 

To obtain simulation results like the throughput of 

the more complex LTE system, in the next step the 

correlation matrices and power delay profiles of the 

Matlab
®
 channel simulations containing the channel 

and antennas properties are included into the LTE 

link level simulator (Fig. 7) based on Synopsys 

SystemStudio. 
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Fig. 7. Components of the MIMO LTE simulator 

That simulator contains a complete LTE baseband 

model including the control channels (PDCCH, 

PHICH, PCFICH), reference and synchronization 

symbols, and the main data bearing channel, the 

physical downlink shared channel (PDSCH). The 

simulator includes functionality for the outer modem 

(hybrid ARQ (HARQ), cyclic redundancy check 
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(CRC), turbo coding, rate matching, bit scrambling), 

for MIMO processing (layer mapping, precoding) for 

up to four antennas, and for the OFDMA air interface 

(FFT, cyclic prefix (CP)). On the receiver side, 

modules for synchronization, channel estimation, and 

equalization are included for the inner receiver, as 

well as the corresponding outer receivers for the 

single physical channels. For closed loop MIMO 

operation channel quality indicators (CQI), precoding 

matrix indicators (PMI) and the channel rank is 

calculated.  

4. SIMULATIONS 

The channel matrix, which has been computed in the 

Matlab
®
 SCME, can be used to obtain the channel 

capacity over a bandwidth B or to compute the 

corresponding correlation matrix and power delay 

profile for the LTE simulator.  

Matlab SCME Simulations 

The mean channel capacity is computed with  

 

where ρ is the SNR, N is the number of antennas on 

the MS side and  denotes conjugate transpose. 

For every antenna distance the mean channel 

capacity is obtained with 5000 channel realizations. 

A SNR of 20 dB on each receive antenna and equal 

power distributions for the antennas on the BS side is 

assumed. Two dipoles without mutual coupling, i.e. 

they radiate and receive like ideal dipoles (2,14 dBi) 

and do not show any mutual influence on each other, 

are used as reference case (Ideal Dipoles). Fig. 8 

shows the channel capacity over the antenna distance 

for different antenna configurations and furthermore 

the influence of the antenna matching/decoupling 

methods for selected antenna distances.  

The mean channel capacity behavior of real dipoles 

with mutual coupling shows the red dashed curve 

(Dipoles, Z0-Load). In comparison with the ideal 

dipoles for antenna separations smaller 0.18 λ mutual 

coupling increases the capacity. The same effect was 

also observed in [5], [6], and [7]. To improve the 

channel capacity with the dipoles for selected 

antenna distances 0.1 λ, 0.2 λ, 0.3 λ and 0.5 λ a 

parasitic element with a certain length has been 

placed between the antennas. By means of such a 

simple decoupling method the channel capacity could 

be increased and is much better than for ideal dipoles 

(see Fig. 8 circles at 0.1 λ, 0.2 λ, 0.3 λ and 0.5 λ).  

For the case of the realistic terminal antennas short 

wideband monopoles on a substrate (MonSub) were 

simulated. Similar to the dipole case the mean 

channel capacity behavior of the MonSub with 

mutual coupling has been simulated (MonSub, Z0-

Load). The capacity decrease at the antenna distance 

0.4 λ - 0.6 λ is due to the design of the MonSub; 

these have been optimized for small antenna 

distances. To investigate the influence of correlation 

and coupling at distances of 0,1 λ and 0.3 λ a 

matching/decoupling network has been designed. 

Similar to the dipoles, the capacity could be 

increased again (see Fig. 8 diamonds at 0.1 λ and 0.3 

λ). It can be seen that at antenna distances larger than 

0.3 λ decoupling has only small benefits. This is due 

to the already low mutual coupling and correlation at 

higher distances. Hence, the improvement in channel 

capacity with matching/decoupling networks is more 

effective at antenna distances ≤ 0.3 λ.  

 

Fig. 8 2x2 MIMO-Channel capacity for antennas with 

matching networks and parasitic elements for selected 

antenna distances on the receiver side 

In summery with the used matching/decoupling 

methods the channel capacity could be increased up 

to 5% for the wideband monopoles and 

approximately 2% - 10% for the dipoles. Moreover it 

could be seen that decoupled antennas have always a 

higher capacity than coupled antennas. Currently, 

with all capacity simulations only the azimuth angle 

has been included in the spatial channel model. For 

further detailed calculations, it is necessary to 

consider the full 3-dimensional antenna 

characteristics, which will be done in future work.    

LTE Throughput Simulations 

Due to the complexity of the link-level simulator it 

was not possible to incorporate the SCME model 

directly. Instead we consider one spatial scenario 

obtained from the SCME model and extract the 

power delay profile and the spatial correlations. In 

order to obtain a performance independent of the 

mobile’s spatial orientation, 8 different azimuth 

orientations (in 45° steps) are considered. The 

throughput in Fig. 9 is the average of all 8 mobile 

positions based on the SCME model and the RF-

model of the antenna coupling. Since the radio 

channel of the LTE simulator is also based on the 

3GPP TR 25.996 SCM (Urban Micro) in the 

extended investigation the correlation matrices and 

the power delay profiles from the SCME Matlab
®
 

simulations were included in the LTE simulator. The 

parameters have been computed with the short 

wideband monopoles on substrate and an antenna 

separation of 0.1 λ. We compare the throughput 
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performance for the antennas with and without 

matching/decoupling network.  

For six SNR points we considered one LTE 

parameter set with the main parameters for a 

transmission bandwidth of 20 MHz, a center 

frequency of 2 GHz, FFT size of 2048, modulation 

order 16-QAM, Code-Rate 0.589 and 8 decoding 

iterations for the turbo decoder.  

Figure 9 directly shows the throughput curves of the 

two antenna configurations and Figure 10 displays 

the computed percentage increase of the throughput 

with the short wideband monopoles against the 

configuration with the matching/decoupling network.  

We observe that the performance increase of 5.5 % 

for lower SNR points is approximately the same as in 

the above capacity simulations. However, this small 

performance improvement can already minimize 

interferences or reduce transmitting power in noisy or 

weak signal environments.  

 

 

 

 

For higher SNR values both curves converge to the 

maximum throughput of the system (with the 

selected simulation parameters) and antenna coupling 

plays no role anymore.   

5. CONCLUSION 

All important antenna parameters, like radiation, 

coupling and RF-network influences, in combination 

with the spatial channel model were included in a 

full-scale LTE link level simulation. We employed a 

simple dipole configuration and a realistic model of a 

terminal antenna design for several antenna 

separations. Two realistic matching/decoupling 

solutions were designed and we have shown that a 

parasitic element and a hardware design of an 

optimal matching/decoupling can improve the 

channel capacity and the throughput of the overall 

LTE system.  
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Abstract—Advanced multi-antenna techniques, such as multi-
user MIMO (MU-MIMO) and cooperative transmission are
known to increase system performance in cellular deployments.
However, it is well known that cellular systems suffer from multi-
cell interference. Antenna downtilt is a common method used to
adjust interference conditions especially in urban scenarios with
a high base station density. Performance evaluation is generally
based on multi-cell simulations using 2D models, neglecting the
elevation component of the base station antennas. In this work we
concentrate on 3D antenna models based on real world antennas
with high directivity, their approximation and impact on cellular
systems.

I. INTRODUCTION

Recent advances valid for an isolated cell indicate huge per-
formance gains obtained from multiple-input multiple-output
(MIMO) communications [1], [2]. However, cellular systems
still suffer from multi-cell interference. In order to develop
advanced multi-antenna techniques, such as multi-user MIMO
(MU-MIMO) [3] or cooperative transmission [4], we have to
ensure a realistic modeling of multi-cell interference. Thus,
we are able to investigate their performance more realisti-
cally. Performance evaluation is commonly based on multi-cell
simulations using 2D models as e.g. 3GPP’s extended spatial
channel model (SCME) or WINNER Phase I model (WIM1).
The WINNER Phase II model (WIM2), which was released
recently [5], is capable of using 3D antenna geometries and
field patterns.

In this work we concentrate on 3D antenna models based
on real world antennas from KATHREIN, their approximation
and impact on cellular systems. The goal is to provide appro-
priate antenna approximations, which can easily be included
in channel models like the SCME used for performance
evaluation of cellular MIMO communications. In general, 2D
field patterns for the azimuth (φ) and elevation (θ) dimensions
are available for various antenna types. Fig. 1 depicts these
field patterns for the KATHREIN 80010541 antenna, which is
one of the standard antennas used for future 3G Long Term
Evolution (3G-LTE) sectorized cellular urban deployments.
This antenna has an azimuth pattern with full width at half
maximum (FWHM) of φFWHM = 60◦ and an elevation pattern
with θFWHM = 6.1◦. The electrical downtilt angle α = θ′t−90◦

is adjustable. For 3D approximation, we will use these 2D

(a) Azimuth; φFWHM = 60◦. (b) Elevation; θFWHM = 6.1◦, α = 7◦

Fig. 1. Radiation patterns from KATHREIN 80010541 antenna and 2.6 GHz
carrier frequency

radiation patterns. In the following we compare two simple ap-
proximation techniques, their approximation errors and impact
on cellular systems with respect to user geometries obtained
from system level simulations.

II. APPROXIMATION OF 3D ANTENNA RADIATION
PATTERNS

Common 3D antenna approximation approaches based on
2D field patterns are known from literature [6]–[8]. In this
work we focus on the two most promising approaches,
suitable for the approximation of highly directive antennas:
a conventional method and a novel technique described in
[8]. Fig. 2(a) depicts a 3D measured antenna diagram from
KATHREIN 80010541 antenna in the phi-theta plane with a
downtilt angle α = 10◦.

A. Conventional method

A simple way to create a quasi 3D pattern is to combine
azimuth and elevation field patterns by adding their gains in
both directions with equal weights.

G(φ, θ) = GH(φ) +GV (θ) (1)

Using this method we obtain a 3D pattern which is symmetri-
cal in φ direction. This method lacks in appropriate modeling
at the back side of the antenna, i.e. between −90◦ ≤ φ ≤ 90◦.
These directional gains at the backside of the antenna would be
very small unlike those in a real antenna. Fig. 2(b) depicts the
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Fig. 2. Antenna patterns shown in the phi-theta plane. The attenuations are limited to 30 dB. The tilt angle is fixed to α = 10◦

resulting approximation in phi-theta-plane, where the overall
dynamics are limited to 30 dB. It may be observed that the
main lobe’s shape is pretty close to the one obtained from
the measured antenna radiation pattern. The components for
−60◦ ≤ φ ≤ 60◦, which lie outside the 120◦-sector, are
suppressed for all side lobes in vertical dimension. However,
their gain is 20 dB below the maximum. Thus, we expect
these components to be less important for antennas with high
directivity.

B. Novel technique

Another approximation method we consider in this work
was proposed by [8], which we will refer to as novel technique.
The difference to the conventional method is that the elevation
and azimuth gains are both weighted to extrapolate the spatial
gain

G(φ, θ) =
ω1

k
√
ωk

1 + ωk
2︸ ︷︷ ︸

A1

GH(φ) +
ω2

k
√
ωk

1 + ωk
2︸ ︷︷ ︸

A2

GV (θ) (2)

ω1(φ, θ) = vert(θ) · [1− hor(φ)]
ω2(φ, θ) = hor(φ) · [1− vert(θ)]

The weighting functions ω1 and ω2 are based on linear
values hor(φ) and vert(θ) of the antenna gains in azimuth
and elevation direction, respectively. k is a normalization-
related parameter which referring to [8] provides best results
for k = 2. Both A1 and A2 are smaller than one since vert(θ)
and hor(φ) vary between zero and one.

The enumerators ωn of An control the weight of elevation
and azimuth pattern, respectively. For small gains in the
azimuth direction, the antenna gains in the elevation pattern are
reduced in their magnitude and vice versa. Thus, gain factors
are more restricted in their range compared to (1). Further,
if we choose values for θ where the elevation pattern has its
maximum, i.e. vert(θ) = 1, results in ω2 = 0. Hence, only
the azimuth pattern is weighted according to (1−hor(φ)). In
general, the lower the gain, the smaller the weight. Fig. 2(c)
depicts the resulting approximation based on [8] in the phi-
theta-plane. Comparing the resulting radiation pattern with the
one in Fig. 2(b) shows a higher spread in power distribution

among the phi-theta-plane. This property is closer to the
measured pattern. However, the deformation in the main lobe
seems to be more significant, which is not comparable with the
measured pattern. Thus, we expect results obtained from the
conventional approximation to be closer to reality. Due to that
reason we mainly limit our investigations to the conventional
method.

III. EFFECTS IN AN ISOLATED CELL

As a starting point for our investigations we focus on the
effects, which may be observed in an isolated cell. Therefore,
we consider a channel with non line of sight (NLOS) propa-
gation conditions in an urban-macro scenario. Thus, the path
loss equation according to [9] is given by

PLdB = 40(1− 4 · 10−3∆hBS) log10(d)
−18 log10(∆hBS) + 21 log10(fc) + 80, (3)

where d [km] is the distance between base station (BS) and
mobile terminal (MT); fc [MHz] is the carrier frequency and
∆hBS [m] is the BS height measured from the average rooftop
level. Setting fc = 2.6 GHz and ∆hBS = 15 m yields

PLdB = 130.5 + 37.6 log10(d) (4)
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Fig. 3. Gains for the directive antenna in addition to an urban path loss for
different downtilt angles
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Fig. 4. Base station setup with downtilted antenna

In combination with the directive antenna gains obtained
from a given 3D antenna diagram, we estimate the received
power as a function of the distance between BS and position
of the MT. Fig. 3 depicts the antenna gains for the directive
antenna in addition to an urban path loss from (3), both
seen at height of the terminal antenna and for different tilt
angles. Hexagonal sectors are shown as white dotted lines
with an inter-site distance (ISD) of 500 m. The BS antenna
is located at the point [0,0] at hBS = 32 m above ground
level, i.e. the average rooftop height is assumed to be 17 m. It
may be observed that in case of a downtilt angle α = 3◦

the sector antenna is serving up to 3 neighboring sectors
with equivalent power as available in its own sector. In this
application α = 10◦ seems to meet requirements of a cellular
system with an ISD of 500 m best: high gain level in own
sectors and low values for neighboring cells. This is also
verified by (5) indicating the effective cell radius, i.e. the
distance where main lobe and ground level intersect, refer to
Fig. 4. The distance range covering the FWHM area can be
determined to 129 m ≤ d ≤ 244 m, assuming α = 10◦.

dmax =
hBS

tanα
(5)

dmax−3 dB =
hBS

tan (α± 0.5 θFWHM)
(6)

In the following, we focus on the quality of both approx-
imation methods from (1) and (2). For comparison we use
the distance dependent received power based on the measured
radiation pattern combined with the urban path loss from
(4). Fig. 5 shows the differential received power maps for
the conventional and novel approximation for α = 10◦,
respectively. The conventional method, depicted in Fig. 5(a),
shows superior precision over the approximation based on [8],
depicted in Fig. 5(b), both described in sections II-A and II-B.

To substantiate simulation results obtained for an isolated
cell, we include outdoor measurement results from the city
area of Berlin. These measurements were carried out in the
campus area of Technical University Berlin (TUB) with an
average rooftop height of approx. 30m. The BS antenna
(KATHREIN 80010541) was fixed at hBS = 32 m with a
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Fig. 5. Path loss plus directional gain errors in relation to the measured
pattern plus path loss at 2.6 GHz

(a) 3◦ downtilt (b) 10◦ downtilt

Fig. 6. Measured path loss at 1W transmission power and hBS = 32 m

variable tilt angle, which was set to α = {3◦, 10◦}. Figs. 6(a)
and 6(b) show the received power for the given tilt angle.
For α = 3◦ the BS antenna serves the whole area with
approx. −100 dBm. Otherwise, for α = 10◦ the campus
area and the outer region are both served with −90 dBm and
−110 dBm, respectively. In particular, close to the BS there
is gain of 10 dB. In general, we observe equivalent behavior
as already found in Figs. 3(a) and 3(b): the smaller the tilt
angle α the larger the area, which is served with equivalent,
but lower received power. On the other hand with higher tilt
angles, the BS focuses its transmit power to a smaller area.

IV. EFFECTS IN A CELLULAR SYSTEM

In the next section we turn our focus to the downtilted
antenna and its effects observable in a cellular environment,
i.e. effects on the neighboring cells. Therefore we consider a
center cell surrounded by one tier of triple-sectorized cells.
Each sector is served by single antenna with hBS = 32 m,
where all tilt angles are set to identical values. Thus, all BSs
are assumed to cover a region of equivalent size. Fig. 7 indi-
cates achievable signal to interference ratio (SIR) conditions
in such a setup under the assumption of α = {3◦, 10◦}.
Again we employ the urban path loss model from (4) in
combination with the radiation pattern obtained from the
conventionally approximated antenna pattern (1). Since the
evaluation scenario is limited to 7 cells, only the highlighted
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Fig. 7. SIR maps obtained from simplified multi-cell simulations

TABLE I
SIMULATION ASSUMPTIONS

parameter value

channel model 3GPP SCME
scenario urban-macro
fc 2.6 GHz
frequency reuse 1
signal bandwidth 18 MHz, 100 RBs
intersite distance 500m

transmit power 46 dBm
sectorization triple, with FWHM of 68◦

elevation pattern with FWHM of 6.1◦

BS height hBS 32m
MT height 2m

center cell reflect reasonable SIR values. For small α, SIRs
inside these 3 sectors are limited to an average value of 0 dB,
refer to Fig. 7(a). In contrast, for α = 10◦ the achievable SIRs
cover a range from 0 dB at the cell edge and up to 25 dB in
the cell center, refer to Fig. 7(b). This result indicates that a tilt
angle in the order of α = 10◦ is favorable for a generic cellular
system with an ISD of 500 m and hBS = 32 m. However, in
real scenarios where BSs are not placed in a symmetric grid,
α would be chosen according to the desired coverage area, i.e.
cell size.

V. SYSTEM LEVEL SIMULATIONS USING SCME

In the following we investigate the effects from modeling
3D antenna radiation patterns in a triple-sectored hexagonal
cellular network with 19 BSs in total. This refers to the
commonly used simulation assumption [10], i.e. a center cell
surrounded by two tiers of interfering cells. The MTs are
placed in the center cell and are always served by the BS
whose signal is received with highest average power over the
entire frequency band. In this way, BS signals transmitted from
1st and 2nd tier model the inter-cell interference. Simulation
parameters are given in Table I. The SCME [11] with urban
macro scenario parameters is used, yielding an equivalent
user’s geometry as reported in [12].

User geometries: Fig. 8 compares the resulting user ge-
ometries obtained from both approximation methods (1) and
(2), while assuming α = 10◦. For validation we include

−10 −5 0 5 10 15 20 25
0

0,2

0,4

0,6

0,8

1

geometry factor [dB]

P
( 

ge
om

et
ry

 fa
ct

or
 ≤ 
ab

sc
is

sa
)

 

 

Conventional Method α=0° Tilted

Conventional Method α=3° Tilted

Conventional Method α=7° Tilted

Conventional Method α=10° Tilted
Azimuth Gain Only

Novel Technique α=10° Tilted
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Fig. 8. User geometries obtained from multi-cell SCME simulations

the geometry factor distribution obtained from simulations
using the measured radiation pattern from Fig. 2(a), where
α = 10◦. The geometry from the conventional method is
close to the cumulative distribution function (CDF) based
on the measured pattern, while the CDF which is based on
the novel approximation technique shows a significant gap.
Hence, the choice of the approximation method influences
simulation results considerably. Further, we show changes on
the geometry factor due to the downtilt angle, which is selected
from α = {0◦, 3◦, 7◦, 10◦} based on the conventional antenna
approximation (dashed lines). Comparing these results with the
user geometries obtained from simulations which consider 2D
antenna modeling only, shows equivalent values for α = 7◦.
For smaller downtilt angles we observe user geometries which
are significantly below the well known values for the 2D case.

Top-N power distribution: Consider the application of a
cellular radio system consisting of K BSs operating in the
downlink direction. It is reasonable to assume that a MT
located in a specific cell of that network is able to detect
a subset of N = |N | strongest BS signals, i.e. a set of
BSs N ⊂ K of all BSs within the deployment. Based
on the user-specific channels to all BSs, a so-called Top-N
power distribution is generated by instantaneously sorting the
estimated power distributions. These sorted received powers
are put into one overall statistic, enabling us to observe the
power distributions for all channels seen by a MT. At two
given sample points, the strongest signals may be related to
different sectors or sites and are included in the same CDF,
referred to as top-1. The power distributions of the 1st to the
10th strongest channels are given in Fig. 9. We observe that
power distributions are broadened due to large downtilt angles
α. Intuitively spoken, cells become more separated, i.e. signal
conditions with strong interference are mitigated directly at
the physical layer (PHY layer).

Finally, we determine the source of the four strongest signals
received at the MT. Fig. 10 depicts the histogram showing
the probabilities for the source, i.e. center cell, 1st tier and
2nd tier, of the four strongest signals in the cellular scenario.
These results are obtained from simulations using the azimuth
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(a) azimuth pattern only (2D) (b) conventional method α = 3◦ (c) conventional method α = 10◦

Fig. 9. Power distributions for the 10 strongest signals

Fig. 10. Source of the four strongest signals, obtained from simulations con-
sidering azimuth pattern (2D) only, as well as 3D conventionally approximated
antennas with α = {3◦, 10◦}

pattern only, i.e the standard 2D assumption. Further, results
are compared with probabilities using the conventional antenna
approximation with downtilt angles α = {3◦, 10◦}. Concen-
trating on the strongest signal, i.e. top-1, and comparing these
probabilities, we can observe two main differences: for the
2D simulation the origin for top-1 signal lies with 60% in the
2nd tier and with 30% in the inner cell. With α = 10◦ the
situation is changed. The top-1 signal has its origin with 80%
in the inner cell and with less than 10% in the 2nd tier. For
completeness note that for α = 10◦ signals are more likely to
have their origin close to the terminal position.

VI. CONCLUSION

In this work we compared two simple 3D antenna approxi-
mation methods and focused on antenna types, typically used
in 3G-LTE sectorized urban deployments. These methods use
2D radiation patterns for approximation, which are generally
provided by antenna manufacturers. The simple conventional
method for 3D antenna approximation provides results close
to those obtained by using a 3D measured radiation pattern.
Simulation and measurement results further showed significant
SIR gains from downtilted BS antennas in cellular deploy-
ments. Finally, the results point out that full 3D antenna
modeling is necessary to evaluate advanced multi-antenna
techniques, like MU-MIMO and cooperative transmission.

Especially, the evaluation of joint downlink transmission com-
paring dynamic versus fixed BS clustering will benefit from
this work.
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Abstract—Novel channel models conceived in IST-WINNER, 
COST273 or standardisation bodies introduce reference 
scenarios to evaluate the link- and system-level performance 
of multi-antenna concepts. Although, parameter of those listed 
models are publicly available underlying measurement data are 
only rarely accessible. This paper presents an extensive multi-
user and multi-base station MIMO measurement campaign in 
an urban macro cell scenario. The measurement setup allows 
high-resolution path parameter estimation through the use of 
dedicated measurement antennas. Furthermore, a framework 
for the extended use of channel sounding data is presented. 
Parts of the measurement data and estimated multipath 
parameters will be made publicly available. 

Index Terms—channel sounding, measurement data, high 
resolution multipath parameter estimation, spatial channel 
modelling, reference scenario 

I. INTRODUCTION 
n order to allow comparison of performance evaluations, by 
simulation, of different multi-antenna communication 

systems, the definition of reference scenarios is required. 
Channel models developed within COST [1][2], WINNER [4], 
or standardisation bodies[5] rely on scenario classifications 
like macro and micro cell, indoor and outdoor. Furthermore, 
based on system-deployment schemes, such scenarios are 
grouped into e.g. wide area, metropolitan area and local area 
concepts [4]. The parameter tables for these channel models 
for simulations on system or link level are based on the 
analysis of, often dedicated, radio channel sounding data. 
While the parameter tables are usually freely accessible, the 
measured channels are not. Recently, within the COST project 
various reference scenario sets have been presented and are 
made accessible via the web site [1]. However, what is lacking 
is a consistent view on the chain from channel sounding to 
processing for various applications, e.g. parameters for channel 
models or simulations including access to measurement data. 
Under this premise the presented work flow and measurement 
data in this paper can be understood as reference data for 
various application fields. In particular the used measurement 
configuration targets many system aspects that are of interest 

for the current standardization process, e.g. configurations as 
multiple base station and multiple users, relaying as well as 
frequency and bandwidth. Furthermore the presented data 
offers huge potential for scientific research, because of the 
considered system setup and quality of the data.  
In this paper, we present an extensive multi-user and multi-
base station MIMO measurement campaign in Section II. 
Furthermore in this section we discuss the outcome of such a 
campaign, including the data validation and notes how to share 
parts of the data. In Section III various fields of usage of 
realistic channel sounding data are discussed. First results 
based on the proposed data and their analysis is shown in 
Section IV. The paper ends with the summary in Section V.   

II. MULTI-USER MULTI-BASE STATION MIMO CHANNEL 
MEASUREMENT CAMPAIGN  

A. Scenario and Measurement System  
Our measurement campaign focused on gathering realistic 
channel data in an urban macro cell environment in the 3GPP 
Long Term Evolution band (LTE [5]). In Table 1 and Table 2, 
the measurement and antenna setups are highlighted. Channel 
sounding is performed at 2.53 GHz in a band of 2x40 MHz. 
 

 
Figure 1 Radio environment; BS2@25m, and reference 

points: 21 (upper right) and 13a (lower right). 
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Figure 4 Schematic outcome of the reference campaign 

 
correct way – both situations will lead to more or less useless 
measurement data. Additionally external influences like 
disturbing wireless systems in the same frequency range can be 
responsible for useless measurement data. That's why a so 
called quality check validating the raw data stored by the 
channel sounder should always be performed.  
Dealing with a huge amount of data and for better accessing 
them, there's a need for a rough characterization of the raw 
data for further processing. For that simple non-directional 
analysis items have been introduced called basic data. 
Since the measurements have been performed with customized 
antenna arrays an alternative representation of the mobile radio 
channel by RIMAX based parametric data sets [8][9][10] is 
given with a default analysis step. These parametric data 
contains an antenna independent set of parameters for the  
  

 
Figure 5 PDP of measurement and remainder after 

subtraction of estimated paths 

specular and dense multipath components. With that additional 
feature the flexibility for the usage of the reference campaign 
is significant increased due to the chance of reconstructing the 
wave field (and therefore the channel matrices) for arbitrary 
application antenna arrays at both link ends. 

C. Data Validation 
An important and unfortunately often neglected part of a 
measurement campaign is the validation of the obtained data. 
The measurement equipment may be affected by errors that did 
not occur during the calibration of the system. This means 
although the system functions correctly at the beginning of the 
measurement one should not assume that this is the case 
throughout the whole campaign. In general the validation of 
measurement data is a challenging task. This is due to the 
complexity of the measurement system, errors can occur either 
by operating errors or malfunctioning of the hardware. 
Therefore the data should be validated on measurement side by 
on-line processing and later more intensive by post-processing 
procedures.  
Since a MIMO channel sounder examines the structure of the 
channel both in the time and the spatial domain a proper data 
validation scheme needs to incorporate those domains as well. 
Therefore, the method presented in this section uses the high 
resolution parameter estimation framework RIMAX. 
  
RIMAX uses a data model that describes the observation of a 
MIMO channel as the superposition of specular propagation 
paths (SC) and dense multipath components (DMC). The 
presence of DMC can be explained by diffuse scattering or 
otherwise unresolvable specular paths. 
 

(1)
 
For the validation of measurements the physical meaning of 
DMC is of lower importance, it is in fact used as a method to 
improve the estimation of the SC. 
The parameter vector contains the parameters direction of 
arrival (DoA) and departure (DoD) as well as time-delay of 
each specular path. The contribution of all paths can be 
calculated using the following equation: 
 

T φT, , T, R φR, , R, ·  (2)

 
with  being the complex path weight and  the vector of 
complex exponentials in the frequency domain that are 
induced by the time-delay of the l’th path. 
 

T
 (3)

 
, , ,  and , , ,  denote the steering vectors of 

the receive and transmit arrays respectively for the DoA and 
DoD of the l’th path. 
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Figure 6 Developing of the maximum SRR of 

measurements with correct and scrambled channel order 
 
 

, , , , , , , , , , ,
T (4)

 

, , , , , , , , , , ,
T (5)

 
For simplicity this equation applies only for the non-
polarimetric case, however all of the following conclusions are 
also valid in the case of full-polarimetric array beampattern 
and path weights.  
It is intuitive that the data model of RIMAX heavily depends 
on the order of the array elements of the Rx and Tx 
respectively. For the measurement this order is defined by the 
multiplexer switching sequence at the Rx and Tx. Therefore, it 
is mandatory that the same order is used for parameter 
estimation that was used during the measurement.  In case of 
multiplexer malfunctioning it cannot be guaranteed that both 
channel orderings are the same. A typical failure of the 
multiplexers is that they are not switching at all because of 
hardware error or that they are switching in a different order 
because the wrong multiplexing table was loaded into the 
channel sounder software. A further cause of mismatching 
channel ordering is the loss of the MIMO-synchronisation. 
This synchronisation ensures that both Rx and Tx know which 
array element is currently enabled on either side. This is 
necessary in order to make sure that the transmitter is only 
switching to the next element after the receiver switched all of 
its elements. 
If for any reason the channel order is scrambled, the 
parameters estimator will not be able to determine the path 
parameters correctly. Since RIMAX is a maximum-likelihood 
estimator, it will still estimate some specular paths, but when 
they are subtracted from the measured data they will not 
significantly reduce the power – which is to be expected when 
the multiplexer switching and parameters are correct. In order 
to decide whether the path parameters are valid or not a 
suitable metric must be introduced. Based upon experience 
with visual inspection of estimator results, the maximum ratio 

of the power-delay-profile (PDP) of the measured channel 
impulse response and the remainder after subtraction of the 
specular paths is used (maximum signal-to-remainder-ratio 
SRR). The relevant PDPs are thereby calculated as the mean 
PDPs for all channels. 
 
High resolution parameter estimation is in general a 
computational complex task that requires both a lot of memory 
and computation time. However, for the purpose of data 
validation it is not necessary to estimate all propagation paths 
but only a few to demonstrate that the estimation procedure 
will work. Therefore, RIMAX is configured to estimate a 
reduced number of paths and to use limited bandwidth. 
Depending on the propagation environment the estimation of 5 
to 10 specular paths seems to be sufficient, as long as 
individual paths exist that are distinct in all parameter 
dimensions. To further speed up the estimation RIMAX is only 
used to estimate the paths for the first 10 snapshot of a 
measurement file, after that an extended Kalman filter is used 
to track the parameters of the paths [15]. 
 
Figure 5 depicts an example of the PDP of the measured CIR 
of a snapshot and the PDP of the remainder after the 
subtraction of the estimated paths. In this case a total number 
of 5 paths were estimated. Even with this low number of paths 
it is possible to subtract approximately 8dB of power at a 
normalized delay of ca. 0.2. This is a strong indication that the 
multiplexing sequence is correct at both the Rx and Tx. 
Figure 6 illustrates the development of the maximum SRR for 
a part of a measurement route. Here, two cases are 
distinguished. The first is the SRR using the correct channel 
order (blue line). It can be seen that it is always in the range of 
6dB to 8dB, indicating correct multiplexing. The second case 
uses a scrambled channel order (red line), more precisely the 
channel order does not start with the first element of the 
transmitter and the transmitter switched in the middle of a 
receiver switching sequence. This results in the SRR not 
exceeding 2dB. Therefore, it can be concluded that a certain 
value of the SRR can be used to decide whether the measured 
data is valid or not. During the validation of all measurement 
files of the underlying measurement campaign in this paper a 
value of 3dB turns out to be a proper threshold.  
Finally, it can be said that the use of high resolution parameter 
estimation – with proper limitation of the number of estimated 
paths - is a promising approach to validate measurement data 
before it is used for further processing.  

D. Sharing the Campaign 
Parts of the above described measurement campaign will be 
accessible for any researcher and institution. This will include 
the above described outcomes, including raw and meta data, as 
well as basic and parametric data from RIMAX. All data sets 
are collected and processed with high quality by considering 
current standards and available tools. Nevertheless no warranty 
can be given for improbable but possible mistakes or 
ambiguities, because of the experimental character of a 
channel sounding measurement campaign.  
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The aim in sharing the campaign to many researchers is to 
offer the possibility to apply realistic data with high quality 
and high resolution multipath estimation results to their 
research work in channel modelling and in particular in system 
and algorithm design evaluation. Based on this already in an 
early stage of the research the evaluation can be conducted 
under realistic conditions. This is important especially for 
advanced mobile communication concepts considering 
multiple access of multiple users to multiple base stations 
equipped with multiple antenna elements. Under these 
premises the spatial-temporal channel characteristic plays a 
significantly role, hence realistic data has to be considered for 
reliable system design and evaluation. Furthermore within the 
COST framework this measurement data will be placed as a 
reference scenario [2].  
Based on the extensive measurement campaign 9 files 
describing the links from 3 base stations at the same height of 
25m to 3 tracks in the city of Ilmenau are selected. The 
complete data set for the 9 files as described above is publicly 
available by accepting the “Terms of Use” at [16], whereby the 
raw data import functions from the RUSK channel sounder 
[17] is free accessible by a license agreement.  
 
 

 
Figure 7 Dynamic along 9 measurement tracks 

 

III. DATA FOR CHANNEL MODELLING AND SYSTEM 
EVALUATION  

Within a consistent channel sounding work-flow various 
application fields for the measurement data can be identified. 
Those applications are basically grouped into analysis and 
extraction of individual channel parameters, into channel 
modelling and simulations for performance studies of various 
algorithms or complete systems. Furthermore the applied 
methods in these groups depend on the underlying data source: 
on the one hand the measurement data Figure 4 and on the 
other hand the results of the high resolution parameter 
estimation [8][9][10]. The later offers, compared to the pure 
measurement data, an antenna independent usage of the data, 
in particular access to the spatial domain of the multipath 
channel. However this method is only available if the specific 
antennas are used during the measurement. 
 
Studies for channel and propagation analysis will guide to 
fundamental understanding of the mobile multipath channel. 
Well-known characterization as described in [13] can be 
applied for any type of antenna structures on both sides. 
Whereby receive power, delay spread and geometry factor are 
only few important examples. In the case of MIMO and/or 
polarimetric antenna elements the characterization should be 
extended to MIMO capacity and eigenvalue analysis. The 
aforementioned studies consider the direct use of the 
measurement data. By performing measurements with specific 
antenna arrays, high resolution path parameter estimation can 
be applied. This allows further studies of directional 
parameters as DoA and/or DOD and clustering of multipath 
parameters in various dimensions. The latter step offers a high 
potential for a closed description and characterisation in the 
spatio-temporal domain.  
  
Reliable Channel Models are essential for network planning 
and link design. For the design of Next Generation Wireless 
Networks specified in WINNER or 3GPP LTE the SCM [5], 
SCME [6] and more advanced WINNER channel models were 
defined [4][7]. Using the measured and processed impulse 
responses a statistical analysis of parameters corresponding to 
the requirements, e.g. model structure, small and large scale 
parameters can be carried out. This leads to a more generalized 
approach to the measured channel data without neglecting the 
real scenario. Furthermore an extension of these models 
towards cooperative MIMO schemes and the influence of the 
dense multipath components (DMC) is possible. 
 
Another application for the use of channel sounding based 
measurement data is the calibration and tuning of existing 
propagation simulation tools. On the one hand one can tune 
path loss and fading characteristics and on the other hand it is 
possible to calibrate the results of deterministic ray tracing or 
~launching simulators for the actual scenario. 
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Link and system level simulations are a basic part in the 
development and evaluation of new algorithms and 
transmission strategies. Those simulations can be performed 
based on direct use of measurement data, on channel models 
and channel reconstruction. In all cases they will benefit from 
the use of real world data [11]. This is in particular important if 
the system under test aims to exploit the spatial domain 
(MIMO configurations). 
The implementation of the raw data as part of the channel 
module in the software or hardware channel emulator is 
mapping the properties of the realistic measurement drive on 
the simulation machine. It acts like a drive or device test in the 
box, where even complete hardware demonstrators can be 
tested. One can compare different algorithms or scheme for the 
same channel realisations under the constraints of 
measurement antennas and side specific tracks.     
Furthermore it is possible to reconstruct the pattern of the 
electromagnetic waves impinging the measurement antenna. 
Based on the estimation results of the RIMAX algorithm 
[9][10] the behaviour of other antennas can be investigated 
under realistic conditions.  With this antenna embedding new 
antenna designs can be evaluated e.g. in terms of spatial 
multiplexing capacity. 

IV. RESULTS ON DATA ANALYSIS  
The following results are derived from the 9 raw data files, 
which will be publicly available. For these files the dynamic 
range along the measurement track is shown in Figure 7. On 
the left side the coverage of each base station to the 3 tracks is 
highlighted separately (orientation of base stations is depicted 
by colored arrows). Each base station can cover all 3 tracks, 
whereby the dynamic (maximum peak to off-peak ration in 
CIR) is typically larger than 30dB resulting in a good raw data 
quality for further processing. On the right side in Figure 7 the 
dynamic ranges are shown from the perspective of the mobile  

 
Figure 8 CDFs of per-snapshot dynamic ranges, for 

different combinations of Tx and Rx antenna polarizations. 

 
Figure 9 CDFs of per-snapshot delay spread (DS), 

calculated for same route of the mobile terminal toward 
different base stations. 

 
terminal to the 3 base stations. Different colors identify the 
base stations in the same manner as in the left column of the 
figure. In order to acquire better observation of the channel, 
the RUSK TUI-FAU sounder uses dynamic AGC, meaning 
that each individual measurement channel, defined as a 
combination of the one Tx and one Rx antenna element in 
antenna-switched concept, has independent gain control. This 
feature requires proper interpretation during the channel 
characterization: in Figure 8 it is showed that cross-polar 
losses are partially compensated and therefore the observed 
dynamic ranges are similar for co-polarized (VV and HH) and 
cross-polarized combinations of Tx and Rx antenna elements.  
The measurement data are taken sequentially over the same 
routes for the mobile terminal toward different base stations.  

 
Figure 10 CDFs of Delay Spread and Max. Excess Delay 

for 9 selected measurement routes.  
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 Figure 9 shows Delay-Spread (DS) distribution over the route 
10b-9a for 3 used base stations. As noted in [14] parameters 
determined from Power-Delay-Profile (PDP) show significant 
dependence on available Dynamic-Range (DR). This is also 
illustrated on Figure 9: lower DS values are obtained if DR of 
PDP is limited to 20 dB. The extraction procedure and the 
underlying processing assumptions have significant influence 
on the derived results. Hence careful processing of the data 
should be performed to acquire results matching the goals for 
modeling, analysis or simulation.  
When all values of DS and Maximum-Excess-Delay (MED, 
from every measured route of the mobile terminal toward 
different base stations) are used to generate probability 
distribution (Figure 10), we get the stochastic equivalent of 
measured radio-environment (scenario). When DR was set to 
20 dB, DS values corresponding to different space-time 
samples become comparable. This complies with WINNER-
modeling approach, and therefore obtained results should be 
comparable with previously reported parameters for C2 
scenario (typical urban macro cell) [4]. Since WINNER model 
provides median DS parameters separately for LoS (41 ns) and 
NLoS (234 ns), we can confirm the matching with the 
computed median of 50.3 ns under the assumption that 
selected routes mainly exhibit the LoS condition. Calculated 
values show that in 99% DS is lower than 166 (152) ns, and 
MED is lower than 1950 (870) ns, depending weather full or 
limited (to 20 dB) DR is used. 
 

 
Figure 11 DoA azimuth spreads at the mobile along the 

measurement tracks 

Furthermore high resolution multipath parameter estimation 
based on RIMAX [9] [10] has been applied. Preliminary 
results are shown for the 9 measurement files along the tracks. 
Because of the computational complexity unfortunately not all 
snapshots in each of the files could be performed in time. 
Figure 11 shows the DoA spreads at the mobile. On the left 
hand side the results are shown in the map along the tracks. 
Each map indicates the results form base stations view jointly 
for 3 selected tracks. It is interestingly to note, that one 
particular base station position (BS2) offers for this 3 
measurement tracks always very high azimuth spreads. Not 
shown here, but it can be expected that the MIMO capabilities 
for these links will be very good. On the right side of Figure 11 
the results are shown jointly for the 3 base stations seen from 
the mobile along the individual tracks. Here the inter-site 
channel situation for the mobile routes can be studied. In 
general the characteristics of the azimuth spreads at the mobile 
are changing quite frequently, which indicates changing 
situation within the propagation channel in terms of the 
multipath scattering and richness. Furthermore in the lower 
map for the track MT 41a-42 a considerable correlation 
between the developing of the azimuth spreads for the links 
from BS1 and B2 is found. Further studies are required here.  
Besides the azimuth characteristics at the mobile also the 
elevation is of interest. These results are highlighted in Figure 
12. For the track MT 9a-9b lower elevation spreads with not to 
many changes in the developing compared to the other two  
 

 
Figure 12 DoA elevation spread at mobile along the 

measurement tracks 
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tracks are found. In general the elevation spreads seems to 
oscillate between 20°-30°, but also easily reaches more than 
45°. This underlines the importance especially in MIMO 
applications of the elevation in characterising and modelling of 
mobile channels.  

V. SUMMARY 
In the baseline of the paper an extensive channel sounding 

campaign has been presented. The MIMO measurements were 
focused on configurations for multi user and multi base station 
applications in an urban macro cell scenario. The frequency 
range covers the deployment for LTE. Furthermore a sketch of 
the channel sounding work-flow is discussed including an 
approach for data validation. The data can be used as base for 
various applications, e.g. detailed channel analysis and channel 
modelling as well as on soft- and hardware simulators for link- 
and system-level evaluations of advanced multi-antenna 
concepts. First measurement campaign outcomes are shown.  
The results indicated a very good measurement data quality in 
terms of dynamic range coverage. A delay spread and 
maximum excess delay analysis support the findings from the 
WINNER project for the C2 scenario. High resolution path 
parameter estimation are applied and offered interesting insight 
to the spatial characteristics of the gathered measurement data. 
The measurement campaign will be introduced as reference 
scenario within the COST 2100 frame work. Parts of the 
measurement data including raw data, meta data and estimated 
multipath parameters will be publicly available.  
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ABSTRACT

Because of their conceptual simplicity and mathematical con-
venience, isotropic radiators are all too popular in the analyti-
cal treatment of antenna arrays. However, because an isotropic
electro-magnetic �eld is physically impossible, it is legitimate
to ask on which ground the assumption of having isotropic ra-
diators in the theoretical analysis of radio communications is
justi�ed. In this paper, we provide a �eld-theoretic answer to
this question. To this end, we show that a uniform linear array
(ula) of isotropic radiators leads qualitatively to the same rela-
tive antenna coupling as if the ula was composed of Hertzian
dipoles. This implies that the transmit array gain – that is, the
reduction of necessary transmit power to generate the same
electric �eld strength at a given point of interest, compared to
using a single antenna of the array – of a ula of isotropic radi-
ators, is qualitatively the same as of a ula of Hertzian dipoles.
This shows that, albeit isotropic antennas do not exist, their
application in theoretical investigation of antenna arrays is le-
gitimate, because they lead to physically reasonable antenna
coupling which allows a qualitatively correct analysis of impor-
tant performance parameters, like array gain.

1. INTRODUCTION

Antenna arrays can greatly enhance the performance of radio
communication systems by increasing link reliability, capacity
and coverage [1]. Therefore, antenna arrays are the object of
study in a variety of di�erent disciplines, like electro-magnetic
�eld theory, signal and system theory, coding theory, and infor-
mation theory. Of course, the methods and notions used are
di�erent in each discipline. In the signal processing and infor-
mation theory literature, it is common to exercise a rather sim-
plistic view on antenna arrays: the individual antennas of the
antenna array are usually assumed to be isotropic radiators (see,
e.g. [2], chapter 7). However, the appealing conceptual simplic-
ity and the mathematical convenience of such an approach are
overshadowed by the very fact that antennas which excite an
isotropic vector-�eld do not exist [3]. Therefore, it is an inter-
esting question, on which ground one can justify isotropic ra-
diators in the analytical treatment of antenna arrays.

In this paper, we provide a �eld-theoretic justi�cation of the
legitimacy of the use of isotropic radiators in the theoretical
treatment of antenna arrays. We show that a uniform linear ar-
ray (ula) of isotropic radiators leads to qualitatively the same
relative antenna mutual coupling as if the ula was composed
of Hertzian dipoles. Because the transmit power is directly re-
lated with antenna coupling [4], it follows that the transmit ar-
ray gain1 of a ula composed of isotropic radiators is qualita-
tively the same as the transmit array gain of a ula of Hertzian
dipoles. Albeit isotropic antennas do not exist, their applica-
tion in theory is legitimate, because they lead to an antenna
coupling, which is physically reasonable. This allows qualita-
tively correct analysis of important performance parameters,
like array gain, without having to give up simplicity and con-
venience which isotropic radiators o�er in system modeling.

2. UNIFORM LINEAR ARRAYOF ISOTROPS

A ula of N isotropic radiators can be seen as a linear N-port.
Assuming lossless radiators, the radiated power is equal to the
electric input power:

PTx = Re{VH
I} , (1)

where V ∈ CN×1 ⋅V, and I ∈ CN×1 ⋅A, are the complex voltage
and current envelopes, respectively, while Re{.}, and (.)H are
the real-part, and the Hermitian operations, respectively. Be-
cause of linearity, we have that V = ZI, where Z ∈ CN×N ⋅Ω
is the impedance matrix of the array. Because of reciprocity,
there is Z = ZT, and hence, the transmit power can be written:

PTx = IHRe{Z}I. (2)

Let us now compute Re{Z}. The strength of the electric far-
�eld in a distance r and elevation angle θ, excited by the ula
located in the origin and alignedwith the z-axis, can bewritten
as (see e.g., [3] on pp 250 and 258):

E = α e−jkr

r
a
H
I . (3)

1The transmit array gain is the factor by which the transmit power can be
reduced compared to a single antenna of the array, while the same strength of
the electric �eld is excited at a position of interest.
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Herein, a = ( 1 e jν ⋯ e j(N−1)ν )T, with ν = kd cos θ, where d
is the distance between the radiators, k = 2π/λ, with λ denot-
ing the wavelength, and α is a constant. The power density is
then given by (see e.g., [5], eq. (8) on page 571):

S = α′ ∣E ∣2 = α′ ∣α ∣2
r2

I
H
aa

H
I, (4)

where α′ ∈ R+ ⋅ Ω−1 is a constant. We can obtain the transmit
power by integrating the power density over a sphere around
the array:

PTx = ∫∫
sphere

S dA = 2πα′ ∣α ∣2 IH ( ∫
π

0
aa

H sin(θ)dθ) I. (5)

Since PTx = I
HRe{Z}I = γ ⋅ IHCI, it follows from (5) that

(Re{Z})m ,n = γ ⋅ (C)m ,n = γ ⋅ j0(kd∣m − n∣), (6)

where γ = 4πα′ ∣α ∣2, is a constant, and
j0(x) = sin(x)

x
. (7)

Notice that the mutual coupling matrix C ∈ CN×N, is a dimen-
sionless, real-valued Toeplitz matrix, which has got unity en-
tries all along its main diagonal:

C =
⎡⎢⎢⎢⎢⎢⎢⎣

1 j0(kd) j0(2kd) j0(3kd) ⋯
j0(kd) 1 j0(kd) j0(2kd) ⋱⋮ ⋱ ⋱ ⋱ ⋱

⎤⎥⎥⎥⎥⎥⎥⎦
. (8)

The real-part of the impedance matrix can therefor be written
compactly as:

Re{Z} = γ ⋅ C . (9)

It is interesting to note that the computation of the mutual cou-
plingmatrix for theula of lossless isotropic radiators, is based
solely on the superposition principle for the electric �eld, as
expressed in (3), and the law of conservation of energy, from
which (2) follows. Only for speci�c antenna separation the cou-
pling matrix is the identity, namely only for kd/π = 2d/λ ∈ N.
For all other antenna separations, the very law of conservation
of energy enforces that there ismutual coupling!

3. UNIFORM LINEAR ARRAYOF HERTZIAN DIPOLES

Let us �rst consider an array of two collinear Hertzian dipoles,
located at a distance d from each other and aligned with the
z axis of a rectangular coordinate system. The dipoles are situ-
ated on the x axis, as shown in Figure 1. We can consider the
system of two dipoles as a two-port, which can be described
by its impedance matrix. In particular:

V 1 = Z1,1I1 + Z1,2I2
V 2 = Z2,1 I1 + Z2,2I2

, (10)

1 2

z

x
d

h

Fig. 1. An array of two Hertzian dipoles

where I1, and I2 are the current phasors which are impressed
on antenna 1 and 2, respectively, while V 1, and V 2 are the cor-
responding induced voltage phasors. The Z11 and the Z22 ele-
ments of this matrix are de�ned as

Z1,1 = V 1

I1
∣
I2=0

, Z2,2 = V 2

I2
∣
I1=0

. (11)

The conditions I2 = 0 and I1 = 0mean that the matrix element
Z i ,i is simply the input impedance of the i-th antenna. The real
part of the input impedance of aHertzian dipole is given by [4]

Rr = Re{Z1,1} = Re{Z2,2} = 2

3
πZF0( h

λ
)2 , (12)

where ZF0 ≈ 377Ω, is the free-space wave impedance, and λ
is the free-space length of the radiated wave. Because of reci-
procity, we have Z1,2 = Z2,1. As of (10), the mutual impedance
Z2,1 is de�ned as

Z2,1 = V 2

I1
∣
I2=0

, (13)

that is, as the ratio between the induced voltage on the second
antenna due to the impressed current on the �rst antenna, pro-
vided that the current on the second antenna vanishes. We can
easily compute the induced voltage on the second antenna by
integrating the tangential component of the electric �eld of the
�rst antenna over the length of the second antenna [6]. The
electric �eld of a Hertzian dipole, located in the origin of the
coordinate system due to an impressed current I1 is given in
spherical coordinates as:

Eθ = hI1
4πjωε0

(− k2
r
+ jk

r2
+ 1

r3
) e−jkr sin θ , (14)

Er = hI1
2πjωε0

( jk
r2
+ 1

r3
) e−jkr cos θ , (14a)

where k = 2π/λ = ω√ε0µ0 , and

r =√x2 + y2 + z2 , (15)

θ = arctan
√
x2 + y2

z
(15a)

The voltage which can be measured at the terminals of the re-
ceiving dipole antenna is given by the following expression:

V = − ∫
Antenna

E⃗ ⋅ d l⃗ , (16)
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where E⃗ is the electric �eld which is excited by the antenna,
and the integration is performed over the antenna length. For
the con�guration, shown in Figure 1, we have:

E⃗ ⋅ d l⃗ = E z dz. (17)

Since the Hertzian dipole is electrically small, i.e. kh ≪ 1, we
can approximate the z-component of the electric �eld on the
antenna by the θ component

Ez ≈ Eθ(θ = π/2) = hI1
4πjωε0

(− k2
d
+ jk

d2
+ 1

d3
) e−jkd . (18)

The voltage between the terminals of the second antenna is:

V 2 = −
−h/2

∫
h/2

Eθ dz =
h/2

∫
−h/2

Eθ dz = Eθh =

= h2I1
4πjωε0

(− k2
d
+ jk

d2
+ 1

d3
) e−jkd . (19)

Therefore, the mutual impedance is given by

Z2,1 = V 2

I1
= h2

4πjωε0
(− k2

d
+ jk

d2
+ 1

d3
) e−jkd . (20)

Using k = 2π/λ = ω√ε0µ0 , and ZF0 =√µ0/ε0, as well as (12),
the real part of this expression can be rewritten as

Re{Z2,1} = Rr ⋅ Ψ(kd), (21)

where
Ψ(x) = 3

2
( sin x

x
+ cos x

x2
− sin x

x3
) . (22)

This result can easily be generalized to the case of more than
two Hertzian dipoles. For a ula of N Hertzian dipoles, we ob-
tain the following real-part of the impedance matrix:

Re{ZH} = Rr ⋅ CH , (23)

where

CH =
⎡⎢⎢⎢⎢⎢⎢⎣

1 Ψ(kd) Ψ(2kd) Ψ(3kd) ⋯
Ψ(kd) 1 Ψ(kd) Ψ(2kd) ⋱
⋮ ⋱ ⋱ ⋱ ⋱

⎤⎥⎥⎥⎥⎥⎥⎦
. (24)

What is the major di�erence of the real-part of the impedance
matrix of the ula of Hertzian dipoles, when we compare it
to the case of isotropic radiators? To answer this question, we
just have to look at the pair of equations (24) and (23) for the
case of Hertzian dipoles, and compare it with the correspond-
ing pair of equations (8) and (9) for the case of isotropic radia-
tors. Obviously, the main di�erence is that the relative mutual
coupling is described by the function j0(x) from (7) for the
case of isotropic radiators, while it is described by the function
Ψ(x) from (22), for the case of Hertzian dipoles. At �rst glance,

0 0.5 1 1.5 2 2.5 3
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

x/(2π)

j 0
(x)

,
Ψ
(x)

j0(x)
Ψ(x)

Fig. 2. The functions j0(x) from (7), and Ψ(x) from (22).

j0(x) and Ψ(x) appear to be rather di�erent. However, when
we look at Figure 2, we observe that there actually is a strik-
ing similarity. Both functions are decreasing at �rst, when x
is increased from zero, and then display an oscillatory behav-
ior, as x is further increased.While j0(x) has equidistant roots
(integer multiples of π), the function Ψ has almost equidistant
roots at almost the same positions as j0(x). From what we see
in Figure 2, we may therefore conclude, that j0(x), and Ψ(x)
are qualitatively the same. This justi�es the use of isotropic ra-
diators in the theoretical treatment of antenna arrays, because
they impose qualitatively the same relative mutual coupling.

4. TRANSMIT ARRAYGAIN

Array Gain is an important performance measure of antenna
arrays. Because array gain critically depends on antenna mu-
tual coupling, we expect – fromwhat was said before – to �nd
qualitatively the same results no matter if the array is equipped
by Hertzian dipoles, or isotropic radiators. Let us check this.
From (3) and (14), the electric far-�eld strength excited by a
ula of Hertzian dipoles can be written as:

E = ξ ⋅ aH
I ⋅ sin θ , (25)

where ξ is a (distance-dependent) constant, and a ∈ CN×1 is
the (direction dependent) Vandermonde array steering vector.
Hence, ∣E∣2 = ∣ξ∣2 ⋅ IHaaH

I ⋅ sin2 θ . (26)

The power PRx, that can be extracted from the �eld by an an-
tenna is then proportional to (26), such that:

PRx = ζ ⋅ IHaaH
I, (27)

where ζ ∈ R+ ⋅Ω is proportional to ∣ξ∣2 sin2 θ. The optimum
excitation current, for a given steering vector a, maximizes the
received signal power for a given transmit power PTx:

Iopt = argmax
I

I
H
aa

H
I, s.t. Rr ⋅ IHCH I ≤ PTx . (28)
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The transmit power constraint follows from substituting (23)
for Re{Z} in (2). It can be shown that the receive power under
optimum beamforming is given by [7]:

Pmax
Rx = PTx ζ

Rr
a
H
C
−1
H a. (29)

If only one transmit antenna, say the n-th one, is excited by a
non-zero electric current, the receive power becomes:

PRx,n = PTx ζ

Rr
∣an ∣2 ,

where an is the n-th component of the steering vector a. The
average received power over all transmit antennas becomes

P
single
Rx, avr = PTx ζ

N Rr

N∑
n=1

∣an ∣2 , (30)

such that the transmit array gain is de�ned as:

ATx = Pmax
Rx

P
single
Rx, avr

. (31)

When we substitute (29), and (30) into (31), it follows that

ATx = N
a
H
C
−1
H a

aHa
. (32)

Note that ATx does not depend on Rr, or ζ , but solely on the
array steering vector, and the relative antenna mutual coupling
matrix. We can obtain the transmit array gain for the case of a
ula of isotropic radiators by simply replacing in (32), the ma-
trix CH from (24), by the matrix C from (8). Notice that ATx

quanti�es how much more receive power we obtain by opti-
mally using all the antennas of the array, compared to a single
transmit antenna of the same type as used in the array, when
the radiated power is the same in both cases.
For both a ula of Hertzian dipoles and isotropic radiators,

Figure 3 shows the array gain in the direction of the array axis,
the so-called »end-�re« direction, for di�erent antenna num-
ber N, as a function of the antenna spacing. We can observe
that the array gain raises quickly as we reduce the antenna spac-
ing below λ/2. The maximum array gain happens to grow pro-
portional to N 2. These observations are true for both arrays of
Hertzian dipoles and isotropic radiators. The most noticeable
di�erence happens to be that the maximum array gain for the
case of Hertzian dipoles is a little bit below the one achieved
by isotropic radiators. For antenna separation larger than half
the wavelength, the array gain is much lower than with closely
spaced antennas, and displays an oscillatory nature. Again this
is true for both Hertzian dipoles and isotropic radiators. From
what we see in Figure 3, we can conclude that the transmit ar-
ray gain of a ula of Hertzian dipoles is qualitatively the same
as if the array was equipped with isotropic radiators. This prop-
erty clearly justi�es the use of – mathematically and concep-
tually much simpler – isotropic radiators for theoretical treat-
ment of antenna arrays.
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Fig. 3. Transmit array gain in »end-�re« direction, as function
of antenna spacing for di�erent antenna numbers. Results for
Hertzian dipoles and isotropic radiators are shown.

5. CONCLUSION

A �eld-theoretic justi�cation for the applicability of isotropic
radiators in antenna array modeling is given. A uniform linear
array of isotropic radiators leads qualitatively to the same rel-
ative antenna coupling as if Hertzian dipoles were used as the
array elements. Albeit isotropic antennas do not exist, their ap-
plication in theory is legitimate, because they lead to a mutual
antenna coupling, which is reasonable from a physics point of
view. This allows for qualitatively correct analysis of important
performance parameters, like array gain.
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ABSTRACT

This work studies the performance of our recently proposed

differential feedback scheme for multi-input-multi-output

(MIMO) communication systems using real channel mea-

surement data. The algorithm is applied to the channel cor-

relation matrix exploiting geodesic curves and the intrinsic

geometry of positive definite Hermitian matrices. The perfor-

mance of this and a conventional non-differential feedback

scheme are evaluated using real data and channel measure-

ments obtained with the Eurecom MIMO OpenAir Sounder

(EMOS). Additionally, the impact of having a delay in the

feedback link is also studied in terms of a loss of performance

in the communication through several simulations.

The results show that the differential feedback strategy

performs much better than the non-differential strategies in

low mobility channels, while in high mobility channels the

performance is similar. A delay in the feedback channel af-

fects specially high mobility channels while having a negligi-

ble impact in the slow-varying cases.

Topics: Precoding and limited feedback, Multi-antenna

channel measurements, MIMO systems.

1. INTRODUCTION

Multi-input-multi-output (MIMO) communication systems

are shown to provide improved performance when compared

to single-antenna configurations, specially when both the

transmitter and the receiver have some kind of channel state

information (CSI). A possibility to obtain CSI at the transmit-

ter consists in the exploitation of a low rate feedback channel

from the receiver to the transmitter. A feedback channel is

mandatory in frequency-division duplexing channels, where

channel reciprocity does not hold.

In the literature, several feedback schemes have been pro-

posed in order to provide CSI to the transmitter side. For time-

This work was partially supported by the Catalan Government un-

der grant 2005SGR-00996; by the Spanish Government under projects

TEC2008-06327-C03-01 (FBMC-MULAN) and 2A103 (MIMOWA) from

MEDEA+ program (AVANZA I+D TSI-020400-2008-150), by the European

Commission under projects NEWCOM++ (216715) and CHORIST; and by

Eurecom.

varying channels, where the coherence time is higher than

the time difference between consecutive feedback instants, a

good approach consists in quantizing the channel response in

a differential way. This lowers the required feedback load or

improves the quality of the quantization for a fixed capacity

of the feedback link. Taking this philosophy, there are several

techniques, such as the direct scalar quantization of the en-

tries of the channel variation matrix, or more sophisticated ap-

proaches, such as those based on geodesic curves over Grass-

mannian manifolds or correlation-type matrices [1–3].

All these real time feedback schemes suffer from the de-

lay inherent to the feedback channel. This delay causes a

mismatch between the true channel and the available CSI and,

consequently, between the actual design of the transmitter and

the optimum one, which results in a degradation of the per-

formance. The effect of the delay can be alleviated using a

channel predictor.

The main objective of this paper is to evaluate experimen-

tally in a real environment the performance of different feed-

back strategies and the impact of feedback delay. This will be

done taking as example the differential technique presented

in [3] for feedback and channel quantization (this technique

will be summarized in the subsequent sections) and a non-

differential feedback strategy from [4]. Both of them will be

applied to real channel measurements obtained with the Eu-

recom’s MIMO OpenAir Sounder (EMOS) [5, 6]. In order

to alleviate the effect of feedback delay a technique based

on channel prediction will be studied. In particular a linear

Wiener predictor will be considered.

The paper is organized as follows. The system and signal

models are given in section 2. Section 3 summarizes the dif-

ferential quantization technique used in the feedback link, and

section 4 describes the EMOS and the channel measurements.

The performance of differential versus non-differential feed-

back strategies applied to the measured channel, including an

analysis of the effect of feedback delay, is shown in section

5. A solution based on prediction is presented in 6. Finally,

section 7 concludes the paper.

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 36



2. SYSTEM AND SIGNAL MODELS

This section and the next one summarize some of the ideas

presented in [3] concerning the differential feedback tech-

nique that will be used in this paper to evaluate a realistic

system performance according to real channel measurements.

We consider the transmission through a MIMO channel

with nT and nR transmit and receive antennas represented at

time instant n by matrix H(n) ∈ CnR×nT . The nR received

signals at the same time instant, assuming a linear transmitter,

can be expressed as

y(n) = H(n)B
(
R̂H(n)

)
x(n) + w(n) ∈ CnR , (1)

where x(n) ∈ CnS represents the nS streams of signals to be

transmitted with E
[
x(n)xH(n)

]
= I, and B ∈ CnT×nS is

the linear transmitter matrix. Note that we explicitly indicate

that the transmitter depends on the available estimate of the

channel correlation matrix R̂H(n), where the exact channel

correlation matrix is RH(n) = HH(n)H(n). The additive

white Gaussian noise (AWGN) at the receiver is represented

by w(n) ∈ CnR with E
[
w(n)wH(n)

]
= σ2

wI.

In the system setup, it will be considered that the receiver

knows perfectly the current channel matrix H(n) and that the

transmitter designs B assuming that the available CSI at its

side represented by R̂H(n) is also perfect. In reality, the CSI

at the transmitter is not perfect because it is a quantized ver-

sion of the perfect CSI obtained at the receiver. The trans-

mitter design can be done according to different criteria, such

as the maximization of the mutual information or signal to

noise ratio (SNR), or the minimization of the mean square

error (MSE) or the bit error rate (BER), among others. In

all the cases, the optimum transmitter has been shown to de-

pend only on the channel correlation matrix RH(n) [7]. For

each of them a cost function d(R̂H(n),H(n)) can be defined,

where the design objective is its minimization. A couple of

examples of cost functions are given in the following para-

graphs, although any criterion can be applied (we drop the

dependency with respect to the time index n for the sake of

clarity in the notation).

The cost function that follows a maximum SRN with sin-

gle beamforming (number of streams nS = 1) criteria can be

expressed as

d(R̂H(n),H(n)) = − 1
σ2

w

‖HB‖2
F , (2)

where the transmission matrix B ∈ CnT×1 is defined as

B
(
R̂H(n)

)
=

√
PT umax

(
R̂H(n)

)
, (3)

and umax(·) stands for the unit-norm eigenvector of max-

imum associated eigenvalue. PT represents the maximum

transmission power, i.e., ‖B‖2
F ≤ PT , where subindex F

stands for the Frobenius norm.

The cost function that maximizes the mutual information

can be expressed as

d(R̂H(n),H(n)) = − log2

∣∣∣∣I +
1

σ2
w

BBHHHH
∣∣∣∣ , (4)

where the transmission matrix B ∈ CnT×nS is defined as

B
(
R̂H(n)

)
= Ũ(n)P1/2(n), (5)

P(n) = diag(p1, . . . , pnS ), (6)

and Ũ(n) consists of nS columns that are the nS unit-norm

eigenvectors of R̂H(n) associated to its nS maximum eigen-

values {λi}nS

i=1. The power P(n) is allocated according to

the waterfilling solution (pi = max {0, µ− 1/λi} where µ is

a constant such that
∑nS

i=1 pi = PT ) [7].

The next section is devoted to summarize algorithm [3]

for quantizing the actual correlation matrix RH (instead of

H) from the receiver to the transmitter in a differential way.

Since RH belongs to the set of Hermitian positive definite

matrices,1 exploiting its inherent geometry will improve the

performance of the quantization.

3. ALGORITHM DESCRIPTION FOR

QUANTIZATION IN FEEDBACK LINK

In this section first we will give some comments on the

concept of geodesic curves on the set of positive definite Her-

mitian matrices and then we will summarize the basic ideas

concerning the algorithm presented in [3] for differential

quantization.

3.1. Geodesic curves

As shown in [2] the set of Hermitian positive definite matri-

ces S = {R ∈ CnT×nT : RH = R,R � 0} is a convex

cone2, i.e., ∀R1,R2 ∈ S, ∀s ≥ 0, R1 + sR2 ∈ S [8]. This

set is characterized properly by means of differential geom-

etry, which states a set of definitions for the distance, scalar

products and routes within this set:

• Scalar product: At any point in this set S given by

R (also named as base point), the scalar product

between two Hermitian matrices A and B is de-

fined as 〈A,B〉R = Tr(R−1AR−1B). This defi-

nition implies that the norm is defined as ‖A‖R =√
Tr(R−1AR−1A).

1In the following, it will be assumed that the channel correlation matrix is

strictly positive definite. If this cannot be guaranteed because, for example, if

nR < nT , it is possible to work with extended correlation matrices defined

as eRH = HHH + εI, ε > 0, which are positive definite by construction.
2Actually, reference [2] is devoted to the case of real matrices, although

the results and conclusions can be extended directly to the complex case.
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• Geodesic curve: Given two points R1and R2 in the

set S, the geodesic curve, which is the curve connect-

ing these points with minimum distance and with all its

points belonging to S, is given by

Γ(t) = R1/2
1 exp

(
tC

)
R1/2

1 , (7)

where C = log
(
R−1/2

1 R2R
−1/2
1

)
, Γ(0) = R1, and

Γ(1) = R2. The derivative of the geodesic curve at t =
0, which is in fact the direction of such curve at t = 0,

is given by the Hermitian matrix Γ′(0) = R1/2
1 CR1/2

1 .

• Distance: The geodesic distance between any two

points in S is given by the length of the geodesic curve

that connects them. According to the previous notation,

it can be shown that this distance is given by

dg(Γ(0), Γ(t)) = |t|‖C‖F , ⇒ dg(R1,R2) = ‖C‖F .
(8)

or, using an equivalent expression,

dg(R1,R2) =
( ∑

i

| log λi|2
)1/2

, (9)

where {λi} are the eigenvalues of matrix R−1/2
1 R2R

−1/2
1 .

3.2. Differential quantization

In general terms, differential quantization is based on a quan-

tization of the difference between the CSI at consecutive feed-

back intervals, instead of quantizing the complete CSI every

time [4]. Depending on the design criterion and the allowed

computational complexity, different strategies arise.

Some techniques can be based on the quantization of

the variations of the MIMO channel matrix H(n) itself or

even, on the differential quantization of the strongest right

eigenspaces spanned by such matrices [1]. The technique

that will used in this paper to evaluate experimentally the

performance of the communication setup corresponds to ref-

erence [3]. It relies on the fact that in general, all the joint

transmitter-receiver designs for MIMO channels and different

quality criteria (SNR, MSE, mutual information, etc.) depend

on the channel response matrix H(n) only through the chan-

nel correlation matrix defined as RH(n) = HH(n)H(n) [7].

Taking this into account, a possible strategy consists in apply-

ing a differential quantization exploiting the intrinsic geome-

try of the set of positive definite Hermitian matrices by means

of the use of geodesic curves, as suggested in [2].

The fundamentals of the algorithm proposed in [3], which

are summarized here, are based on a differential quantization

of the channel correlation matrix RH(n). The objective is to

minimize the cost function as presented in section 2, which

can be related to the quality measure of the system and, there-

fore, the receiver has to know which kind of design will be

applied by the transmitter. If a more general setup is to be

applied so that the feedback can be used for any transmitter

design, another cost function could be added which is sim-

ply the geodesic distance between the actual channel correla-

tion matrix and its fed back estimate, i.e., d(R̂H(n),H(n)) =
dg(R̂H(n),HH(n)H(n)).

The differential quantization algorithm for the feedback

of the channel correlation matrix is an iterative procedure. At

each iteration n the initial situation is described as follows:

the receiver has a perfect knowledge of the current channel

matrix H(n) and both the transmitter and the receiver know

which is the last estimate of the channel correlation matrix

sent through the feedback channel R̂H(n − 1). A possible

initialization of the algorithm would correspond to starting

the run of the algorithm from the cone vertex before the first

iteration: R̂H(0) = I.

At each iteration n, the following steps are followed (all

these steps are represented conceptually in Fig. 1):

• STEP 1: Both the receiver and the transmitter gener-

ate a common set of Q random Hermitian matrices us-

ing the same pseudo-random generator and the same

seed. Then, these matrices are orthonormalized using

the Gram-Schmidt procedure [9] according to the de-

finition of scalar product presented in section 3, pro-

ducing the set {Ai}Q
i=1. Finally, each matrix Ai is re-

scaled individually so that Ci = R−1/2AiR−1/2 has

a norm equal to ∆ (‖Ci‖F = ∆) which is, in fact, the

quantization step.

• STEP 2: Both the receiver and the transmitter use

the previous matrices to generate a set of Q geodesic

curves {Γi(t)}Q
i=1, all of them having the same initial

point R = R̂H(n− 1) and with orthogonal directions:

Γi(t) = R̂1/2
H (n − 1) exp

(
tCi

)
R̂1/2

H (n− 1).

• STEP 3: Each of these geodesic curves is used to gener-

ate two candidates for the feedback in the next iteration

R̂H(n) corresponding to Γi(−1) and Γi(1).

• STEP 4: The receiver evaluates the cost function for

each of the candidates (there are 2Q candidates), and

sends the selected index iFB through the feedback

channel to the transmitter. This index is the one for

which the corresponding candidate minimizes the cost

function. According to this, the number of feedback

bits per iteration has to be higher than or equal to

log2(2Q). The matrix corresponding to the selected

candidate will be used for the transmitter design and as

the starting point in the next iteration.

All the previous steps are represented graphically in Fig.

1 for the case of a feedback using 2 bits and taking as opti-

mization criterion the minimization of the geodesic distance

to the actual channel correlation matrix RH(n). Starting from

R̂H(n − 1), the algorithm generates 2 orthogonal geodesic
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Fig. 1. 2-bit differential quantization in the space of channel

correlation matrices.

routes Γ1(t) and Γ2(t) with velocity matrices A1 and A2,

producing four quantization candidates, all of them at dis-

tance ∆ from the initial point. At the receiver, each candi-

date is compared to the actual RH and the one with smallest

distance (in this example candidate 3) is chosen. That is, its

index iFB = 3 is sent to the transmitter through the feedback

channel and R̂H(n) = R̂(3)
H (n). The next iteration starts

from this point, generates 2 orthogonal routes and 4 quanti-

zation candidates, selects the closest candidate to RH , and so

on.

4. REAL CHANNEL MEASUREMENTS

Realistic MIMO channel measurements have been obtained

using Eurecom’s MIMO Openair Sounder (EMOS) [5, 6]. In

this section we first describe the hardware of the EMOS plat-

form and the channel sounding procedure and then the mea-

surement campaign that was carried out for this paper. The

obtained measurements are used in the next section to evalu-

ate the previous feedback quantization technique from a real-

istic point of view.

4.1. Platform description

The EMOS is based on the OpenAirInterface hardware/soft-

ware development platform at Eurecom.3 It operates at 1.900-

1.920 GHz with 5 MHz channels and can perform real-time

channel measurements between a base station and multiple

users synchronously. For the base station (BS), a workstation

with four PLATON data acquisition cards (see Fig. 2(a)) is

employed along with a Powerwave 3G broadband antenna

(part no. 7760.00) composed of four elements which are

arranged in two cross-polarized pairs (see Fig. 2(b)). The

user equipment (UE) consists of a laptop computer with Eu-

recom’s dual-RF CardBus/PCMCIA data acquisition card

3http://www.openairinterface.org

(a) Server PC with PLATON boards (b) Powerwave Antenna

(c) Dual-RF CardBus/PCMCIA Card (d) Panorama Antennas

Fig. 2. EMOS base-station and user equipment [10].

S
C

H

BCH Guard Interval
(8 OFDM Symbols)

...
48 Pilot Symbols

Frame (64 OFDM Symbols)

Fig. 3. Frame structure of the OFDM Sounding Sequence.

The frame consists of a synchronization channel (SCH), a

broadcast channel (BCH), and several pilot symbols used for

channel estimation.

(see Fig. 2(c)) and two clip-on 3G Panorama Antennas (part

no. TCLIP-DE3G, see Fig. 2(d)). The platform is designed

for a full software-radio implementation, in the sense that all

protocol layers run on the host PCs under the control of a

Linux real time operation system.

Sounding Signal. The EMOS uses an OFDM modulated

sounding sequence with 256 subcarriers (out of which 160 are

non-zero) and a cyclic prefix length of 64. One transmit frame

is 64 OFDM symbols (2.667 ms) long and consists of a syn-

chronization symbol (SCH), a broadcast data channel (BCH)

comprising 7 OFDM symbols, a guard interval, and 48 pilot

symbols used for channel estimation (see Fig. 3). The pi-

lot symbols are taken from a pseudo-random QPSK sequence

defined in the frequency domain. The subcarriers of the pilot

symbols are multiplexed over the transmit antennas to ensure

orthogonality in the spatial domain. We can therefore obtain
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Fig. 4. Map of the measurement scenario. The position

and the opening angle of the BS antenna are also indicated.

The users were driving in cars along the indicated routes (the

colors show the received signal strength in dBm along the

routes).

Parameter Value

Center Frequency 1917.6 MHz

Bandwidth 4.8 MHz

BS Transmit Power 30 dBm

Number of Antennas at BS 4 (2 cross polarized)

Number of UE 1

Number of Antennas at UE 2

Table 1. EMOS parameters.

one full MIMO channel estimate for one group of a number of

subcarriers equal to the number of transmitter antennas. The

BCH contains the frame number of the transmitted frame that

is used for synchronization among the UEs.

Channel Estimation Procedure. Each UE first synchro-

nizes to the BS using the SCH. It then tries to decode the

data in the BCH. If the BCH can be decoded successfully,

i.e., the cyclic redundancy check (CRC) is positive, then the

channel estimation procedure is started. The channel estima-

tion procedure consists of two steps. Firstly, the pilot sym-

bols are derotated with respect to the first pilot symbol to re-

duce the phase-shift noise generated by the dual-RF Card-

Bus/PCMCIA card. Secondly, the pilot symbols are aver-

aged to increase the measurement SNR. The estimated MIMO

channel is finally stored to disk. For a more detailed descrip-

tion of the synchronization and channel estimation procedure

see [10, 11].

4.2. Measurements

The measurements were conducted outdoors in the vicinity of

Eurecom in Sophia Antipolis, France4. The scenario is char-

acterized by a semi-urban hilly terrain, composed by short

buildings and vegetation with a predominantly present LOS.

Fig. 4 shows a map of the environment. The BS is located

at the roof of Eurecom’s southmost building. The antenna

is directed towards Garbejaire, a small nearby village. The

measurement parameters are summarized in Table 1.

In this paper we use two different sets of measurements.

In measurement 1, the UE was placed inside a standard pas-

senger car which was being driven with an average speed of

50km/h along the routes shown in Fig. 4. The channel condi-

tions are changing between line of sight (LOS) and non-LOS

(NLOS). In measurement 2, the UE is more or less stationary

on the parking lot in the bottom right corner of Fig. 4. This

scenario is LOS.

5. REAL CHANNEL PERFORMANCE

In the simulations, we consider the particular real channel

measured as commented in section 4 with 4 transmit and 2

receive antennas. Note that for the evaluations in this paper

we have selected only one subcarrier to mimic a narrowband

system. We show results for three cases: perfect CSI at the

transmitter, non-differential Grassmannian packaging [4], and

differential quantization of the channel correlation matrices

RH(n) using geodesic curves [3]. In all the cases, simula-

tions were performed using the optimum strategies to maxi-

mize the mutual information and the SNR. The strategy that

maximizes the mutual information corresponds to a waterfill-

ing distribution of power over the eigenmodes of the chan-

nel, and the strategy that maximizes the SNR uses only the

strongest eigenmode of the available channel response.

We considered two cases for the feedback. In the first case

the quantized CSI is transmitted instantaneously from the re-

ceiver to the transmitter. That is, the transmitter had knowl-

edge of the quantized version of the current channel matrix. In

a real situation, however, the transmission delay through the

feedback channel is not zero and this affects the performance

of the system. Therefore we also studied the case where we

introduce delay in the feedback channel.

5.1. Feedback with no delay

As shown in Fig. 5, the differential strategy exploits the time-

correlation of the channel and converges to perfect CSIT case,

while the performance using the non-differential quantization

is lower, even when using more feedback bits. Also note

that the differential quantization works better in more slow-

varying channels and worse in the scenarios of high mobility

4Eurecom has a frequency allocation for experimentation around its

premises.
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Fig. 5. Different feedback techniques in realistic channels.

where the channel is fast-fading.

5.2. Delay in the feedback channel

The simulations corresponding to Fig. 6 analyze the impact of

the feedback delay on the performance of the system. The plot

shows the averaged SNR and mutual information (MI) for the

high mobility and low mobility scenarios described in section

4 versus the delay measured in frames (e.g., a delay equal to

10 means that the delay is equal to 10 frames). For the simu-

lations a window containing frames from 500 to 520 was used

to calculate the average SNR and mutual information. Three

situations are compared: perfect CSI at the transmitter, differ-

ential feedback with no delay, and differential feedback with

different values for the delay in the feedback link. The main

conclusion is that the performance rapidly decreases when the

delay exceeds a threshold.

6. CHANNEL PREDICTION

In order to reduce or compensate the effect of feedback de-

lay, channel prediction strategies can be used. If the receiver

can predict the behavior of the channel response matrix and

knows the value of the delay in the feedback channel, it is

possible to send through the feedback link a quantized ver-

sion of the prediction of the CSI. This way, the transmitter

will receive the prediction of the current channel instead of

the delayed CSI.
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Fig. 6. Effects of feedback delay in realistic channels.

6.1. Algorithm description

The algorithm described in this section predicts each compo-

nent of the channel response matrix H(n) separately using

a Wiener predictor; this means that nRnT predictors will be

used. The objective of the Wiener predictor [12] is to mini-

mize the quadratic error. The N predictor coefficients gij for

the ij component of H(n) are defined as:

gij = argmin
gij

E[|eij(n)|2] ∈ CN . (10)

For a filter order N , and a prediction of L delay intervals,

the error at time instant n is defined as

eij(n) = xij(n + L)− gH
ij xij(n), (11)

where the vector of samples xij(n) is

xij(n) =


xij(n)

xij(n − 1)
...

xij(n −N)

 ∈ CN and xij(n) = [H(n)]ij .

Then the quadratic error can be written as

|eij(n)|2 =gH
ij xij(n)xH

ij (n)gij + |xij(n + L)|2
− gH

ij xij(n)x∗ij(n + L)− xH
ij (n)gijxij(n + L).

(12)
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The predictor vector gij that minimizes the average of ex-

pression (12) can be easily proven to be [12]:

gij =
(∑

xij(n)xH
ij (n)

)−1 (∑
xij(n)x∗ij(n + L)

)
,

(13)

where the sum is applied to the set of data that is available

for the calculation of the predictor. This way, it is possible

to predict the CSI with a delay of L time instants and design

the transmitter based on the quantized version of the predicted

CSI.

6.2. Simulations in real channel

The impact of channel prediction to compensate for the feed-

back delay will be analyzed in this section, using the realis-

tic channel measured with EMOS. The same realistic channel

studied in section 5 is used for this analysis. The simula-

tions corresponding to Fig. 7 show the impact of prediction

in a system with feedback delay. The plot shows the averaged

SNR and mutual information for the high mobility and low

mobility scenarios versus the delay measured in frames. For

the simulations a window containing frames from 500 to 520

was used to calculate the average SNR and mutual informa-

tion. Three situations are compared: perfect CSI at the trans-

mitter, differential feedback with no delay, and differential

feedback with different values for the delay in the feedback

link using a Wiener predictor of order 10.

It can be seen from Fig. 7 that there is no substantial im-

provement when compared to the simulations without predic-

tion from section 5.2. It would be interesting to observe the

performance of the predictor in a channel that can be pre-

dicted more accurately, for example a channel that follows an

autoregressive (AR) model. This case will be studied in the

following section.

6.3. Simulations in an AR channel

The predictor will now be tested on a synthetic channel gen-

erated using an autoregressive (AR) model of order Q. An

AR model is described by the following equation [13]:

H(n) =
Q∑

q=1

aqH(n− q) + W(n), (14)

where aq are the autoregressive coefficients and the compo-

nents of matrix W(n) are Gaussian, independent and with

variance such that E
[|[H(n)]ij |2

]
= 1.

Note that the predictor equals the coefficients of the AR

model if the delay is 1 frame, but this is no longer the case for

larger delays. In this last situation the coefficients should be

computed as described in section 6.1.

In Fig. 8 we show the results of the differential feedback

scheme applied to a channel generated using an AR model

of order 10 with following AR coefficients: a1 = 1.4351 +
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Fig. 7. CSI prediction used to reduce the effect of feedback

delay in realistic channels.

2.8308i, a2 = 1.7196− 2.9843i, a3 = −0.9942 + 0.4452i,
a4 = −0.3001 − 0.6810i, a5 = 0.1308 + 0.3598i, a6 =
−0.4145+0.0475i, a7 = 0.1692−0.0565i, a8 = −0.0661+
0.3097i, a9 = 0.1428 − 0.1975i and a10 = −0.0702 +
0.0268i. The simulations show that the predictor works best

up to a delay of 10 frames, which corresponds to the order of

the AR model. After that point, the gain decreases slowly.

7. CONCLUSIONS

This paper has presented an evaluation of differential and non-

differential feedback strategies in realistic MIMO systems.

The main objective has been the study of the impact of such

techniques using real channel measurements performed with

the EMOS for high and low mobility scenarios and under dif-

ferent situations of delay in the feedback link.

The differential feedback strategy performed much better

than the non-differential strategies like Grassmannian pack-

aging in low mobility channels, while in high mobility chan-

nels the performance was similar. Simulations using realis-

tic channel data showed that a delay in the feedback chan-

nel affects specially high mobility channels because they vary

faster. For small amounts of delay (less than 20 frames) the

performance loss was around 10% in high mobility channels

and less in the slow-varying cases.

The proposed technique to reduce the effect of feedback

delay based on channel prediction performed well using a

synthetic channel model. However, it was not able to com-

pensate the delay in the measured channels. This showed that
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Fig. 8. CSI prediction used to reduce the effect of feedback

delay in an AR(10) channel.

channel models are often too simplistic and do not provide

realistic performance results.
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ABSTRACT

A distributed beamforming technique for relay networks with
frequency-selective fading channels is proposed. The network
relays use the filter-and-forward (FF) strategy to compensate
for the transmitter-to-relay and relay-to-destination channels
using a finite impulse response (FIR) filter in each relay node.
With the channel state information (CSI) known to the re-
ceiver, the destination quality-of-service (QoS) is maximized
subject to individual relay transmitted power constraints. The
resulting distributed beamforming problem is converted to a
second-order cone programming (SOCP) form and, therefore,
can be efficiently solved with polynomial time complexity.
Simulation results demonstrate that in the frequency-selective
fading case, the proposed beamforming technique provides
substantial performance improvements in terms of the des-
tination QoS as compared to the conventional amplify-and-
forward (AF) distributed beamforming techniques.

Index Terms— Cooperative communications, distributed
beamforming, filter-and-forward relaying, relay networks

1. INTRODUCTION

Recently, cooperative wireless communication techniques ha-
ve attracted much interest because they enable to exploit co-
operative diversity without any need of having multiple an-
tennas at each user [1]-[5]. In such cooperative schemes, dif-
ferent users share their resources to assist each other in con-
veying the information data through the network.

Different relaying strategies have been developed in the
context of relay networks. The most popular relaying ap-
proaches are the amplify-and-forward (AF) and decode-and-
forward (DF) techniques. Due to its simplicity, the AF tech-
nique is often preferred in distributed beamforming problems
[3], [4].

This work was supported by the European Research Council under Ad-
vanced Investigator Grant Scheme.

In the case of frequency-selective transmitter-to-relay and
relay-to-destination fading channels, there is a significant am-
ount of inter-symbol interference (ISI). In such case, the AF
distributed beamforming techniques developed in [3] and [4]
are inefficient in suppressing ISI. In [6], a filter-and-forward
(FF) strategy has been proposed to extend the AF approach
to the frequency-selective fading case. The idea of the FF
strategy is to use finite impulse response (FIR) filters in each
relay to compensate for the effects of transmitter-to-relay and
relay-to-receiver FIR channels. The relay beamforming prob-
lem considered in [6] is equivalent to minimizing the total re-
lay transmitted power subject to the quality-of-service (QoS)
constraint at the destination. However, because of a limited
battery life of each relay, individual power criteria and/or con-
straints appear to be more meaningful than that operating with
the total (aggregate) relay power. Moreover, the beamforming
problem developed in [6] may be infeasible. In the present pa-
per, we propose a FF relay beamforming approach alternative
to [6] that maximizes the destination QoS subject to individ-
ual relay power constraints. The proposed approach can be
shown to always correspond to a feasible problem.

2. SIGNAL MODEL

Let us consider a half-duplex relay network with one single-
antenna transmitting source, one single-antenna destination
and R single-antenna FF relay nodes, as shown in Fig. 1. We
assume that there is no direct transmitter-destination link and
each transmission consists of two stages. In the first stage,
the transmitter sends its data to all the relay nodes. In the sec-
ond stage, the received relay signals are passed through the
relay FIR filters and sent to the destination node. We assume
that the destination node has the full channel state informa-
tion (CSI) which is used to obtain the filter coefficients of
each relay according to a certain criterion. It is also assumed
that there is a low-rate feedback link from the destination to
each relay that is used to inform the relays about their optimal
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Fig. 1. System model for filter-and-forward relay network.

weight coefficients.
The transmitter-to-relay and relay-to-destination channels

can be modeled as linear FIR filters [6]

f(ω) =
Lf−1∑
l=0

fle−jωl, g(ω) =
Lg−1∑
l=0

gle
−jωl (1)

respectively, where fl and gl are the R × 1 channel impulse
response vectors corresponding to the lth effective tap of the
transmitter-to-relay and relay-to-destination channels, f(ω)
and g(ω) are the R × 1 vectors of channel frequency re-
sponses, and Lf and Lg are the channel lengths. The R × 1
vector

r(n) = [r1(n), · · · , rR(n)]T

of the received relay signals at time n can be written as

r(n) =
Lf−1∑
l=0

fls(n− l) + η(n) (2)

where s(n) is the signal transmitted from the source,

η(n) = [η1(n), · · · , ηR(n)]T

is the R × 1 vector of the relay noise, and (·)T stands for the
transpose. Let us introduce

F , [f0, · · · , fLf−1]

s(n) , [s(n), s(n− 1), · · · , s(n− Lf + 1)]T

and rewrite (2) as [6]

r(n) = Fs(n) + η(n). (3)

The signal
t(n) = [t1(n), · · · , tR(n)]T

transmitted by the relay nodes to the destination node can be
expressed as [6]

t(n) =
Lw−1∑
l=0

WH
l r(n− l) (4)

where
Wl = diag{wl,1, · · · , wl,R}

is the diagonal matrix of relay filter impulse responses cor-
responding to the lth effective filter taps of the relays, Lw is
the length of the relay FIR filters, and (·)H is the Hermitian
transpose. In the sequel, for any vector x, diag{x} denotes
the diagonal matrix containing the entries of x on its main di-
agonal, and for any square matrix X , diag{X} denotes the
vector built from the diagonal entries of X . Let us introduce

W , [W0, · · · ,WLw−1]T

Lw−1 columns︷ ︸︸ ︷
F ,


f0 f1 · · · fLf−1 0R×1 · · · 0R×1

0R×1 f0 f1 · · · fLf−1 · · · 0R×1

. . .
0R×1 0R×1 · · · f0 f1 · · · fLf−1


s̃(n) , [s(n), s(n− 1), · · · , s(n− Lf − Lw + 2)]T

η̃(n) , [ηT (n),ηT (n− 1), · · · ,ηT (n− Lw + 1)]T

where 0N×M is the N × M matrix of zeros. Using these
notations, we can express (4) as [6]

t(n) = WHF s̃(n) + WH η̃(n). (5)

The received signal at the destination can be written as

y(n) =
Lg−1∑
l=0

gT
l t(n− l) + υ(n) (6)

where υ(n) is the receiver noise. Using (5) along with the fact
that each Wl is diagonal, Equation (6) can be rewritten as [6]

y(n) =
Lg−1∑
l=0

wH(ILw ⊗Gl)F s̃(n− l)

+
Lg−1∑
l=0

wH(ILw ⊗Gl)η̃(n− l) + υ(n) (7)

where

w , [wT
0 ,· · ·,wT

Lw−1]
T

wl , diag{Wl}
Gl , diag{gl}

IN is the N × N identity matrix, and ⊗ denotes the Kro-
necker product. To rewrite (7) in a more compact form, let us

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 45



introduce

G ,
[
ILw ⊗G0, · · · , ILw ⊗GLg−1

]
F̆, [FT

0 , · · · ,FT
Lg−1]

T

F l , [

l columns︷ ︸︸ ︷
0RLw×1,· · ·,0RLw×1, F ,

(Lg−1−l) columns︷ ︸︸ ︷
0RLw×1,· · ·,0RLw×1],

l = 0, · · · , Lg − 1

Ĩ, [ĬT
0 , · · · , ĬT

Lg−1]
T

Ĭl , [

l blocks︷ ︸︸ ︷
0RLw×R,· · ·,0RLw×R,IRLw ,

(Lg−1−l) blocks︷ ︸︸ ︷
0RLw×R,· · ·,0RLw×R],

l = 0, · · · , Lg − 1

s̆(n), [s(n), s(n− 1), · · · , s(n− Lf − Lw − Lg + 3)]T

η̆(n), [ηT (n),ηT (n− 1), · · · ,ηT (n− Lw − Lg + 2)]T .

Using these notations, (7) can be expressed as [6]

y(n) = wHGF̆s̆(n) + wHGĨη̆(n) + υ(n). (8)

Let f̄ and F̄ denote the first column and the residue of F̆,
respectively, so that F̆ = [f̄ , F̄]. Then, (8) can be written as

y(n) = wHG[f̄ , F̄]
[

s(n)
s̄(n)

]
+ wHGĨη̆(n) + υ(n)

= wHG f̄s(n)︸ ︷︷ ︸
signal

+wHGF̄s̄(n)︸ ︷︷ ︸
ISI

+wHGĨη̆(n) + υ(n)︸ ︷︷ ︸
noise

(9)

where

s̄(n) , [s(n− 1), · · · , s(n− Lf − Lw − Lg + 3)]T .

In Equation (9),

ys(n) = wHG f̄s(n) (10)
yi(n) = wHGF̄s̄(n) (11)
yn(n) = wHGĨη̆(n) + υ(n) (12)

are the signal, the ISI, and the noise components at the desti-
nation, respectively. Note that for the sake of simplicity of our
algorithm developed in the next section, similarly to [6], we
do not consider here block processing to coherently combine
all the delayed copies of the signal.

The signal component in (10) can be further rewritten as
[6]

ys(n) = wH
0 G0f0s(n)

= wH
0 (g0 ¯ f0)s(n)

= wH
0 h0s(n) (13)

where
h0 , g0 ¯ f0

and ¯ denotes the Schur-Hadamard matrix product.

3. FILTER-AND-FORWARD RELAY
BEAMFORMING WITH INDIVIDUAL RELAY

POWER CONSTRAINTS

The proposed distributed beamforming problem amounts to
maximizing the destination QoS (measured in terms of signal-
to-interference-plus-noise ratio (SINR)) subject to the indi-
vidual relay transmitted power constraints:

max
w

SINR s.t. pm ≤ pm,max, m = 1, · · · , R (14)

where pm and pm,max denote the transmitted power of the
mth relay and its maximal allowed value, respectively. Using
(5), the transmitted power of the mth relay can be written as

pm = E{|tm(n)|2}
= E{eT

mWHF s̃(n)s̃H(n)FHWem}
+E{eT

mWH η̃(n)η̃H(n)Wem}
= PseT

mWHFFHWem + σ2
ηe

T
mWHWem (15)

where em is the mth column of the identity matrix and E{·}
denotes the statistical expectation. In (15), it is assumed that
the transmitted signal and the relay noise are statistically in-
dependent and

E{s̃(n)s̃H(n)} = PsILf+Lw−1

E{η̃(n)η̃H(n)} = σ2
ηIRLw

where Ps is the source transmitted power and σ2
η is the relay

noise variance.
Using Em , diag{em}, Equation (15) yields

pm = PswH (ILw ⊗Em)FFH (ILw ⊗Em)H w

+σ2
ηw

H (ILw ⊗Em) (ILw ⊗Em)H w

= wHDmw (16)

where

Dm , Ps (ILw ⊗Em)FFH (ILw ⊗Em)H

+σ2
η (ILw ⊗Em) (ILw ⊗Em)H

.

The SINR at the destination can be written as

SINR =
E{|ys(n)|2}

E{|yi(n)|2}+ E{|yn(n)|2} . (17)

Using (13), we obtain that

E{|ys(n)|2} = E{|wH
0 h0s(n)|2}

= PswH
0 h0hH

0 w0

= PswHAHh0hH
0 Aw

= wHQsw (18)

where

A , [IR,0R×(Lw−1)R]

Qs , PsAHh0hH
0 A.
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Using (11), we have

E{|yi(n)|2} = E{wHGF̄s̄(n)s̄H(n)F̄HGHw}
= PswHGF̄F̄HGHw

= wHQiw (19)

where

Qi , PsGF̄F̄HGH .

Making use of (12), we also obtain

E{|yn(n)|2} = E{wHGĨη̃(n)η̃H(n)ĨHGHw}+ σ2
υ

= σ2
ηw

HGĨ ĨHGHw + σ2
υ

= wHQnw + σ2
υ (20)

where

Qn , σ2
ηGĨ ĨHGH .

Using (16) along with (18)-(20) and introducing an aux-
iliary variable τ > 0, the problem in (14) can be expressed
as

max
w,τ

τ

s.t.
wHQsw

wHQiw + wHQnw + σ2
υ

≥ τ2

wHDmw ≤ pm,max, m = 1, · · · , R. (21)

The first constraint in (21) is equivalent to√
Ps|wHh| ≥ τ

√
wHQiw + wHQnw + σ2

υ (22)

where h , AHh0. We observe that any arbitrary phase rota-
tion of w does not change the value of the objective function
in (21). Therefore, using a proper rotation, (22) can be written
as √

PswHh ≥ τ
√

wHQiw + wHQnw + σ2
υ. (23)

Let

B ,
[

σ2
υ 0T

RLw×1

0RLw×1 Qi + Qn

]
= UHU

Dm = VH
mVm, m = 1, · · · , R

be the Cholesky factorizations of the matrices B and Dm,
respectively. Introducing new notations

w̆ , [1,wT ]T , V̆m , [0RLw×1,Vm], h̆ , [0,hT ]T

we can rewrite (21) as

max
w̆,τ

τ

s.t.
√

Psw̆H h̆ ≥ τ‖Uw̆‖
‖V̆mw̆‖ ≤ √

pm,max , m = 1, · · · , R (24)

w̆He1 = 1

where e1 , [1, 0, 0, · · · , 0]T

In contrast to the distributed beamforming problem con-
sidered in [6], problem (24) is always feasible. The latter
problem is also quasi-convex [7], because for any value of τ
it reduces to the following feasibility problem:

find w̆

s.t.
√

Psw̆H h̃ ≥ τ‖Uw̆‖
‖V̆mw̆‖ ≤ √

pm,max , m = 1, · · · , R (25)

w̆He1 = 1.

The latter feasibility problem can be identified as a second-
order cone programming (SOCP) problem.

Let τ∗ be the optimal objective value of (24). For any
τ > τ∗, problem (25) is infeasible. Otherwise, it contradicts
to the fact that τ∗ is the optimal objective value. On the con-
trary, if (25) is feasible, then we have τ ≤ τ∗. Hence, the
maximum τ∗ and the optimal weight vector w̆ can be found
using bisection search technique discussed in [4]. Assuming
that the maximum value τ∗ lies in [τl, τu], the bisection search
procedure for solving (24) can be summarized as the follow-
ing sequence of steps:

1. τ := (τl + τu)/2.

2. Solve the convex feasibility problem (25). If (25) is
feasible, then τl := τ , otherwise τu := τ .

3. If (τu − τl) < ε then stop. Otherwise, go to step 1.

Here, ε is the error tolerance value.
The feasibility problem (25) is a standard SOCP problem

which can be solved in polynomial time using modern interior
point methods with the worst-case complexity ofO((RLw)3.5)
[8].

4. SIMULATIONS

In our simulations, we consider a relay network with R =
10 relays and transmitter-to-relay and relay-to-destination ch-
annels of the length five. The channel coefficients are mod-
eled as zero-mean complex Gaussian random values with ex-
ponential power delay profile. The relay and destination nois-
es are assumed to have the same powers, and the source trans-
mitted power is assumed to be 10 dB higher than the noise
power. The maximal allowed relay transmitted powers are as-
sumed to be equal to each other, that is, pm,max = pmax for
all m = 1, . . . , R.

Fig. 2 displays the destination SINR versus the maximal
allowed relay transmitted power pmax for different lengths of
the relay filters. Fig. 3 plots the destination SINR versus the
length of the relay filter for different values of the maximal al-
lowed relay transmitted power. From both these figures, it can
be observed that the destination QoS improves significantly
as the length of the relay filters increases. In the trivial case
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Fig. 2. Destination SINR versus the maximal allowed relay
transmitted power.

of Lw = 1, the FF strategy reduces to the conventional AF
approach and, correspondingly, the proposed method boils
down to that of [4]. It can be clearly seen from Figs. 2 and 3
that using the FF relaying strategy in the frequency-selective
fading case, the performance of distributed beamforming can
be substantially improved as compared to the conventional
AF approach of [4].

5. CONCLUSIONS

In this paper, we have proposed a novel distributed beamform-
ing approach for cooperative relay networks with frequency-
selective fading transmitter-to-relay and relay-to-destination
channels. To compensate for the effects of the channels, we
have employed the filter-and-forward relaying strategy. In our
approach, the destination quality-of-service is optimized sub-
ject to individual relay power constraints. It has been shown
that this distributed beamforming problem can be solved us-
ing second-order cone programming and bisection search ba-
sed techniques. Our simulations confirm that the proposed
approach has substantial performance improvements over the
existing amplify-and-forward relay beamforming techniques.
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Abstract—Providing cell-specific reference signals is a basic
requirement for advanced transmission techniques reducing the
inter-cell interference in the mobile radio network. In this paper,
we introduce so-called handover sequences. They consist of a
comb cyclically shifted in the frequency domain to identify the
cells. Orthogonal sequences in time domain are used to identify
the antennas within a cell. The scheme occupies few OFDM
symbols per coherence interval. Sequence assignment to the cells
follows a classical frequency-reuse scheme. Detection is easily
implementable. With these sequences, the frequency-selective
multi-cell channel can be identified with high precision also at
the cell edge. We demonstrate that handover decisions are more
reliable and channel estimation errors are reduced by more than
a decade compared to the reference signals provided in 3GPP
LTE Release 8.

I. INTRODUCTION

Interference-aware transmission covers a new class of multi-
antenna techniques reducing the inter-cell interference and
further enhancing the spectral efficiency in the mobile radio
access network. These new techniques can be classified into
independent transmission at each base station and cooperative
transmission of multiple base stations.

The independent approach has been thoroughly investigated
in the multi-cell down-link scenario, refer to [1]. Explicit
knowledge of the channel to the best server and to the strongest
other base stations is assumed and exploited twice. At the
physical layer, optimum combining is used [2]. At the medium
access control layer (MAC) layer, knowing the multi-cell
channel enables a precise, i.e. frequency-selective, estimation
of the signal to interference and noise ratio (SINR). SINR
versus frequency vectors after fixed beam forming, wireless
channel and optimal combining for single and multiple streams
in the cell are quantized and fed back to the base station.
Knowledge about the interference improves the performance
of fair scheduling algorithms [3], [4]. A striking advantage is
the frequent use of multi-stream transmission even at the cell
edge.

The cooperative mode receives more attention recently [5],
[6]. There is a clear trend to organize it in a distributed manner
[7]. Base station cooperation requires instantaneous exchange
of channel state information obtained via feedback from the
terminals and transferred between the base stations over a
meshed backbone network with low latency. In this way, each
base station gets global channel knowledge. Moreover, data
are synchronously distributed to all cooperative base stations
and the joint beam-forming is steered locally [8].

c
a

rr
ie

r 
in

d
e

x

       symbol index

antenna-specific
sequence{

for noise 
estimation

Fig. 1. Left: Elementary interference scenario. Right: Cells are identified
using a comb in frequency domain individually shifted in each cell.
Antennas within each cell are identified using time-domain sequences.

In this paper, we focus on the identification of multiple cells
using specific reference signals. We illustrate the advantages
of the proposed sequence design for handover decisions and
multi-cell channel estimation.

II. REQUIREMENTS AND PREVIOUS WORK

Interference-aware transmission techniques have two re-
quirements in common: 1. Synchronized base stations. 2.
Multi-cell reference signals. While synchronization can be
realized with moderate effort [9], here we focus on the
reference signals.

Release 8 of 3GPP LTE has not paid much attention to these
requirements. LTE base stations are not necessarily synchro-
nized. Cell-specific reference signals are defined (primary and
secondary synchronization sequence, PSS and SSS) but they
cover only part of the entire system bandwidth. Scrambling of
channel estimation pilots is cell-specific along the frequency
axis and it allows an estimation of the wide-band-averaged
SINR in a cell. However, there are no explicit reference signals
for estimating the multi-cell channel in a frequency-selective
manner [10].

A first proposal of multi-cell pilots is reported in [11]. All
cells use pilots at the same positions in the time-frequency
grid. Cells are identified by scrambling in the time domain, i.e.
there is no additional overhead. Proposed sequences have par-
tial correlation properties, where certain subsets of sequences
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are orthogonal already over a shorter correlation window. The
idea is to assign sequences with shorter correlation windows
to closer base stations and those with longer windows to
more distant ones. From implementation point of view a large
number of potential cells must be tracked simultaneously,
which can be rather complex. Sequence assignment in the
cellular network is not trivial but manageable. We feel that
these virtual pilots are well suited for a rapid adaptation to
the interference channel at the receiver side, using techniques
such as optimum combining. Note that only a few interfering
base stations must be actually tracked to realize most of the
gain at the terminal side [12].

III. HANDOVER SEQUENCE DESIGN

In this paper we propose a second set of sequences allowing
simpler implementation with almost instantaneous results.
These sequences are not transmitted continuously but at a
certain period to get a full overview of the multi-cell channel
and to identify the most relevant interfering signals in a single
shot. Such a design costs additional overhead and it may
be suitable for handover decisions, evaluation of the SINR
and feedback of the channel state information to the base
station. The simple idea is to make cells orthogonal in the
frequency domain and to exploit therefore the correlations
in the frequency-selective channel. Classical frequency-reuse
schemes are then applied to assign sequences to cells.

In a single cell, a handover sequence shall not interfere
with another such sequence after passing through the multi-
path channel. Definition in the frequency domain is then
appropriate. We use a regularly spaced grid of active sub-
carriers spanning the entire system bandwidth. For scrambling
in the frequency domain, we use a Zadoff-Chu sequence with
the same root index as defined in [10] but having a period
adjusted to the total number of active sub-carriers in the
sequence. Adjacent cells are identified by applying a cell-
specific frequency shift of integer multiples of the sub-carrier
spacing, see Fig. 1.

Further use of these sequences for interference-aware trans-
mission is intended. Therefore we have to satisfy the fun-
damental sampling theorem of the channel. Interpolation in
the frequency domain is possible if the total number of sub-
carriers in the grid is not smaller than the number of resolved
multi-path components L in the channel. In OFDM systems,
an upper bound for L is given by the length of the cyclic
prefix LCP . In case of an 3GPP LTE system with 20 MHz
bandwidth, more than LCP = 144 pilot tones, scattered over
1.200 sub-carriers, are needed. Accordingly, each 8th sub-
carrier is active in the comb.

Next we apply a cyclic shift of the entire comb in the
frequency domain by Nshift sub-carriers where the shift
identifies the cell. With a grid spacing of 8, up to 8 cells can
be identified. Consider the elementary interference scenario
and the sequence assignment in Fig. 1. Each of the 7 cells is
identified by a certain shift Nshift = 0...6. Note that 7 is a
magic number in the hexagonal deployment. It allows the reuse
of the sequence in the second one after the next cell where

the interference is significantly reduced due to path-loss and
down-tilt of the antennas. Reuse of sequences and the resulting
interference scenario for the pilots can be characterized by the
frequency reuse factor F = 7. Sub-carriers at Nshift = 7
are not used at all. Such empty resources allow a precise noise
estimation.

In modern cellular systems, we need to identify multiple
antennas in each cell in addition. Therefore we concatenate a
few OFDM symbols having the same comb structure and the
same cyclic shift in one cell. On a given sub-carrier in the
comb, an antenna-specific reference sequence is transmitted
along the time domain over as many OFDM symbols as
there are antennas in the cell. Estimation is based on a cross-
correlation along the time axis on each sub-carrier in the comb.
This technique is widely used for the high-throughput long
training field (HT-LTF) in the IEEE 802.11n wireless LAN
standard.

IV. PERFORMANCE EVALUATION

We have evaluated the performance in two ways. Firstly, we
consider the handover fail rate, i.e. the probability that a false
cell is detected. Secondly, we examine the channel estimation
error in the presence of interference. Our evaluation is based
on the 3GPP LTE Release 8 specification. At the receiver,
the terminal applies OFDM symbol synchronization using the
cyclic prefix. The radio frame start is then identified using the
primary synchronization sequence (PSS). Next the terminal
applies an FFT of the incoming sequences from multiple base
stations.

A. Handover fail rate

The narrow-band PSS in LTE Release 8 is jointly trans-
mitted with data in other parts of the spectrum while the
comb is exclusively transmitted over the entire spectrum.
For handover detection, autocorrelation with the cell-specific
Zhadoff-Chu sequences is applied in the frequency domain
and the peak magnitudes are compared. As a reference indi-
cating the strongest cell, in the simulation we have separately
measured the power received from each base station (which is
not possible in practice, of course). From the autocorrelation
peaks, the decision is derived in the presence of interference
and compared to the reference. The fail rate is given by the
percentage of wrong decisions. It is a monotonous function
of the signal-to-interference ratio (SIR). The higher the SIR is
the more likely handover decisions are correct.

B. Channel estimation error

For coarse channel estimation, cross-correlations along the
time axis in Fig. 1 are applied with all antenna-specific
sequences and at each receive antenna. Next the channels are
interpolated in the frequency domain using a linear MMSE
estimator. Interpolation in the time domain is not included in
results. As an upper bound, perfect knowledge of both the
signal to noise ratio (SNR) and the power delay profile is
assumed for building the interpolation matrix.

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 50



0 5 10 15
0

10

20

30

40

50

60

SINR (dB)

se
ct

or
 fa

il 
ra

te
 (

%
)

 

 

1.25 MHz LTE (62 carriers centered)
20 MHz, comb (62 carriers)
20 MHz, LTE (62 carriers centered)
20 MHz, comb (150 carriers)

Fig. 2. Reliability of handover decisions.

We are most interested in comparing the estimation perfor-
mance with LTE Release 8 where other cells transmit data
on pilot positions in the desired cell. This is equivalent to
having a frequency reuse factor of F = 1 during the channel
estimation. Estimating the channel from an adjacent cell is
interfered by the stronger data signals in the serving cell. The
estimation error for negative SIR thus gives an impression
of the corresponding performance degradation. For the comb
sequences, there is no interference from data signals in other
cells. Interference comes from the pilots of rather distant cells
using the same cyclic shift for their comb. For evaluating the
estimation performance, a frequency reuse factor of F = 7 is
appropriate.

V. RESULTS

A. Handover fail rate

We have tested the reliability of handover decisions in 1.25
and 20 MHz LTE systems using 3 cells at one site. A terminal
is moved across the border between two sectors and the third
sector points away. Random multi-path channels are used and
instantaneous powers are considered.

At first we have considered the 62 sub-carriers wide PSS
in [10], where other resource blocks (RBs) are filled with
data. The second prototype is a comb with 62 sub-carriers in
20 MHz with data on intermediate sub-carriers. The original
Zadoff-Chu sequence [10] is spread over the comb. Thirdly, the
comb with 8 sub-carriers spacing is used where the presence
of other base stations is emulated by random data signals on
intermediate sub-carriers. Results for the handover fail rate are
given in Fig. 2.

The fail rates r can be empirically modeled as

r = a ∗ exp
(
− SIR

SIR0

)
(1)

with the parameters

System a [%] SIR0[dB]
1.25 MHz LTE 50 1.8
20 MHz LTE 52 5
20 MHz 62 carriers 45 2.5
20 MHz 150 carriers 32 1.8

Good performance is achieved in the 1.25 MHz system
where almost the full system bandwidth is also covered by the
PSS. But if the system bandwidth is larger than the fixed PSS
bandwidth [10], e.g. in the 20 MHz system, the performance
gets worse. In 35 % of cases, a false server may be identified
although the best cell has 3 dB more power. This is attributed
to the frequency-selective fading temprorarily causing a lower-
than-average power level in the limited bandwidth tested by
the PSS. A good handover sequence should therefore probe the
entire signal bandwidth. This is fulfilled for the comb. With
20 MHz and 62 subcarriers in the comb, the performance is
already close to the 1.25 MHz case. With 20 MHz and 150
subcarriers in the comb, reliablility is further improved. Only
in 5 % of cases the false cell is identified as the server if the
best cell has 3 dB more power.

B. Channel estimation error

The channel estimation performance has been quantified for
a 20 MHz LTE system where a single OFDM symbol contains
200 pilots. Note that the mean-square error (MSE) depends on
the channel length. We can approximate the MSE as

MSE =
G

SIR
(2)

where G denotes the estimator gain. In a multi-path
Rayleigh fading channel with L independently and identically
distributed taps, G is given by

G =
Nsc

d ∗ L (3)

where Nsc is the total number of subcarriers and d the
pilot spacing. The actual value of G can be read off from
graphs like in Fig. 3 at SNR = 0 dB also for more realistic
channel models. We have considered an exponential power
decay profile over the entire cyclic prefix with a decay time
of 2.3 µs to model a strongly shadowed NLOS channel which
is a rather likely at the cell edge. Note that the kinks in the
graphs come from using interpolation matrices in coarse SNR
steps of 5 dB only. The resulting estimator gain G is obtained
at 5 dB and 6 dB for LTE and the comb, respectively, due
to the slightly smaller pilot density. The estimator gain is of
course enhanced for shorter channels.

In the multi-cell environment, the channel estimation error
follows the SIR statistics in general. The user experiences
different SIR at different positions in the cell. Accordingly,
the estimation error statistics can be modeled as

ρ1(MSE) = ρ (SIR) ∗
∣∣∣∣ dSIRdMSE

∣∣∣∣ . (4)

Using the model for the MSE from above we obtain
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ρ1(MSE) = ρ

(
G

MSE

)
∗ G

MSE2
. (5)

The statistics depends significantly on the frequency reuse
factor F . This causes a striking difference between the LTE
pilot structure and the comb. A frequently used measure for the
carrier-to-interference situation within a cell is the geometry
factor

GF =
IE(Psignal)

IE(Pinterference)
. (6)

In Fig. 4, the geometry factor is shown for F = 1 and
F = 7 in a hexagonal deployment with 57 sectors where each
base station has three sectors. Obviously, the SIR is much
higher with frequency-reuse, and thus the channel estimation
is enhanced. From Fig. 4, we may read off the 5 and 50
percentiles of the cumulative geometry statistics to estimate the
MSE at the cell edge and on average in the cell, respectively.
Corresponding values are -2 dB and -8 dB for LTE Release
8 using F = 1 and -12 dB and -25 dB, respectively if the
proposed comb is used with F = 7.

VI. CONCLUSIONS

We have proposed cell-specific reference signals which can
be used for both handover decisions and multi-cell channel
estimation. The proposed sequences consist of a comb in the
frequency domain. Shifting the comb by integer multiples
of the sub-carrier spacing identifies the cell. The frequency
response of the channel can be estimated below a maximum
spacing in the comb depending on OFDM symbol duration
and cyclic prefix length. For sequence assignment in a full-
coverage cellular network, classical frequency-reuse concepts
can be used up to a reuse factor equal to the spacing. The
handover fail rate is reduced in this way and the precision of
the channel estimation is enhanced by 10 dB and 17 dB at
the cell edge and on average in the cell, respectively, using a
comb spacing of 8 and a frequency reuse factor of 7.
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ABSTRACT

In this work, we consider a multi-user two-way relaying pro-
tocol. A multi-antenna relay station (RS) serves 2K nodes
where K pairs of nodes would like to perform bidirectional
communication. In the first phase, the 2K nodes transmit si-
multaneously and the RS spatially separates and decodes all
the 2K bit sequences. In the second phase, after perform-
ing bit-wise XOR network coding for each bidirectional pair,
which results in only K bit sequences, the RS sends all the
K XOR-ed bit sequences simultaneously. At each node, hav-
ing received its intended XOR-ed bit sequence, it cancels the
self-interference by XOR-ing its received bit sequence with
its transmitted one to obtain the bit sequence sent by its part-
ner. Considering the second phase, as each node in a spe-
cific pair expects the same XOR-ed bit sequence from the
RS, while seeing other pairs’ XOR-ed bit sequences as in-
terference, the RS has to separate the different pairs’ XOR-
ed bit sequences spatially. Thus, in the second phase, multi-
group multicast beamforming can be applied with the node
pairs being the multicast group. With this new perspective
on the second phase, we propose to apply multi-group mul-
ticast beamforming algorithms which provide fairness to all
pairs and have low computational complexity. We investi-
gate several multi-group multicast beamforming algorithms,
namely Zero Forcing (ZF), Multicast Aware ZF (MAZF) and
SINR Balancing with Bisection Search (SINRB-Bisec), for
the second phase transmission of the multi-user two-way re-
laying. We consider also two different XOR network coding
approaches, namely with and without zero padding (ZP). The
overall two-phase sum rate analysis is given which shows that
both MAZF and SINRB-Bisec have similar performance and
outperform ZF. Nevertheless, MAZF has lower computational
complexity compared to SINRB-Bisec.

The work of Aditya U. T. Amah is supported by the ’Excellence Initia-
tive’ of the German Federal and State Governments and the Graduate School
of Computational Engineering, Technische Universität Darmstadt

1. INTRODUCTION

In two-hop communication, a relay station (RS) assists the
communication between a source node and a destination node.
Due to the half-duplex constraint, two orthogonal resources
are needed, one resource for the transmission from the source
node to the RS and another one for the transmission from the
RS to the destination node. This leads to a loss in capacity by
a factor of 2 compared to single-hop communication [1, 2].

One way to mitigate this capacity loss is by allowing the
RS to assist bidirectional communication between two nodes
with the so-called two-way relaying protocol [2]. The com-
munication in two-way relaying is performed in two phases
[2]. In the first phase, the multiple access (MAC) phase,
both nodes transmit at the same time to the RS. In the second
phase, the broadcast (BC) phase, the RS forwards the super-
imposed signal to both nodes. Since each node a priori knows
its own transmitted signal, it can subtract it from the received
signal to obtain the signal from the other node.

At the RS, different types of signal processing can be per-
formed. In Amplify and Forward (AF), the RS forwards the
received signal after amplifying it [2–5]. In Decode and For-
ward (DF), the RS decodes the information of both nodes and
forwards the re-encoded information [2, 6, 7].

Two-way relaying with two multi-antenna nodes and a
multi-antenna RS has been treated in [8,9] for AF and in [10]
for DF. DF two-way relaying has the advantage that the noise
at the RS is not propagated to the receive nodes. Its perfor-
mance depends on the coding which is used to re-encode the
information in the second phase. In [10,11], for the DF multi-
antenna two-way relaying case, it has been shown that for the
re-encoding of the decoded information of both nodes, bit-
wise XOR coding outperforms superposition coding.

The aforementioned contributions considered a scenario
where an RS assists two nodes (single pair) to perform bidi-
rectional communication with each other. Recently, two-way
relaying for multi-user scenarios has attracted more attention
and has been considered in [12–14]. In [12], a multi-antenna
RS assists a Base Station to perform bidirectional communi-
cation with multiple nodes. A different multi-user scenario
is treated in [13, 14] where two sets of nodes perform two-

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 53



way relaying communication with the assistance of an RS.
Here, each node in each set communicates bidirectionally to
only one specific node in the other set. While [13] assumes a
single antenna RS which separates the users using Code Divi-
sion Multiple Access, a multi-antenna RS is assumed in [14]
to separate the users spatially. The work in [14] considers a
DF protocol using XOR network coding where an optimiza-
tion algorithm for the precoding matrix to maximize the over-
all two-phase sum rate is proposed and possible extensions to
max-min fairness optimization are addressed.

In this work, we also consider multi-user two-way relay-
ing where the multi-antenna DF RS serves multiple pairs of
nodes using spatial separation and applies XOR network cod-
ing as in [14]. In the first phase, all nodes transmit simulta-
neously to the RS and the RS spatially separates and decodes
the bit sequences of all nodes. In the second phase, the RS
performs XOR network coding to each pair’s bit sequences,
which halves the number of bit sequences which are trans-
mitted. We consider two different XOR network coding ap-
proaches, namely with and without zero padding (ZP). The
use of XOR network coding at the RS needs self-interference
cancellation at each node. Each node obtains its partner’s bit
sequence by XOR-ing its received bit sequence with its trans-
mitted one.

In the second phase, each node in a specific pair, due to
the XOR-ing of two bit sequences of the two nodes from the
first phase at the RS, expects the same XOR-ed bit sequence
from the RS. Thus, the RS multicasts the same bit sequence to
this pair. However, the RS has to send all bit sequences to all
pairs simultaneously and, consequently, each pair sees other
pairs’ bit sequences as interference. Since there are multiple
bit sequences for multiple pairs, the bit sequences transmis-
sion for the second phase can be performed using multi-group
multicast beamforming. With this new perspective on the sec-
ond phase, we can apply multi-group multicast beamforming
solutions known from single-hop transmission in the two-way
relaying case.

Optimizing the precoding matrix to maximize the sum
rate of multi-user two-way relaying as in [14] may lead to
unfairness as the RS may distribute more power to pairs with
good channel conditions and, consequently, cause very low
data rate to other pairs. Thus, we propose to apply multi-
group multicast beamforming that provides fairness to the
pairs. For the second phase we investigate Multicast Aware
Zero Forcing (MAZF) which was introduced in [15] for single-
hop communication and consider as well the SINR balanc-
ing multi-group multicast beamforming with Bisection search
(SINRB-Bisec) as introduced in [16] for single-hop. As com-
putational complexity is a practical issue, we investigate as
well the Zero Forcing (ZF) multi-group multicast beamform-
ing given in [15] for single-hop.

This paper is organized as follows. Section 2 provides
the system and signal model of the multi-user two-way relay-
ing. The multi-group multicast beamforming algorithms un-

der consideration are explained in Section 3. Section 4 gives
the achievable overall two-phase sum rate. The performance
analysis is given in Section 5. Finally, Section 6 provides the
conclusion.

Throughout this paper, boldface lower case and upper case
letters denote vectors and matrices, respectively, while normal
letters denote scalar values. The superscripts (·)T, (·)∗ and
(·)H stand for matrix or vector transpose, complex conjugate,
and complex conjugate transpose, respectively. The operators
E{X} and tr{X} denote the expectation and the trace of X,
respectively, and CN (0, σ2) denotes the zero-mean complex
normal distribution with variance σ2.

2. SYSTEM AND SIGNAL MODEL

We consider a multi-user two-way relaying scenario where a
multi-antenna RS supports multiple single antenna node pairs.
Each pair of nodes would like to perform an exclusive bidi-
rectional communication. It is assumed that there exists no
direct link between the two nodes in each pair, such that the
bidirectional communication may happen only through the
assistance of an RS. The K pairs, which consist of N = 2K
single antenna nodes, will be served by a multi-antenna RS
which has M ≥ N antennas. A number M ≥ N of antennas
at the RS is required as we need to decode N bit sequences in
the first phase and we are using multi-group multicast beam-
forming addressed to N users for the second phase.

The RS applies a DF protocol. In the first phase, all N
nodes transmit simultaneously to the RS and the RS decodes
the bit sequences of all nodes. It then performs bit-wise XOR
network coding to each pair’s bit sequences. Thus, at the RS,
there exist K XOR-ed bit sequences which need to be trans-
mitted to K different pairs. In the second phase, to sepa-
rate the pairs spatially from one another, the RS uses multi-
group multicast beamforming and forwards each of the K
bit sequences to its intended pair. Each node performs self-
interference cancellation by XOR-ing its received bit sequence
with its transmitted one to obtain the bit sequence from its
bidirectional communication partner.

In the following, let us put each node Sn, n ∈ {1, · · · , N},
into one of two sets of nodes, namely the set of odd num-
bered nodes Sodd and the set of even numbered nodes Seven.
Each node in Sodd would like to perform bidirectional com-
munication using the two-way relaying protocol with a spe-
cific node in Seven, where each node in each set can only
have one bidirectional partner node in the other set. Let G(k),
k ∈ {1, · · · ,K} denote the k-th pair of nodes consisting of
nodes Sak ∈ Sodd and Sbk ∈ Seven, where {ak ∈ Z+|ak =
2k − 1, k ∈ {1, · · · ,K}} and {bk ∈ Z+|bk = 2k, k ∈
{1, · · · ,K}}.

Each node Sn wants to send to its partner a bit sequence
denoted as xn. In the first phase, all N nodes transmit simul-
taneously, i.e., S1 sends x1, S2 sends x2, and so on. The RS
decodes all the N nodes’ bit sequences. In the second phase,
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Fig. 1. Example of multi-group multicast beamforming and the
XOR Network Coding for multi-user two-way relaying.

the RS performs bit-wise XOR operation to the bit sequences
of each pair. The XOR operation of pair G(k) is defined by
xakbk = xak ⊕ xbk , for example x12 = x1 ⊕ x2. All the
K XOR-ed bit sequences of all pairs are transmitted simulta-
neously by the RS using multi-group multicast beamforming.
All nodes perform self-interference cancellation by XOR-ing
the received information with their transmitted information to
obtain the information being sent by their partner, for exam-
ple S1 performs x12 ⊕ x1 to receive x2 from node S2. Figure
1 shows an example how the N nodes are divided into two
sets, Sodd on the left and Seven on the right, and how the RS
forwards theK bit sequences by spatially separating each pair
using multi-group multicast beamforming.

In the following, we assume a frequency-flat block fading
channel between all nodes and the RS where hn ∈ CM×1 de-
notes the channel vector from node Sn to the RS with identi-
cally and independently distributed CN (0, σ2

hn
) entries. As-

suming reciprocity and stationarity of the channel for both
phases, the channel vector from the RS to node Sn is given by
hT
n .

2.1. First Phase - Multiple Access Phase

In the first phase, all nodes transmit simultaneously to the RS.
The mapping process of the bit sequence of node Sn onto
its corresponding transmitted symbol is defined by xn →
tn ∈ C. Each node Sn has power constraint E{|tn|2} ≤
Pn,∀n, n ∈ {1, · · · , N}. The received vector at the RS is
given by

rRS =
K∑
k=1

(hak · tak + hbk · tbk) + nRS, (1)

which can be rewritten as

rRS = H · t + nRS, (2)

where the channel matrix H = [h1,h2, · · · ,hN ] ∈ CM×N
and the transmit vector t = [t1, t2, · · · , tN ]T ∈ CN×1 are
the matrix consisting of all nodes’ channel vectors and the
vector consisting of all nodes’ transmit symbols, respectively,
and nRS ∈ CM×1 ∼ CN (0, σ2

RSIM ) is the complex addi-
tive white Gaussian noise (AWGN) vector at the RS, with IM
denoting an identity matrix of size M ×M .

Assuming that the RS has the ability to perform perfect
decoding, there exist N bit sequences of all N nodes at the
RS, i.e., x1,x2, · · · ,xN .

2.2. Second Phase - Broadcast Phase

Having N = 2K bit sequences available, the RS performs
XOR operation of the bit sequences xak and xbk of pairG(k),
∀k, k ∈ {1, · · · ,K} resulting in xakbk = xak ⊕ xbk . This
XOR operation reduces the number of bit sequences to be
transmitted from 2K to K, which means halving the num-
ber of interfering bit sequences for the BC phase. The next
task for the RS is to forward these K bit sequences to the K
pairs such that each pair can receive its intended bit sequence
while receiving only small interference from unintended bit
sequences. Multi-group multicast beamforming algorithms
are used to spatially separate the pairs (and consequently the
bit sequences), which will be explained in Section 3.

Assuming reciprocal and stationary channels for both pha-
ses and having transmit symbol takbk ∈ C as the result of the
mapping process xakbk → takbk , the received vector of nodes
Sak and Sbk in pair G(k) can be written as

rak = hT
ak
·mk · takbk +

K∑
l=1
l 6=k

hT
ak
·ml · talbl + nak

and

rbk = hT
bk
·mk · takbk +

K∑
l=1
l 6=k

hT
bk
·ml · talbl + nbk ,

(3)

where mk ∈ CM×1 and ml ∈ CM×1 are the precoding vec-
tors for pairs G(k) and G(l), ∀l, l ∈ {1, · · · ,K}, l 6= k, re-
spectively, and nn ∼ CN (0, σ2

n) is the AWGN at node n. In
matrix formulation, the received vector is given by

rnodes = HT ·Mnodes · tRS + nnodes, (4)

where tRS = [t12, t34, · · · , t(N−1)N ]T ∈ CK×1 is the trans-
mitted symbols vector at the RS, nnodes ∈ CN×1 ∼ CN (0,
σ2
nIN ) is the stacked vector of the complex AWGN at all

nodes and Mnodes = [m1, · · · ,mK ] ∈ CM×K is the pre-
coding matrix according to the multi-group multicast beam-
forming algorithm under consideration. It is assumed that
the transmitted symbols are identically and independently dis-
tributed with E{tRStH

RS} = σ2
tRS

IK and the RS has a power
constraint defined by σ2

tRS
tr(MnodesMH

nodes) ≤ PRS.
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After each node decodes its intended bit sequence, it per-
forms self-interference cancelation by applying XOR opera-
tion of its received bit sequence and its a priori transmitted bit
sequence to obtain its partner’s bit sequence, such that at node
Sak , xbk = xakbk ⊕ xak and at node Sbk , xak = xakbk ⊕ xbk
is obtained.

3. MULTI-GROUP MULTICAST BEAMFORMING

The capacity region for the MAC phase has been well investi-
gated and may be found in the literature such as in [22]. In this
work, we concentrate on the BC phase of multi-user two-way
relaying, for which we propose the use of multi-group multi-
cast beamforming for the second phase of multi-user two-way
relaying. As we have multiple pairs, multi-group multicast
beamforming algorithms which provide fairness to all pairs
are desirable. An optimization objective which promotes fair-
ness and is adequate for multicast beamforming is the maxi-
mization of the minimum SINR among the nodes [15].

In this work, we extend several single-hop multi-group
multicast beamforming algorithms to be applied to the multi-
user two-way relaying scenario. As computational complex-
ity is a practical issue, we investigate ZF multi-group multi-
cast beamforming, which was introduced in [15] for single-
hop communication. For fairness consideration, we inves-
tigate the so-called MAZF, which provides fairness by per-
forming fair power loading to all nodes and was proposed
in [15] for single-hop communication and the SINRB-Bisec,
which tries to solve the aforementioned optimization objec-
tive and was proposed in [16, 17] for single-hop communica-
tion.

In the following, we will only briefly explain these three
algorithms, starting with ZF followed by MAZF and SINRB-
Bisec. For more details, the interested reader is refered to
the references directly. The corresponding precoding matrix
Mnodes, which is needed in (4), is derived for the three algo-
rithms in the subsequent subsections.

3.1. Zero Forcing

The ZF optimization problem for multi-group multicast beam-
forming [15] can be rewritten for multi-user two-way relaying
scenario as

MZF = argmin
M

E{‖rnodes −U+tRS‖2},

subject to : E{‖MtRS‖2} ≤ PRS

rnodes|n
nodes=0

= U+tRS

,
(5)

where the second constraint corresponds to the ZF constraint
and U+ ∈ RN×K has its ak-th and bk-th rows given by
u+
ak

= u+
bk

= ek, with ek corresponding to the k-th col-
umn of an identity matrix of dimension K. For example, the

U+ matrix for two pairs,G(1) andG(2), which consist of four

nodes, S1, S2, S3 and S4, is given by U+ =
(

1 0
1 0
0 1
0 1

)
.

Using the optimization procedure in [18], the solution of
(5) is given by

MZF = βH∗(HTH∗)−1U+, (6)

where the scalar factor

β =

√
PRS

σtRStr((HTH∗)−1U+U+T)
(7)

is needed to fulfill the power constraint in (5).
In ZF multi-group multicast beamforming, the interfer-

ence is cancelled by inverting the gram matrix of the channel.
Thus, energy is unnecessarily spent on cancelling interference
of the own pair’s partner.

3.2. Multicast Aware Zero Forcing

The idea of MAZF is to avoid unnecessarily energy spending
to cancel the interference of the own group’s partner and to
provide fairness to the nodes [15]. The MAZF uses Block Di-
agonalization [19,20] to suppress only the interference among
data streams of different pairs and then applies a fair power
loading to all nodes. By having a Block Diagonalization,
only the interference of other pairs’ channels is cancelled and
not of the pair partner’s channel. Thus, the MAZF provides
higher power when transmitting to the intended node com-
pared to the aforementioned ZF. In the following, the exten-
sion to the multi-user two-way relaying scenario is given.

Let HT
k ∈ C2×M and H̃T

k ∈ C(N−2)×M denote the chan-
nel matrix of pair G(k) and the channel matrix of all other
pairs G(l), ∀l, l ∈ {1, · · · ,K}, l 6= k, respectively. The
latter can be written as

H̃T
k = [HT

1 , · · · ,HT
k−1,H

T
k+1, · · · ,HT

K ]T. (8)

The channel matrix H̃T
k can be decomposed using Singular

Value Decomposition as follows:

H̃T
k = ŨkS̃k[Ṽ(1)

k , Ṽ(0)
k ], (9)

where S̃k ∈ R(N−2)×M is a diagonal matrix, a unitary matrix
given by Ũk ∈ C(N−2)×(N−2), Ṽ(1)

k ∈ CM×r̃k and Ṽ(0)
k ∈

CM×(N−r̃k) contain the right singular vectors of H̃T
k , with r̃k

denoting the rank of matrix H̃T
k . The matrix Ṽ(0)

k can be used
to specify a beamforming vector that cancels the interference
from the other pairs.

Given HT(eq)
k = HT

k Ṽ(0)
k ∈ C2×(N−r̃k) as the equivalent

channel matrix of pair G(k), one can assure that other pairs’
interferences are suppressed. Based on this channel we can
derive a single-group multicast beamforming vector m(eq)

k ∈
C(N−r̃k)×1 for pair G(k), which can be written as

m(eq)
k = HT(eq)

k

H
(HT(eq)

k HT(eq)
k

H
)−11, (10)

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 56



where 1 = [1, 1]T.
The resulting beamforming vector for pair G(k) is then

given by
mk = Ṽ(0)

k m(eq)
k , (11)

which leads to the resulting beamforming matrix

M = [Ṽ(0)
1 m(eq)

1 , · · · , Ṽ(0)
K m(eq)

K ]. (12)

In MAZF, different to ZF, the received power is not bal-
anced among the nodes. For this reason, a fair power loading
which balances the received power among the nodes is con-
sidered in [15]. The power loading matrix Γ ∈ RK×K is
given by

Γ = diag(min(|HT
1 m1|), · · · ,min(|HT

KmK |))−1, (13)

where the modulus operator | · | is assumed to be applied
element-wise and the min function in this case returns the
minimum element of a vector. This power loading ensures
that the same amount of power is given to the worst node in
each multicast pair. In order to satisfy the transmit power con-
straint, a normalization factor β ∈ R is needed and is given
by

β =

√
PRS

σtRStr(MHMΓ2)
. (14)

The beamforming solution for MAZF is given by

MMAZF = βMΓ. (15)

3.3. SINRB-Bisec

The optimization problem for obtaining the optimum precod-
ing matrix which maximizes the worst node SINR can be
written as

Mopt = argmax
M

min
n
γn, n ∈ {1, · · · , N}

subject to : σ2
tRS

tr(MHM) ≤ PRS,
(16)

with

γn =
σ2

tRS
|hT
nmk|2∑K

l=1
l 6=k

σ2
tRS
|hT
nml|2 + σ2

n

, n ∈ {1, · · · , N}, (17)

being the SINR of node Sn. Note that the pair index k as-
sociated to node n can be obtained as k = b(n + 1)/2c.
SINRB-Bisec is not adequate to maximize the sum rate but
it provides equal SINR to all nodes such that it maximizes the
fairness among nodes. Therefore, the performance compari-
son of SINRB-Bisec with MAZF and ZF is not that fair.

The contributions of [16, 17] have shown that (16) can
be solved using bisection search method. First we need to
specify the SINR interval where the optimal solution must lie
and then determine the solution of (16) when considering the

middle point of the interval as the target SINR. The interval
is then successively bisected based on whether the required
amount of power Preq exceeds the transmit power constraint
PRS or not. For each interval middle point, the problem (16)
is solved. The bisection proceeds until a desired precision is
reached with regard to |Preq − PRS|.

4. ACHIEVABLE SUM RATE

In this section, the rate expressions for each phase and the
overall two-phase sum rate will be given. It is assumed that
log2 denotes the logarithm of base 2.

4.1. MAC Phase

In this subsection, the MAC phase rate is given. Having re-
ceived vector rRS, it is assumed that the RS is able to perform
perfect decoding. Assuming Gaussian codebooks, the MAC
phase capacity region is defined by

N∑
n=1

RMAC
n ≤ RMAC = log2 det

(
IM +

Pn
σ2
RS

N∑
n=1

hnhH
n

)
(18)

[22], where

RMAC
n ≤ Rn = log2(1 + γ(‖hn‖2)), ∀n, n ∈ {1, · · · , N}

(19)
means that each node’s rate cannot be larger than when it is
the only node transmitting.

4.2. BC Phase

In this subsection, the rate of the BC phase followed by the
overall two-phase sum rate are given. The rate of node n is
given by

R∗n = log2(1 + γn), ∀n, n ∈ {1, · · · , N} (20)

[22], where γn is given in (17) due to having multiple trans-
mit antennas at the RS and using multi-group multicast beam-
forming as explained in Section 3. Since the RS sends the
same bit sequence to each node in pair G(k), the minimum
rate between both nodes in G(k) will define the rate that can
be transmitted in the second phase. Thus, the achievable rate
for the second phase at both nodes Sak and Sbk in G(k) is
defined by

R2nd
k = min(R∗ak , R

∗
bk

), ∀k, k ∈ {1, · · · ,K}. (21)

The rate given in (21) considers only the second phase
transmission when the RS multicasts the same bit sequences
to both nodes. However, the information rate that can be re-
ceived at each node depends on the available information rate
of its partner in the first phase. Thus,Rakbk andRbkak , which
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Fig. 2. Sum Rate performace of multi-group multicast beamform-
ing: SNR1 and SNR3 fixed at 10 dB.

are the achievable rates for transmission from node Sak to
node Sbk and vice versa, respectively, are given by

Rakbk = min(Rak , R
2nd
k )

and

Rbkak = min(Rbk , R
2nd
k ).

(22)

The achievable BC rate for each pair is given by

RBC
k = Rakbk +Rbkak (23)

and the overall two-phase sum-rate is, thus, given by

Rsum =
1
2

min

(
K∑
k=1

RBC
k , RMAC

)
, (24)

where the pre-log factor 1/2 is due to the use of two orthogo-
nal resources. In [14], it is proposed to perform ZP such that
a higher rate can be transmitted in the second phase. As an
example, it is assumed that the RS is able to decode correctly
the bit sequence xak from Sak and the bit sequence xbk from
Sbk , which have lengths Lak and Lbk , respectively. Assum-
ing that the transmission rate from the first phase is sufficient
to support the second phase, if for the second phase we have
R∗ak > R∗bk then the corresponding length of bit sequences
that can be transmitted in the second phase is Lbk > Lak ,
as node Sak expects to receive xbk , which has the length of
Lbk , and vice versa. Using ZP, we append Lbk − Lak ze-
ros to the bit sequence xak . At the second phase, the RS
sends xakbk , which is the XOR applied to the zero appended
xak and xbk and which is encoded with a codebook of rate
max(R∗ak , R

∗
bk

) = R∗ak .
For the decoding process, node Sak employs a codebook

with rate R∗ak and obtains xakbk perfectly. On the other hand,
node Sbk knows a priori that there is ZP being used, so that it
decodes only the beginning part of xakbk according to the rate
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Fig. 3. Sum Rate performace of multi-group multicast beamform-
ing: equal SNR for all nodes.

R∗bk . Thus, as stated in [14], with ZP and a priori knowledge
at the corresponding nodes, different rates are supported and
the broadcast capacity as given in [21] is achieved.

Using the ZP approach, (22) needs to be adjusted accord-
ing to

Rakbk = min(Rak , R
∗
bk

)
Rbkak = min(Rbk , R

∗
ak

).
(25)

The overall two-phase sum rate with ZP remains the same as
in (24) when exchanging (22) by (25).

5. PERFORMANCE ANALYSIS

As in [14], the average signal to noise ratio (SNR) is defined
as SNR = Ps/σ

2
r , where Ps is the transmit signal power at

the transmitter and σ2
r is the noise variance at the receiver. In

the first phase, the nodes are the transmitters and the RS is
the receiver, and for the second phase it is vice versa. In the
following, the RS has N = 4 antennas , so that it can support
four nodes, namely S1, S2,S3 and S4. Two bidirectional pairs
are considered, namelyG(1) consisting of S1 and S2 andG(2)

consisting of S3 and S4, respectively. All nodes and the RS
are assumed to have the same noise variance and the RS is
assumed to have the sum transmit power of all nodes, i.e.,
PRS = NPn. We assume reciprocal flat fading channels with
unit average gain for both phases. The notation SNRx denotes
the SNR of the link between node x and the RS.

Figures 2 and 3 show the overall two-phase sum rate per-
formance and the MAC bound when multi-group multicast
beamforming is applied for the second phase and the XOR
operation is performed without ZP. In Figure 2, SNR1 and
SNR3 are fixed at 10 dB while SNR2 and SNR4 are varied.
Figure 3 shows the average sum rate when all SNR values are
equal. The MAZF outperforms the non-multicast aware ZF
multi-group multicast beamforming as it does not perform
null-space projection to the channel of the node within the
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Fig. 4. Performance comparison of different XOR approaches for
ZF: SNR1 and SNR3 fixed at 10 dB.
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Fig. 5. Performance comparison of different XOR approaches for
MAZF: SNR1 and SNR3 fixed at 10 dB.

same pair. The performance improvement of MAZF comes
at the price of a higher computational complexity compared
to the multi-group multicast ZF beamforming. The MAZF
performs slightly better than the SINRB-Bisec. This happens
since SINRB-Bisec provides higher fairness by guaranteeing
equal SINR to all nodes, which is not the case when using
MAZF. MAZF provides fairness by balancing the received
power among the nodes, which cannot assure that the SINR
is equal among all nodes. Furthermore, in [15] it is shown that
MAZF has a lower complexity compared to SINRB-Bisec. It
can be seen that the average sum rate will saturate when the
SNR of one node in a pair is fixed while the other node’s SNR
is increased. This is due to the fact that the lower SNR limits
the overall two-phase sum rate.

Figures 4, 5 and 6 show the performance improvement of
all three multi-group multicast beamforming algorithms when
using ZP. The usage of ZP is beneficial in the case of un-
balanced SINR among two nodes in a pair. We measure the
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Fig. 6. Performance comparison of different XOR approaches for
SINRB-Bisec: SNR1 and SNR3 fixed at 10 dB.

performance of multi-user two-way relaying when SNR1 and
SNR3 are fixed at 10 dB while SNR2 and SNR4 are varied.
The use of ZP at the RS when performing the XOR operation
for each pair helps to achieve the two-way relaying broadcast
capacity of each pair, resulting in a higher sum rate compared
to the case without ZP, which is only able to transmit the min-
imum broadcast rate between the two nodes in a pair. From
these three figures, it can be seen that ZF obtains the high-
est gain compared to the other multi-group multicast beam-
forming algorithms when the ZP approach is used. Without
ZP, the rate is defined by the worst node in each pair. Both
MAZF and SINRB-Bisec consider fairness between groups
and, in the case of SINRB-Bisec, balances the SINR. Thus,
the difference between the worst SINR and the highest SINR
in a pair is not high and the performance improvement of ZP
approach is not as much as for ZF, which does not include
fairness.

In contrast to [14], we do not intend to maximize the sum
rate of the multi-user two-way relaying but to provide fairness
among the pairs. Therefore, algorithms maximizing the sum
rate as provided in [14] will outperform the ZF, MAZF and
SINRB-Bisec at the cost of fairness.

Point to point Multiple Input Multiple Output (MIMO)
communication is expected to achieve higher sum rate than
the multi-user two-way relaying. However, in multi-user two-
way relaying it is assumed that there exists no direct link such
that point to point communication among nodes in a pair can
not be performed, e.g., due to high attenuation. To perform a
fair comparison between point to point MIMO and multi-user
two-way relaying, the attenuation factor must be taken into
account.
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6. CONCLUSION

In this work, we propose to apply multi-group multicast beam-
forming for the second phase transmission in a multi-user
two-way relaying protocol. We extend three multi-group mul-
ticast beamforming algorithms, namely ZF, MAZF and SINRB-
Bisec to the case of multi-user two-way relaying. The overall
two-phase sum rate expressions are derived for both cases,
with and without ZP, as a way to measure the performance of
the multi-user two-way relaying. From the simulation analy-
sis, the ZP approach outperforms the one without ZP. Com-
paring the three multicast beamforming strategies, the fair-
ness oriented MAZF and SINRB-Bisec algorithms outper-
form the non multicast aware ZF, which requires the low-
est computational complexity. Although MAZF and SINRB-
Bisec provide similar performances, MAZF requires less com-
putational complexity compared to SINRB-Bisec.
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Abstract—3GPP standardized double-stream transmit antenna
array (D-TxAA) in Release 7 as the successor of classical single-
input single-output (SISO) HSDPA, supporting a maximum of
42.2 Mbit/s [1]. To achieve these high throughputs, the number
of parallel streams that are utilized during a transmission time
interval (TTI) should be chosen to suit the current channel
conditions. Thus, either the mobile or the network (NodeB)
has to derive a decision upon the stream-utilization based on
this information. Although the standard permits the evaluation
of the number of streams on the mobile (and signaling it to
the NodeB), the necessary SINR estimation for both the single-
and double-stream case is difficult. Furthermore, the network
operator may opt to have the number of streams being decided
in the NodeB to keep control of the spatial interference structure
in the cell. In this paper, we introduce two network-based stream
decision algorithms and investigate them by means of system-level
simulations to compare their performance to the mobile-based
stream number decision.

I. INTRODUCTION

During the last years, high-speed downlink packet access
(HSDPA) has led to a significant increase in mobile data
usage, and the throughput demand in modern communication
systems is expected to grow even faster in the next years. In
order to satisfy this demand, 3GPP standardized a successor
of the WCDMA-based single-input single-output HSDPA that
supports multiple antennas on both the transmitter and the
receiver side.

As part of the 3GPP Release 7 [2], double-stream transmit
antenna array (D-TxAA) has been defined as the transmission
scheme for multiple-input multiple-output (MIMO) HSDPA
communication. This scheme allows for the parallel trans-
mission of up to two independent data streams, supporting
a theoretical maximum data rate of 42.2 Mbit/s [1], [3]. The
next generation communication system—Long Term Evolu-
tion (LTE)—will even outperform this limit [4], [5]. However,
these networks need a completely new wireless infrastructure,
and accordingly network operators will most probably intro-
duce MIMO HSDPA before going towards LTE.

The D-TxAA scheme or Release 7 HSDPA relies on the
parallel transmission of two data streams, where the number
of utilized streams depends on the current channel conditions,
similar to the concept of adaptive modulation and coding
(AMC). The standard [2] does not fully specify the feedback
scheme, but given the basic requirements it permits the evalu-
ation and signaling of the number of streams from the mobile
side. Typically such an evaluation would be based on a suitable
SINR estimation [6].

Such an estimation depends on a number of factors and
can be very challenging [7], [8]. In addition, the interference
structure in the cell - a factor that depends on the number of
active streams - is determined by by the equipment, which
in general is undesired by the network operators [9]. Individ-
ual enhancements of the user channel quality by means of
interference-canceling [10], [11] or similar techniques do not
impose such problems. Still, for an efficient network operation,
network entities should assign the resources according to
overall goals, e.g. the average cell-throughput [12]–[14], and
therefore actively manage the interference situation in the
cells.

In this paper we introduce two different (network-based)
stream number decision algorithms that are based upon the
CQI and ACK/NACK reports of the user equipment. We
compare the performance of our algorithms with the perfor-
mance of the user-based stream number decision where full
CSI is available. Furthermore, the necessary thresholds of the
algorithms are evaluated by system-level simulations [15] to
identify the optimum operation points.

The paper is organized as follows: Section II explains the
system-level modeling and some details about our simulator.
Section III and IV introduce the reference and network-
based stream decision algorithms, with their performance
being evaluated in Section V. Finally, we conclude the paper
in Section VI.

II. SYSTEM MODEL AND SIMULATOR DETAILS

To assess the performance of the proposed algorithms,
we utilized a MIMO HSDPA system level simulator [16],
developed in a MATLAB-environment. The simulator can
basically be split in three different parts, (1) channel quality
evaluation, (2) performance prediction (i.e. BLER evaluation),
and (3) network/user handling including all relevant algo-
rithms, depicted in Figure 1. It has to be noted that the
channel quality evaluation relies on the utilization of so-called
fading-parameters that account for a computationally efficient
evaluation [15].

The system-level simulator allows for the investigation
of MIMO HSDPA networks in terms of block error rates,
throughput, scheduler performance and other network-related
performance measures. The investigated networks are of 3GPP
type one layout [17] but can be configured in terms of simu-
lated users, timing, interference structure, size and many more.
Besides the physical layer abstraction, all layer-functionalities
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Fig. 1. Overview of D-TxAA MIMO HSDPA system level simulator
[16]. The functionality can be split in three main parts, (1) channel quality
evaluation, (2) performance prediction, and (3) network/user handling.

Fig. 2. UE Stream-Number Decision algorithm.

up to the MAC-d are implemented, with a special focus
on MAC-hs algorithms, i.e. scheduling and physical layer
resource management.

III. USER EQUIPMENT STREAM DECISION ALGORITHM

The User Equipment (UE) Stream Decision algorithm is
based on the fact that the UE has quasi full channel state
information (CSI) and hence should be able to calculate the
optimal transmission settings. Therefore this algorithm will
be used as a reference to which our other algorithms shall be
compared. The algorithm is shown in Figure 2.

The UE calculates the SINR for single stream (SS) and
double stream (DS) transmission scenarios. As long as the
SINR of stream 2 in DS transmission mode SINRDS,2 is above
the threshold SINRthr., the UE is allowed to decide how many
streams to use. If the UE is permitted a decision and the double
stream transport block size TBSDS is greater than the single
stream transport block size TBSSS, two streams are used. In
all other cases the transmission is single-streamed. Note that
TBS = TBS(CQI(SINR)) where the mapping CQI(SINR) is
extracted from AWGN link level simulations. Essentially the
stream number decision is given by

Fig. 3. RLC Stream-Number Decision algorithm based on CQI reports.

nk =

{
1, if SINRDS,2 < SINRthr. ∨ TBSDS < TBSSS

2, if SINRDS,2 ≥ SINRthr. ∧ TBSDS ≥ TBSSS.
(1)

After the stream number decision has been made, the CQI
corresponding to the decision is reported to the radio link
control (RLC), which then uses the transmission settings
associated with it for the next transmission.

IV. RADIO LINK CONTROL STREAM DECISION
ALGORITHMS

Signal processing in handheld devices is usually constrained
in complexity due to limited battery capacity. Thus, if a
user-based stream number decision were to be implemented,
it would consume even more computational resources and
battery. The network operator also has less control over
the spatial interference situation, which is influenced by the
number of used streams and their precoding. Furthermore,
advanced schedulers utilizing the number of streams as an
optimization parameter are rendered impossible. These issues
do not exist when the stream number decision is moved to the
RLC. We propose two algorithms, with the first one using only
CQI reports from the UE to calculate the optimal transmission
settings. The second algorithm uses a combination of CQI and
ACK/NACK reports for transmission settings computation in
order to optimize the BLER.

Figure 3 shows our first RLC Stream Decision algorithm
which bases its decision on the CQI report history of the UE.
The reports are saved in up- and downgrade FIFO buffers of
lengths Nu and Nd, respectively. These reports are converted
to corresponding TBS values, which are then compared to
up- and downgrade thresholds in order to decide how many
streams will be used. The stream number decision is given by
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nk =


1, if TBSi(CQIi) < TBS(CQId), i = 1...Nd

2, if TBSj(CQIj) > TBS(CQIu), j = 1...Nu

nk−1, otherwise,
(2)

where CQIi is taken from the downgrade FIFO buffer, CQIj
is taken from the upgrade buffer and k represents the current
TTI index. TBS(CQId) and TBS(CQIu) are the down- and
upgrade thresholds which we generate from CQI thresholds.
Since the CQI to TBS mapping is unique and CQIs are the
same for all mapping tables, using CQIs rather than TBS
values as thresholds is practical.

After up- or downgrading, the transmission settings that
will be utilized have to be determined. We implemented
three initialization methods in order to compare their impact
on throughput performance and ACK/NACK ratio. For the
first two methods the CQI is set to either the maximum or
the minimum CQI value available within the selected CQI
mapping table (e.g. 30 or 1 for single stream). The third
method is based on extrapolation of TBS values via linear
least square approximation. The TBS values are extracted
from the CQI reports within the upgrade buffer, because
this buffer contains the most recent reports and hence will
deliver a more accurate prediction. In case of a downgrade,
the predicted TBS value TBSP is directly used to calculate
the transmission settings. In case of an upgrade, TBSP is
distributed over both streams where TBSstream1 = α · TBSP

and TBSstream2 = (1− α) · TBSP are the TBS values
for stream 1 and 2, respectively, and α is the distribution
factor. TBSstream1 and TBSstream2 are then used to gain the
transmission settings for stream 1 and 2. In an effort to keep
complexity low, α is kept constant and computed as follows

α =
TBS(CQI1)

TBS(CQI1) + TBS(CQI1 −∆CQI)
(3)

TBS(CQI1) is the TBS of the first stream, and TBS(CQI1−
∆CQI) represents the TBS of the second stream, which in
average is ∆CQI lower than the first due to the precoding
favouring stream 1, see [15]. Note that the precoding is
optimised for stream 1 consequently resulting in a higher
BLER for stream 2. To find an appropriate value for ∆CQI
we ran a simulation of our UE sided (reference) algorithm.
The CQI trace of the simulation and average CQIs are shown
in Figure 4 and a plot of α over CQI1 is shown in Figure 5.
The mapping TBS(CQI) is done according to [2].

It is also important to note, that immediately after an up- or
downgrade decision, due to the feedback delay, no reports of
the UE for the current stream number decision are available.
Accordingly, the RLC transmits with the new transmission
settings until valid reports have been recieved.

Our second algorithm is very similar to the first, save for the
fact that the ACK/NACK ratio is also considered in order to
improve the overall BLER, and that transmission initialization
after an up- or downgrade is always done via linear least square
extrapolation of the TBS weighted with the average BLER.
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Fig. 4. CQI trace of a double stream transmission for the UE-based Stream-
Number decision algorithm.
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Fig. 5. α for CQI of the first stream for ∆CQI = 3.

Fig. 6. RLC Stream-Number Decision algorithm based on effective TBS.
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Figure 6 shows our second algorithm with the decision being
expressed as

nk =


1, if TBSeff,i(CQIi) < TBSeff,d(CQId), i = 1...Nd

2, if TBSeff,j(CQIj) > TBSeff,u(CQIu), j = 1...Nu

nk−1, otherwise,
(4)

where the effective TBS of element i within the
up/downgrade buffer TBSeff,i = TBSi · (1 − BLER) and
BLER is the average of the most recent 40 ACK/NACK
reports. The effective TBS threshold TBSeff,u/d(CQIu/d) =
TBSu/d(CQIu/d) · (1 − BLERtarget) is the product of the
TBS threshold and the desired overall transmission efficiency
(1 − BLERtarget) the system should have. In addition the
transmitted TBS is reduced by the averaged ACK/NACK
ratio to further decrease BLER. Note that as in the previous
algorithm, after an up- or downgrade, the RLC transmits with
the new transmission settings until valid reports are available.

V. SIMULATION DETAILS

In this section we present simulation results for various
thresholds of the algorithms discussed above and compare
them to the performance of our reference algorithm. Note-
worthy results can be expected for the up- and downgrade
thresholds, which therefore will be covered here. In Figure
7, the average cell throughput is plotted for the TBS-based
algorithm and an increasing downgrade threshold CQId. The
low throughput at 0 and 1 results from an effective downgrade
prevention caused by TBS(CQIDS,0) = TBS(CQIDS,1), where
TBS(CQIj) > TBS(CQIu) is always valid, thereby greatly
increasing BLER, as can be seen in Figure 8. Splitting of
the throughput and BLER curves for the three initialization
methods, observed at downgrade thresholds greater than 2, is
the result of a drastic reduction of DS transmissions due to the
more aggressive downgrading. The low amount of DS trans-
missions coupled with most transmissions being downgraded
shortly after being upgraded gives transmissions with opti-
mized transmission initialization an obvious advantage, which
can be seen in Figures 7 and 8. For the TBSeff-based algorithm,
the BLER is shown in Figure 9. The BLER is very close to
the target value of 10% due to the feedback of transmission
settings based on effective TBS. Since this algorithm keeps
the BLER of stream 1 close to 10%, the benefit is a high
throughput, even under suboptimal conditions. In a further
simulation with a suboptimal mapping of CQI(SINRopt.+1dB),
we observed a maximum throughput gain of 650 kBit/s, which
is depicted in Figure 10. This case is of particular interest,
when the estimators necessary for evaluating the feedback in
the UE do not work properly or are poorly implemented.

For a variable upgrade threshold CQIu the results are shown
in Figures 11 and 12. The simulations show an upward
trend of the throughput, which is a result of the decreasing
BLER associated with increasingly conservative upgrading.
The effect of higher upgrade thresholds is shown in Figures
13 and 14.
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Fig. 7. Throughput simulation of the RLC-TBS-based algorithm for CQId =
0...5.
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Fig. 8. Simulation results for the BLER of the RLC-TBS-based algorithm
with CQId = 0...5. Full lines represent stream 1 and dashed lines represent
stream 2. The blue lines (min) are for initialization of the transmission
with the minimum value, green lines (max) are for initialization with the
maximum value, red (predicted) is for initialization based on linear least
square extrapolation and black (UE-based) is the average BLER for the UE-
based reference algorithm.
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Fig. 9. Simulation results for the BLER of the RLC-TBSeff-based algorithm
with CQId = 0...5. Full lines represent stream 1 and dashed lines represent
stream 2.
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Fig. 10. Simulation results for the troughput of the RLC-TBSeff-based algo-
rithm with CQId = 1...5 and suboptimal mapping of CQI(SINRopt. + 1dB).
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Fig. 11. Throughput results of the RLC-TBS-based algorithm with CQIu =
22...30.
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Fig. 12. Throughput results of the RLC-TBSeff-based algorithm with CQIu =
22...30.
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Fig. 13. Simulation results for the BLER of the RLC-TBS-based algorithm
with CQIu = 22...30. Full lines represent stream 1 and dashed lines represent
stream 2.
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Fig. 14. Simulation results for the BLER of the RLC-TBSeff-based algorithm
with CQIu = 22...30. Full lines represent stream 1 and dashed lines represent
stream 2.

VI. CONCLUSIONS

In this paper we discuss and investigate two RLC-based
stream number decision algorithms and compare them to UE-
based stream number decision performance. Simulations show
good average throughput and BLER values for the TBS-based
algorithm with linear least square predictive initialization at
aggressive downgrade thresholds and low DS counts. Also
downgrade blocking at downgrade thresholds CQId of 0 and
1 was observed for the TBS-based algorithm, which lead to
significant degradation of throughput performance. Finally we
investigated the behaviour of our algorithms for suboptimal
conditions. The TBSeff-based algorithm proved to have the
highest throughput, while retaining performance similar to the
TBS-based algorithm under improved conditions. This case
is particularly interesting when the estimators necessary for
evaluating the feedback do not work properly or are poorly
implemented.
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ABSTRACT

Competition in interference channels is modeled using non-
cooperative game theory. The well known Nash equilib-
rium often leads to inefficient solutions. In the current work,
we study the achievable secrecy rate of a multiple-antenna
(MISO) interference channel (IFC). First, we characterize
the Pareto boundary of the secrecy rate region. Next, the
parameterization is exploited to compute the Nash equilib-
rium. In contrast to the usual case in which the rate is con-
sidered as utility function, the Nash outcome is not maxi-
mum ratio transmission (MRT), it depends on the SNR and
the channel realizations and it can be shown to be almost
efficient at all SNR values. All results are illustrated by
sample region plots, reaction curves, and average price of
anarchy figures.

1. INTRODUCTION

Interference channels are one of the basic elements of com-
plex networks. Future wireless communication systems will
suffer from interference since the number of subscribers as
well as the required data rate increases. Therefore, it is
important to exploit carefully the spatial dimension by us-
ing multiple transmit or receive antennas. In the current
work, we focus on the two user multiple-input single-output
(MISO) interference channel (IFC) [1], i.e., two transmit-
ters with multiple antennas (say each hasnT ) want to send
their independent and private information to their intended
receivers equipped with a single antenna each. We presume
that the receivers eavesdrop, i.e. try to decode the message
of the other link.

For the MISO IFC without privacy, recent results char-
acterize the Pareto boundary of the achievable rate region
for this channel model by a single real valued parameter

The work is in part supported by the German Research Foundation
(DFG).

λk, 0 ≤ λk ≤ 1 per userk [2]. The game theoretic interpre-
tation of this parameterλk is that it ranges from completely
selfish behavior (λk = 1) which is maximum ratio transmis-
sion (MRT) to completely altruistic behavior (λk = 0). In
the non-cooperative case, it is shown in [3], that the unique
Nash equilibrium (NE) is that all users perform MRT. Un-
fortunately, this NE has poor performance for larger SNR
values.

The idea of the current work is to take the privacy
of the information into account and reconsider the non-
cooperative solution of this two-player game since the util-
ity function has changed. We consider the security on the
physical layer: Already Shannon studied the notion of per-
fect secrecy in his seminal paper [4]. Later, the theoret-
ical basis for an information-theoretic approach was laid
first by Wyner [5] and then by Csiszár and Körner [6], who
proved in two seminal papers that channel codes exist which
guarantee both robustness to transmission errors and a pre-
scribed degree of data confidentiality.

Recently, many research groups began to study resource
allocation in wire-tapped fading channels. The interesting
observation in [7] for flat-fading is that even if the aver-
age channel quality between transmitter and eavesdropper
is better than the average channel between transmitter and
intended receiver, the secrecy capacity can still be positive.
A similar behavior is described in [8, 9] for non-ergodic fad-
ing. In multiuser systems, the secrecy capacity region for
broadcast channels is studied in [10]. Achievable secrecy
rate regions are obtained for the discrete memoryless IFC
with private information in [11].

The contribution and organization of the paper is as fol-
lows: In Section 2.1, we describe the information theoretic
model of the MISO IFC with private information. In Sec-
tion 2.2, a recent result of an achievable secrecy rate region
is specialized to the MISO IFC and the additional degrees of
freedom are discussed compared to the single-input single-
output (SISO) IFC. The problem statements are given in
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Fig. 1. The two-user MISO interference channel with private messages under study (illustrated forn = 2 transmit antennas).

Section 2.3. The Pareto boundary of the MISO IFC se-
crecy rate region is described in Section 3. The existence
and uniqueness of the Nash equilibrium is shown in Sec-
tion 4.1 where also an iterative algorithm to compute the
NE solution is described. In Section 4.2, the efficiency of
the NE is characterized using the average price of anarchy
(POA). Finally, in Section 4.3, the Stackelberg formulation
is briefly discussed. The paper is concluded in Section 5.

2. PRELIMINARIES, MODELS AND BASIC
CHARACTERIZATIONS

2.1. Information theoretic model

The transmitterTx1 andTx2 intend to send independent
messagesW1 ∈ W1 andW2 ∈ W2 to the desired re-
ceiversRx1 andRx2, respectively. This is done inn chan-
nel uses while ensuring information theoretic security (to
be defined rigorously below). The channel realizationshkl

for 1 ≤ k, l ≤ 2 are quasi-static memoryless block flat-
fading with additive white Gaussian noise at the receivers
with varianceσ2

n. Both transmitters have a power constraint
P . We defineρ as the average SNR, i.e.ρ = P

σ2
n

. Hence,
we can characterize the MISO IFC by its input alphabets
X1,X2, its output alphabetsY1,Y2 and its conditional prob-
ability distributionp(y1,y2|x1,x2) describing the channel.
At the transmitters we have additional beamforming vectors
w1 andw2 with |w1|2 = |w2|2 = 1. We assume that both
transmitters havenT transmit antennas.

In the definitions, we follow closely [11]. At the trans-
mitters we have stochastic encoders mapping from the mes-
sage sets to codewords, i.e.ft(xt|wt),xt ∈ Xn

t , wt ∈ Wt,

and
∑

xt∈Xn
t
ft(xt|wt) = 1. The decoding functions are

mappingsψt : Yn
t 7→ Wt, t ∈ {0, 1}. The secrecy lev-

els at the receivers are measured by their equivocation rates
1
nH(W2|Y1) and 1

nH(W1|Y2), respectively.

An (M1,M2, n, P
(n)
e )-Code for the IFC consists of

two encoding functionsf1, f2, two decoding functions
ψ1, ψ2, and the maximum error probabilityP (n)

e =
max{P (n)

e,1 , P
(n)
e,2 } with

P
(n)
e,t =

∑
w1,w2

1
M1M2

Pr [ψt(yt) 6= wt|(w1, w2) sent] . (1)

A rate pair(SR1, SR2) is achievable if for anyǫ0 > 0 there

is a (M1,M2, n, P
(n)
e )-Code such thatMt ≥ 2nSRt and

P
(n)
e ≤ ǫ0 and security constraintsnSR1 − H(W1|y2) ≤
nǫ0, nSR2 −H(W2|y1) ≤ nǫ0 are satisfied.

2.2. Preliminaries and basic characterizations

We need a result from [11] which gives an achievable se-
crecy rate region for the IFC. We will specialize this result
to our MISO IFC at hand.

Theorem 1 (Theorem 2 in [11]) Any rate pair

0 ≤ R1 ≤ I(V1;Y1|U)− I(V1;Y2|V2, U) (2)

0 ≤ R2 ≤ I(V2;Y2|U)− I(V2;Y1|V1, U)

over all p(u, v1, v2, x1, x2, y1, y2) = p(u)p(v1|u)p(v2|u) ·
p(x1|v1)p(x2|v2)p(y1, y2|x1, x2) is achievable.

The achievable rates in Theorem 1 correspond to the worst
case scenario, i.e., the intended messages are decoded treat-
ing the interference as noise but the eavesdropped message
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is decoded without any interference (which is assumed to be
subtracted before).

Lemma 1 The Gaussian MISO IFC in Fig. 1 has the fol-
lowing achievable secrecy rate pair

SR1 = log
(

1 +
ρ|wH

1 h11|2
1 + ρ|wH

2 h21|2
)

︸ ︷︷ ︸
information term

− log
(
1 + ρ|wH

1 h12|2
)︸ ︷︷ ︸

secrecy term

(3)

SR2 = log
(

1 +
ρ|wH

2 h22|2
1 + ρ|wH

1 h12|2
)

− log
(
1 + ρ|wH

2 h21|2
)
. (4)

Proof: We apply Theorem 1 with the choiceU is deter-
ministic, X1 = V1, X2 = V2 and x1, x2 are indepen-
dently complex Gaussian distributed with zero-mean and
covariance matrixw1w

H
1 , w2w

H
2 , respectively, i.e.x1 ∼

CN (0,w1w
H
1 ) andx2 ∼ CN (0,w2w

H
2 ). Next, we evalu-

ate the mutual information expressions in (2).

I(X1;Y1) = log
(

1 +
ρ|wH

1 h11|2
1 + ρ|wH

2 h21|2
)
,

I(X1;Y2|X2) = log
(
1 + ρ|wH

1 h12|2
)
. (5)

Analog expressions are obtained for the second user which
gives (4).�

This set of achievable secrecy rates follows from the pes-
simistic assumption that the intended data is disturbed by
interference from the other link while the eavesdropper has
previously decoded and subtracted its own data (succes-
sive interference cancellation) before trying to eavesdrop
the other user. The first term in (3) is the achievable rate
of user one, and the second term in (3) is the information
that user two obtains regarding user one’s data. Therefore,
these utility functions correspond to a type of worst case
scenario as discussed below Theorem 1 already.

Definition 1 A secrecy rate tuple(SR1, SR2) is Pareto op-
timal if there is no other tuple( ˜

SR1, ˜
SR2) with

( ˜
SR1, ˜

SR2) ≥ (SR1, SR2) and( ˜
SR1, ˜

SR2) 6= (SR1, SR2).

Note that the definition above corresponds to strong Pa-
reto optimality. We will not characterize the weak Pareto
optimal boundary of the secrecy rate region. These are the
vertical or horizontal lines connecting the region with the
axis.

2.3. Problem statements

At first, all users are interested in choosing a beamform-
ing vector which corresponds to an efficient secrecy rate.
Therefore, the first problem statement is:Characterize the
Pareto boundary of the achievable secrecy rate region of the
two-user MISO IFC.

Based on the characterization, the next question con-
cerns the non-cooperative behavior of the two transmitters.
We assume that they know their channels to receiver one
and two perfectly. The second problem statement is:Does
there exist a unique Nash equilibrium? If yes, what are the
corresponding beamforming vectors and how efficient is the
solution?

3. PARETO BOUNDARY OF THE ACHIEVABLE
SECRECY RATE REGION

The Pareto optimal beamforming vectors are described in
the following result. Denote the MRT beamforming vector
of userk aswMRT

k and the zero-forcing (ZF) beamforming
vector aswZF

k .

Theorem 2 Any point on the Pareto boundary of the se-
crecy rate region is achievable with the beamforming strate-
gies

w1(λ1) =
λ1w

MRT
1 + (1 − λ1)wZF

1

‖λ1wMRT
1 + (1 − λ1)wZF

1 ‖
and

w2(λ2) =
λ2w

MRT
2 + (1 − λ2)wZF

2

‖λ2wMRT
2 + (1 − λ2)wZF

2 ‖
(6)

for some0 ≤ λ1, λ2 ≤ 1.

Proof: The proof works along similar lines as the proof of
Proposition 1 and Theorem 1 in [12]. It has two steps. In
the first step, we show that allw1 that correspond to points
on the Pareto boundary have the form

w1 = α
Πh∗12h

∗
11

||Πh∗12h
∗
11||

+ β
Π⊥

h∗12
h∗11

||Π⊥
h∗12

h∗11||
(7)

with real-valued non-negativeα, β : α2 + β2 = 1. Any
vectorw1 ∈ CnT can be written as

w1 = ejφ

(
α

Πh∗12h
∗
11

||Πh∗12h
∗
11||

+ βejθ
Π⊥

h∗12
h∗11

||Π⊥
h∗12

h∗11||

)
+

nT−2∑
i=1

λiui

with {ui}nT−2
i=1 is a set of orthogonal vectors that span

the orthogonal complement of

(
α

Πh∗12h∗11
||Πh∗12h∗11|| ,

Π⊥h∗12
h∗11

||Π⊥
h∗12

h∗11||

)
.

Thus

(
α

Πh∗12h∗11
||Πh∗12h∗11|| ,

Π⊥h∗12
h∗11

||Π⊥
h∗12

h∗11||
,u1, ...,unT−2

)
form a

complete orthogonal basis forCnT .
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Fig. 2. Achievable rate region (red) and achievable secrecy rate region (green) and some operating points at 0 dB SNR.

We want to show that on the Pareto boundary we must
haveα2 +β2 = 1 andθ = 0. The proof is by contradiction.
Consider the desired-signal part inSR1:

|wH
1 h11|2 = |α

√
hH

11Πh∗12h11 + βejθ
√

hH
11Π⊥

h∗12
h11|2 (8)

and the eavesdrop signal part inSR1 which is identical to
the interference term in the expression forSR2:

|wH
1 h12|2 = |α|2 |hH

11h12|2
hH

11Πh∗12h11

. (9)

Suppose we are on the Pareto boundary for someα, β, λi, θ
butα2 + β2 < 1. Then we can increase the magnitude of
β and if necessary adjustθ (setθ = 0) in order to make
(8) larger without increasing (9), i.e., we can increaseSR1

(in two ways: increasing the power of the desired signal
part and decreasing the power of the eavesdrop signal part)
without decreasingSR2. This is a contradiction. Next, sup-
pose we are on the Pareto boundary andα2 + β2 = 1 but
θ 6= 0. Then again we can increase (8) without decreasing
(9). Therefore, we must have at the boundaryα2 + β2 = 1,
θ = 0, andλi = 0 for all i, 1 ≤ i ≤ nT − 2.

The second step of the proof maps the parameterization
in (7) to the linear combination of the MRT beamforming
vectorwMRT

1 and the ZF beamforming vectorwZF
1 . We define

ℓ1 = ||Πh∗12h11||2, ℓ2 = ||Π⊥
h∗12

h11||2. Note thatℓ1 + ℓ2 =

||h11||2. Then we can write expression (7) as

w1 = α

√
ℓ1 + ℓ2
ℓ1

wMRT
1 +

(√
1− α2 −

√
ℓ2
ℓ1

)
wZF

1 (10)

whereα ∈ [0, 1]. �

Note that the characterization in Theorem 2 is very help-
ful for plotting the secrecy rate region as well as for the fur-
ther analysis. In Fig. 2, we illustrate a secrecy rate region
and also the rate region without secrecy constraints.

Fig. 2 compares the achievable rate region (from [2])
with the achievable secrecy rate region based on (3). It can
be observed that in the range around the ZF strategies, the
difference between the regions is small and at the ZF solu-
tion they are identical because the secrecy term in (3) van-
ishes. In the figure, the NE and ZF solution of the original
rate game (utility function is the achievable rate) is shown.
For small SNR, it is known that the NE is quite efficient and
is close to the Pareto boundary.

4. NON-COOPERATIVE GAMES

The secrecy rate as the utility function in (3) and (4) can
also be interpreted in another way. The secrecy term is the
penalty term for the user if he acts selfishly. The rate is
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reduced if and only if the users are not completely altruis-
tic (ZF solution). Let us now consider the non-cooperative
scenario and study the NE for these new utility functions.

The game is formally defined as

G =
({1, 2}, [0, 1]2, {SR1, SR2}

)
with the set of players (two players), the strategy space is
[0, 1] for each player and the utility functions areSR1 and
SR2, respectively.

4.1. Existence and uniqueness of Nash equilibrium

Theorem 3 There exists a unique NE for the MISO IFC se-
crecy rate game. The beamforming vectors that achieve the
NE can be obtained from Algorithm 1.

Result: Beamforming vectors corresponding to NE
Input : Channel realizationsh11,h12,h21,h22 and

noise varianceσ2
n

initialization:λ0
1 = 0 andλ0

2 = 1, SR
0
1 = SR

0
2 = 0,

ℓ = 1;
while |SRℓ

1 − SR
ℓ−1
1 |+ |SRℓ

2 − SR
ℓ−1
2 | > ǫ do

λℓ
1 = arg max

0≤λ1≤1
SR1(λ1, λ

ℓ−1
2 ) ;

λℓ
2 = arg max

0≤λ2≤1
SR2(λℓ

1, λ2);

ℓ = ℓ+ 1;
end
Output : Optimalλℓ−1

1 , λℓ−1
2

Algorithm 1 : Cooperative and centralized beamform-
ing optimization for the two user MISO IFC

Proof: The proof of this result is based on the characteri-
zation of the best response of user one to the choice of user
two

λ∗1(λ2) = arg max
0≤λ1≤1

SR1(λ1, λ2) (11)

and vice versaλ∗2(λ1). The first step is to show that the
maximum in (11) is unique. We analyze the utility function
SR1 for fixed λ2 and show that it is unimodal, i.e. it has
only one maximum at the modeλ∗1. Furthermore, this mode
can be computed in closed form.

Let us define the following quantities for further use

γ2
11 = ||h11||2, γ2

12 = ||hH
11Π

⊥
h12

||2
γ2
22 = ||h11||2, γ2

21 = ||hH
22Π

⊥
h21

||2. (12)

Obviously, it holds

γ11 ≥ γ12 and γ22 ≥ γ21. (13)

We obtain

α1(λ1) = |wT
1 (λ1)h11|2

=
| (λ1w

MRT
1 + (1− λ1)wZF

1 )T h11|2
||λ1wMRT

1 + (1− λ1)wZF
1 ||2

=

(
λ1||h11||+ (1−λ1)

||Π⊥h12
h11||h

H
11Π

⊥
h12

h11

)2

λ2
1 + (1− λ1)2 + 2λ1(1− λ1)

||hH
11Π

⊥
h12

||
||h11||

=
λ2

1γ
2
11 + (1− λ1)2γ2

12 + 2λ1(1− λ1)γ11γ12

λ2
1 + (1− λ1)2 + 2λ1(1− λ1)γ12

γ11

=
(λ1γ11 + (1− λ1)γ12)2

1− 2λ1(1− λ1)(1− γ12
γ11

)
. (14)

Similarily, we obtain

α2(λ2) = |wT
2 (λ)h22|2

=
(λ2γ22 + (1− λ2)γ21)2

1− 2λ2(1− λ2)(1− γ21
γ22

)
, (15)

β1(λ1) = |wT
1 (λ)h12|2

=
λ2

1γ
2
11

1− 2λ1(1− λ1)(1− γ12
γ11

)
(16)

β2(λ2) = |wT
2 (λ)h21|2

=
λ2

2γ
2
22

1− 2λ2(1− λ2)(1− γ21
γ22

)
. (17)

Next, the first derivatives with respect toλ1 or λ2 are com-
puted directly as

dα1(λ1)
dλ1

=
2

(∼)2
(λ1(γ11 − γ12) + γ12)γ11(γ11 − γ12)

·(γ11(1 − λ1) + γ12(1 − λ1)) ≥ 0 (18)

where the last inequality follows from (13). The mono-
tonicity of α2(λ2) follows similarly. The first derivatives
of β1(λ1) with respect toλ1 is given by

dβ1(λ1)
dλ1

=
2λ1γ

3
11(γ11(1− λ1) + λ1γ12)

(∼)2
(19)

where(∼) in (18) and (19) is given byγ11 − 2λ1γ11 +
2λ1γ12 + 2λ2

1γ11 − 2λ2
1γ12. The secrecy rate of user one

can be written usingα1, α2, β1, β2 for fixedλ2 as

SR1(λ1, λ2) = log (1 + ρ1α1(λ1))− log (1 + ρβ1(λ1))

whereρ1 = ρ
1+ρβ2(λ2) . The first derivative ofSR1 with

respect toλ1 at the pointλ1 = 0 andλ1 = 1 is given by

∂SR1(λ1, λ2)
∂λ1

∣∣∣∣∣
λ1=0

= 2
ρ1γ12(γ2

11 − γ2
12)

γ11(1 + ρ1γ2
12)

≥ 0,

∂SR1(λ1, λ2)
∂λ1

∣∣∣∣∣
λ1=1

= −2
ργ3

12

γ11(1 + ργ2
12)

≤ 0, (20)
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Fig. 3. Reaction curves for different SNR values and a fixed channelrealization withnT = 2.

because of (13). Since the first derivative ofSR1 with re-
spect toλ1

∂SR1(λ1, λ2)
∂λ1

=
ρ1α

′
1(λ1)

1 + ρ1α1(λ1)
− ρβ′1(λ1)

1 + ρβ1(λ1)
= 0 (21)

has at most two zeros (polynomial of degree two). This
observation in connection with (20) proves the unimodality
and the uniqueness of the best response. Furthermore, we
can solve (21) in order compute the best response in closed
form

λ∗1(λ2) =
1
2

(
− 2γ2

11γ12ρ1 − ρ1γ11γ
2
12 (22)

+ρ1γ
3
11 − γ11ρ1γ

4
12ρ− γ11ργ

2
12 + 2ρ1γ

3
12

+
(
− 2ρ1γ

4
11ργ

2
12 + ρ2

1γ
6
11 − 2ρ1γ

4
11γ

2
12

+γ2
11γ

4
12ρ

2
1 + γ2

11ρ
2γ4

12 − 4ργ6
12ρ1

+ρ2
1ρ

2γ2
11γ

8
12 + 6ρ1γ

2
11γ

4
12ρ+ 2ρ2

1γ
4
11γ

2
12ρ2

+2γ2
11ρ1γ

6
12ρ

2 − 2γ2
11ρ

2
1γ

6
12ρ
)1/2)

/
(
ρ1γ

3
11

+γ2
11ρ1γ

3
12ρ2 − γ2

11γ12ρ1 − γ11ργ
2
12

−γ11ρ1γ
4
12ρ− ρ1γ11γ

2
12 + ργ3

12 + ρ1γ
3
12

)
.

A similar closed form expression can be derived forλ∗2(λ1).
Before we complete the proof of Theorem 3, we illustrate

the results by the reaction curves in the strategy space of the
players [13, Page 33] in Fig. 3 below.

Either by analyzing (22) or by looking at Fig. 3, it can
be seen that the best response of user one is monotonically
decreasing withλ2, i.e. ∂λ∗1(λ2)

∂λ2
≤ 0 and the best response

of user two is monotonically decreasing withλ1, respec-
tively. Note thatλ∗1(λ2), λ∗2(λ1) ∈ (0, 1). Therefore, there
exists always a unique intersection point(λ̄1, λ̄2) where

λ∗1(λ̄2) = λ̄1 andλ∗2(λ̄1) = λ̄2. (23)

This shows the uniqueness of the NE. In order to show the
convergence of the proposed Algorithm 1, we illustrate the
convergence steps in Fig. 4 below.

The convergence is shown by observing either in (22)
or in Fig. 4 thatλℓ

1 = λ∗1(λ
∗
2(λ

ℓ−1
1 )) is monotonic increas-

ing whereasλℓ
2 = λ∗1(λ

∗
2(λ

ℓ−1
1 )) is monotonic decreasing.

Since the strategy set is closed and bounded, the series con-
verges to the unique fixed point.�

4.2. Efficiency of Nash equilibrium

One characterization of the efficiency of the Nash equilib-
rium is the so-called Price of Anarchy (PoA) [14, 15]. The
PoA measures the cost that a system pays for operating
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without cooperation. It is defined as the ratio of the profit
obtained at the optimal operating point, over the profit when
functioning at the worst-case Nash equilibrium.

Here, we use the utilitarian social welfare function to
express the PoA

PoA =
max
λ1,λ2

SR1(λ1, λ2) + SR2(λ1, λ2)

SR1(λ∗1, λ
∗
2) + SR2(λ∗1, λ

∗
2)

. (24)

The PoA is always greater than or equal to one. If PoA= 1,
the NE achieves the utilitarian optimal solution. The PoA
can be interpreted as follows: If e.g., PoA= 2, the optimal
solution is twice as good as the selfish NE solution.

In the case in which the utility functions are the usual
rates of the users, the PoA was analyzed in [3] and it was
shown that it grows unbounded for increasing SNR. The NE
was thus a very inefficient working point for medium to high
SNR.

In the case in which we use the achievable secrecy rate
as utility function, the efficiency of the PoA is improved.
This can be observed in Fig. 2. More quantitatively the be-
havior is shown in Figure 5. The PoA is shown over the
SNR averaged over thousand independent channel realiza-
tions.

Interestingly, the efficiency of the NE is good at low and
high SNR, i.e., the PoA is close to one. This is a significant
difference to the PoA in the case in which the rate region is
considered as described above. The interesting point to note
here is that the efficiency of the NE depends on the utility
function. By carefully selecting the utility function, theNE
can be designed to become efficient.

4.3. Stackelberg equilibrium

In the Stackelberg formulation of the conflict, there is an or-
der in which the players have to choose their strategies. The
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Fig. 5. Average price of anarachy for MISO IFC with two
antennas at different SNR.

Stackelberg leader moves first. It is assumed that he or she is
aware of the rules, and of all necessary information to com-
pute how the follower will decide. Therefore, it is possible
for the leader to compute the best response of the follower
and hence choose his or her own strategy to maximize his
or her own utility.

If player one goes first, the following optimization prob-
lem is solved

max
0≤λ1≤1

SR1(λ1, λ
∗
2(λ1)) (25)

whereas for the second player first, the optimization prob-
lem

max
0≤λ2≤1

SR2(λ
∗
1(λ2), λ2) (26)

has to be solved. The simulation results indicate that to be
the leader always gives larger secrecy rates than to be the
follower. We leave the analysis of the Stackelberg formula-
tion for future research.

5. CONCLUSIONS

The achievable secrecy rate region of the MISO IFC is stud-
ied. First, the strong Pareto boundary is characterized and
then the non-cooperative game outcome computed by an it-
erative algorithm. The resulting Nash equilibrium is more
efficient than the NE in the case with rates as utilities. The
system does not end in a Prisoners dilemma and in fact for
all SNR values, the price of anarchy is close to one.

The approach is one way to modify a resource or beam-
forming game by carefully selecting a suitable utility func-
tion. The advantage of the proposed utility function is that
it also has an operational meaning in terms of secrecy rate.
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ABSTRACT

This paper addresses the problem of coordination on the in-
terference channel (IC), which has attracted a lot of attention
in the research community recently. More precisely, coordi-
nated beamforming is considered, in a multi-cell/link envi-
ronment where base stations equipped with multiple antennas
each attempt to serve a separate user despite the interference
generated by the other bases. With single antenna users, this
corresponds to the so-called MISO IC considered among oth-
ers in [1, 2]. In this paper, we propose a distributed approach
for designing the beamforming vectors to be used at the trans-
mitters, which relies only on local channel state information
(CSI) at each base. The technique exploits a metric which
is reminiscent of the virtual uplink method proposed in [1].
We demonstrate analytically the optimality of the proposed
approach in terms of achieving the outer bound of the rate re-
gion in certain cases. We conduct simulations showing the
gains for general settings.

1. INTRODUCTION

The introduction of multiple antennas at transmitters and re-
ceivers in communication systems promises great improve-
ments in terms of error resilience and rates achieved. Depend-
ing on how much channel state information (CSI) is available
at the terminals involved, different degrees of such gains may
be achieved in single link transmission, as well as in multiple
access (MAC, corresponding to a cellular uplink) and broad-
cast (BC, corresponding to cellular downlink) channels. In
scenarios involving multiple transmitters and receivers, such
as a multi-cell scenario, the performance attained will depend
on how much information may be shared at the nodes in-
volved. Thus, if either all transmitters or all receivers share
their entire data and as a result perform joint transmission or
joint decoding respectively, the situation will be equivalent to
a BC and a MAC, respectively, for which interference mitiga-
tion is well understood. However, if this is not the case (i.e. a

This work was funded in part by ETRI Korea, the European project
COOPCOM and the French project ORMAC.

distributed optimization scenario where the exchange of CSI
among transmitters is limited), then an interference channel
(IC) is obtained. This is the situation considered in this paper,
as sharing data may put too much strain on the backhaul of the
system. More precisely we deal with the downlink direction
and propose a transmission strategy based on the so-called
”virtual SINR framework” (explained below).

Assuming each transmitter has multiple antennas and
each receiver a single antenna, the setting is the MISO inter-
ference channel, considered for example in [1, 2] (the more
general MIMO IC, which corresponds to receivers also hav-
ing multiple antennas, is considered in [3, 4], among others).
In particular, [2] and subsequent publications [5, 6] of the
same authors have focused on the case of two transmitters
and full CSI at the transmitters (CSIT). Considering the sce-
nario from the viewpoint of game theory, with transmitters
as players, a parametrization of the Pareto boundary of the
rate region was found, and different algorithms suggested
for finding different points on the boundary. [7] provides
a parametrization of the Pareto boundary in a more general
case.

Here we argue that it may not be reasonable to assume that
all the CSI is shared by all transmitters, and consider the case
where each transmitter has local channel CSI knowledge: it
only knows the channel between itself and all receivers that
are within its range. In a TDD system, this information may
be gained from those users’ transmission in the uplink. If
reciprocity may not be assumed, one could consider that each
receiver feeds back his full CSI to his serving base which is
partially shared with other base stations, thereby saving on
signaling. This scenario has been tackled in [8] where an it-
erative method is proposed to achieve rates at all receivers
involved that are higher than those achieved without cooper-
ation. In contrast, what we develop in the present work is a
one-shot algorithm. Given the local information at each trans-
mitter, we propose a simple transmission scheme based on
having each transmitter maximize what we refer to as a vir-
tual SINR. For certain choices of parameters, the virtual SINR
can be seen as the SINR achieved in the uplink if the same fil-
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ters were used, in the TDD case, or in the virtual uplink (see
[1]) in case there is no actual reciprocity.
Organization The rest of the paper is organized as follows.
Section 2 defines the system model and performance mea-
sures considered. Section 3 introduces the virtual SINR
framework. The approach of maximizing a virtual SINR at
each transmitter is justified by relating it to uplink-downlink
duality and more importantly to the full-CSIT results for the
two-link case, in Section 4 below. Based on the given anal-
ysis, Section 5 states the proposed algorithm. Simulations
in Section 6 show the value of the proposed algorithm in
realistic scenarios when more links are considered.
Notation Throughout what follows we use the following com-
mon notation. E denotes statistical expectation. C denotes the
complex number field. Boldface lowercase letters are used
to denote vectors, and boldface uppercase denote matrices.
CN (m,σ2) is the probability distribution of a circularly sym-
metric complex Gaussian random variable of mean m and
variance σ2.

2. SYSTEM MODEL

We consider the MISO interference channel where K trans-
mitters (e.g. base stations in a cellular system) with Nt ≥ 2
antennas each, each communicate with a single receiver (mo-
bile terminal) having a single antenna. This is illustrated in
Figure 1 for K = 2, Nt = 3.

TX1 TX2

RX1 RX2

h12
h21

h22
h11

Fig. 1. Scenario considered for K = 2, Nt = 3. h11,h12 are
known at TX1, h21,h22 at TX2.

We adopt a narrow-band channel model with frequency-flat
block fading. Under linear precoding at each transmitter (no

joint multibase precoding since BSs do not share the data
symbols), the signal transmitted by base station k, xk is given
by:

xk =
√

pkwksk (1)

where sk ∼ CN (0, 1) is the symbol being transmitted in-
tended for user k, wk is the unit-norm beamforming vector
used to carry this symbol and pk is the transmit power used. A
power constraint holds at each transmitter whereby pk ≤ P ,
P being the peak transmit power at each of the base stations.
The signal received at user k is given by:

yk =
K∑

j=1

√
pjhjkwjsj + nk (2)

where hjk ∈ CNt is the channel between that user and base
station j, nk ∼ CN (0, σ2) is the noise at the considered re-
ceiver. We assume that receivers have full CSI (CSIR) and
do not attempt to decode the interfering signals (single-user
decoding). Under these assumptions, the rate achieved at user
k is given by:

Rk = log2(1 + γk) (3)

where the SINR γk is equal to:

γk =
pk|hkkwk|2

σ2 +
∑

j 6=k pj |hjkwj |2 (4)

The rate regionR is defined as the set of rates that may be
achieved simultaneously at the different base stations, given
the power constraints at each base station. I.e.:

R = {(R1, . . . , RK) ∈ RK
+

|Rk as in (3), pk ≤ P∀k ∈ {1, . . . , K}} (5)

Beamforming under distributed CSIT
In this work, each transmitter’s knowledge is limited to the
channel between itself and all users 1. We would like to
achieve a set of rates which is as close as possible to the
boundary of R, while yielding the best sum rate possible.
Moreover, we would like to do so in a distributed fashion,
relying only on locally available CSI as just defined, which
leads us to an optimization problem solved at each base sta-
tion within the framework of virtual SINR, detailed in the next
section.

3. VIRTUAL SINR

In its most general form, a virtual SINR at base station k is
defined as the ratio between the useful signal power received

1Strictly speaking, each transmitter only needs to know the channels be-
tween itself and users that are close enough to suffer from interference.
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at its served user and the sum of noise plus a weighted sum
of the interference powers it causes at the remaining users.
Thus:

γvirtual
k =

pk|hkkwk|2
σ2 +

∑
j 6=k αkjpk|hkjwk|2 , (6)

where αkj ∈ R+, j, k = 1, . . . , K are a given set of weights.
This can be seen as the SINR achieved on the uplink of a
system where at the kth base station, receive vector wk is
used to process the received signal, mobile station k transmits
its signal with power pk, and mobile j, ∀j 6= k transmit with
power αkjpk: the ’virtual uplink’ was first introduced in [1]
in the context of downlink power control and beamforming in
a multicell environment.
When transmitting at full power, Equation (6) becomes:

γvirtual
k =

|hkkwk|2
1
ρ +

∑
j 6=k αkj |hkjwk|2

, (7)

where ρ = P
σ2 .

As the objective is to have a distributed algorithm which
relies only on information local to each base station, we pro-
pose that each transmitter solve a virtual SINR maximization
problem, which can be stated as follows:

wk = arg max
‖w‖2=1

|hkkwk|2
1
ρ +

∑
j 6=k αkj |hkjwk|2

. (8)

This is justified in the following section.

4. ANALYSIS

As first noted in [1], the same rate region may be achieved
in the UL (for a reciprocal channel, in the virtual UL oth-
erwise) and DL directions using the same set of vectors for
receive and transmit beamforming respectively, but with dif-
ferent power levels in both directions that satisfy the same
total power constraint. This is one form of what is referred to
as uplink-downlink duality. In what follows, we do not pur-
sue our formulation in the context of duality any further, but
use it here to argue that considering virtual SINRs bears some
relation to actual SINRs.

4.1. Two-link case

Transmission in the MISO IC may be viewed as a game,
where each of the transmitters is a player trying to optimize
his rate in some way. One can then define the Pareto bound-
ary of the channel, as the set of Pareto-optimal rate-tuples:
thus, a given tuple belongs to the Pareto boundary if it is
not possible to increase any rate within that tuple without
decreasing at least one of the others. As shown in [2, 7], rates
on the Pareto boundary of the MISO interference channel are
achieved by transmitting at full power (at least for the case

where Nt ≥ K). Thus, we restrict ourselves to the virtual
SINR formulation of (7). We show that, for the two-link
case, which is the most well understood, the following two
theorems hold.

Theorem 1. Any point on the Pareto boundary may be at-
tained by solving the virtual SINR optimization problem, as
given in (8), for an appropriate choice of α12, α21 ∈ R+.

Proof. The proof follows by showing that the same parametriza-
tion of the Pareto boundary given in [6] can be retrieved for
the beamforming vectors specified in this fashion. Details are
given in Appendix A.

Theorem 2. The rate pair obtained by beamforming using
the solutions to problem (8) with α12 = α21 = 1 lies on the
Pareto boundary of the two-link rate region.

Proof. See Appendix B.
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Fig. 2. Pareto rate boundary, MRT, ZF and α12 = α21 = 1
points for a channel instance sampled from a channel with in-
dependent identically distributed CN (0, 1) coefficients, Nt =
3, K = 2.

This is illustrated in Figure 2, which also shows the rate
pairs corresponding to the Nash Equilibrium (NE) or Maxi-
mum Ratio Transmission (MRT) and Zero-Forcing (ZF) solu-
tions, which correspond to the most selfish and the most altru-
istic strategies, respectively, and whose beamforming vectors
are given in equation (15) of Appendix A.
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5. PROPOSED ALGORITHM

The performance of the set of precoding vectors obtained in a
distributed way by maximizing a virtual SINR at each of the
transmitters will depend on the αij’s selected. Motivated by
Theorem 2 above, we propose to set all of these to 1. Thus at
base station k:

wk = arg max
‖w‖2=1

|hkkw|2
1
ρ +

∑
j 6=k |hkjw|2

. (9)

5.1. Two-link case: Further Analysis

Theorem 2 states that the rate pair achieved by setting α12 =
α21 = 1 lies on the Pareto boundary of the rate region, but
says nothing about the achieved sum rate. An idea of the per-
formance is gained by analyzing the SINR’s at low and high
SNR, and comparing them with the optimal strategies at those
extreme regimes, which are known to be the NE solution and
the ZF solution, respectively.
The resulting SINR’s from applying our algorithm in the two-
link case are given by, where the parameters involved are de-
fined in Appendix A:

γi = ρ
(ai + bi(1 + ci))2

ai + bi(1 + ci)2
aī + bī(1 + cī)2

(1 + cī)(aī + bī(1 + cī))
(10)

At the ZF solution:

γZF
i = ρbi (11)

At the NE solution:

γNE
i = ρ

ai + bi

1 + aī

aī+bī
cī

(12)

At low SNR, 1 + ci ≈ 1, and both γi and γNE
i may be

approximated by ρ(ai + bi). On the other hand, at high SNR,
γi ≈ ρbi = γZF

i . Thus, at both extremes, this approach
performs as good as the best out of these two schemes.

5.2. Comparison with Full CSIT Case

We would like to have an idea of the loss due to the distributed
nature of our algorithm. The simplest way to define loss is
in terms of total power consumption: in our algorithm, all
transmitters always use full power. Alternatively, if full CSIT
was available at all transmitters or these were allowed to share
channel information, then it may be possible to achieve the
same rates at all users with a lower total transmit power. The
corresponding optimization problem may then be formulated
as:

minimize
K∑

k=1

uH
k uk (13)

subject to uH
k uk ≤ P, k = 1, . . . , K

|hkkuk|2
σ2 +

∑
j 6=k |hjkuj |2

≥ γ
(alg)
k , k = 1, . . . , K

Parameter Value
Path loss model Cost-231, small/medium city
K 3, 7
Cell radius 1000 m
Transmit antenna gain, Gtx 16 dB
Shadowing mean 0 dB
Shadowing variance 10 dB
Receive antenna gain, Grx 6 dB
Edge SNR 0-15 dB

Table 1. Simulation setup parameters

where, in relation to our previous notation, uk =
√

pkwk,
and γ

(alg)
k is the SINR achieved at user k when beamforming

is done using our algorithm.
This can easily be shown to be a convex optimization problem
(see [9] for example), and as such algorithms exist to solve it.

6. NUMERICAL RESULTS

Figure 3 illustrates the performance of our approach in a more
realistic scenario, the parameters of which are specified in Ta-
ble 1. User locations in a cell follow a uniform distribution.

We show the average sum rates achieved and compare
them with the selfish scheme corresponding to MRT, and the
altruistic scheme corresponding to minimizing the total inter-
ference caused to other users. Our scheme clearly surpasses
both. As the figure illustrates the 7-cell case, and there are al-
ways fewer antennas than that, interference caused can never
be eliminated completely and eventually the rates would sat-
urate. However, for the cell edge SNR range considered the
performance gains are still quite significant. Note that, when
Nt ≥ K, interference can be eliminated completely and at
high SNR the rates achieved with our scheme and the interfer-
ence minimizing solution would differ by at most a constant
(in favor of our scheme).

Figure 4 illustrates the power loss due to the distributed
nature of our scheme, again for the 7-cell case. More pre-
cisely, for different number of antennas, the minimum power
needed, under the individual power constraints at each base
station, to achieve the same rates as those achieved by our
distributed algorithm is computed and the figure illustrates
the difference between this power and the power consumed by
our scheme as a percentage of the total power available across
the system. As the number of antennas at each transmitter in-
creases, the difference decreases: this is because with more
degrees of freedom afforded by the higher number of anten-
nas, even in our distributed algorithm, more efficient power
use is done automatically thereby reducing the benefit of cen-
tralized knowledge, at least for achieving the same rates as
our algorithm. From our other simulations, not shown here,
for the 3-cell case, for Nt ≥ 3, this difference is almost neg-
ligible, which leads us to conjecture that we are quite close,
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7-cell case.

if not on, the Pareto boundary in this case, for most channel
instances.

7. CONCLUSION

In this paper, a distributed coordinated beamforming ap-
proach, based on partial CSI at each BS, was proposed. An-
alytical justification for the algorithm was given for the case
of two base stations, and numerical simulations illustrated its
performance for more general cases.

A. PROOF OF THEOREM 1

To simplify expressions, in what follows ī is used to denote
the ’other’ user/base station index (i.e., ī = mod (i, 2) + 1,
for i ∈ {1, 2}).

From Theorem 1 from [6], for the two-link case, any point
on the Pareto boundary is achievable with the beamforming
strategies:

wi(λi) =
λiwNE

i + (1− λi)wZF
i

‖λiwNE
i + (1− λi)wZF

i ‖ , i = 1, 2 (14)

for some 0 ≤ λi ≤ 1, where

wNE
i =

hH
ii

‖hii‖ and wZF
i =

Π⊥
īi
hH

ii

‖Π⊥
īi
hH

ii ‖
(15)

are the NE or MRT and ZF solutions, respectively. Π⊥
īi

is the
projection matrix onto the null space of hīi.
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Fig. 4. Extra power consumed due to the distributed nature of
our scheme vs. cell-edge SNR for Nt = 2, 4, 5, for the 7-cell
case.

We show that the rate region achieved by this parametrization
of the Pareto boundary can also be achieved by varying the
α’s in their feasible region (R+) and maximizing the corre-
sponding virtual SINRs.
Maximizing the virtual SINR of (7):

wi = arg max
‖w‖2=1

|hiiw|2
1/ρ + αīi|hīiw|2

. (16)

Proposition 1. The solution of problem (16) can be written
as:

wi =
√

ζi
ΠīihH

ii

‖ΠīihH
ii ‖

+
√

1− ζi

Π⊥
īi
hH

ii

‖Π⊥
īi
hH

ii ‖
(17)

where 0 ≤ ζi ≤ 1, i = 1, 2.

Proof. Similar to that of Proposition 1 in [6].

Define:

ai = ‖Πīih
H
ii ‖2

bi = ‖Π⊥īihH
ii ‖2

ci = ρ‖hīi‖2 (18)

Proposition 2. ζi that solves (16) is given by:

ζi =
ai

ai + bi(1 + αīici)2
(19)
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Proof. With wi as in (17),

|hiiwi|2 =

∣∣∣∣∣√ζi
hiiΠīihH

ii

‖ΠīihH
ii ‖

+
√

1− ζi

hiiΠ⊥īih
H
ii

‖Π⊥
īi
hH

ii ‖

∣∣∣∣∣
2

=
(√

aiζi +
√

bi(1− ζi)
)2

(20)

Similarly,

|hīiwi|2 = ζi‖hīi‖2 (21)

Thus the virtual SINR is equal to:

γvirtual
i =

ρ
(√

aiζi +
√

bi(1− ζi)
)2

1 + αīiζici
(22)

One can easily verify that this ratio is maximized for the value
specified in (19).

Proposition 3. In terms of the NE and ZF beamforming vec-
tors, (17) can be rewritten as:

wi =
λiwNE

i + (1− λi)wZF
i

‖λiwNE
i + (1− λi)wZF

i ‖ (23)

where

λi =
1√

ai

ai+bi

(
1
ζi
− 1

)
+

(
1−

√
bi

ai+bi

) (24)

Proof. wi, as expressed by (17), can be rewritten in terms of
wNE

i and wZF
i as:

wi =
√

ζi

√
ai + bi

ai
wNE

i +

[√
1− ζi −

√
ζi

√
bi

ai

]
wZF

i

(25)

We need to show that this is in fact of the form given in
(23), i.e. that the following equalities hold for some λi:

λ2
i

λ2
i

ai

ai+bi
+

(
1− λi + λi

√
bi

ai+bi

)2 = ζi
ai + bi

ai
, and

1− λi√
λ2

i
ai

ai+bi
+

(
1− λi + λi

√
bi

ai+bi

)2
=

√
1− ζi −

√
ζi

√
bi

ai

where we replaced the denominator of (23) by its value in
terms of the parameters defined in (18).

One can verify that λi as given by (24) above satisfies both
these equations.

Combining propositions 2 and 3, we complete the proof.
Plugging (19) into (24), we get:

λi =
1

αīici

√
bi

ai+bi
+ 1

(26)

Clearly this is a decreasing function of αīi. It is easy to check
that for αīi = 0, λi = 1 and that as αīi →∞, λi → 0.

B. PROOF OF THEOREM 2

For any w1,w2 of the form (17), one can show that SINRs
are given by:

γi = ρ
(
√

aiζi +
√

bi(1− ζi))2

1 + ζīcī

(27)

A rate pair is Pareto optimal if one cannot increase one of
the rates without necessarily decreasing the other. Note that
any point on Pareto boundary has to have the corresponding
(ζ1, ζ2) pair in the region defined by ζi ∈

[
0, ai

ai+bi

]
, i =

1, 2: this is so since for higher ζi it is always possible to
achieve higher useful signal at user i while causing less in-
terference at user ī (cf. (27)).

Denote by γ1,1
i the SINR values achieved by setting α12 =

α21 = 1. To show that the corresponding rates belong to the
Pareto boundary, we solve the following optimization prob-
lem:

maximize γ1 (28)

such that 0 ≤ ζi ≤ ai

ai + bi
, i = 1, 2

γ2 ≥ γ1,1
2

This can be formalized as the following convex optimization
problem:

minimize − t (29)

such that 0 ≤ ζi ≤ ai

ai + bi
, i = 1, 2

t ≥ 0

γ1,1
2 (1 + ζ1c1)− ρ

(√
a2ζ2 +

√
b2(1− ζ2)

)2

≤ 0

t (1 + ζ2c2)− ρ
(√

a1ζ1 +
√

b1(1− ζ1)
)2

≤ 0

This problem is strictly feasible and consequently Slater’s
condition for strong duality holds [10].

Let µi, i = 1, . . . , 3 be the Langrange multipliers associ-
ated with the positivity constraints, ξi, i = 1, 2 the Lagrange
multipliers associated with the upper bounds on the ζi, and
λi, i = 1, 2 the Lagrange multipliers associated with the
SINR constraints, the corresponding Karush-Kuhn-Tucker
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(KKT) conditions [10] are given by:

−1− µ3 + λ2(1 + ζ2c2) = 0

−µ1 + ξ1 + λ1γ
1,1
2 c1

= λ2ρ

(
a1 − b1 +

√
a1b1

(√
1− ζ1

ζ1
−

√
ζ1

1− ζ1

))
−µ2 + ξ2 + λ2tc2

= λ1ρ

(
a2 − b2 +

√
a2b2

(√
1− ζ2

ζ2
−

√
ζ2

1− ζ2

))
µ1, µ2, µ3, λ1, λ2, ξ1, ξ2 ≥ 0

µiζi = 0, ξi

[
ζi − ai

ai + bi

]
= 0, i = 1, 2

µ3t = 0

λ1

[
γ1,1
2 (1 + ζ1c1)− ρ

(√
a2ζ2 +

√
b2(1− ζ2)

)2
]

= 0

λ2

[
t (1 + ζ2c2)− ρ

(√
a1ζ1 +

√
b1(1− ζ1)

)2
]

= 0

(30)

For ζi, i = 1, 2 given by (19), with αīi = 1, one can
verify that these values, together with the values of t and the
Lagrange multipliers given in equation (31) below provide a
consistent solution of the KKT conditions. This guarantees
optimality. Noting that the optimal value of problem (28) is
indeed that achieved by our algorithm completes the proof.

µ1 = µ2 = µ3 = 0, ξ1 = ξ2 = 0,

λ2 =
1

1 + ζ2c2
,

λ1 =
1

1 + ζ2c2

(a1 + b1(1 + c1))2(a2 + b2(1 + c2)2)
(a2 + b2(1 + c2))2(a1 + b1(1 + c1)2)

,

t = γ1,1
1 . (31)
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ABSTRACT

We discuss the scenario of two interfering broadcast

channels that are not able to jointly precode the data sym-

bols, but are allowed to cooperate in choosing their pre-

coders. The multiplexing gain achievable by zero-forcing

with this type of limited cooperation is derived. When the

transmitters do not cooperate at all, but compete for the

resources, the system is shown to be interference limited

and the multiplexing gain is always zero. We furthermore

present a distributed algorithm based on exchanging inter-

ference prices, that achieves the full multiplexing gain, but

also performs well if the additive noise is not asymptoti-

cally low. It is numerically shown that limited cooperation

yields great performance gains over competitive behavior if

the interference is strong compared to the additive noise.

1. INTRODUCTION

In the downlink of a cellular system, inter-cell interference

can be a severely limiting factor. Conventionally, the base

stations do not cooperate in order to achieve a system-wide

optimal transmission strategy; at most, they are able to re-

act to the interference the mobiles experience from neigh-

boring base stations and adjust their transmission strategies

accordingly, with the goal of better serving their own asso-

ciated mobile receivers. The interference caused to other

cells is not considered. Thus, the base stations are acting

on conflicting interests, when, from the point of view of

the network operator, they should be cooperating towards a

common good.

To overcome this, a fully cooperative approach has been

proposed (e. g., [1] and the references therein): multiple

base stations are connected by means of a highly perfor-

mant backbone network and are thereby able to jointly pre-

code the transmit symbols for all associated mobiles, thus

essentially forming one transmitter with antennas located at

many different sites.

While full cooperation yields great performance gains

and may be an option in some cases, the existing backbone

network will often not allow for every bit of information in-

tended for every mobile to be available at each base station

for joint precoding. We therefore investigate approaches

that only require limited cooperation, where the base sta-

tions exchange channel state information and may cooper-

ate in choosing their transmission strategy, but are not able

to jointly process the actual transmit symbols. One such

scheme is explored in [6], where the interference is aligned

in certain subspaces at the receivers. This technique, how-

ever, requires multiple degrees of freedom at the receivers,

whereas in our scenario we assume simple single-antenna

receivers.

In this paper, we instead propose a limited cooperation

scheme based on exchanging interference prices (cf. [2, 3,

4, 5]) and demonstrate how allowing for cooperation in the

precoder design leads to a sum throughput which—in con-

trast to non-cooperative approaches—grows without bound

for increasing signal to noise ratio (SNR).

2. SYSTEM MODEL

We consider a system consisting of two interfering broad-

cast channels, as depicted in Fig. 1. Transmitter i has Ni

antennas and Mi associated single-antenna receivers. The

channel coefficients between the Ni antennas of transmit-

ter i and the m-th receiver associated to transmitter ℓ are

collected in the row vector hm,T
ℓi ∈ C1×Ni . The additive

white Gaussian noise at each receiver has the power σ2.

The i-th transmitter precodes the unit-variance data

symbols for its m-th associated receiver with the vector

tm
i ∈ CNi . All precoding vectors of one transmitter are

subject to the sum power constraint

Mi∑
m=1

‖tm
i ‖2 ≤ Pi.

We assume linear precoding only (i. e., no dirty paper

coding), therefore the signal to interference plus noise ratio
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Fig. 1. Scenario with Two Interfering Broadcast Channels

(SINR) at receiver m associated to transmitter i is

SINRm
i =

|hm,T
ii tm

i |2∑
k 6=m|hm,T

ii tk
i |2 +

∑
k|hm,T

ij tk
j |2 + σ2

=
Sm

i

Im
i

,

where we abbreviated the received signal power with Sm
i

and the sum of all interference and noise powers with Im
i .

In the above equation and throughout the rest of the paper,

we use j to denote the transmitter which is not i, i. e., j = 2
if i = 1 and vice versa. Our figure of merit is the achievable

throughput

Rm
i = log(1 + SINRm

i ) = log(Sm
i + Im

i )− log Im
i , (1)

where Gaussian codebooks are assumed and interference

cancellation at the receivers is not possible.

3. ACHIEVABLE DEGREES OF FREEDOM

The degrees of freedom (DoF) of a system are defined as the

slope of the sum capacity curve over the logarithm of the

SNR for asymptotically high SNR, e. g., [7, 8]. The DoF

can also be interpreted as the number of independent data

streams that can be transmitted in parallel at high SNR.

One way to analyze the DoF of a system is to transform

the fully coupled system into a system of parallel channels

by means of linear zero-forcing (ZF) at either transmitters,

receivers, or both. In our case, ZF is only possible at the

transmitter side, as the receivers only have a single antenna.

For the following derivation, we use the fact that a trans-

mitter with N antennas is able to serve at most N single

antenna receivers in parallel using ZF precoding. Note that

ensuring that a receiver from the other cell receives no in-

terference also counts as ‘serving’ this receiver.

We begin by assuming N1 ≤ N2, w. l. o. g. The trans-

mitter in the first cell transmits separate data streams to

0 < n1 ≤ min(N1, M1) receivers, and thus is able to

keep N1 − n1 receivers from the second cell free of in-

terference. The second transmitter can now serve at most

n2,max = max(min(N2 − n1, N1 − n1, M2), 0) of its re-

ceivers, where the term N2 − n1 ensures that the n1 active

receivers of the first cell can still be kept free of interference.

For the total number of receivers that can be served de-

pending on the choice of n1, we consequently obtain

n1 + n2,max = max(min(N2, N1, M2 + n1), n1)
= min(N1, M2 + n1)

where the second equality is due to n1 ≤ N1 ≤ N2. By

choosing n1 = min(N1, M1) we see that we can serve at

most min(N1, M1 + M2) receivers in parallel. By symme-

try, for the case of N1 > N2, we can serve min(N2, M1 +
M2) receivers. Consequently, by employing ZF at the trans-

mitters,

ηAdjBC = min(N1, N2, M1 + M2)

parallel, interference-free data streams can be transmitted.

ηAdjBC thus is a lower bound on the DoF of our system.

Note that we assumed that the transmitter with the

lower number of antennas transmits at least one data stream

(n1 > 0 in the above derivation). If n1 = 0, however,

min(N2, M2) independent data streams can be transmitted,

which may be higher than ηAdjBC, as in the simple exam-

ple N1 = M1 = 1 and N2 = M2 = 2. In this case it is

advantageous in terms of total system performance (at high

SNR) to completely shut off the first cell. Therefore, if we

also allow the option of shutting off one transmitter, a mul-

tiplexing gain of

max(ηAdjBC, min(N1, M1), min(N2, M2))

is achievable.

It remains to be shown that the DoF of our system are

information theoretically upper bounded by this expression.

It should be noted, however, that for both the MIMO inter-

ference channel and the MIMO broadcast channel, the mul-

tiplexing gain achievable by ZF has been shown to coincide

with the information theoretical DoF.

If the transmitters are able to fully cooperate on a sym-

bol level and thus form a broadcast channel with N1 + N2

transmit antennas and M1+M2 single antenna receivers, the

expression for the DoF is min(N1 + N2, M1 + M2), which

is in general higher than above expression for our system

with separate precoding of the data streams.

4. NON-COOPERATIVE APPROACH

In this section, we view the two transmitters as uncoopera-

tive entities with conflicting interests, where it is the goal of
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transmitter i to maximize its own sum throughput:

max
t1i ,...,t

Mi
i

Mi∑
m=1

Rm
i s. t.:

Mi∑
m=1

‖tm
i ‖2

2 ≤ Pi. (2)

Recall that Rm
i is function of SINRm

i and thus also depends

on the interference power received from transmitter j. We

assume that the magnitude of the interference power expe-

rienced at the receivers is known to the transmitter and can

be taken into account when solving the optimization (2).

When transmitter i adjusts its transmit strategy

t1i , . . . , t
Mi

i according to (2), the interference power experi-

enced at the receivers of cell j changes, necessitating trans-

mitter j to react by readjusting t1j , . . . , t
Mj

j . We thus con-

sider an iterative process in which the transmitters alternat-

ingly optimize their strategies taking into account the cur-

rent interference conditions caused by the other transmitter.

The problem of maximizing the sum throughput of a

broadcast channel with linear precoding (2), as must be

solved in each step of our iterative procedure, is non-convex

and cannot be solved analytically. A number of iterative

and successive approaches exist that find good suboptimal

precoding vectors (e. g., [9, 10, 11, 12]). In order to avoid

nested iterative loops, we employ the successive LISA al-

gorithm from [12], as well as the ZFS algorithm from [10]

in this work. As will be shown in the numerical evaluation,

the performance of these two approaches is nearly identi-

cal, and although we do not show it in this paper, we note

that the other schemes differ only minimally in their perfor-

mance.

The qualitative behavior of the uncooperative scheme

is easily analyzed: depending on the power of the noise

plus interference, transmitter i will serve between one and

min(Ni, Mi) of its associated receivers. When the noise

power σ2 dominates the interference level, it is intuitively

reasonable to consider the two cells in separate, and the un-

cooperative outcome should be close to the optimum, both

in terms of individual cell rate and total system rate.

If the noise power is low compared to the interference

power, however, the achievable throughput saturates, even

for completely vanishing σ2. This is a consequence of the

fact that the interference caused to the other cell is not con-

sidered in the optimization (2); therefore, every receiver ex-

periences a non-zero interference level from the neighbor-

ing cell and, no matter how low the noise power is, a certain

SINR (and thus rate) per user cannot be surpassed.

Consequently, even though the system allows for the

transmission of at least ηAdjBC parallel, interference-free

data streams (as shown in the previous section), with the

non-cooperative scheme all streams are in general interfer-

ence limited and the multiplexing gain is zero.

5. APPROACHESWITH LIMITED COOPERATION

For the approaches with limited cooperation, we need to

take into account the interference caused to the unintended

receivers as well. To this end, it is necessary to assume

that transmitter i has full knowledge of the channels to the

receivers of cell j, which incurs a certain information ex-

change overhead between the cells. We do not, however,

assume that the cells exchange payload data, i. e., joint pre-

coding of the data symbols is not possible.

5.1. Zero-Forcing with Optimal Power Allocation

Depending on the antenna configuration, it is not possible

to serve all M1 + M2 receivers with zero-forcing precoding

(cf. Section 3). We assume that 0 < n1 ≤ min(N1, M1)
receivers from the first cell and 0 < n2 ≤ min(N2, M2) re-

ceivers from the second cell have been selected for service,

where n1 + n2 ≤ ηAdjBC. This way, we have sufficient de-

grees of freedom to completely cancel out all interference

on the transmitter side. Note that the method of user se-

lection is left open at this point; current channel conditions,

fairness, or higher layer demands could be taken into con-

sideration.

For notational convenience, we relabel the receivers so

that the indices of the served receivers in cell i run from 1
to ni. The precoding vector tm

i for receiver m of cell i is

designed to maximize |hm,T
ii tm

i |, subject to the zero-forcing

constraints

hk,T
ii tm

i = 0 ∀k ∈ {1, . . . , ni} \ {m} and

hk,T
ji tm

i = 0 ∀k ∈ {1, . . . , nj}
(3)

thereby also maximizing SINRm
i and Rm

i .

The direction of tm
i can be found by projecting the

matched filter vector hm,∗
ii into the subspace orthogonal to

all channel vectors in (3). As this choice of precoding vec-

tors eliminates interference completely and decouples the

data streams, the available power Pi can be optimally dis-

tributed among the data streams in a second step. For our

goal of maximizing the sum of rates over decoupled chan-

nels, the optimal power allocation is the waterfilling solu-

tion.

5.2. Interference Pricing with Fixed Power Allocation

Clearly, for a given selection of receivers and for vanishing

σ2, the zero-forcing scheme is optimal. For a technique that

performs well regardless of the noise power, we employ the

concept of interference pricing, as presented in [2, 3, 4, 5].

Again, we assume that an appropriate number ni of re-

ceivers of cell i has been selected for service, where the

method of user selection is left open.

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 84



The pricing technique is based on iteratively updating

the individual precoding vectors tm
i of both users, one after

another, with the goal of maximizing the sum rate of the

system

Rsum =
n1∑

m=1

Rm
1 +

n2∑
m=1

Rm
2 .

For the update of one precoding vector tm
i all other precod-

ing vectors are assumed to be fixed.

Maximizing Rsum over tm
i is not an easy task; taking the

derivative and writing out the optimality conditions reveals

that there is no solution in closed form. Furthermore, each

precoder update requires knowledge of all channel coeffi-

cients of the system, requiring the transmitters to exchange

this information.

Therefore, instead of maximizing Rsum directly, we

maximize a linear approximation of Rsum, which will turn

out to have more desirable properties. When updating the

precoder tm
i , we linearize the own rate contribution Rm

i in

the received signal power |hm,T
ii tm

i |2, and all other rates Rk
j

for k ∈ {1, . . . , nj} and Rk
i for k ∈ {1, . . . , ni} \ {m} in

the received interference power |hk,T
ji tm

i |2 and |hk,T
ii tm

i |2,

respectively, yielding the approximation

Rsum ≈ ρm
i |hm,T

ii tm
i |2

−
∑
k 6=m

πk
i |hk,T

ii tm
i |2 −

∑
k

πk
j |hk,T

ji tm
i |2 + cm

i

with the positive scalars

ρm
i =

∂Rm
i

∂(|hm,T
ii tm

i |2)
=

∂Rm
i

∂Sm
i

=
1

Sm
i + Im

i

and

πk
ℓ = − ∂Rk

ℓ

∂(|hk,T
ℓi tq

i |2)
(i, q) 6= (ℓ, k)

= −∂Rk
ℓ

∂Ik
ℓ

=
1
Ik
ℓ

− 1
Sk

ℓ + Ik
ℓ

,

both evaluated at the current operating point. The constant

cm
i does not depend upon tm

i and is therefore not relevant

when maximizing the expression over tm
i . The price πk

ℓ

signifies how much a marginal increase in interference ex-

perienced by receiver k of cell ℓ will lead to a decrease in

its rate Rk
ℓ . Note that the price does not depend on who is

causing this interference, i. e., it is the same regardless of

which of the precoding vectors we are updating.

The so approximated sum rate can be easily maximized;

the necessary optimality condition

Am
i tm

i = λtm
i with λ > 0

and

Am
i = ρm

i hm,∗
ii hm,T

ii −
∑
k 6=m

πk
i hk,∗

ii hk,T
ii −

∑
k

πk
j hk,∗

ji hk,T
ji

is fulfilled if tm
i is an eigenvector of Am

i associated with a

positive eigenvalue. Assuming linearly independent chan-

nel vectors and n1 + n2 ≤ Ni, the matrix Am
i has rank

n1 + n2 and exactly one positive eigenvalue. Therefore our

precoder update is unique. Note that for calculating Am
i ,

cell i must have knowledge of the channel vectors hk
ji, but

not of hk
ij or hk

jj .

The question remains how to allocate the power among

the precoding vectors. As the pricing algorithm does not

decouple the data streams, waterfilling does not yield the

optimal power allocation. In this paper, we use the simplest

possible scheme and divide the power equally among the

beams of one transmitter, so that ‖tm
i ‖2

2 = Pi/ni for all

m ∈ {1, . . . , ni}.

We sum up our iterative procedure as follows:

1. Select users to be served in each cell, so that multi-

plexing gain ηAdjBC can be achieved. Initialize pre-

coders with zero-forcing solution, distribute the avail-

able power uniformly over precoders of each cell.

2. Calculate all πm
i and ρm

i . Communicate prices πm
i to

cell j and vice versa.

3. Compute all matrices Am
i .

4. Update the precoders tm
i by determining the eigen-

vector belonging to the only positive eigenvalue of

each Am
i . Scale the updated precoders tm

i to have the

same Euclidean norm as before the update.

5. Check for convergence. If convergence is not

achieved, repeat from step 2.

Alternatively, the precoders could be updated sequentially

with the prices being recomputed after each precoder up-

date. This leads to slightly faster convergence at the cost

of more pricing information being exchanged between the

cells.

It is straightforward to show that when this algorithm

reaches a stationary point, the conditions necessary for op-

timality of the problem

max
t11,...,t

n2
2

Rsum s. t.: ‖tm
i ‖2

2 = Pi/ni

∀i ∈ {1, 2} and ∀m ∈ {1, . . . , ni}
are fulfilled. While numerical experiments suggest that con-

vergence is always achieved within a small number of iter-

ations, an analytical convergence result is available for the

special case of n1 = n2 = 1 for certain initializations [4].

6. NUMERICAL RESULTS

For the simulation results in this section, we express the sum

rate in bits per channel use, i. e., we apply the logarithm
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with base 2 in (1). We simulated two scenarios: in the first

case, no user selection is necessary, i. e., all M1 + M2 re-

ceivers can be served at the same time with zero-forcing,

while in the second a subset of receivers must be selected in

order to achieve the full multiplexing gain.

For the results shown in Fig. 2, we averaged over 1000
realizations of a Gaussian i. i. d. channel model with N1 =
N2 = 4 transmit antennas at each base station and M1 =
M2 = 2 users per base station. The interference channels

were assumed to be as strong as the desired channels. We

define the signal to noise ratio (SNR) as the transmit power

per base station divided by the noise power at each receiver.

The uncooperative scheme clearly is interference lim-

ited; the cooperative schemes, on the other hand, achieve

full multiplexing gain, i. e. all four receivers can be served

in parallel at high SNR, as can be seen from the slope of

the curves at high SNR. The pricing algorithm converges

towards the ZF solution for high SNR, for medium to low

SNR it performs significantly better.

The scenario for Fig. 3 has N1 = N2 = 4 transmit an-

tennas per base station and M1 = M2 = 4 receivers per

base station. Thus, only four of the eight receivers can

be served with zero-forcing. We employed the simplest

scheme possible and randomly selected n1 = n2 = 2 re-

ceivers per base station for service. The non-cooperative

schemes gain slightly from being able to serve more users;

at low SNR, they now visibly outperform our simple coop-

erative schemes. Note that more advanced user selection

techniques are expected further improve the performance of

the zero-forcing and pricing schemes.

As can be seen in Fig. 4 where the interference chan-

nels are attenuated by 10 dB, reducing the magnitude of the

cross channel coefficients causes the saturation level of the

uncooperative schemes to rise; in the moderate SNR regime

in particular, it becomes clear that the proposed simple co-

operative techniques are not sophisticated enough to also

perform close to optimally in an environment with weak in-

terference.

7. CONCLUSION AND OUTLOOK

In a cellular system in which inter-cell interference is the

limiting factor and the background noise level is relatively

low, cooperation between the interfering base stations can

yield great performance gains. As shown in this paper, even

when full cooperation between the base stations is not pos-

sible, high gains can be achieved by exchanging some chan-

nel state information between the base stations and allowing

them to cooperatively design their precoders. Depending on

the antenna configuration of the system, the optimal strategy

may involve serving fewer receivers and spending some de-

grees of freedom on avoiding interference for the users in

the other cell. While for high SNR it is best to completely
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10 dB Stronger than Interference Channel.

decouple the served users with zero-forcing, at moderate to

low SNR, where allowing some interference is beneficial,

the proposed pricing algorithm achieves better performance.

The pricing algorithm, as presented in this work, has po-

tential for further improvement: adaptive beam powers and

a variable number of served users [5] per base station are the

subject of future work, as well as a user selection technique

aimed at maximizing the sum rate. Hopefully, the perfor-

mance of the non-cooperative approach can be reached even

in weak-interference scenarios.
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ABSTRACT

We investigate the high SNR behavior of the two-user

multiple-input/multiple-output (MIMO) interference chan-

nel with two antennas at each terminal, where the receivers

treat the interference as noise. It is known that the maximum

multiplexing gain of such a system is two, and that it can

be achieved with zero-forcing. We introduce the high SNR

rate offset as a performance measure to further differenti-

ate between solutions achieving the full multiplexing gain

and, by maximizing the high SNR rate offset, formulate a

system of multivariate polynomial equations necessary for

the globally optimal high SNR transmit strategy in terms

of sum rate. We furthermore define a two-player game in

which the two users are constrained to transmit exactly one

data stream, but compete for the beamformer design; the

Nash equilibria of this game can be explicitly calculated.

The so-found sum rate optimal and semi-competitive solu-

tions are also shown in simulations to outperform the con-

ventional competitive approach to the MIMO interference

channel even at finite SNR.

1. INTRODUCTION

The information theoretic capacity region of the multiple-

input/multiple-output interference channel (MIMO IFC) is a

largely unsolved problem (e. g. [1]). A common suboptimal

approach to finding a region of achievable rates is to assume

Gaussian codebooks and no interference cancellation at the

receivers, i. e. to restrict the receivers to only be able to treat

the interference as noise. In this scenario, the optimization

variables are the covariance matrices of the transmit signals,

constrained to not exceed a given maximum power per user.

In [2], a gradient-based numerical approach to design-

ing the covariance matrices of the transmitted signals was

proposed, with the aim of finding operating points that are

locally optimal in terms of sum rate or weighted sum rate.

As the sum rate is in general non-concave in the transmit

covariances, it is possible (and in fact very common) that

many local optima exist, and therefore any gradient-based

algorithm might converge to a solution that is far away from

x1

x2

y1

y2

H11

H12

H21

H22

Fig. 1. A MIMO IFC with two Antennas at Each Terminal

the global optimum. While in the case of only a single re-

ceive antenna the asymptotically optimal strategy for high

signal to noise ratio (SNR) is known [3], the result cannot

be easily generalized to the MIMO IFC. In Section 4 we

will show how the global optimum can be found for high

SNR and two antennas at each transmitter and receiver (and

some other antenna configurations that allow for a multi-

plexing gain of two) in a two user MIMO IFC.

The MIMO IFC has also been discussed from a game

theoretic point of view (e. g. [4] and the references therein).

In [2], the authors discuss Nash equillibria by modelling the

choice of transmit covariance matrices as a non-cooperative

game. In their conclusion they state that in order to achieve

high data rates, cooperation between users is highly desir-

able when interference is the limiting factor. In Section 4.4

of this paper, we will discuss a middle course between com-

petition and cooperation: while the users agree to only use

one beam each, they compete for the beamformer design.

In this work vectors are typeset in boldface lowercase

letters and matrices in boldface uppercase letters. We write

0 for the zero matrix or vector and 1 for the identity matrix.

[A]kℓ is used to denote the element in the k-th row and l-th
column of the matrix A. We use •T to denote the transpose

of a vector or matrix, •∗ for the conjugate complex and •H
for the conjugate transpose.

For notational compactness, throughout the paper we

will use j to denote the user which is not user i. As we

consider a system with only two users, j is unambiguous,

i. e. j = 2 whenever i = 1 and vice versa.
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2. SYSTEM MODEL AND PROBLEM

FORMULATION

The two user MIMO IFC (Fig. 1) consists of two transmit-

ters and two receivers. Each receiver is connected to both

transmitters by a MIMO channel. Assuming frequency flat

channels, the received signals of both users can be written

as [
y1

y2

]
=

[
H11 H12

H21 H22

] [
x1

x2

]
+

[
η1

η2

]
where xi is the signal transmitted by user i, yi the signal

received by user i, ηi the noise at the i-th receiver, and

Hiℓ, ℓ ∈ {i, j} denotes the channel between transmitter ℓ
and receiver i. The channel matrices Hii and Hij are as-

sumed to have full rank and to be perfectly known. Note that

Hiℓ ∈ CMi×Nℓ , xi ∈ CNi , and yi, ηi ∈ CMi where Ni

denotes the number of antennas at the i-th transmitter while

Mi denotes the number of antennas at the i-th receiver. We

consider only antenna configurations that allow a maximum

multiplexing gain [5] of two, i. e. systems with Ni = 2,

Nj ≥ 2, Mi ≥ 2, and Mj = 2 (cf. Section 3.1).

The additive noise ηi is assumed to be circularly sym-

metric complex Gaussian with E[ηi] = 0 and E[ηiη
H
i ] =

σ21, where the noise power σ2 is assumed to be equal at

each receive antenna. Furthermore, η1, η2, x1 and x2 are

assumed to be pairwise statistically independent.

We assume that receiver i is not able to decode and sub-

tract the signal from transmitter j, so that the interference

acts as additional noise. We decide that the transmitters are

to use Gaussian Codebooks, so that their transmit signals

are zero-mean and circularly symmetric complex Gaussian

distributed, i. e. xi ∼ CN (0, Qi). If Rank[Qi] = ri, such

a Gaussian vector xi can be created by multiplying a beam-

forming matrix Ti ∈ CMi×ri that fulfills TiT
H
i = Qi with

an ri-dimensional vector si ∼ CN (0,1).
We assume identical constraints on the average trans-

mit power for both transmitters, which can be written as

tr[Qi] ≤ Pmax. For simplicity we choose Pmax = 1 with-

out loss of generality.

We will focus on the question what data rates can be

achieved in the presence of interference. Given the trans-

mitter covariance matrix Qi and the interference plus noise

covariance matrix Ri = HijQjH
H
ij + σ21, the mutual in-

formation of the i-th transmitter receiver pair of a MIMO

IFC (and hence the highest rate at which information can

reliably be transmitted) is1 [2]

Ri = log det
(
1 + HiiQiH

H
ii R

−1
i

)
(1)

The task is now to find pairs of Q1 and Q2 such that

the sum rate R1 + R2 is maximized while tr[Qi] ≤ Pmax

1As we will later take derivatives of expressions involving rates, we

use the natural logarithm for the sake of notational brevity. Thus, rates are

expressed in natural units per channel use. For numerical results this can

be converted to bits per channel use by dividing by a factor of log 2.
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Fig. 2. Graphical Interpretation of the High SNR Slope S,

the High SNR Power Offset L and the High SNR Rate Off-

set R

is fulfilled for i ∈ {1, 2}. However, there seems to be

no closed form solution and numerical methods might con-

verge to suboptimal local maxima because the optimization

problem is non-convex.

In order to develop alternative methods of finding so-

lutions close to the global optimum, we introduce an ad-

ditional assumption, namely that the signal to noise ratio

(SNR) ρ = Pmax/σ2 = σ−2 is high. To be more precise,

we will attempt to derive transmit strategies that are glob-

ally optimal if ρ → ∞, as we assume that these strategies

will also perform well for high, but finite values of the SNR.

3. HIGH SNR PERFORMANCE MEASURES FOR

THE MIMO INTERFERENCE CHANNEL

It is well known that for asymptotically high SNR the

achievable sum rate of a MIMO IFC grows without bound.

Therefore, in the case of high SNR, performance measures

other than the sum rate are needed. The authors of [6] pro-

pose describing the behavior of a single user MIMO channel

in the high SNR regime by the high SNR slope S and the

high SNR power offset L. These two measures explained

below can be easily extended to the MIMO IFC by defining

a high SNR sum slope S = S1 + S2 and a high SNR sum

power offset L with SL = S1L1 + S2L2. Additionally, we

will present a related measure, the high SNR rate offset R.

Fig. 2 shows the graphical interpretation of S, L and R.

Any combination of two of them is sufficient to describe

a unique line, which is the asymptote to the rate curve at

high SNR. A detailed discussion of each of the performance

measures will be presented in the following sections.

3.1. The High SNR Slope

The high SNR slope is the slope of the asymptote of the

log(SNR)-versus-rate curve at high SNR and is also re-
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ferred to as degrees of freedom (DOF) or multiplexing gain:

S = lim
ρ→∞

R(ρ)
log ρ

, (2)

where R(ρ) is the rate which can be achieved at the SNR

ρ [6]. The high SNR slope is often given in the pseudo

unit bits / dB. Alternatively, it can be expressed without

a unit by using the same logarithm for the rate and for the

SNR. In the latter case, the obtained value indicates the ratio

to the high SNR slope of a single user single-input/single-

output link justifying the name multiplexing gain. Thus, the

high SNR slope can also be interpreted as the number of

independent data streams that can be transmitted.

In [5] it was shown that the maximum possible high

SNR slope for the MIMO IFC with Ni antennas at the i-th
transmitter and Mi antennas at the i-th receiver is Smax =

min {N1+N2, M1+M2, max{N1,M2}, max{N2,M1}} .

As was also claimed in [5], this high SNR slope Smax can

be achieved by zero-forcing (ZF). Depending on the dimen-

sions of the channel matrices, ZF can be performed by the

transmitter, by the receiver, or by a combination of both.

3.2. The High SNR Power Offset

Altough the maximum possible high SNR slope can be eas-

ily achieved by ZF, we note that this leads to a whole class

of solutions. As we expect the various possible solutions to

differ in terms of sum rate, we will now introduce the high

SNR power offset that is able to reflect such differences in

terms of a high SNR performance measure.

The high SNR power offset is the distance between the

origin of the log(SNR)-versus-rate coordinate system and

the point where the high SNR asymptote of the rate curve in-

tersects the log(SNR)-axis. We can see from Fig. 2 that [6]

L = lim
ρ→∞

(
log ρ− R(ρ)

S
)

. (3)

To calculate the high SNR power offset of the i-th link

in a MIMO IFC, we rewrite (1) as

Ri = log Di with Di = det
(
1 + Si

(
σ21 + Ii

)−1
)

where Ii = HijQjH
H
ij is the covariance matrix of the re-

ceived interference and Si = HiiQiH
H
ii is the covariance

matrix of the received intended signal. From (3) we get

Li = −Si
−1 log lim

σ2→0

((
σ2

)Si
Di

)
(4)

To see how Di behaves in the limit of σ2 → 0, we apply

the matrix inversion lemma and make use of the eigenvalue

decomposition (EVD) Ii = UiΛiU
H
i :(

σ21 + Ii

)−1
= σ−2

(
1− Ii

(
σ21+Ii

)−1
)

(5)

= σ−2
(
1−UiΛi

(
σ21+Λi

)−1
UH

i

)
(6)

Now we can calculate the behaviour for vanishing noise:

lim
σ2→0

UiΛi

(
σ21 + Λi

)−1
UH

i = UiJiU
H
i (7)

where Ji = diag {ji,k} with ji,k = 0 if the k-th eigenvalue

of Ii is zero, i. e. λi,k = 0, and ji,k = 1 otherwise.

By making use of (4) through (7) and inserting the defi-

nition of Si we obtain

Li = −Si
−1 log det

(
T H

i HH
ii (1−UiJiU

H
i )HiiTi

)
with Ji defined as in (7). Note that we applied Sylvester’s

determinant theorem det(1 + AB) = det(1 + BA) in or-

der to change the dimension of the matrix inside the det-
operator to Si × Si. Thus, when excluding a factor of

σ−2 from the determinant, it gets an exponent Si such that

(σ2)Si from (4) cancels out.

Finally, the high SNR sum power offset of the MIMO

IFC can be obtained using SL = S1L1 + S2L2 and the

sum rate curve at high SNR can be approximated by the

asymptote R ≈ S(log ρ− L).

3.3. The High SNR Rate Offset

We also define the more convenient high SNR rate offset

Ri = −SiLi which describes the axis intercept of the high

SNR asymptote on the rate axis:

Ri = log det
(
T H

i HH
ii (1−UiJiU

H
i )HiiTi

)
(8)

For the high SNR asymptote we now get R ≈ R + S log ρ
where R = R1 +R2 is the high SNR sum rate offset. The

high SNR slope S and the high SNR rate offset R are the

performance measures used in the following sections.

3.4. Summary and Application of the High SNR Perfor-

mance Measures

The high SNR slope is obviously the dominant high SNR

performance measure. Only for systems with the same high

SNR slope, the high SNR rate offset is a criterion worth

considering because the former gives information about the

number of independent data streams that can be transmitted,

while the latter indicates the quality of the streams. For in-

finite SNR, even a very high offset can not compensate the

difference in rate caused by a stream more or less.

Hence, in order to maximize the sum rate in a MIMO

IFC at high SNR, we can instead maximize the high SNR

sum power offset while ensuring that the maximum high

SNR slope is achieved. This maximization is difficult to

solve for several reasons: Firstly we impose a constraint on

the sum slope which does not state how the slope should be

divided between users. It seems that the problem of find-

ing the globally optimal distribution of slope is NP-hard.

Secondly the slope constraint makes the constraint set non-

convex. Finally the fact that UiJiU
H
i is a function of the
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eigenvalue decomposition of the matrix Ii = HijQjH
H
ij

complicates the derivative of Ri with respect to Qj .

However, (8) gets quite compact whenever the interfer-

ence vanishes. As will be seen in the following section, we

can make use of this property by introducing interference

free effective channels after ZF has been applied.

4. THE TWO STREAM MIMO IFC AT HIGH SNR

As stated previously, we consider only antenna configura-

tions where Smax = 2, as is the case if one user (assume

that it is user i) has two transmit antennas while the other

user has two receive antennas. Since it only makes sense to

receive inside the span of Hii, the i-th receiver can be writ-

ten as gH
i BH

i where gi ∈ C2 and the columns of Bi are an

orthonormal basis of the span of Hii. Accordingly, trans-

mitter j has to send outside of the nullspace of Hjj , so that

its beamformer can be written as Bjtj where tj ∈ C2 and

the columns of Bj are an orthonormal basis of the orthog-

onal complement of the nullspace of Hjj . Hence, every

system covered by our assumption can be transformed into

a 2× 2 MIMO IFC, i. e. a MIMO IFC with two antennas at

each transmitter and receiver, by setting

H ′
ii = BH

i Hii H ′
ij = BH

i HijBj

H ′
ji = Hji H ′

jj = HjjBj .

Note that this transformation changes neither the noise

power nor the power of the transmitted signals because the

columns of Bi and Bj have unit norm. In the following we

will only discuss the 2×2 MIMO IFC, keeping in mind that

all results can be extended to the more general two stream

MIMO IFC.

To achieve S = 2, we either can shut one user off and

treat the other link as a single user MIMO link (i. e. Si = 0
and Sj = 2), or share the degrees of freedom (i. e. S1 =
S2 = 1). The optimal strategy for the former case can be

easily found with waterfilling [7]. The latter case is more

challenging and is the subject of the following sections.

4.1. An equivalent 2x1 MISO IFC

The mutual information of a communication system cannot

be increased by a receive filter. Consequently, most efforts

to reach a good rate concentrate only on the choice of the

beamforming vectors and calculate the rate from the mutual

information between transmitter and receiver. An example

can be found in [2]. Nevertheless, we propose a method

of jointly choosing the beamforming vectors t1, t2 and the

receive filters gH
1 , gH

2 . The latter are row vectors, as we

assume one stream per user. The reason for this approach is

that it enables us to introduce an equivalent system model in

which the receive filters are viewed as part of the channel,

permitting the use of well known results for the multiple-

input/single-output (MISO) IFC.

We assume that receiver i is equipped with a receive

filter gH
i so that y′i = gH

i yi. In order to be able to use the

results from (8) we have to ensure that the assumption of

noise power σ2 is still fulfilled for the filtered noise η′i =
gH

i ηi. Therefore gH
i must have unit norm in order to not

change the noise power.

Considering the receive filters as a part of the channel,

we obtain an equivalent communication system, which is a

MISO IFC with two antennas at each transmitter:

h′Hii = gH
i Hii h′Hij = gH

i Hij ,

As was shown in [3,8], the only sensible strategy in a MISO

IFC at high SNR is to transmit orthogonally to the interfer-

ence channel, i. e. to avoid causing interference to the unin-

tended receiver. The ZF conditions are

gH
1 H12t2 = 0 gH

2 H21t1 = 0.

This way, we ensure that the maximum high SNR slope

Smax is achieved. After choosing the receive filters of both

systems the beamforming vectors are fixed and can be ex-

plicitly expressed by means of the channel coefficients and

the receive filters using the formula from [3, 8]:

ti =
P⊥

ji h
′
ii√

h′Hii P⊥
ji h′ii

with P⊥
ji = 1− h′jih

′H
ji

h′Hji h′ji

. (9)

The beamforming vector ti has unit norm to fulfill the

power constraint. Note that we do not have to consider

transmit powers smaller than Pmax = 1, as it has been

shown in [9] that all Pareto optimal points in a MISO IFC

use full power. Since no interference is received in the re-

sulting MISO channel, (8) reduces to

Ri = log
(
tHi h′iih

′H
ii ti

)
= log

(
gH

i HiiP
⊥
ji H

H
ii gi

)
(10)

with P⊥
ji = 1− HH

jigjg
H
j Hji

gH
j HjiHH

jigj

Note that in (10), the projector P⊥
ji depends only on Hji

and on the j-th user’s choice for the receive filter, but not

on gi. In the following, we optimize R1 and R2 according

to different criteria. Having found g1 and g2 with any of

these methods, the beamforming vectors t1 and t2 can be

calculated using equation (9).

4.2. Optimal Signaling for Cases with a Prioritized User

Obviously, an upper bound for Ri is log(gH
i HiiH

H
ii gi).

Equality holds, when the projection does not have any ef-

fect, i. e. when gj is chosen such that it lies in the nullspace

of gH
i HiiH

H
ji. However, this bound is not constant, but it

depends on the i-th user’s choice for his receive filter. To

maximize the upper bound, we have to choose gi as the first

left singular vector of Hii.
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It is not possible to maximize both users’ bounds and si-

multaneously make sure that the bound is achieved for both

users because we only have two free variables, namely the

directions of the two receive filters. If we assume that we

would like to give one user priority in terms of rate offset,

under the restriction that the degrees of freedom are shared,

i. e. both users transmit one data stream, this leads to an

explicit calculation rule for the optimal strategy: the prior-

itized user maximizes his upper bound while the other user

ensures that the bound is reached. This can be interpreted as

follows: the prioritized user may transmit over the principal

mode of the channel to his intended receiver, while the other

user is responsible for fulfilling both ZF conditions, i. e. he

has to perform ZF at both transmitter and receiver.

4.3. Optimal High SNR Sum Rate Offset

If both users have equal priority, our optimization criterion

is the high SNR sum rate offset R, which complicates the

optimization with respect to g1 and g2 significantly. Not

only is it impossible to find a closed-form solution satis-

fying the Karush-Kuhn-Tucker (KKT) conditions necessary

for local optimality, there also appear to be many such local

optima in general. Therefore it is not our goal to develop an

algorithm based on gradient projection, which might end up

in a local, but not global optimum.

In order to transform the constrained optimization into

an unconstrained one, we choose a parametrization for g1

and g2 that guarantees that the constraint is met:

g1 =
[

cosα1 · ej β1

sinα1

]
g2 =

[
cosα2 · ej β2

sin α2

]
As gi and gj can be multiplied by a complex phase without

changing the value of the cost function (10), we can assume

a non-negative real valued second entry without loss of gen-

erality. Furthermore, we only have to consider αi ∈ [0, π]
and βi ∈ [0, π]. 2

As we only consider two dimensional vectors, an alter-

native formulation of (9) is

ti =
P−h′∗ji√
h′Hji h′ji

with P− =
[

0 1
−1 0

]
. (11)

This allows us to rewrite the high SNR sum rate offset:

R = log
(
gH

1 H11P
H

−
(
HH

21g2g
H
2 H21

)∗
P−HH

11g1

)
+ log

(
gH

2 H22P
H

−
(
HH

12g1g
H
1 H12

)∗
P−HH

22g2

)
− log

(
gH

2 H21H
H
21g2

)− log
(
gH

1 H12H
H
12g1

)
(12)

In order to find extremal points we have to take the

derivatives with respect to the real valued parameters α1,

2 It is not necessary to consider any βi > π because instead of adding

a value of π to βi we can replace αi ∈ [0, π] by α′
i = π − αi ∈ [0, π].

β1, α2, and β2, and set them to zero. Applying the chain

rule, the conditions for extremal points can be written as

0 =

(
gH

i Diigi

)
αi

gH
i Diigi

+

(
gH

i Dijgi

)
αi

gH
i Dijgi

−
(
gH

i Kigi

)
αi

gH
i Kigi

(13)

0 =

(
gH

i Diigi

)
βi

gH
i Diigi

+

(
gH

i Dijgi

)
βi

gH
i Dijgi

−
(
gH

i Kigi

)
βi

gH
i Kigi

(14)

where (. . .)x is an abbreviation for ∂...
∂x and the matrices

Dii, Dij and Ki are given by

Dii = MH
ii g∗j gT

j Mii Mii = H∗
jiP−HH

ii (15)

Dij = MH
ij g∗j gT

j Mij Mij = H∗
jjP

H
− HH

ij (16)

Ki = HijH
H
ij .

A Hermitian 2 × 2 matrix D with Rank[D] = 1 and a

Hermitian 2 × 2 matrix K with Rank[K] = 2 can be

parametrized by

D = µ

[
1 d
d∗ |d|2

]
with µ ∈ R, d ∈ C, (17)

K =
[

k11 k12

k∗12 k22

]
with k11, k22 ∈ R, k12 ∈ C,

respectively, so that the following equations hold:

gH
i Dgi =

∣∣cosαi + d sin αi e− j βi
∣∣2 µ (18)

gH
i Kgi = k11 cos2 αi

+2 cosαi sinαiℜ
{
k∗12 ej βi

}
+ k22 sin2 αi (19)

From the definition of Dii and Dij in (15) and (16),

respectively, it can be seen that the matrix parameters dii

and dij are functions of gj so that they can also be written

as functions of αj and βj . After some calculations we get

diℓ =
[Diℓ]12
[Diℓ]11

=
[Miℓ]12 + [Miℓ]22 t∗j
[Miℓ]11 + [Miℓ]21 t∗j

(20)

with tj := tanαj ej βj . We also define ti := tanαi ej βi .

In the following, we will ignore the measure zero event

that the cosine of the optimal angle α̂i equals π/2, enabling

us to reduce the fractions in (13) and (14) by powers of

cosαi. After multiplying those equations by |ti|/2 and 1/2,

respectively, and inserting (18) through (20) and the respec-

tive derivatives, we get the equations (21) and (22), which

are shown on the top of the next page.

For ℓ ∈ {i, j} we now define tℓ,R = ℜ{tℓ}, and tℓ,I =
ℑ{tℓ} and replace tℓ and |tℓ|2 by tℓ,R +j tℓ,I and t2ℓ,R + t2ℓ,I,
respectively. By expanding, carrying out the ℜ-operations

and multiplying by the three denominators, (21) and (22)

can be converted to multivariate polynomial equations with

four real valued variables ti,R, ti,I, tj,R and tj,I. Since these

polynomials have a total degree of 11 and consist of almost
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0 = ℜ
(
−|ti|2

`
[Mii]

∗
11 + [Mii]

∗
21 tj

´
+ ti

`
[Mii]

∗
12 + [Mii]

∗
22 tj

´`
[Mii]

∗
11 + [Mii]

∗
21 tj

´
+ ti

`
[Mii]

∗
12 + [Mii]

∗
22 tj

´ )
+

ℜ
(
−|ti|2

`
[Mij ]

∗
11 + [Mij ]

∗
21 tj

´
+ ti

`
[Mij ]

∗
12 + [Mij ]

∗
22 tj

´`
[Mij ]

∗
11 + [Mij ]

∗
21 tj

´
+ ti

`
[Mij ]

∗
12 + [Mij ]

∗
22 tj

´ )
− |ti|2(ki,22 − ki,11) + (1− |ti|2)ℜ

˘
k∗

i,12ti

¯`
ki,11 + ki,22|ti|2 + 2ℜ˘

k∗
i,12ti

¯´ (21)

0 = ℜ
(

j ti

`
[Mii]

∗
12 + [Mii]

∗
22 tj

´`
[Mii]

∗
11 + [Mii]

∗
21 tj

´
+ ti

`
[Mii]

∗
12 + [Mii]

∗
22 tj

´ )
+

ℜ
(

j ti

`
[Mij ]

∗
12 + [Mij ]

∗
22 tj

´`
[Mij ]

∗
11 + [Mij ]

∗
21 tj

´
+ ti

`
[Mij ]

∗
12 + [Mij ]

∗
22 tj

´ )
− ℜ ˘

j k∗
i,12ti

¯
ki,11 + ki,22|ti|2 + 2ℜ ˘

k∗
i,12ti

¯ (22)

a thousand terms, they can neither be expanded by hand nor

be written down here. To generate the expanded forms we

used the Symbolic Math Toolbox of MATLAB. With two

polynomials for each i ∈ {1, 2}, we have in total four equa-

tions and four unknowns so that the solutions of the multi-

variate polynomial system are distinct intersection points.

Solving systems of polynomial equations is well inves-

tigated and can be handled by a solver like PHCpack [10],

which computes approximations to all isolated solutions of

the polynomial system. In doing so, we obtain all local ex-

trema and only have to compare their rate offsets to find the

global optimum. Simulating 1,000 i. i. d. complex Gaussian

channels, we have obtained between 3 and 14 solutions of

the polynomial system. On average we have found 5.36.

While calculation is fast for real valued channels where

βi = 0 and the optimality conditions reduce to a system of

two bivariate polynomials, our method might be difficult to

apply in practice for complex valued channels since com-

puting the solutions to the full system of four polynomials

takes much time.

4.4. A Game Theoretic View

We now use the same parametrization as above to inter-

pret the process of choosing the receive filters as a non-

cooperative game with two players. In order to maximize

his payoff, i. e. his own rate offset Ri, each player i may

pick a strategy (αi, βi) ∈ Ai from the set of available strate-

gies Ai = [0, π] × [0, π]. Thus, each possible combination

of receive filters (g1, g2) can be interpreted as a strategy

(α1, β1, α2, β2) =: a ∈ A = [0, π] × [0, π] × [0, π] ×
[0, π]. A strategy ã is called a Nash equilibrium (NE), if no

player can improve his payoff by changing his own strategy

from (α̃i, β̃i) to a different (αi, βi), assuming that the other

player sticks to his strategy (α̃j , β̃j) [11]. In other words,

the combination of the angle α̃1 and the phase β̃1 has to be

a global maximizer ofR1(α1, β1, α̃2, β̃2) while (α̃2,β̃2) has

to maximize R2(α̃1, β̃1, α2, β2).
To find the NE, we now maximizeRi with respect to αi

and βi. According to (12) we have

Ri = log
(
gH

i HiiP
H

−
(
HH

jigjg
H
j Hji

)∗
P−HH

ii gi

)
− log

(
gH

j HjiH
H
jigj

)
with the permutation matrix P− defined as in (11). The sec-

ond summand depends neither on αi nor on βi and can

therefore be dropped from the maximization. To optimize

the first summand, we only have to maximize the argument

of the logarithm, as the logarithm is a monotonic function:

max
αi,βi

gH
i Digi

with Di = MH
i g∗j gT

j Mi, Mi = H∗
jiP−HH

ii . (23)

As Di is Hermitian and has Rank[Di] = 1, we can use (17)

and (18). To maximize the absolute value of a sum, both

summands must point in the same direction, i. e. they must

have the same phase. Therefore, to maximize (18) it must

hold that ej(arg(di)−βi) = ±1.3 Without loss of generality

we choose βi = arg(di).4 We insert this into the derivative

of (18) with respect to αi and set the derivative to zero:

0 = tanαi(|di|2 − 1) + (1 − tan2 αi)|di|
where we have divided by cos2 αi ignoring the measure zero

event that the optimal angle α̃i equals π/2. This condition

is fulfilled if tan αi = |di| or if tanαi = −1/|di|. By

calculating the second derivative we can see that the former

possibility is the maximizer while the latter minimizes Ri.

Hence, below we always assume that |di| = tanαi. Thus,

with ti := tanαi · ej βi and µ′i := (cos2 αi)/µi the dyadic

product gig
H
i can be written as

gig
H
i = cos2 αi

[
1 ti
t∗i |ti|2

]
= µ′iDi.

This can be inserted twice into the definition of Di in (23):

D1 = MH
1 g∗2gT

2 M1 = µ′2M
H
1 D∗

2M1

= µ′1µ
′
2M

H
1 MT

2 D1M
∗
2 M1 =: µMHD1M (24)

3The arg-operation gives us the phase of a complex number.
4The resulting vector gi can later be transformed according to Foot-

note 2 such that the assumption βi ∈ [0; π] is fulfilled.
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In (24), M = M∗
2 M1 and µ = µ′1µ

′
2. Due to d1 =

[D1]12 / [D1]11 we get after some calculations:

[M ]21 d2
1 + ([M ]11 − [M ]22) d1 − [M ]12 = 0 (25)

From this quadratic equation we can explicitly calculate two

solutions for d1.5 For d2 we then get

d2 =
[D2]12
[D2]11

=

[
MH

2 D∗
1M2

]
12[

MH
2 D∗

1M2

]
11

. (26)

Two NE (α̃1, β̃1, α̃2, β̃2) can now be explicitly determined

by calculating6 α̃i = arctan (|di|) and β̃i = arg (di) for

both solutions d1 of (25) with d2 given by (26).

Although suboptimal in terms of sum rate offset, the NE

are of practical interest, as they are a stable outcome from

which no user will deviate. This solution differs from the

NE discussed in [2, 4] as we changed the rules of the game

such that each user is constrained to transmit only one data

stream. It was stated in [2] that in order to achieve high data

rates, cooperation is desirable when interference is the lim-

iting factor. Thus, this new rule obviously makes sense. In

fact, our middle course between competition and coopera-

tion guarantees that the optimal high SNR slope is achieved,

which is not the case when full competition is allowed.

5. THE HIGH SNR RATE OFFSET REGION

We now extend the well-established concept of the rate re-

gion to the high SNR rate offset by plotting the possible

combinations of both users’ rate offsets in theR1-R2-plane.

The resulting area is called the high SNR rate offset region.

As the high SNR slope is the dominant high SNR perfor-

mance criterion (cf. Section 3.4), the high SNR rate offset

region only makes sense if a certain combination (S1,S2)
of high SNR slopes is specified in advance, for which the

region shall be drawn. In our case this is (S1,S2) = (1, 1).
We can approximate the convex hull of the high SNR

rate offset region by calculating weighted sum rates using

a slightly modified version of (21) and (22). In Fig. 3, the

points maximizing the weighted sum rate offset for w1 =
sin θ, w2 = cos θ with θ = n∆θ ∈ [0; π/2], n ∈ N0 and

∆θ = π/64 can be seen for a certain channel realization.

As approximation for the region we used the convex hull of

these points, extended up to −∞ in both directions.7 Brute

force simulations show that the high SNR rate offset region

does not necessarily have to be convex. However, any point

within the convex hull can be achieved by performing time

sharing between two points inside the rate offset region.

5The equation can always be solved because we are operating C.
6Strictly speaking, after the arg-operation, we have to add or subtract

π such that βi ∈ [0; π] and αi has to be updated according to Footnote 2.
7In contrast to the rate, the high SNR rate offset can reach negative

values so that the high SNR rate offset region is not bounded at the bottom

and at the left side.

Convex Hull of the Rate Offset Region
Optimal Weighted Sum Rate Offset

Nash Equilibria

R1

R 2

Fig. 3. Example for the Approximation of the Convex Hull

of a High SNR Rate Offset Region.

Strategy R (bits/channel use)

Globally Optimal R 2.13
User 1 Prioritized 0.74

Nash Equilibrium (NE) 1.27

Table 1. Sum Rate Offset R Achieved on Average by Dif-

ferent Strategies

The rhombs corresponding to θ = 0 and θ = π/2 are

equivalent to the optima for systems with a prioritized user.

We also depict the NE in terms of Section 4.4, which are

obviously suboptimal in terms of high SNR rate offset.

6. NUMERICAL RESULTS

To study the average behaviour of the proposed schemes we

have computed the high SNR sum rate offset achieved by

different strategies for 1,000 i. i. d. complex Gaussian chan-

nel realizations with zero mean und unit variance. The av-

eraged values can be seen in Table 1. As expected, the op-

timal strategy for systems with a prioritized user performs

suboptimal when sum rate offset is the performance crite-

rion. The NE scheme performs quite well, when the best

out of the two possible NE is chosen as has been done in the

simulations. All proposed suboptimal schemes are clearly

outperformed by the globally optimal solution.

However, since all of them can be explicitly calculated,

while the global optimum exhibits a considerable compu-

tational complexity, the proposed suboptimal schemes may

be a good choice for practical implementation.

Although the methods proposed in this paper are based

on the assumption of asymptotically high SNR, simulations

show that they also perform well for finite SNR values. For

the results in Fig. 4, three of the proposed strategies were

computed for 1,000 i. i. d. complex Gaussian channel real-

izations, and the actual sum rate resulting from the use of

the obtained beamformers and receive filters at finite SNR
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Fig. 4. Sum Rate Performance of the High SNR Solutions

in a Two Stream MIMO IFC.

is plotted. For all three strategies we assumed the constraint

that the slope has to be distributed equally among the two

users because this was the assumption of the whole paper.

However, for the rate offset optimal solution, a possible

variation for finite SNR would be to compare the achieved

sum rate with that of the two single user points S1 = 2 and

S2 = 2 and use the strategy out of those three that yields the

highest sum rate. For comparison, the game theoretic strat-

egy from [2,4] is shown, which clearly does not achieve the

optimal high SNR slope.

7. SUMMARY AND OUTLOOK

We have studied the class of MIMO interference channels

that allow a maximum number of two data streams with

the aim of maximizing the sum rate and finding a region of

achievable rates. We have shown that all systems covered

by our assumptions can be transformed to a 2 × 2 MIMO

IFC and further, by considering the receive filters as a part

of the channel, to a 2x1 MISO IFC. Assuming asymptoti-

cally high SNR, this has enabled us to find globally optimal

filters for systems with a prioritized user and for systems

where both users have equal priority. Furthermore, we de-

rived a formula to explicitly calculate the Nash Equilibria

when the process of choosing the beamforming vectors is

interpreted as a non-cooperative game. Instead of drawing

a rate region, we introduced the concept of the high SNR

rate offset region. Numerical results show that the proposed

algorithms perform well for high, but finite SNR values al-

though they are only optimal for asymptotically high SNR.

A crucial step in the derivation of our method was the

fact that the optimal beamformers for the MISO IFC at high

SNR can be written in an explicit form. Therefore, another

interesting question for further research would be if the re-

cently proposed parametrization of Pareto optimal beam-

formers for the MISO IFC [12] can be used to develop a

similar method without making use of the high SNR as-

sumption. This would introduce one additional scalar opti-

mization variable per user and the objective function would

have to be changed from the high SNR sum rate offset to

the sum rate at a given SNR.
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ABSTRACT

In wireless detection scenarios such as sensor networks or

cognitive radio, “hidden nodes” can occur due to channel

fading, which can be overcome by collaborative sensing.

This work considers the performance of collaboration with

combining and fusion methods for both static and fading en-

vironments, where each node employs energy detection for

sensing an unknown source. The case of combined Rayleigh

fading and shadowing is also considered, showing that AND

fusion can have even lower performance than a single sen-

sor. Our results show that choosing a fusion rule without

considering the statistics of the fading environment can lead

to very poor performance. It also proposes a new quan-

tized equal gain combining (QEGC) method that strikes a

good balance between performance and transmission over-

head among the collaborating nodes.

1. INTRODUCTION

Source detection is an important component for sensor net-

works such as surveillance radar, sonar and many civilian

applications related to public safety, security, health care,

etc. Recently, a new cognitive radio technology has gained

significant attention due to its potential to cope with spec-

trum scarcity [1]. An important component of cognitive ra-

dio is primary source detection (sensing) which is aimed at

detecting the presence or absence of a primary user in the

spectrum of interest. Collaborative sensing has been pro-

posed as a technique to avoid the “hidden node” problem,

which arises due to fading [2]. The information from differ-

ent sensors is combined in order to make a global decision

about the presence or absence of the wireless source.

Different combining techniques have been discussed in

[3], which include equal gain combining (EGC), selection

combining (SC), and switch and stay combining (SSC).

Similarly in [4], maximal ratio combining (MRC) has been

shown to be the optimal soft combining method whose per-

formance has been compared with equal gain combining.

However, for sensing unknown signals, the weighting fac-

tor needed for MRC may not be available, due to the lack

of channel information. Recent work in [5] indicates that

the optimal sensor fusion rule, in the sense of a locally most

powerful (LMP) test, is to use EGC for the low SNR regime,

which is a reasonable worst-case assumption when signal

and channel characteristics are unknown.

In the presence of small-scale fading, the signal inde-

pendence required by these soft combining schemes is ob-

tained at sub-wavelength scale separation, allowing easy im-

plementation with nodes having multiple antennas or wired

connections. In the case of shadowing, however, fading may

be correlated for many wavelengths, requiring nodes to have

significant separation for independence, and complicating

the transmission of node parameters to the decision center

that makes the global decision. In such cases, decision fu-

sion methods can be used which take only the decisions of

the individual sensors and fuse them to obtain the global

decision.

Fusion techniques normally employ a ‘k out of n rule’

(KNR) where n is the number of sensors. The special cases

are OR (k = 1), AND (k = n) or majority gates k =
⌈n/2⌉, where ⌈·⌉ denotes rounding up to the next integer

value. There exist conflicting claims on the superiority of

OR fusion and AND fusion [6], [7]. Fefjar in [6] showed

the superiority of OR fusion, which was refuted by Stearns

in [7], claiming that OR and AND performances intersect,

AND being superior for low false alarm probabilities. In

[8], the performances of OR and AND fusion are compared,

where the decision parameters are assumed to be exponen-

tially distributed with different decay constants for sensors

that are not identical, demonstrating that the superiority and

intersection all depend upon the global false alarm proba-

bilities as well as the distributions.

As an optimal data fusion technique based on a maxi-

mum likelihood ratio test, [9] has proposed a fusion rule in

which the decisions 1 or -1 (for existence or absence of the

source) are weighted according to sensor reliability, where

reliability is a function of the probabilities of false alarm and

missed detection. A decision fusion rule with the Neyman-

Pearson (N-P) test is described in [10], showing that fusion

can provide increased global probability of detection for a

fixed or lower global probability of false alarm relative to a

single sensor, when more than two sensors are available.

This work compares the performance of different cases

of k out of n rules for the decision fusion in unknown source

detection employing conventional energy detection at each

node. The fusion techniques (hard combining) are also com-
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pared with EGC (soft combining), which is the main feasi-

ble soft-combining method for an unknown source. Differ-

ent possible distributions of the energy in individual sensors

are considered in static and fading environments. Analyti-

cal results are also verified by Monte Carlo simulation for

all the cases considered.

The rest of the paper is organized as follows: Section 2

introduces the problem of spectrum sensing, reviews energy

detection, and discusses the effect of fading on signal sens-

ing. Section 3 describes different collaborative approaches,

such as equal gain combining and fusion methods. Sec-

tion 4 compares the performance of different combining and

fusion techniques in static and fading environments using

closed form expressions and Monte Carlo simulations. Con-

clusion and some future extensions are discussed in Sec-

tion 5.

2. SINGLE SENSOR DETECTION

2.1. Energy Detector-Based Sensing

First we review energy detection, being the most common

method of spectrum sensing, due to its low computational

complexity and ease of implementation [3], [11], [12].

Considering the bandpass noise within a fixed sensing

bandwidth to have flat power spectral density (PSD), the

noise is represented as

η (t) = ηc (t) cos 2πfct− ηs (t) sin 2πfct, (1)

where fc is the reference frequency, and ηc (t) and ηs (t)
are the in-phase and quadrature modulation components,

respectively. If the bandpass noise in (1) has bandwidth

W , ηc (t) and ηs (t) have bandwidth W/2. The variance

of ηc (t), ηs (t) and η (t) are all equal to the noise power.

The energy in a continuous sample of finite duration T
is often approximated as [11]

U =
∫ T

0

η2 (t) dt ≈ 1
2W

TW∑
i=1

(a2
ci+a2

si) = N0

TW∑
i=1

(b2
ci+b2

si),

(2)

where aci and asi are the ith discrete samples (at a rate of

1/W ) of ηc (t) and ηs (t), respectively, bci = aci/
√

σ2
i ,

bsi = asi/
√

σ2
i , σ2

i = V ar(aci) = V ar(bsi) = 2N0W ,

and N0 is a two-sided PSD. Scaling U in (2) by defining

U ′ = U/N0,

U ′ =
TW∑
i=1

b2
ci +

TW∑
i=1

b2
si, (3)

which follows a central chi-square
(
χ2
)

distribution with

degree of freedom 2TW .

When the signal is present, U ′ follows non-central chi-

square distribution with 2TW degrees of freedom and a

non-centrality parameter γ′, which is the ratio of source sig-

nal energy to noise PSD (two-sided) [11]. In terms of SNR

(γ), which is the ratio of source signal to noise power, γ′

can be expressed as 2TWγ . The decision statistic for this

detector can be described compactly as

U ′ ∼
{

χ2
2TW H0,

χ2
2TW (γ′) H1,

(4)

where hypotheses H0 and H1 refer to the absence or pres-

ence of the source, respectively. The probability of false

alarm Pf and the probability of correct detection Pd for this

scheme can be calculated as [3]

Pf = Pr (U ′ > λ|H0) =
Γ
(
u, λ

2

)
Γ (u)

(5)

and

Pd = Pr (U ′ > λ|H1) = Qu

(√
γ′,

√
λ
)

, (6)

where λ is the decision threshold, Γ (. , .) is the incomplete

gamma function, u = TW , and Qu (. , .) is the generalized

Marcum Q-function. As expected, Pf is independent of γ′

since under H0 there is no transmission from the source. For

longer sensing duration the distributions in both hypotheses

can be approximated as Gaussian. The decision statistic can

be described as

U ′ ∼
{

N
(
µn, σ2

n

)
H0,

N
(
µsn, σ2

sn

)
H1,

(7)

where

µn = 2TW,

σ2
n = 4TW,

µsn = 2TW (1 + γ) ,

and

σ2
sn = 4TW (1 + 2γ), (8)

respectively. For this Gaussian-distributed case, Pf and Pd

can be calculated as

Pf = Pr (U ′ > λ|H0) =
1
2
erfc

[
(λ− µn)
σn

√
2

]
(9)

and

Pd = Pr (U ′ > λ|H1) =
1
2
erfc

[
(λ− µsn)
σsn

√
2

]
, (10)

where λ is the decision threshold and erfc(·) is the compli-

mentary error function.

2.2. Sensing in a Fading Channel

In practice, the sensing problem involves both small-scale

(multipath) and large-scale (shadow) fading. These two ef-

fects are commonly treated as independent processes that
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combine to produce the overall fading effect [13], and this

effect usually degrades the performance of spectrum sens-

ing methods. The hidden node problem in cognitive radio,

for example, poses a challenge to spectrum sensing, which

happens when the primary source is not detected by a cog-

nitive radio receiver due to fading, but the transmit power

from this cognitive radio interferes with a primary receiver.

The distribution of the envelope of received signal in

small-scale fading is commonly taken to be Rayleigh dis-

tributed, making the received power distribution exponen-

tial [14]. The Rayleigh probability density function (pdf)

is

fR (r) =
r

σ2
r

e
− r2

2σ2
r , r ≥ 0, (11)

where 2σ2
r is the average power and r is the faded envelope

of the signal.

The slow varying local mean power due to shadowing is

commonly assumed to follow the lognormal distribution

fPo (po) =
1√

2πσpo

e
−

(ln po − µ)2

2σ2 , po ≥ 0, (12)

where µ and σ2 are the mean and variance of the logarithm

of local mean power. If the power is expressed in dB, the

distribution becomes Gaussian, with the mean and standard

deviation reflecting the average power and shadowing vari-

ation, both expressed in dB.

The Pf and Pd we discussed in 2.1 do not consider the

fading effects. If the channel gain is varying due to shadow-

ing or multipath, (6) gives the probability of detection con-

ditioned on the instantaneous SNR γ′. The average prob-

ability of detection is obtained by averaging (6) over the

fading statistics [2], which is given as

Pd =
∫ ∞

0

Qu

(√
γ′,

√
λ
)

f (γ′) dγ′, (13)

where f (γ′) is the pdf of γ′ under fading. For a Rayleigh

fading channel f (γ′) is given as

f (γ′) =
1
γ′

e
−

γ′

γ′ , (14)

where γ′ is the average value of γ′. Letting x =
√

γ′, we

obtain

Pd =
2
γ′

∫ ∞

0

Qu

(
x,
√

λ
)

x e
−

x2

γ′ dx. (15)

This can be derived in closed form, using (12) from [15], as

Pd = e−
λ
2

u−2∑
m=0

1
m!

(
λ

2

)m

+
(

2 + γ′

γ′

)u−1
[
e
− λ

2+γ′ − e−
λ
2

u−2∑
m=0

1
m!

(
λγ′

2
(
2 + γ′

))m]
.

(16)

A similar result is also obtained in [2] and [3]. However,

note that due to our definition of SNR (a two-sided PSD is

used), the expression is slightly modified. Also note that

[3] appears to have a missing exponent, which is corrected

in [2] and in (16). The analytical expression for Pd in the

combined fading environment, consisting of both Rayleigh

fading and lognormal shadowing, is not yet available in the

literature, and simulation studies on the effect of this com-

bined fading is an important contribution of this work, pro-

viding additional insight on the sensing problem for realistic

environments.

3. MULTIPLE SENSOR DETECTION

3.1. Fusion (Hard Combining Methods)

Fusion techniques normally employ k out of n rule (KNR),

where n is the number of sensors. In this fusion rule the

global decision is 1 if any k or more sensor has output 1,

where the decisions 1 or -1 refer to presence or absence of

the source. Therefore, KNR fusion is represented mathe-

matically as

F (u1, · · ·, un) ∼
{

1,
∑n

i=1 ui ≥ 2k − n,
−1, otherwise.

(17)

For OR fusion, at least one output must be 1 to have the

global decision 1, so the decision rule is given as

F (u1, · · ·, un) ∼
{

1,
∑n

i=1 ui ≥ 2− n,
−1, otherwise.

(18)

Similarly, in AND fusion the decision is 1 only if all sensors

have output 1, or

F (u1, · · ·, un) ∼
{

1,
∑n

i=1 ui = n,
−1, otherwise.

(19)

It is obvious that OR and AND cases are the special cases

of KNR with k = 1 and k = n, respectively. In the majority

gate rule, k is taken to be ⌈n/2⌉.

F (u1, · · ·, un) ∼
{

1,
∑n

i=1 ui ≥ 0,
−1, otherwise.

(20)

The decision fusion rules discussed above do not consider

the distribution of the decision statistics, the individual Pf

and Pd, nor the global desired false alarm probability Pf,T

when making the global decision. The global receiver oper-

ating characteristics (ROC) obtained from theses rules may

not be optimal for all values of Pf,T . The optimal data fu-

sion rule given in [9] is

F (u1, · · ·, un) ∼
{

1, a0 +
∑n

i=1 aiui > 0,
−1, otherwise,

(21)
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where the optimum weights are given by

a0 = log
P1

P0
(22a)

ai =


log

Pd,i

Pf,i
, ui = +1,

log
1− Pf,i

1− Pd,i
, ui = −1,

(22b)

where P0 and P1 are the a-priori probabilities of the two

hypotheses. If the a priori probabilities are unknown, then

the optimal decision scheme should be based on an N-P test

which has been discussed in [10], obtaining a similar result

as that in (17), except for the a0 term. This optimal data

fusion rule is different from the majority gate rule in the

sense that the value of k here changes according to the Pf

and Pd pairs under consideration. The global false alarm

and detection probabilities with KNR are given as

Pf,T =
n∑

i=k

(
n
i

)
P i

f (1− Pf )n−i , (23)

and

Pd,T =
n∑

i=k

(
n
i

)
P i

d (1− Pd)
n−i

, (24)

respectively, where

(
n
i

)
=

n!
(n− i)!i!

is the number of

combinations of the sensor outputs.

3.2. Decision Parameter Combining (Soft Combining)

Methods

Several combining techniques for iid Rayleigh environments

are developed in [3], where for the case of equal gain com-

bining, the sum of Rayleigh-distributed random variables is

modeled as a Nakagami distribution with suitable parameter

values. The important results are also derived here, which is

necessary due to our specific definition of SNR. Also, since

the threshold after combining should clearly change, we ac-

count for this in our derivation.

When equal gain combining is used with n independent

sensors, the energy is increased as γ′T =
∑n

i=1 γ′i . Here the

concept of equal gain combining is different than that used

in multiple antenna diversity schemes. The decision pa-

rameter (energy in our case) of the individual nodes is sim-

ply added here instead of co-phasing and adding the signals

from different antennas in conventional diversity. Diversity-

like maximum ratio or equal gain combining is usually not

possible for unknown source detection since SNRs are typ-

ically very low and there is no cooperation from the source.

Considering energy detection, the total output energy of

the combiner again has a non-central chi-square distribution

with degree of freedom 2nTW and non-centrality parame-

ter γ′T . Similarly when no signal is present, the combiner

output has a central chi-square distribution with degree of

freedom 2nTW . The Pf,T and Pd,T at the equal gain com-

biner output for the AWGN channel can be evaluated in a

manner analogous to (5) and (6) as

Pf,T = Pr (U ′
T > λT |H0) =

Γ
(
nu, λT

2

)
Γ (nu)

(25)

and

Pd,T = Pr (U ′
T > λT |H1) = Qnu

(√
γ′T ,

√
λT

)
, (26)

where λT is the decision threshold of the combiner. In the

Rayleigh fading channel, the distribution of γ′T is that of

the sum of n independent exponentially distributed random

variables, each having a mean of γ′, which is represented as

f (γ′T ) = γ′n−1
T

e

−γ′T
γ′

Γ (n)γ′
n , (27)

where Γ (n) = (n− 1)! for integer n. The average Pd,T for

Rayleigh fading can then be obtained as

Pd,T,Ray =
∫ ∞

0

Qnu

(√
γ′T ,

√
λT

)
f (γ′T ) dγ′T . (28)

Changing the variable x =
√

γ′T , we obtain

Pd,T,Ray =
2

Γ(n) γ′
n

∫ ∞

0

Qnu

(
x,
√

λT

)
x2n−1 e

−
x2

γ′ dx

= α

Ψ1+ β

nu−1∑
i=1

(
λT

2

)i

2× i! 1F1

(
n; i + 1;

λT

2
γ′

2 + γ′

) ,

(29)

where α = 2/[Γ(n)γ′
n
], 1F1 is the confluent hypergeomet-

ric function defined as

1F1 (a; b; z) =
∞∑

i=1

(a)i zi

(b)i i!
(30)

with (a)i given as (a)i = a (a + 1) (a + 2) ... (a + i− 1) ,

β = Γ (n)
(

2γ′

2 + γ′

)n

e−
λT
2 ,

and

Ψ1 =
∫ ∞

0

Q1

(
x,
√

λT

)
x2n−1 e

−
x2

γ′ dx, where Q1 (·, ·)
is the first order Marcum Q-function. Ψ1 can be evaluated
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Figure 1: Computation of parameters for two-bit energy

quantization using the energy distribution of noise

using [15] as

Ψ1 =
(n− 1)!γ′

n+1

2
(
2 + γ′

) e
−

λT

2 + γ′

×
 n−2∑

k=0

(
2

2 + γ′

)k

Lk

(
−λT

2
γ′

2 + γ′

)
+

2n

γ′
(
2 + γ′

)2−n
Ln−1

(
−λT

2
γ′

2 + γ′

), (31)

where Lk (x) is known as the Laguerre polynomial of de-

gree k defined as

Lk (x) =
ex

k!
dk

dxk

(
e−x

xk

)
. (32)

The values of L0 (x) and L1 (x) are 1 and −x + 1, respec-

tively. Using these values, the value of Lk (x) can be com-

puted using the recursive formula [16]

Lk+1 (x) =
1

k + 1
[(2k + 1− x) Lk (x)− kLk−1 (x)] .

(33)

3.3. Decision Parameter Combining with Quantization

(QEGC) Method

To improve the performance of fusion techniques without

large investment in the cooperating bandwidth, an equal gain

combining scheme with quantized decision parameters is

proposed. Here the energy of each sensor is quantized us-

ing four levels as depicted in Figure 1, where two levels are

used above and below the threshold. The identical quanti-

zation levels are known by all sensors as they are chosen

based only on the noise distribution.

After choosing a suitable maximum energy level U ′
max,

below which most of the probability falls (for the noise-only

case), the midpoints below and above the threshold are com-

puted as U ′
1 = λ/2 and U ′

3 = (U ′
max + λ)/2. When a node
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Figure 2: ROC curves comparing the analytical and simu-

lated results in different scenarios

observes the energy on the interval [U ′
i , U

′
i+1], the two-bit

binary representation of i is transmitted, which is decoded

as the quantized level U
′
i = (U ′

i + U ′
i+1)/2 at the com-

biner. As with EGC, the combiner adds these quantized

values from all nodes and compares to a threshold. Due

to the combinations of the four levels with different sensors

the output of the combiner has a distribution having a larger

number of possible outcomes, which can improve perfor-

mance significantly compared to one bit fusion.

4. RESULTS

The analytical performance of energy detection is compared

to Monte Carlo simulations for single sensor and 2-sensor

parameter combining (EGC) for static and Rayleigh fading

channels. The results are shown in Figure 2 in the form

ROC curves. It is seen that the analytical model and simula-

tions are in excellent agreement. It is interesting that when

Pf tends to zero, the Pd for Rayleigh fading is better than

in the case without fading. The reason is that for a given

SNR, no signal is received above threshold in the static en-

vironment, but due to occasional constructive Rayleigh fad-

ing, there are still some events where the received signal is

above the threshold.

In the following results, the performance of the various

sensing methods is obtained both from closed-form expres-

sions (when available) as well as Monte-Carlo simulations.

Since the results are virtually identical in all cases, only

the analytical results are plotted, except for combined fad-

ing, where no analytical expression is available. Since it

is speculated that the relative performance of the methods

will change as the distribution changes, various distributions

of the signal energy are considered, ranging from 20 (low)

to 160 (sufficiently high) degrees of freedom, having chi-

square and approximately Gaussian distributions, respec-

tively. Note that the degree of freedom depends directly on

the sensing time available for a given application.
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In all of the environments, the performance of EGC is

found to be the highest. For a 2-sensor system in a static

environment, OR and AND intersect each other with OR

performing better for high Pf,T values and AND perform-

ing better for lower Pf,T (Figure 3). For a higher num-

ber of sensors, the performance of OR and AND show the

same behavior (Figures 4 and 5), which becomes more pro-

nounced for higher degrees of freedom (Gaussian approxi-

mation) as seen in Figure 6. Among the fusion techniques

with more than 2 sensors, the performance of majority rule

is the best for both the chi-square and Gaussian distributed

cases (Figures 4, 5 and 6). For the similar sensors, the op-

timal (Chair) rule proposed in [9] ensures performance im-

provement compared to a single sensor giving the best per-

formance in particular value of Pf,T , but it does not give

the best performance for all global false alarm probability

(Pf,T ) values.

An interesting outcome of this study is that the detection

performances are quite different for Rayleigh fading com-

pared to the static case, which results from the difference

in the distributions of the energy. In Rayleigh fading, OR

fusion gives the best performance for almost all Pf,T val-

ues, whereas AND fusion performs the worst (Figures 7, 8,

and 9). Moreover, ROCs of AND and OR never intersect in

Rayleigh fading, OR being far better than AND for all Pf,T

values. Also, in Rayleigh fading the performance of OR fu-

sion is the best of all fusion rules and this approaches that of

EGC when sensors are decreased to two. At the same time

the AND fusion loses its performance and does not help at

all when sensors are reduced to two.

The poor performance of AND fusion is higher when

there is shadowing in addition to Rayleigh fading. This is

apparent from Figure 10 where the collaboration with AND

fusion degrades the performance rather than improving.

These results suggest that it is inappropriate to choose

any fusion method without knowledge of the distribution of

the decision parameter (energy in our case) in the collabo-

rating sensors and the desired global false alarm probability

Pf,T .

The performance improvement to fusion by implement-

ing EGC with 2-bit quantization is shown in Figures 11

and 12, where U ′
max = 45 was chosen such that Pr(U ′ >

U ′
max) = 0.001. This simple choice of the quantization re-

gions gives performance much closer to optimal EGC than

the best performing fusion rule. This result is encouraging

given the simplicity of the method, and further gains are

likely to be possible by optimizing the quantization regions.

Note that for three sensors, the same false alarm probability

was obtained for more than one threshold, and the threshold

giving larger detection probability must be chosen.

5. CONCLUSIONS

This work presented different collaboration techniques for

signal sensing in fading environments. Comparisons were
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Figure 4: Performance of EGC and fusion techniques for

low degree of freedom with 4-sensors
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Figure 5: Performance of EGC and fusion techniques for

higher degree of freedom
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Figure 6: Performance of EGC and fusion techniques for

sufficiently high degree of freedom (Gaussian distribution

for energy)
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Figure 7: Performance of EGC and fusion techniques in a

Rayleigh fading environment with 4-sensors and low degree

of freedom
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Figure 9: Performance of EGC and fusion techniques in

Rayleigh fading environment with 8-sensors
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combined fading environment (σ = 5 dB) with 2-sensors
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Figure 12: Comparison of the performance of 2-bit quan-

tized EGC with other combining and fusion methods for 3-

sensor collaboration

made of the various techniques for both analytical and sim-

ulation results. The results indicated that the superiority of a

particular fusion method fully depends upon the distribution

of the decision parameter at the sensors. Since this distribu-

tion in turn depends on the fading environment, a method

that is superior for one environment may actually be infe-

rior for a different environment. It appears that in general,

AND fusion does not help in a Rayleigh fading environ-

ment. As the number of sensors is reduced to two, AND

fusion does not give any performance gain, whereas OR

fusion performs the best, approaching equal gain combin-

ing. Since OR fusion is simpler than EGC, it should be pre-

ferred for Rayleigh fading environments with two sensors.

This result is even more pronounced for combined fading

with increasing levels of lognormal shadowing. Finally, the

fusion performance is significantly improved using a quan-

tized EGC method.

In future work, we plan to investigate extending the fu-

sion methods to find optimal performance with small in-

crease in the data overhead. We also plan to study the per-

formance of the these methods with more realistic path-

based propagation channel models and actual measured

channel data.
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ABSTRACT

In this paper we consider methods for determining device
coalitions for collaborative signal transmission, where differ-
ent devices act as relay nodes to peers. The problem is to de-
termine for R total number of users and R transmission slots
the subsets of at most two devices that are allowed to trans-
mit simultaneously. The subset selection problem is shown
to be equivalent to an assignment problem. We consider both
optimal assignment and greedy assignment and demonstrate
the performance benefit due to device cooperation with sim-
ulations in a network model that models path loss between
devices.

1. INTRODUCTION

In future networks different devices could potentially help
each other in signal transmission, using each others hardware
in an opportunistic way. Amplify-forward (AF) relaying is a
potential candidate for such systems, since with AF, the relay-
ing node need not know all transport parameters of the source
node (as it does not decode the signal). On the other hand,
AF relays are known to enhance also noise. Therefore, a ran-
domly selected AF device can amplify noise to the extent that
it has detrimental effect on network capacity.

In a practical network there are typically multiple AF-
relaying devices and a limited number of orthogonal subchan-
nels (time-frequency slots). The device population needs to
be divided into subsets of active devices for each transmission
subchannel. In addition, the roles (if a device acts as source
or as a relay) for each device in each subset and channel use
need to be determined.

Related subset selection and scheduling problems have
appeared in uplink MU-MIMO [7], relay scheduling [2, 3],
and in sensor networks [5]. Here, the subset selection prob-
lem considered from a MIMO relay network viewpoint, where
a source and a co-channel relay jointly form a MIMO channel
to a common destination node.

In the current application, we allow at most two devices
to collaborate in a given channel use. We use sum-throughput

The work is supported by the STREP project No. IST-026905 (MAS-
COT) within the sixth framework programme of the European Commission.

(mutual information) of a MIMO relay channel as a perfor-
mance measure when determining cooperative user coalitions.
Unpaired devices are also allowed, if deemed beneficial. Un-
paired devices transmit directly to the destination node (no
relaying). A paired device transmits a part of its signal to a
peer device during one channel use. In the next channel use,
the paired devices transmit simultaneously to the destination
node.

2. SYSTEM MODEL

2.1. Relay model

We have a population of R devices each with one transmit
antenna. Signal transmission is divided into two hops. In the
first hop a source is allowed to communicate with the selected
K < R peers. In the second transmission hop the source and
the selected peers transmit simultaneously to the destination
node, which is assumed to have Nr ≥ K receive antennas.
The second hop channel is a Multiple Input Multiple Output
(MIMO) channel. Formally, the signal model follows that of
a MIMO relay network.

During the first hop, the source device transmits signal
vector x with power P1 through a K × K first hop chan-
nel F, where K designates the number of active devices in
the second hop channel. The off-diagonal terms of F (i.e.
|fk,n|2, n 6= k) designate interference power due to source
n at relay k input. Obviously, interference power vanishes
for all relays if matrix F is diagonal. In this case, each de-
vice receives and retransmits a fraction 1/K of signal vector
x during the second hop.

The Nr × K second hop MIMO channel from the (se-
lected) K devices to the destination is given by H. During the
second hop, each of the K devices multiply the signal with a
relay-specific weighting coefficient wk to satisfy a transmit
power constraint at relay. We let

wk =

√
P2/K∑K

n=1 |fk,n|2 + σ2
k

(1)

where σ2
k designates noise power at kth relay and P2 is the

desired sum transmit power over all K relay nodes. Note that
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if interference terms and noise power vanish, the relay only
modifies the transmit power of the original signal. In the sec-
ond hop channel, for notational simplicity, the original source
device is modelled a special AF relay with zero noise and in-
terference power at relay input.

We collect the relay weights into a diagonal matrix

Λ = diag(w1, ..., wK).

The destination receives

y = HΛFx + HΛnr + nd

where the elements of complex Gaussian vector

nr = (n1, ..., nK)T

designate noise with variance σ2
k at k’th relay node, and ele-

ments of
nd = (n1, ..., nNr)

T

designate complex Gaussian noise in each destination antenna.
We assume that noise power is identical in each receiver antenna,
i.e each has variance σ2

d. The mutual information with i.i.d.
Gaussian sources (in terms of bits-per-channel-use (bpcu)) for
the considered signal model is [6]

α =
1
2

log2 det(I + HΛFF†Λ†H†C−1
nn), (2)

where the noise correlation matrix is

Cnn = (σ2
dI + HΛdiag(σ2

1 , ..., σ2
K)Λ†H†).

Factor 1/2 in model (2) is due to two-hop relaying.

2.2. Subset selection

We consider a special case of the subset selection problem to
reduce computational burden of the optimization algorithm.
Instead of allowing arbitrary-sized subsets, we determine iden-
tities of only K ≤ 2 second-hop devices for each channel use.
We assume that each of the R devices is a source in exactly
one of R channel uses. Assuming that Nr = 2, each second
hop MIMO channel supports K ≤ 2 simultaneously trans-
mitting devices. Moreover, each of the devices acts as a relay
exactly once in the R channel uses, to incorporate a notion
of fairness to relay selection. That is, we determine for R
sources and R transmission slots the distinct ordered subsets
of at most two devices. We first describe the optimal (in sys-
tem throughput sense) algorithm used for subset selection and
then summarize the reference cases, greedy subset selection
and random subset selection.

Since, K ≤ 2, we need to compute the mutual informa-
tion αr1,r2 when device r1 ∈ {1, ..., R} is the source device
and device r2 ∈ {1, ..., R} is the relay device. In general,
αr1,r2 6= αr2,r1 since F,H and Λ matrices also depend on
these indices (omitted to simplify notation). When r1 = r2

(K = 1), the source transmits directly to destination with
double power.

Optimal selection: Consider the selection of devices over
R channel uses (via the following linear programming prob-
lem ( [4]):

arg max
(zr1,r2 )

R∑
r2

R∑
r1

αr1,r2zr1,r2 (3)

subject to

R∑
r1=1

zr1,r2 = 1, ∀r2 (4)

∑
r2

zr1,r2 = 1, ∀r1, (5)

zr1,r2 ≥ 0,∀r1, r2, (6)

The variables zr1,r2 , solved from above problem, dictate which
devices become active source and relay nodes in each of the R
slots. The model implicitly assumes all assignments involve
either direct transmission or device pairing. When consid-
ering matrix (zr1,r2), the solution to problem (3)-(6) dictates
that there is exactly one non-zero element in each row and col-
umn, thus ensuring that all nodes act as sources equal number
of times. When two nodes are active, either node may take
the role of a source, while the other functions as a relay node.
Whenever the zr1,r2 = 1, and r1 < r2, r1 acts as source and
r2 relays. This convention results from the way the indices in
eq. 3 are enumerated. When zr1,r2 = 1, with r1 = r2, only
the direct link is activated, and relaying is disabled. Recall
that problem (3)-(6) and the resulting permutation matrix can
be solved efficiently (with polynomial complexity) applying
transportation algorithm [4].

Naturally, considerably simpler subset selection algorithms
exist:

Random selection: In random subset selection, the matrix
(zr1,r2) is defined as a random permutation matrix.

Greedy selection: In the first iteration of a Greedy sub-
set selection the column and row indices of the largest ele-
ment of (αr1,r2) determine an element of the solution matrix.
Then, the elements of these rows and columns are set to zero
and maximum indices are sought in the following iteration
from the modified matrix. This guarantees that the indices
are unique for each iteration and that after R iterations a per-
mutation matrix emerges.

3. NUMERICAL RESULTS

We study the arising collaboration patterns in a simple two-
dimensional network. The R devices are placed randomly
(uniformly) on a 20 × 20 rectangular area (meter units) with
lower-left corner at coordinate (0, 25). The destination posi-
tion is (30, 50). We assume K = 2, Nr = 2, so that only
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Fig. 1. Example of device collaboration patterns for optimal
subset selection with R = 16. Destination is located on top-
right corner, marked with character ’¤’. Collaboration pat-
terns include 4 cycles of length 2, 1 cycle of length 3, and one
cycle of length 5.

device pairing or direct transmission is allowed. The 2 × 2
network matrices F and H are computed using a simple path-
loss model as follows: the distance between nodes r1 and r2

is dr1,r2 meters and the first-hop link matrix is set to

F = diag(1,
√

P 1/d2.3/2
r1,r2

)

when devices r1 and r2, r1 6= r2 are paired. The trans-
mit power P1 = 27 dB. For direct transmission (r1 = r2)
the path-loss model is obviously neither applicable or rele-
vant due to the weighting method given in eq. 1. Thus,
to model direct transmission in the relay framework, we set
F = diag(1, 1).

Due to applied weighting, the total second-hop transmit
power is identical for direct and paired transmission. The
second-hop matrix is of form

H = diag(
√

P 2/d
2.3/2
r1,d ,

√
P 2/d

2.3/2
r2,d )H̃,

where dr1,d and dr2,d is the distance device r1 and r2 and the
destination node, respectively, and P2 is the transmit power
on second hop. We set P2 = 31.7 dB. Matrix H̃ is an i.i.d.
complex Gaussian-distributed MIMO matrix, where each el-
ement has unit power.

3.1. Collaboration patterns

The optimization schemes in previous section each determine
a permutation of matrix of dimension R. The non-zero value
on the rth row of the permutation matrix is mapped to element
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Fig. 2. Example of device collaboration patterns for greedy
subset selection with R = 16. Destination is located on top-
right corner, marked with character ’¤’. Collaboration pat-
terns include 1 cycle of length 1 (no relaying), 4 cycles of
length 2, and 1 cycle of length 7.

σ(r), i.e. zr,σ(r) = 1 in terms of notation in section 2.2.
We say that devices (r, σ(r)) form a collaboration pair. The
permutation matrices arising from optimal, greedy or random
subset selection can each be mapped to a permutation σ of R
elements of the form

σ :
(

1 2 · · · R
σ(1) σ(2) · · · σ(R)

)
. (7)

If r = σ(r), device r is unpaired. The unpaired devices cor-
respond to the fixed elements of the permutation. In our relay
model, this corresponds to the case, where a device transmits
directly to the destination node.

If two devices, say r1 and r2, use each other as their re-
spective relays, these devices form a pair (r1, r2). If in addi-
tion, r2 uses r1 as a relay, the corresponding permutation in-
cludes columns (7) (r1, r2 = σ(r1))T and (r2, r1 = σ(r2))T .

In terms of [1, 7], unpaired devices correspond to cycles
of length 1, while paired users that use each other as relays
correspond to cycles of length 2. Naturally, an arbitrary per-
mutation σ, e.g.

σ :
(

1 2 3 4 5
5 2 3 1 4

)
can have longer cycles. Above we have a cycle (1, 5, 4) of
length 3. In the relay model, device 1 uses devices 5 as re-
lay in the first channel use, device 2 is unpaired in the sec-
ond channel use, and so on. The collaboration pattern is
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thus {(1, 5)(2, 2)(3, 3)(4, 1)(5, 4)} in 5 channel uses, and it
includes two unpaired users.

We first illustrate the emerging cooperation patterns using
one realization of device locations and channels. In Fig. 1 the
optimal device collaboration patterns for each transmission
slot are computed by solving problem (3)-(6). In Fig. 2 the
same is done for greedy heuristics. In both figures, the des-
tination receiver is located on top-right corner with character
’¤’. In the two figures a line is drawn between two devices
cooperative devices. For cycles of length 2, the two devices
act as source and relay nodes for each other in alternate chan-
nel uses. For cycles with length 3 or higher, a device acts as
source and relay for two different devices in separate channel
uses. For example, in Fig. 1 a cycle of length 3 appears in
top-left corner. It takes three channel uses to serve all three
devices.

3.2. Performance

Fig. 3 depicts the ergodic performance (average mutual infor-
mation) for four different subset selection schemes (optimal,
greedy, random, direct/no pairing) with R ∈ {2, 4, 8, 12, 16}
single-antenna devices and one dual-antenna destination node.
The results are averaged for each R over 1000 device loca-
tions each with independently generated MIMO channel. For
optimal subset selection, the device collaboration patterns for
each are computed from problem (3)-(6) and related mutual
information is recorded. The mutual information arising from
optimal subsets are shown in figures with legend ’Optimal’.
For comparison, we also depict the performance with random
subsets - these results are associated with legend ’Random’.
The following observations are in order:

• Channel-aware subset selection provides a substantial
capacity gain over both direct transmission and random
device pairing, thanks to its ability to select network-
optimal MIMO relays for the second-hop channel.

• The gain due to optimal subset increases with increas-
ing number of devices. This is in part due to the fact
that network is denser and cooperation occurs with de-
vices that are closer.

4. CONCLUSIONS

We have considered device cooperation as means to form relay-
based MIMO uplink. In the considered scheme optimal de-
vice collaboration patters (device subsets) are computed (up
to pairs) using optimal and greedy matching algorithms. The
subset selection algorithms determine which of the R devices
should be paired and which should transmit directly to the
destination in R channel uses. We demonstrated the perfor-
mance gain (in terms sum mutual information) with simula-
tions. It is observed that the device subsets have cyclic struc-
ture. If the cycle length is three, three devices need to form a
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Fig. 3. Average mutual information (I) at destination node
with different number of devices (R) and different pairing
schemes. Direct transmission is depicted as reference.

coalition when forming source-relay pairs. A topic for future
work is to consider subset selection from the point of view of
cooperative game theory.
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Abstract—We consider wireless mesh networks where informa-
tion is multicasted to multiple terminals in a multi-hop fashion.
Due to their strong interdependence, we seek a joint optimization
of network and physical layer that are coupled by the per link
flow constraint. A common approach is to dualize this constraint
and decompose the dual problem into a layered structure; routing
at the network layer and rate assignment at the physical layer.
For the network layer subproblem, linear network coding is
an optimal routing strategy and the solution can be computed
by solving a linear or convex program. The physical layer
subproblem turns out to be more challenging, due to the nature
of the wireless medium and the resulting diminishing effect of
multiple access interference. Existing approaches try to avoid
interference by full orthogonalization of the channels or building
on the concept of conflict graphs. Contrary to these approaches,
we are taking into account interference management, for example
by exploiting the advanced abilities of multiple antenna systems.
Our approach is the factorization of the achievable edge rate
region into known rate regions of subgraphs, called Elementary
Capacity Graphs (ECGs), which allows for taking into account
the half duplex constraint implicitly. The parametrization of the
achievable rate region of an ECG depends on the transmission
technique used and is in general nonconvex. We demonstrate
how the nonconvexity of the physical layer parametrization can
be handled within a primal-dual framework without loss of
optimality. As our solution is optimal for a given factorization
we show by numerically simulations the advances compared to
non-optimal schemes.

I. INTRODUCTION AND PROBLEM STATEMENT

Communication over a wireless mesh network needs trans-
mission strategies to provide link rates at the physical layer,
and a scheme for routing traffic at the network layer. While
originally being developed for wired networks with fixed link
capacities, network coding, as one possible routing scheme,
has recently attracted a lot of attention for being used in
wireless networks [1], [2]. At the physical layer, we employ
advanced physical layer techniques and utilize the gained
flexibility and increased link capacities. This potential gain can
only be exploited if network and physical layer are optimized
jointly, commonly done via a dual approach, see [1], [3].
Toumpis and Goldsmith [4] give a very general physical layer
characterization by scheduling link configurations with fixed
link capcities called basic rate matrices. A similar concept
is used by Wu et al. [2], who coined the term Elementary
Capacity Graphs (ECGs). We adopt this term for our work
and extend it to ECGs with variable rates, where each ECG
is fully described by its achievable rate region. Having fixed
link rates renders the network optimization problem into a
linear program, while taking into account variable rates is more

challenging and, to the best of our knowledge, only suboptimal
solutions are available. Xiao et al. [3] assume that the link rate
is only a function of local resources, which implies that links
have to be orthogonalized. Cruz and Santhanam [5] assume
a linear dependence of the link rate on the SINR which is
only true for small SINR values. Whereas Yuan et al. [1]
use a convex approximation of how the link rate depends on
the SINR. Multiple antenna systems are considered by Liu et
al. [6] who construct the network by MIMO-BC systems from
each node to its neighbors. The BC systems are orthogonalized
by fixed frequency assignment, which is in general suboptimal.
In our work we present a major algorithmic framework without
loss of optimality, for a given factorization.

We consider a mesh network with graph G = (N ,L), where
N is the set of nodes and L, L = |L|, is the set of all wireless
links in the network. A multicast session is described by its
source s ∈ N and the set of terminals {t1, . . . , tK} ⊂ N . The
decision of a routing scheme at the network layer determines
the throughput r ∈ R+, and the actual traffic flows on the
links f ∈ RL+ that are necessary for obtaining it. Choosing an
operating point of the network layer is to select a valid pair of
session throughput and traffic assignment (r,f) ∈ F , where
all possible routing decisions are characterized by the routing
region F ⊂ R+ ×RL+. For network coding the routing region
has a explicit formulation in linear (in)equalities, and therefore
F forms a polyhedron. An extention to multiple multicast
sessions that are coded separately is straightforward, see [1].

At the physical layer link rates are assigned to the links in
the network by resource allocation, where due to interference
and jointly used resources link rates are traded off against each
other, described by an achievable edge rate region R ⊂ RL+.
Clearly, the traffic rates established by the network layer are
limited to the link rates c ∈ R that the physical layer provides,
which results in the per link flow constraint f ≤ c.

In this work we are aiming at the maximization of through-
put and the optimization problem can be formulated as

max
r,f,c

r (1)

subject to (r,f) ∈ F
f ≤ c
c ∈ R.

A. The Network Layer Characterization

This section is concerned about the constraint (r,f) ∈ F
of the problem statement (1). A fundamental result of network
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information theory is that information flows from one source
to different terminals do not compete for link capacities, and
the maximal throughput is given by the max-flow min-cut
theorem and can be achieved by network coding [7]. In other
words, a throughput r is achievable if it is achievable for each
of the terminals individually. Li et al. [8] prove that optimal
throughput can be achieved by linear codes, subsequently Ho
et al. [9] show that random linear codes are sufficient. This
allows us to exclude code construction in this work, and the
optimal routing can be found by a flow allocation problem.
For modelling we use additional variables per terminal and
link et1 , . . . , etK ∈ RL+, the so called conceptional flows. The
actual traffic flow caused on a link ` ∈ L is the maximum of
conceptional flows on the link:

ei ≤ f , ∀i ∈ {t1, . . . , tK}. (2)

A node cannot send more information than it received. Conse-
quently, the ”Kirchhoff law” for each node, where I(n) is the
set of incoming links of node n and O(n) the set of outgoing
links, reads∑
`∈O(n)

ei` =
∑

`′∈I(n)

ei`′ , ∀n ∈ N \ {s, i}, i ∈ {t1, . . . , tK}.

The throughput for a sink is obviously determined by the sum
of incoming information flows. By introducing rate incidences
ai i = t1, . . . , tK that represent links from the terminals to
the sink, we can conveniently express the flow constraints via
the incidence matrix A of the network:

at1 A 0 . . . 0
at2 0 A . . . 0

...
. . .

atK 0 . . . 0 A




r
et1

et2

...
etK

 = 0. (3)

As it is fully characterized by the linear (in)equalities (2) and
(3), F forms a polyhedron.

B. Factorization of the Rate Region into ECGs

As there exists a huge manifold of transmission techniques
with complex parametrization, we factorize the achievable
edge rate region into known rate regions of subgraphs, called
Elementary Capacity Graphs (ECGs). As we will see later this
factorization allows to reduce the algorithmic complexity and
when established via timesharing, we can take into account the
half duplex constraint, which prohibits that a node receives
and transmits simultaneously. Formally, an ECG is denoted
as Bi ⊆ L, and the set of ECGs we decide for is given
by B = {B1, . . . ,BB}. A transmission schedule alternates
between ECGs by assigning the fraction of time ti, which
the ECG Bi is active. The vector t = (t1, . . . , tB)> ∈ T ,
where T = {t ≥ 0 : ‖t‖1 = 1}, formally describes the
transmission schedule. The individual rate regions of the ECGs
are given by R1, . . . ,RB and a parameter set xi ∈ Xi
determines a rate point Ri(xi) from a rate region Ri, i.e.
Ri = {Ri(xi) : xi ∈ Xi}. Thus the factorized overall edge

rate region R is obviously defined by the convex hull of all
involved rate regions,

R = {(R1, . . . ,RB) t : R1 ∈ R1, . . . ,RB ∈ RB , t ∈ T }
= co (R1, . . . ,RB) . (4)

An operating point of the physical layer c is determined by
the scheduling vector t and the parameter vector
x = (x>1 , . . . ,x

>
n )> ∈ X = X1 × · · · × XB , i. e.

c = (R1(x1), . . . ,RB(xB)) t.

Dealing with Interference: Physical layer configurations are
constructed by timesharing between ECGs that may contain
multiple links, which are exposed to destructive interference.
Interference is treated as additional noise and no attempt to
decode it is made. We consider three basic ways of dealing
with interference, which describe a strategy on how the
parameters x = (x>1 , . . . ,x

>
n )> ∈ X = X1 × · · · × XB are

selected.
a) Avoid Interference: The only way to definitely avoid

interference within one ECG is to have only a single active
link, which is operated at its best transmit strategy.

b) Selfish Transmission: Interference causes a decrease
of rate at the nonintended receivers. This strategy simply
operates each link assuming there are no other links and takes
the decrease in rates into account.

For interference avoidance and selfish transmission we
end up with ECGs that correspond to exactly one achiev-
able rate point Ri, that might not be optimal. Considering
only ECGs that are fixed to a single rate point leads to
an physical layer configuration where the edge rate region
R = {(R1, . . . ,RB) t : t ∈ T } forms a polytope, and the
optimization problem (1) is a linear program. Note that for the
special case of one antenna systems where x are the transmit
power levels, these rate points correspond to the basic rate
matrices in [4].

c) Interference Management: By adjusting the parameter
vector x we can trade off the link capacities against each
other, which requires cooperation of the transmitters. By
opting for interference management we have to include the
parameter vector x into the joint optimization of physical and
network layer, so this approach demands for major algorithmic
solutions.

II. ALGORITHMIC SOLUTIONS

Opting for the simple schemes avoid interference and selfish
transmission results in an edge rate region given by a polytope
where the extreme points are given by the fixed rate vectors
of the ECGs, which renders the optimization problem into a
linear program. Operating each ECG in an interference man-
agement mode requires to handle complex parametrizations
that are in general nonlinear and nonconvex. However, the
resulting individual rate regions of ECGs can always be made
convex by timesharing. Having a convex edge rate region R
and the polyhedral routing region F the problem (1) is a
convex problem and the solution may be found via a dual
problem, as for this kind of convex optimization problem the
duality gap is zero. A common approach is to dualize the
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constraint f ≤ c and solve the dual problem by a primal-
dual algorithm. The algorithm iteratively evaluates the dual
function which is a function of the Lagrangian multipliers λ.
For the i-th iteration and the corresponding λ(i) we have to
solve

max
r,f ,c

r − λ(i),>(f − c) (5)

subject to (r,f) ∈ F
c ∈ R.

Decomposed into two subproblems, for routing at the network
layer we obtain

max
r,f

r − λ(i),>f (6)

subject to (r,f) ∈ F ,
which is a linear program. Rate assignment at the physical
layer is

max
c

λ(i),>c (7)

subject to c ∈ R.
We present a Theorem that allows an elegant reformulation of
the physical layer subproblem.

Theorem 1: The optimum solution of the i-th physical layer
subproblem (7) is always met by exclusively activating a single
ECG.

Proof: Plugging (4) into the physical layer subproblem (7)
leads to

max
c

λ(i),>c subject to c ∈ co (R1, . . . ,RB) .

It is well known that optimizing a linear function over the
convex hull of a set can as well be solved over the set itself.
Therefore, we can write

max
c

λ(i),>c

subject to c ∈
⋃

i=1,...,B

Ri.

We now can search for the optimal weighted sum rate point
in each of the rate regions R1, . . . ,RB and select the best
point (or one of the best points) as solution to the physical
layer subproblem, which corresponds to exclusively activating
a single ECG.
With this Theorem we can reformulate the physical layer
subproblem as

max
n=1,...,B

max
c∈Rn

λ(i)>c. (8)

The new physical layer subproblem has some profound ad-
vantages:
• The factorization into smaller problems constituted by

ECGs, of which tractable parametrizations and algorithms
are available.

• The reformulation provides a clear interface for any type
of ECG that has a parametrization of its rate region which
allows for the optimization of the weighted sum rate
cost function. Weighted sum rate maximization is a well-
researched problem and efficient solutions exist for a wide
range of physical layer setups.

• The optimum scheduling t∗ is found by primal recovery,
which avoids an explicit parametrization of the convex
hull of the edge rate region of the overall network. The
time sharing within the individual ECGs is found via
primal recovery as well.

A. Primal-Dual Algorithms and Primal Recovery

A primal-dual algorithm iteratively evaluates the dual func-
tion which means to solve an optimization in the primal
variables. These optimal primal values are used to update the
dual variables, for example by making an adequate step into
the direction of a subgradient. For our problem (1) and the
chosen dual function (5) the subgradient update rule is given
by

λ(i) =
[
λ(i) + v(i)

(
f∗(i) − c∗(i)

)]+
,

where [•]+ denotes max(0, •), v(i) is determined by a stepsize
rule and f∗(i) and c∗(i) are the solutions to (6) and (7).
However, subgradient methods tend to be slow in practice and
other update rules for the dual variables should be considered.
For our numerical simulations we used a variant of the well
known cutting-plane algorithm [10].

Primal-dual algorithms guarantee to find the optimal dual
variables λ, but the primal variables found by evaluating the
dual function are in general not feasible to the primal problem.
To be explicit, the activation of a single ECG is in general
not a feasible physical layer configuration. Feasible primal
solutions can be constructed by a convex combination of the
solutions found in each iteration. For details on recovering the
primal solution of convex optimization problems we refer to
[11]. The optimal timesharing of physical layer configurations
then equals the convex combining parameters, which are
conveniently calculated as a byproduct by the cutting-plane
algorithm.

III. AN ECG WITH TWO INTERFERING LINKS

Having the algorithmic framework at hand, this Section
gives an example for advanced physical layer techniques,
featuring multiple antenna systems. We consider two types of
ECGs, the single link or peer-to-peer connection and the two-
user Interference Channel (IFC). Using ECGs with a single
link effectively represents interference avoidance, whereas in
the case of two links we can employ selfish transmission and
interference management which requires cooperation of the
senders. Figure 1 shows some exemplary ECGs. Other config-
urations are considered in [12], where ECGs are constituted by
Multicast Channels, Broadcast Channels, and Multiple Access
Channels.

In this work, without loss of our general conclusion we
limit our investigation to multiple-input single-output (MISO)
transmission instead of utilizing the enhanced capabilities of
the full multiple-input multiple-output (MIMO) channel prop-
erties. The MISO two-user interference channel is described
by the four channel vectors hij i, j = 1, 2. The transmit
symbols xi ∈ CN for the senders i = 1, 2 are constructed
by the scalar data symbol si ∈ C and the beamforming
vector ui ∈ CN such that xi = uisi. The data symbols
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Fig. 1. Exemplary ECGs with the Two User Interference Channel

si are circularly symmetric Gaussian with unit variance. The
transmitted symbols interfere additively and noise ni is added
at the receiver. The received symbols are

y1 = h>11x1 + h>12x2 + n1

y2 = h>22x2 + h>21x1 + n2.

Assuming that the receivers treat all interference as additional
noise, the achievable rates are given by

R1 = log

(
1 +

|h>11u1|2
σ2 + |h>12u2|2

)
(9)

R2 = log

(
1 +

|h>22u2|2
σ2 + |h>21u1|2

)
. (10)

The power of the noise σ2 = E[|n1|2] = E[|n2|2] is assumed
to be the same at both receivers. The achievable rate region
is the union of all beamforming vectors that fulfill a power
constraint ||u1||22, ||u2||22 ≤ Pmax and can be written as

R =
⋃

u1,u2

||u1||22 ≤ Pmax
||u2||22 ≤ Pmax

(R1(u1,u2), R2(u1,u2)).

For user i, using uMRT
i = h∗ii is maximum ratio transmission

(MRT) beamforming. Altruistic or zero-forcing (ZF) beam-
forming, uZF

i = h∗ii− h>jih
∗
ii

||h∗
ji
||22
h∗ji, causes no interference to the

second user j while the own gain is reduced. Shi et al. [13]
and Jorswieck et al. [14] show that the optimal beamforming

vector can be written as a combination of uMRT
i and uZF

i :

u1(γ1) = Pmax · γ1u
MRT
1 + (1− γ1)uZF

1

‖γ1uMRT
1 + (1− γ1)uZF

1 ‖2
(11)

u2(γ2) = Pmax · γ2u
MRT
2 + (1− γ2)uZF

2

||γ2uMRT
2 + (1− γ2)uZF

2 ||2
, (12)

with γ1, γ2 ∈ [0, 1]. By plugging (11)–(12) into (9)–(10) the
weighted sum rate problem for the weights λ1, λ2 can be
formulated as

max
γ1,γ2

λ1 · log
(
σ2 + |h>12u2(γ2)|2 + |h>11u1(γ1)|2

)
+

λ2 · log
(
σ2 + |h>21u1(γ1)|2 + |h>22u2(γ2)|2

)
−

λ1 · log
(
σ2 + |h>12u2(γ2)|2

)
−

λ2 · log
(
σ2 + |h>21u1(γ1)|2

)
subject to γ1, γ2 ∈ [0, 1].

The objective can be split into two functions monotonic in
γ1, γ2 and the problem fits into the framework of optimiz-
ing the difference of increasing functions. Having a similar
structure, we adopted the approach suggested by Jorswieck
and Larsson [15] based on the Polyblock Algorithm, which is
a global optimization method proposed by Tuy [16]. Selfish
transmission coresponds to choose γ1 = γ2 = 1 and for
interference avoidance by single links the MRT beamformer
is chosen.

IV. RESULTS

By numerical simulations we compare the three strategies
described in Section I-B: avoid interference, selfish trans-
mission, and interference management. The simulations were
made for a fully connected network of seven nodes, which
exhibits 42 links. From those we can construct 420 ECGs
with two interfering links each as described in Section III,
an exemplary selection of these is illustrated in Figure 1. In
general the number of ECGs of this type in a network with
N nodes is given by:

#ECGs = 12 ·
(
N

4

)
. (13)

Each node is equipped with two antennas, and the channel
coefficients are complex Gaussian distributed with unit vari-
ance. The results are averaged over 500 channel realizations
per SNR value. We include simulation results for 4 and 6
terminals, see Figure 2 and Figure 3 respectively. Additionally
the solutions of the network optimization problem for one
channel realization at 10 dB is given, once for six terminals
(flooding), Figure 4, and once for two terminals, Figure 5. For
this example the established link capacities are equal to the
traffic assigned to it, which is not necessarily always the case.
The thickness of the arrows is proportional to the assigned
rate.

Interference management by advanced physical layer tech-
niques increases system complexity, so it is a fair question
to ask if it is actually worth all the effort. The simulation
results give a clear answer by showing a significant increase
of the multicast throughput when utilizing the interference
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management capabilities in each ECG. For low SNR, selfish
transmission is a good strategy, as noise dominates and the
impact of interference is almost irrelevant. Obviously, for
higher SNR the selfish transmission strategy suffers from being
interference limited.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we investigated the potential benefit of
advanced physical layer techniques to multicast throughput
enhancement in wireless mesh networks. To this end, in a first

step we introduced a factorization of the edge capacity region
into multiple elementary capacity graphs, each operating in
an interference management mode. The proposed optimization
approach allows to exploit the dual decomposition framework,
although the individual rate regions of the introduced ECGs do
not fulfill the required convexity properties. For the physical
layer, we used the two user interference channel to illustrate
the enhancement of throughput by exploiting the advanced
interference management abilities of multiple antenna systems.
Although finding the optimal configuration of the two user
interference channels requires to run the polyblock algorithm,
a global optimization method, a solution to the network
optimization problem is found in polynomial time. The ability
to decompose the physical layer subproblem into a problem
per ECGs keeps the number of variables of the polyblock
algorithm constant, while the number of ECGs grows poly-
nomial with the number of nodes, cf. (13). In contrast the
naive approach to solve the physical layer subproblem jointly
for all ECGs by the polyblock algorithm would result in non-
polynomial complexity. By numerical simulations we show a
significant gain in throughput compared to systems that do not
manage interference. The framework presented in this work
is very general with respect to the transmission techniques
chosen for the ECGs, as long as the ECG has a parametrization
of the rate region and an algorithm to solve the weighted
sum rate problem. In ongoing work we will consider the
a factorization of the edge rate region in ECGs of various
other types. A further direction of future research is on the
Wireless Multicast Advantage (WMA), which describes the
fact that other nodes then the intended receiver might be
able to decode the transmitted message, allowing nodes to
simultaneously transmit identical data to many receivers. The
benefits of considering the WMA haven been shown in [12],
where each node has one antenna and ECGs are constructed
by BC systems. Motivated by the degradedness of the SISO-
BC channel and the superposition coding used, an adequate
model for the WMA is derived. However, the WMA is difficult
to model in general, and especially for MIMO systems where
channels are in general not degraded.
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ABSTRACT 
 

Intensive research is currently ongoing in the field of 
Smart Multi-Aperture Radar Technique (SMART) for 
Synthetic Aperture Radar (SAR). This work investigates 
the performance of the SMART SAR system for high-
resolution wide-swath imaging based on Scan-on-
Receive (SCORE) algorithm for receive beam steering. 
SCORE algorithm works under model mismatch 
conditions in presence of topographic height. A study on 
the potentiality of an adaptive approach for receive beam 
steering based on spatial spectral estimation is presented. 
The impact of topographic height on SCORE 
performance in different operational scenarios is 
examined, with reference to a realistic SAR system. The 
SCORE performance is compared to that of the adaptive 
approach by using the Cramèr Rao lower bound analysis. 
 

1.   INTRODUCTION 
 

Spaceborne SAR for remote sensing applications is 
experiencing a golden age, as testified by the number of 
the recent and forthcoming missions, e.g. ALOS 
PALSAR, TerraSAR-X, COSMO-SkyMed, 
RADARSAT-2, TanDEM-X, Sentinel-1. Nevertheless, 
the current generation of spaceborne SAR sensors 
suffers a basic limitation: it does not allow for high 
resolution imaging and, simultaneously, wide coverage 
and high radiometric resolution [1]. For instance, a 
spatial resolution around 1 m could be achieved over a 
swath width of 10 km; whereas coverage of 200 km 
allows for SAR final products1 with a resolution in the 
order of 100 m [2]. The importance for many remote 
sensing applications to overcome this limitation has 
motivated an intensive research within the frame of 
SMART (see [3, 4] and the references therein).  
Main characteristics of SMART SAR systems are the 
employment of Smart antennas [5], i.e. the use of 
multiple transmit/receive channels and the introduction 
of digital signal processing techniques, such Digital 
Beam-Forming (DBF), in the conventional SAR 
processing [3, 4, 6]. In fact, Smart antennas allow a 
relaxation of SAR system design constraints by 
                                                 
1 The spatial resolution of a final product is further degraded by 
the multilook processing, mainly necessary to obtain 
satisfactory radiometric resolution. 

increasing the degrees of freedom, which results in lower 
ambiguity level, higher signal-to-noise ratio (SNR) and 
improved radiometric resolution, and a mitigation of the 
trade-off between swath width and spatial resolution [3, 
4, 6]. It is worth noting that the intrinsic huge quantity of 
information associated with high-resolution and wide-
swath imaging, together with redundancies involved by 
the multichannel acquisition, could place critical 
requirements on the downlink data rate.  
Among SMART SAR, the system proposed by Suess et 
al. [7, 8], denoted as HRWS, merges the advantages of 
an extensive illumination capability with the high gain 
and directivity of a large antenna, and combines the 
flexibility offered by a multi-channel architecture with a 
limited download data volume. The HRWS SAR system 
is based on an algorithm for steering of the elevation 
beam pattern, called SCORE: a wide swath is 
illuminated by using a small transmit antenna; whereas 
in reception a large multi-channel antenna and DBF are 
employed in order to obtain a sharp and high gain 
pattern, which follows the pulse echo as it travels along 
the ground swath. The steering direction of the receive 
pattern corresponds to the expected direction of arrival 
(DOA) of the echo, which is assumed a priori known. In 
particular, according to [8], it is computed based on the 
vertical slant-range plane acquisition geometry, under 
the hypothesis of a stringent spherical Earth model, i.e. 
no topographic height is taken into account. 
Nevertheless, in real acquisition scenarios, characterized 
by mountains and relief, there will be a displacement 
between the actual DOA and the steering (i.e. maximum 
gain) direction; which results in a gain loss with respect 
to the ideal operational conditions (see Figure 1). 
Moreover, SCORE steering approach neglects not only 
the effect of the actual topographic profile along the 
slant-range elevation plane, but also the effect of surface 
variations along the azimuth direction.  
These observations suggest the option of an Adaptive 
Digital Beam-Forming (ADBF), i.e. to compute 
adaptively the steering direction of the receive beam, by 
(digitally) processing the signals available from the 
vertical sub-apertures of the multi-channel receive 
antenna. In fact, the vertical sampling provides a “spatial 
history” of the signal, which could be used to evaluate 
the distribution of the received energy as a function of 
the DOA; then the receive beam steering direction could 
be selected as the one associated with the strongest 
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signal, eventually within a roughly expected spatial 
sector.  
According to the ADBF approach, the receive beam 
steering algorithm is cast into the frame of spatial 
spectral estimation and DOA estimation. This topic has 
been extensively studied in array signal processing 
theory [9, 10], and also with reference to the 
Interferometric SAR application [11]. Nevertheless, the 
HRWS SAR spaceborne application shows specific 
challenges. First, the processing of the signals available 
from the vertical sub-apertures should be performed 
onboard, in order to reduce the downlink data volume. 
This requires to dealing with wideband signals and 
imposes additional constraints on the complexity of the 
processing method [10, 12]. Moreover, in case of wide 
illuminated swaths, the useful signal could be 
superimposed to range-ambiguous echoes having a 
power comparable with that of the signal of interest. 
Finally, instrument parameters, such as dimension of the 
antenna, number of elements, noise level (NESZ), whose 
values strongly affect the ultimate estimation 
performance, do not allow for many degrees of freedom, 
due to imaging requirements and physical/economical 
constraints. 
This paper shows the effect of topographic height on 
conventional, not adaptive, SCORE performance: the 
steering displacement and the corresponding gain loss 
introduced by topography are analyzed as a function of 
the acquisition geometry and of the receive antenna 
architecture and pattern shape, with reference to a 
realistic SAR system operational scenario. Moreover, in 
order to evaluate the potentiality of an ADBF  for 
spaceborne high-resolution wide-swath SAR systems, a 
performance analysis based on Cramér Rao Lower 
Bound (CRLB) is developed [9, 10]. The performance of 
SCORE and ADBF are compared vs. the main SAR 
system parameters. 
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Fig. 1. SCORE in presence of topographic height. 

2.   REVIEW OF SCAN-ON-RECEIVE 
 
The HRWS SAR system employs a small transmit 
antenna and a large receive antenna, which is split in 
multiple sub-apertures, arranged according to a uniform 
linear array (ULA) geometry in azimuth and elevation 
[7, 8]. The small transmit aperture is used to illuminate a 
large swath; the large receiving antenna allows for 
ambiguity suppression and compensation for the reduced 
transmit antenna gain. In particular, the conflict between 
swath width and azimuth resolution is overcome by 
using M sub-apertures located along the azimuth 
direction, according to the displaced phase center 
antenna (DPCA) technique; whereas the SAR 
radiometric resolution is improved by using multiple 
sub-apertures in elevation, and by processing the 
corresponding signals by SCORE algorithm. In detail, 
according to [8], the echo DOA is computed based on 
the vertical slant-range plane acquisition geometry, 
assuming a stringent spherical Earth model (no 
topographic elevation). Under this assumption, in fact, 
the DOA of the echo received from a point-like target is 
univocally associated to the two-way time delay, τ [8]: 

( ) ( )
( )

2 22
0

0

4 4
( ) acos

4
orb E E

orb E

H R R c
H R c

τ
ϑ τ

τ

⎧ ⎫+ − +⎪ ⎪= ⎨ ⎬
+⎪ ⎪⎩ ⎭

 (1) 

where, ϑ  denotes the DOA measured w.r.t. the nadir 
angle, orbH  is the orbit height; ER  the Earth radius; 0c  
the light speed. Then a time-varying DBF is used to 
combine the signals received by the elevation sub-
apertures, in order to obtain, at each instant, a sharp and 
high gain beam, steered towards the expected DOA of 
the backscattering echo2. The DBF reduces the data rate 
by eliminating the redundancies; the high gain SCORE 
beam results in an increased SNR, compensating the low 
gain (wide beam) of the transmit antenna. Specifically at 
the swath edges (half-power beamwidth angles) the 
typical two-way loss of a conventional system is 
reduced.  
 

3.   BEHAVIOUR OF SCORE IN PRESENCE OF 
TOPOGRAPHIC HEIGHT 

 
In presence of topographic height, h , SCORE works 
under model mismatch conditions: there is an angular 
displacement, ϑΔ , between the actual DOA of the 
received echo, actϑ , and the SCORE steering direction, 

sϑ , computed according to eq. (1): 

( )act s actϑ ϑ ϑ τΔ = − ,  (2) 

                                                 
2 In case of long chirp pulses an additional frequency 
dependent beam steering is included in SCORE [8, 9]. In the 
rest of the paper, we assume that SCORE frequency dependent 
beam steering allows recovering all the pulse energy with the 
maximum gain, when the DOA of the pulse centre is correctly 
recovered [8, 9]. 
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where, actτ  denotes the actual two-way time delay of the 
received echo. This results in a loss of performance. In 
fact, the echo impinging on the receive antenna is not 
weighted by the maximum of the receive beam, as 
expected in ideal (no topographic height) conditions. 
The degradation of SCORE performance due to 
topographic height is here quantified by the parameter 
Pattern Loss (PL), defined as the value of the normalized 
receive beam pattern, which weights the echo 
backscattered from a source located at a topographic 
height, h : 

( )

( )

R
s

R
s

C
PL

C

ϑ ϑ

ϑ

+ Δ
=  (3) 

where, ( )RC ϑ  indicates the value of the elevation 
receive beam pattern generated by DBF corresponding to 
the angle ϑ . 
In order to evaluate the effect of surface elevation on a 
realistic HRWS SAR system, the reference HRWS SAR 
system described in Table 1 has been considered. This 
system allows for a spatial resolution and swath width in 
the order of 1 m and 70 km, respectively, a NESZ below 
– 22 dB, range ambiguity (RASR) below – 30 dB and 
azimuth ambiguity (AASR) below -26 dB. 
Figures 2 and 4 show the angular displacement and the 
PL as a function of the ground-range position (of the 
projection on the Earth surface) of the backscattering 
source, parameterized vs. the source topographic height, 
h . Values of  h  between 0 m and 8000 m have been 
considered.  
As shown in Figure 2, the angular displacement depends 
on the acquisition geometry. The main effect is related to 
the surface height: for the reference system, the angular 
displacement varies between 0.15° for h=1000 m and 
1.45° for h=8000 m. For a fixed height, the displacement 
weakly decrease for increasing ground range positions. 
The extent of the PL depends on the receive beam shape.  
 
 

PARAMETER UNIT VALUE 
Geometry   
Orbit Height km 520 
Antenna Tilt Angle, β deg 32.25 
Swath Limits  
(look ang., ground range) 

deg 
km 

[29.6, 34.9] 
[300, 370] 

Radar Parameters   
PRF Hz 1775 
RF Center Frequency GHz 9,65 
Pulse Bandwidth MHz 250 
Av. Tx Power W 1100 
TX Antenna   
Height m 0.50 
Length m 2.45 
RX Antenna   
Height m 1.5 
Nr. of sub-apert. in el.  15 (x 0.10  m) 
Length m 9.8 
Nr. of sub-apert. in az.  7 

Tab. 1.  Reference HRWS SAR system parameters. 

 
Fig. 2.   SCORE angular displacement, in presence of 

topographic height, h. 

 
Fig. 3.   Elevation receive beam patterns generated by DBF 

during the scansion of the swath vs. the elevation angle 
(instantaneous steering direction reported to the origin). 

 

 
Fig. 4.    SCORE pattern loss in presence of topographic 

height, h. 
 
In particular, for the reference HRWS SAR, the half 
power beam width (HPBW) of the receive beam is in the 
order of 1° (see Figure 3). SCORE PL, obtained as the 
value of the normalized receive pattern corresponding to 
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the steering displacement, is plotted in Figure 4. The PL 
curves show that loss is moderate for topographic height 
below 1000 m; nevertheless a loss of several dB could be 
reached when no information about topographic height is 
used to steer the beam. 
 
4.   ADAPTIVE DIGITAL BEAM-FORMING 
 
According to SCORE, the received pattern is steered 
towards the DOA of the received signal, assumed a 
priori known. Nevertheless, a critical loss of 
performance could occur when no information about the 
actual backscattering geometry is conveyed in the 
steering mechanism. An alternative approach is to steer 
the receive beam towards an estimate of the actual DOA, 
obtained by processing the signal echo impinging on the 
multiple sub-apertures, arranged according to a ULA 
geometry along the elevation direction.  
As explained in the introduction, the wideband nature of 
the SAR pulses and the constraints on the algorithm 
complexity do not allow a direct application of simple 
spectral estimation methods, such as Beamforming or 
Capon, which have been successfully applied in radar 
array processing [9, 10] and also in multichannel 
Interferometric SAR (InSAR) [11].  On the other hand, 
the methods conceived for broadband signal are 
computationally demanding for onboard processing [10, 
12].  
In the following, a pre-processing procedure, which 
allows to trace the SAR signal back to a signal model 
typically used in narrowband spectral estimation [9, 10], 
is proposed. For simplicity, the explanation refers 
initially to a point-like target and is afterward 
generalized. 
Assume that the transmitted SAR pulse is a chirp: 

2( ) cos 2
2c

ts t rect f t t
T

κπ
⎡ ⎤⎛ ⎞ ⎛ ⎞= +⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎣ ⎦
, (4) 

where T  is the chirp duration, κ  the chirp rate, cf  the 
RF center frequency. The two-way time delay of the 
echo, received by the k th−  sub-aperture in elevation 
from a point-like target located in the vertical slant-range 
plane, could be written as: 

0
0

sin( )
k

d k
c

β ϑτ τ ⋅ ⋅ −
= + ,       0, , 1k K= − , (5) 

where 0τ  denotes the two-way time delay of the pulse 
at the first ( 0k = ) receive sup-aperture, d  is the 
distance between the phase centers of two adjacent sub-
apertures, K  the number of elevation sub-apertures of 
the receive antenna, ϑ  is the echo DOA and β  the 
antenna tilt angle, both measured respect to the nadir. 
Then, the equivalent baseband signal of the echo at the 
k th−  sub-aperture could be written as: 

{ } { }2( ) exp ( ) exp 2k
k k c k

t
r t rect j t j f

T
τ

α πκ τ π τ
−⎛ ⎞

= ⋅ − −⎜ ⎟
⎝ ⎠

,

0, , 1k K= −        (6)

where, α  is the complex amplitude accounting for the 
propagation and backscattering mechanism. Note that   
from here on t  indicates a discrete time variable.  
After range compression with a matched filter to the 
transmit chirp and the application of a coregistration 
processing [13], the signal in (6) could be written as: 

{ } { }0( ) sinc ( ) exp 2k c kr t T t j fα κ τ π τ= ⋅ ⋅ ⋅ − ⋅ − ⋅ , (7)

where, for simplicity, we use the same symbols as in (6) 
for the signal and the complex constant. Then 
considering the time-sample corresponding to the time 
delay, 0t τ= : 

exp 2 sin( )k
dr j kα π β ϑ
λ

⎧ ⎫= ⋅ − −⎨ ⎬
⎩ ⎭

, 0, , 1k K= − (8)

where λ denotes the radar wavelength, and without loss 
of generality, the factor { }0exp 2 cj fπ τ−  has been 
included in the complex constant α .  
Eq. (8) could be rewritten by using a vector notation and 
taking into account the additive thermal noise, which 
corrupts the useful signal: 

( )α ϑ= ⋅ +y a v , (9)

where, y , ( )ϑa , and v  are K -dimensional complex 
vectors, and the element k th−  is associated to the 
k th−  sub-aperture. In particular, v  collects the thermal 
noise contribute, ( )ϑa , whose k th−  element is given 
by 

[ ]( ) exp 2 sin( )k
dj kϑ π β ϑ
λ

⎧ ⎫= − −⎨ ⎬
⎩ ⎭

a , (10)

denotes the steering vector of the pulse impinging on the 
array, which collects the information of the DOA. 
It is worth comparing the echo received at the same sub-
aperture from different, subsequent pulse transmissions: 
the echo DOA changes in a negligible way for 100N <  
multiple consecutive azimuth acquisitions3; moreover, 
the effect of range cell migration on the time delay, i.e. 
on the position of the recorded samples corresponding to 
the same backscattering source, could be easily 
computed and compensated onboard. These observations 
allow considering different equivalent snapshots or 
looks, n , of the signal in eq. (9): 

( ) ( ) ( )n nα ϑ= ⋅ +y a v , 1, ,n N= . (11) 

Eq. (11) could be generalized by introducing multiple, 
sN , backscattering sources: 

1( ) ( ) ( ), 1, ,Ns
i iin n n Nα ϑ

=
= ⋅ + =∑y a v . (12) 

                                                 
3 For the typical satellite parameters system, the maximum 
DOA variation due to the azimuth platform displacement is in 
the order of 10-5 deg. 
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In fact, in general, multiple echoes of the transmitted 
SAR pulses impinge on the receive antenna 
simultaneously, due to preceding or succeeding pulses 
with time-delays separated by a multiple of the PRF or 
backscattering sources in layover. When extended 
homogeneous backscattering sources are considered, the 
signal component in eq. (12) could be written as [11, 
14]: 

( ) ( ) ( ), 1, ,i i i i i n n Nα ϑ τ ϑ⋅ = ⊗ =a a x , (13) 

where, ⊗  denotes the Hadamard product; iτ  denotes the 

texture, i.e. the mean power level of each source, and ix  
the speckle [11]. 
The problem of evaluating the distribution of the 
received energy as a function of the DOA is now traced 
back to the narrowband spectral estimation, and can be 
expressed as the estimation of the spatial power spectral 
density (PSD) of the data in eq. (12).  
In order to statistically describe the signal in eq. (12-13), 
it is useful to recall to the model used in multichannel 
InSAR for the pixel complex amplitude, ( )ny , collected 
by the K  sensors array [11, 14]: 

1
( ) ( ) ( ) ( ), 1, ,

SN
i i i

i
n n n n Nτ ϕ

=
= ⊗ + =∑y a x v  (14) 

where, N  the number of independent looks; v  the 
thermal noise contribute, modeled as a complex 
Gaussian spatially white process, with zero mean and 
power 2σv ; sN  denotes the number of extended 
homogeneous backscattering sources in layover; ( )ϕa  
the spatial steering vector; iϕ  the source interferometric 
phase4 (directly related to the DOA), modeled as an 
unknown constant; iτ , is the radar reflectivity or texture, 
modeled as a real, positive, unknown deterministic 
parameter; ix  the speckle, modeled as complex 
correlated Gaussian random vector with a zero mean, 
unit variance and covariance matrix iC ; with ( )i pnx  

independent of ( )i qnx  when p qn n≠ , for 1, , si N= .   

In the following analysis we will refer to the statistical 
model of eq. (14). This means that we consider an 
illuminated swath characterized, along the iso-range 
lines, by a homogeneous backscattering surface and 
constant topographic height. Though simple, this 
reference surface allows for a first comparison between 
SCORE and ADBF achievable performance.  
 
5.   BEHAVIOUR OF ADBF: CRAMÉR RAO 
LOWER BOUND   
 
The achievable performance of the ADBF could be 
evaluated by CRLB analysis, based on the model in eq. 
                                                 
4 The interferometric phase is defined as the phase difference 
between the furthest phase centers of the array [11]. 

(14). In fact, the value of the CRLB on the estimate of 
the DOA provides the minimum variance of any 
unbiased estimator of iϑ  [9, 10]. Then, in analogy with 
the SCORE angular displacement in eq. (2), it could be 
defined an angular displacement between the actual 
DOA of the echo and that estimated by ADBF as: 

ˆ{ }iCRLBϑ ϑΔ = ,  (15) 

where ˆ{ }iCRLB ϑ  denotes the square root of the CRLB 
on the estimate of iϑ , i.e. the standard deviation of the 

estimated DOA, îϑ . The pattern loss can be computed 
according to eq. (3) for the angular displacement in eq. 
(15). 
For the CRLB computation and performance analysis, it 
is assumed that the speckle covariance matrix is: 

{ }, ( ) ( )

( 1)1 for 
1

0                     otherwise                 

H
i i u i vu v

i
i

E n n

u v KH u v
K H

= ⋅⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎧ − −
− ⋅ − ≤⎪= −⎨

⎪
⎩

C x x

 (16) 

where {}E ⋅  denotes the mean statistical value, H)( ⋅  the 
conjugate transpose operator,  i ant ciH H H=  the 
normalized antenna’s height, given by the ratio between 
the size of the receive antenna along the elevation 
direction, antH  , and the critical antenna height, ciH , 

for which the i th−  source decorrelates at the extremities 
of the array [11, 14, 15]. 
The CRLB on the DOAs, { } 1

sN
i iϑ = , can be derived as in 

[11], particularizing the data model (14) for the DOA, 
iϑ , through the relationship with the interferometric 

phase, iϕ   as: 

( 1)4 sin( )i i
d Kϕ π β ϑ

λ
−

= − − , (17)

and considering the speckle covariance matrix, iC  , as 
defined in (16). 
 
6.   PERFORMANCE COMPARISON 
 
This section shows a comparison between the 
performance achievable with SCORE and ADBF. The 
performance is evaluated in terms of angular 
displacement and pattern loss. The reference HRWS 
SAR described in Table 1 is considered. Moreover, a 
reference acquisition scenario is assumed, which is 
characterized by the following parameters: two extended 
homogeneous backscattering sources, 2sN = , located 
respectively at 304.42 km and 317.87 km ground range 
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(30.0° and   31.05° off-nadir angle5), with a topographic 
height of 3000 m; both sources have the same mean 
power, such that the corresponding signal-to-noise ratio 
at the output of the array, 2

i i vSNR K τ σ= , is equal to 9 
dB; the normalized antenna height, iH , is in the order of 
1.8e-4 for both sources6; the number of consecutive 
azimuth acquisitions, or independent looks, is 5N =  
(this value allows to completely neglect the range cell 
migration effect). Starting from this reference acquisition 
scenario/system, the performance of SCORE and ADBF 
are evaluated as a function of single parameters of 
interest, by keeping constant the other parameters value. 
The results corresponding to the reference scenario are 
indicated by an asterisk in each figure. 
Figures 5 show the performance as a function of the 
topographic height. For the ADBF the angular 
displacement is about 0.11°, with a trend almost non 
sensitive to the topographic variation; the corresponding 
pattern loss is negligible. SCORE angular displacement 
increases proportionally to the height value, till 1.4° for a 
topographic height of 8000 m. SCORE pattern loss 
increases till a value of -25 dB for a height of 7000 m. It 
must be noted that for 7000 m the PL is higher than for 
8000 m, because the displacement for the case of 7000 m 
approaches the first null of the receive pattern, whereas 
in the case of 8000 m the signal is acquired with the first 
secondary lobe (see Figure 3). It is worth noting that the 
performance of ADBF is negligibly affected by the 
location of the sources along the swath. Figure 6 reports 
the angular displacement as a function of the SNR of the 
first source (# 1), 2

1 1 vSNR K τ σ= . For ADBF, the 

accuracy on the estimation of 1ϑ   improves as a function 

of the 1SNR ; whereas for SCORE it remains unaltered. 

The SNR threshold, where the performance of the ADBF 
becomes better w.r.t. the conventional SCORE is around 
0 dB. Figure 7 investigates the effect of source angular 
separation. As expected, SCORE performance is 
constant. The performance of ADBF is better than that of 
SCORE, for a source separation greater than about half 
of the HPBW. Figures 8 investigate the impact of the 
height of the receive antenna. The number of sub-
apertures is constant, 15K = , i.e. the antenna size 
variation implies also a variation of the sub-aperture 
spacing (inter-element spacing). The angular 
displacement of ADBF degrades as the antenna becomes 
shorter. In fact, the reduced separation between the sub-
apertures induces a low sensitivity (all the sub-apertures 
“observe” approximately the same signal). The antenna 
height 1antH m=  corresponds to the lower limit, where 
the performance of ADBF is better than that of SCORE. 
The angular displacement of SCORE is constant, 
nevertheless the corresponding PL degrades as the 
                                                 
5 The angular separation between the DOAs of the two sources 
corresponds to the HPBW of the receive beam. 
6 The critical height, ciH , is in the order of 8.3 km, assuming 
no local slope [15]. 

antenna height increases due to the reduced mainlobe 
width of the receive beam.  Figure 9 shows the 
performance as a function of the number of sub-
apertures in elevation, while the antenna size in elevation 
is constant, 1.5 mantH = . The availability of multiple 
sub-apertures does not affect the accuracy of ADBF 
estimation, at least when the sources are sufficiently 
distant (see Figure 7). For instance, when the DOA 
separation is about 0.5 HPBW, the use of 4K =  in spite 
than 15  sub-apertures degrades the angular 
displacement from 0.45° to 0.69°. It is worth noting that 
a low number of sub-apertures reduces the angular 
unambiguous range (with 1.5antH m=  it is about 17°  
for 15K = , and 5°  for 4K = ). As a consequence, 
possible echos of preceding or succeeding pulses could 
fold over the source of interest, reducing the estimation 
performance. Figure 10 investigates the effect of 
decorrelation, showing the performance as a function of 
the normalized antenna height. The performance of 
ADBF degrades for increasing normalized antenna 
height: for values greater than 0.8 the ADBF 
performance is worse than that of SCORE. The previous 
results are obtained by considering the reference value of 
number of looks, 5N = , which allows neglecting any 
effect of range cell migration and avoiding the 
corresponding onboard processing. It is worth noting 
that the square root of the CRLB, i.e. ADBF angular 
displacement, reduces for increasing number of looks as 
the square root of N [9, 10]. Figure 11 shows the 
angular displacement as a function of the number of 
looks: for the reference system parameters, the use of a 
higher number of looks it is not justified. Nevertheless, 
the use of a higher number of looks could be useful in 
critical acquisition conditions, such as low SNR and high 
decorrelation. 
 
7.   CONCLUSIONS 
 
The impact of topographic height on SCORE 
performance has been examined with reference to a 
realistic SAR system. The numerical results show that 
the loss is moderate for topographic height below 1000 
m; nevertheless a loss of several dB could occur when no 
information about the topographic height is used to steer 
the receive beam. An adaptive approach, ADBF, for 
receive beam steering based on spatial spectral 
estimation has been proposed. The achievable 
performance of ADBF have been investigated by the 
Cramèr Rao lower bound analysis and compared to those 
of SCORE versus the main system parameters. The 
numerical analysis shows that ADBF outperforms 
SCORE and reaches promising results in most of the 
analyzed scenarios.     
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Fig. 5.a.  Angular displacement vs. topographic height (const. 

projection on Earth surface of the source positions). 
 

 
Fig. 5.b.  Pattern loss vs. topographic height (const. projection 

on Earth surface of the source positions). 
 

 
Fig. 6. Angular displacement vs. variation of the SNR of the 

source #1. 
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Fig. 7.  Angular displacement vs. the angular separation 

between the two sources normalized to the HPBW (const. 
position of the source #1). 

 

 
Fig. 8.a.  Angular displacement vs. elevation size of the 

receive antenna (const. number of sub-apertures). 
 
 

 
Fig. 8.b. Pattern loss vs. elevation size of the receive antenna 

(const. number of sub-apertures). 

 
Fig. 9.  Angular displacement vs. number of sub-apertures 

(const. elevation size of the receive antenna). 
 

 

 
Fig. 10. Angular displacement vs. the normalized antenna 

height of the source #1. 
 

 

 
Fig. 11. Angular displacement vs. number of looks. 
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ABSTRACT

In this paper, we investigated the experimental results about
the statistical behavior of the channel parameters, based on
the multiple-input multiple-output (MIMO) measurements per-
formed in Ilmenau downtown, Germany. Our special interest
focuses on the impact of the base station (BS) height on the
statistical properties of the large scale channel parameters in
two types of propagation condition: line of sight (LOS) and
none line of sight (NLOS). Furthermore, the dependence of
the inter-sector correlation of the large scale channel parame-
ters on the BS height is investigated in the overlapped area of
two sectors of the same BS.

1. INTRODUCTION

In the conventional cellular networks, base station (BS) is
highly elevated by mounting on the top of high-buildings or
high masks since large coverage by single BS has been ex-
pected. However, highly-elevated BS introduces simultane-
ously significant interference, which impairs the system per-
formance. To find the trade off between coverage and inter-
ference, optimized deployment BS height is especially inter-
esting. Different BS heights result in different propagation
phenomena. As a consequent, the channel metrics, reflecting
the propagation characteristics, show different statistical be-
havior.
In this paper, we consider the impact of the BS height on
the statistical properties of the large scale parameters (LSPs),
which have been intensively studied in the European WIN-
NER project [6] [5] and are the key channel parameters for
the system-level channel modeling. The impact of the sta-
tistical properties of the large scale fading (LSF) on the sys-
tem performance has been investigated by Fraile in [7] and by
Saunder in [1]. The results indicate that an accurate modeling
of LSF is a key point for the system-level performance assess-
ment. The statistical properties of the LSPs have been inten-
sively studied by authors in [8] in the urban hot-spot scenario,

This work was supported by the Deutsche Forschungsgemeinschaft
(DFG) within the TakeOFDM project

in [9] [11] in the indoor scenario, and in [10] in the car2bridge
scenario. In these comprehensive works, experimental results
are presented based on the measurement data. However, the
BS height is fixed in each of these measurement campaigns.
The primary goal of this paper is to extend these studies to
three dimensions. Whereby, the additional dimension is the
height of the BS, besides the moving dimension of the mobile
station (MS).
In this paper, we include propagation loss, LSF, delay spread
(DS), and cross-polarization ratio (XPR) [2] [3] in the termi-
nology LSPs. Using the multiple-input multiple-output (MIMO)
measurement data gathered in Ilmenau downtown, Germany,
we studied the impact of the BS height on the statistical prop-
erties and the inter-sector correlation properties of the channel
parameters.
This paper is organized as follows. Section 2 provides a de-
tailed description to the measurement campaign. Section 3
gives a short description to the definitions and extraction pro-
cedure of the LSPs, including propagation loss, LSF, DS, and
XPR. Section 4 shows the experimental results, comprised of
the propagation loss along the main street and two perpendic-
ular streets, the statistical distributions of the LSPs, and their
inter-sector correlation properties in the overlapped area. Fi-
nally, Section 5 concludes the paper.

2. MEASUREMENT CAMPAIGN

The measurement campaign has been conducted in Ilmenau
downtown, Germany, using HyEff sounder [4]. The mea-
surement area can be characterized as a canonical small ur-
ban scenario with 1-3 floor stone buildings with the average
height around 12 [m] at both sides of the street. The mea-
surements were performed for downlink with approximately
10 [w] transmitting power at the BS antenna at 5.2 GHz in a
bandwidth of 120 MHz. The maximum multipath delay has
been set to 3.2µs. Dedicated antenna arrays are used both at
the BS and at the MS. 8-element uniform linear patch array
(ULA8) is used as the BS antenna with 0.49λ element spac-
ing, dual-polarization, approximate 120 degree directivity. At
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the MS, 24 x 4-element stacked dual-polarized uniform cir-
cular patch array (SPUCPA24x4) is used with radius aboutλ
and omni-directivity. The MS antenna array is put on the top
of a trolley which is about 1.8 [m] above the ground1.
During the measurement campaign, the height of the BS has
been changed from 10 [m] to 16 [m] with the help of a lift-
ing ramp. Figure 1 shows the measurement routes and the
orientation of the BS antenna sector in a 2-dimensional map.
The names BS2 and BS5 stand for the 10 [m] BSs while BS3
and BS6 stand for the 16 [m] BSs. Two BS sectors, orthog-
onal with each other, have been set to the each BS height, as
indicated in Fig. 1 as arrow. Since the surrounding build-
ings are around 12 [m] in height in the measurement area,
the two BS heights correspond to two kinds of propagation.
The one with 10 [m] BS height, below rooftop, represents the
micro-cell propagation while the other with 16 [m] BS height,
above rooftop, represents the marco-cell propagation. The
MS moves both along the main street and along two perpen-
dicular streets. The former is show as a solid curve while the
latter is shown as dashed curves in Fig. 1. They correspond
to the LOS and NLOS propagation conditions, respectively.

3. PARAMETER DEFINITIONS AND EXTRACTION
PROCEDURE

At the beginning of this section, a short description to the def-
initions of the LSPs studied in this paper is given. After this,
the methods used to extract the LSP values from the measure-
ment data are described.

3.1. Definitions of propagation loss and LSF

The received signal power in mobile communication is often
modeled as a produce of four factors (seen Eqn. 1): the trans-
mitted power (in [dBm]), the distance dependent path loss
(in [dB]) [2], log-normal distributed LSF (in [dB]) [14], and
small scale fading (in [dB]) due to the superposition of mul-
tipath propagation. Small scale fading is also called as fast
fading.

PRx = PTx − PL + LSF + FF. (1)

The difference between the transmitted signal powerPTx and
the received signal powerPRx is defined as propagation loss.
Note that the antenna gain is included in propagation loss in
this paper. The path loss characterizes the dependence of the
signal attenuation on the distance between the transmitterand
the receiver. As a result of multiplication of large number of
random attenuating factors in the propagation, the LSF has a
log-normal distribution with zero mean value andσ2 variance
[14].

1Even though both the BS and the MS antenna arrays are dual-polarized,
only the horizontal (H) polarization is used in the measurement data post-
processing due to its larger receive power compared with thevertical (V)
polarization.

3.2. Definition of DS

Generally speaking, the root mean square (RMS) of a given
probability density function (PDF)f(x) is computed as the
second central moment off(x). The RMS can be expressed
as

σ =

√√√√∫ xmax

xmin
(x − x)2f(x)dx∫ xmax

xmin
f(x)dx

, (2)

wherex is the first order moment off(x) and can be calcu-
lated as

x =

∫ xmax

xmin
xf(x)dx∫ xmax

xmin
f(x)dx

. (3)

The DS is computed over the delay power spectral density or
over the power delay profile (PDP).

3.3. Definition of XPR

XPR is defined as the ratio of the power between the co-polar
link and the cross-polar link. Since the H-polarization is con-
sidered in the measurement data post-processing, the co-polar
link stands for the HH-polarized link while the cross-polar
stands for the HV-polarized link.

3.4. Extraction procedure of the LSP values from mea-
surement data

To get the values of propagation loss, LSF, DS, and XPR from
the measurement data, the same method and extraction pro-
cedure as presented in [10] are used in this paper. At first, a
space-time averaging is performed to the PDP, squaring of the
channel impulse response, to remove the small scale effect.In
this paper, the time duration that the MS moves a distance of
10λ, corresponds to the time averaging length while the av-
eraging over 8 BS antennas together with 24x4 MS antennas
is the space averaging. After that, the measurement thermal
noise is removed from the averaged PDP. The value of the av-
eraged PDP at delay bin will be set to zero when it is smaller
than the noise level margin. 9 [dB] is used as the threshold
of the noise level margin. The averaged PDP after removal of
noise is the basis for the calculation of the Propagation loss,
LSF, DS, and XPR values. The sum of this PDP in delay do-
main is the propagation loss. After removal of the distance
dependent path loss values from the propagation loss as de-
scribed in [11], LSF values can be returned. The difference
between the propagation losses of the HH-polarized link and
the HV-polarized link is the XPR value. Substituting the av-
eraged PDP after removal of noise into Eqn. 2, the DS value
can be obtained.
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4. EXPERIMENTAL RESULTS

4.1. Propagation loss

The experimental results of propagation loss from 4 BSs are
presented in Fig. 3. Figure 3(a) shows the results along
the main street in the LOS propagation condition while Fig.
3(b) presents the results along two perpendicular streets in the
NLOS propagation condition.
By comparing Fig. 3(a) with Fig. 3(b), it can be observed that
the MS undergoes significant propagation loss when it disap-
pears from the main street and enters into the perpendicular
streets. It is due to the disappearance of the LOS propagation
path. This loss is defined as corner loss. It is around 20 [dB]
in the studied environment.
By comparing the propagation losses between two BS sectors,
it is found that the MS experiences almost the same propaga-
tion loss from two BS sectors both along the main street and
along two perpendicular streets. Even though the BS antenna
has been set to two sectors, the main street is located in the
main beam of the both BS antenna sectors. This is the reason
why there is no difference in propagation loss between two
sectors along the main street. As the MS enters the perpendic-
ular streets, the signal from the BS is reflected or diffracted to
the perpendicular streets by scatters around the cross-road on
the main street. These scatters work as virtual sources. There-
fore, the MS receives also the same signal strength from two
BS sectors along two perpendicular streets due to the same
virtual source position on the main street, even though the
perpendicular streets are located in the side beam of one BS
sector but in the main beam of another BS sector.
By comparing the propagation loss results of 10 [m] and 16
[m] BS heights, it can be observed that the propagation loss
with 16 [m] BS is higher than the propagation loss with 10 [m]
BS both in the LOS and in the NLOS propagation conditions,
but not at a remarkable degree. In the LOS propagation con-
dition, the difference is higher when the MS is located near to
the BS. It is due to the difference in propagation distance. As
the MS moves aways from the BS, the 6 [m] BS height differ-
ence contributes fewer to the total final propagation distance.
As a consequence, the propagation losses of two BS heights
show more similarity.

4.2. Statistical distributions of the LSPs

Figure 2 shows the cdf curves of the LSPs from the measure-
ment data for the LOS and NLOS propagations. As stated
in Subsection 2, the height of the BS varies from 10 [m] to
16 [m] during the measurement campaign. Figure 2 shows
the dependence of the LSPs on the BS height. It is observed
in Fig. 2 that, both in the LOS and in the NLOS propaga-
tions, the higher the BS antenna array, the higher the LSF
and DS values are, whereas, the lower the XPR values are.
The reason is that the propagation between the BS and the
MS varies from a two-ring or ellipse model to a one-ring

model [12] [13] when the BS antenna array goes from be-
low rooftop to above rooftop. When the BS antenna array is
below rooftop, both the BS and the MS are surrounded by the
local objects such as buildings and traffic lights. The wave
propagation between the MS and the BS interacts with these
objects. As a consequence, a two-ring or ellipse model is
formed with the BS and the MS being the two centers of the
two rings or two foci of the ellipse. The geometric range of
the two-ring or ellipse model is limited by the local objects.
As the BS height increases, the number of the local objects
around the BS decreases. In the extreme case, there is no ob-
ject around the BS when the BS is highly elevated. However,
the MS is surrounded by objects which interact with the prop-
agation waves. Furthermore, more objects are involved into
the propagation including some far objects. Therefore, a one-
ring model is formed between the MS and the BS with the
MS being the center of the ring. The geometric range of the
ring goes from the local objects to the far objects. Therefore,
the propagation between the BS and the MS includes multi-
path components with long propagation delay which can not
happen in the two-ring or ellipse model. As a consequence,
both the LSF and the DS values are increased with increasing
BS height and their cdf curves shift to the right hand side. Si-
multaneously, the additional multipath components with long
propagation delay lead to the reduction of the XPR values.

4.3. Inter-sector correlation of the LSPs

Table 1 shows the experimental results of the inter-sector cor-
relation of the LSPs. The sector pair〈BS2, BS5〉 has 10
[m] BS height while the sector pair〈BS3, BS6〉 has 16 [m]
BS height. It is found in Table 1 that all LSPs are highly
correlated in the overlapped area with correlation coefficient
around 0.9. Furthermore, in the overlapped area, the inter-
sector correlation coefficients of the LSPs with 16 [m] BS
height are a little bit higher than these with 10 [m] BS height.
The reason is that more common scatters will be involved into
the propagation when the BS antenna array becomes higher.
As a consequence, the similarity in the propagation from two
sectors in the overlapped area is increased. However, the
inter-sector correlation could not be one, even though in the
overlapped area where botho sectors have main beam. The
fact is that the MS can still receive the signal coming from
one sector’s main beam area which is outside the overlapped
area by reflection /diffraction /refraction. This signal reflected
/diffracted /refracted by the objects outside the overlapped
main beam leads to the reduction of the inter-sector corre-
lation. The larger the ratio of the overlapped main beam area
to the whole main beam width of two sectors, the larger the
inter-sector correlation is. The inter-sector correlation could
be one only if two sectors are fully overlapped to each other.
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Table 1. Inter-sector correlation of the LSPs with different
BS heights

BS pair BS height LSF DS XPR
〈BS2, BS5〉 10 [m] 0.81 0.78 0.84
〈BS3, BS6〉 16 [m] 0.85 0.84 0.88

5. CONCLUSIONS

In this paper, based on the field measurement data collected
in an urban area of Ilmenau, Germany, we studied the impact
of the BS height on the propagation loss, on the statistical
distributions of the LSPs, and on the inter-sector correlation
properties of the LSPs. The experimental results show that the
BS height has impact on the propagation loss in the case when
the MS is located in the near of the BS. Both in the LOS and
in the NLOS propagations, higher BS antenna array results in
higher LSF and DS values but lower XPR values. The inter-
sector correlation of the LSPs is around 0.9 in the overlapped
area. Furthermore, the inter-sector correlation coefficients of
the LSPs become higher with increasing BS height.
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Fig. 2. Cdf curves of the LSPs from the measurement data
in the LOS and NLOS propagation conditions with two BS
heights
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Fig. 3. Propagation loss with two BS heights and two BS
sectors in the LOS and NLOS propagation conditions
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Abstract— This paper investigates the characteristics of a
printed dual band cross-dipole mounted on a High-Impedance
Surface (HIS) designed for fLow = 2.4 GHz and fHi = 5.4 GHz.
The HIS operates as an artificial magnetic conductor for both
frequencies by using a rectangular periodic structure at a fixed
distance of 1 mm. Thus, the farfield for both frequencies of
the cross-dipole radiates with an increased gain in the upper
hemisphere compared to free space dipoles, whereas in the back
of the antenna geometry electronical components can be placed.

I. INTRODUCTION

During the last years the requirements on antenna designs

have grown rapidly. On the one hand, especially in terms of

wireless devices, a size reduction of the whole antenna is

demanded to increase the number of antennas on the same

area to cover various frequencies or to use diversity and

MIMO concepts. On the other hand minimized coupling to the

environment is desired for applications, in which the antenna

is mounted on top of the system. In this case a significant

front to back ratio of the antenna is required to shield the

circuitry against unwanted radiation, which can be achieved

by conventional microstrip antennas, e.g patch structures or

antennas with complex substrates.

A novel possibility to fulfil the requirements is the use of

High-Impedance Surfaces, also known as artificial magnetic

conductors (AMC), in the reactive antenna near-field, which

leads to both miniaturization and performance enhancement

of the antenna in terms of gain and bandwidth, reported in

[1] for a dipole and a patch antenna in combination with a

High-Impedance Surface. Additionally, in [2] the shielding

of the HIS is used to design a low profile antenna in a

handset, whereby in [3] a bow-tie antenna in combination with

an AMC is investigated for 4G communication services. As

diversity schemes are mandatory in modern wireless systems,

in [4] the diversity performance of a printed cross-dipole

over a HIS is investigated. While these publications mainly

discuss monoband applications the authors in [5] focus on

design methodologies for multiband High-Impedance surfaces

by modifying the shapes geometry.

This paper highlights the advantages due to the combination

of a printed dual band cross-dipole with a dual band HIS.

This design leads to an antenna supporting different wireless

services including the advantages in terms of antenna size

reduction, coupling and gain.

The article is organized as follows: Section II introduces the

HIS design based upon the underlying theory and provides

a dual band reflector for fLow = 2.4 GHz and fHi =
5.4 GHz. Section III briefly describes the simulation setup

of the complete antenna including HIS and presents results

regarding antenna characterization. Conclusions are presented

in Section IV.

II. PRINCIPLE OF DUAL BAND HIS

The HIS is a composite material consisting of a capacitive

frequency selective surface (FSS) on a conductor backed

dielectric substrate. In general, the textured surface be consid-

ered as a two-dimensional filter, which conducts DC currents

but suppresses the propagation of AC currents within a forbid-

den frequency band. The periodic surface with a periodicity of

a can be described by the transmission line theory assuming

that the geometry parameters of a unit cell a, g, t ≪ λeff

are much smaller than the effective wavelength of the design

frequency, see Fig. 1 a).

0rt

a

g

+

+

-

-C

L
C

L

a) b)

Fig. 1. Side view of two unit cells a), equivalent parallel resonant circuit b)

According to [6] the HIS can be simulated as a parallel reso-

nant circuit with its resonant frequency fres = 1/
(
2π
√

LC
)

as depicted in Fig. 1 b), wherein the effective capacitance

C and the effective inductance L depend on the gap width

g, the substrate height t, the periodicity a and the effective

dielectric constant ǫeff . The resonant frequency is determined

by calculating the inductance and the capacitance based on

the equations presented in [6] and [7]. At this frequency

the extremely high surface impedance of the structure leads

to a reflection coefficient of Γ = 1 and a reflection phase
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of ΦΓ = 0◦. Furthermore the reflection phase is used to

define the operational bandwidth, while the corner frequencies

correspond to values of ΦΓ = ±90◦, see [6].

To obtain a planar dual band HIS for fLow = 2.4 GHz and

fHi = 5.4 GHz the independency of the geometric parameters

in the orthogonal direction of the incident TE field reported

in [7] is exploited, leading to a rectangular shape of the unit

cell, see Fig. 2.

ay 2

yg

ax

2

xg

Fig. 2. Side view of rectangular shaped unit cells

The corresponding geometry parameters are evaluated for

a substrate height of t = 6 mm and a permittivity ǫr = 3.55
(Rogers4003) resulting in ax = 2.2 mm, gx = 0.3 mm, ay =
9.5 mm and gy = 0.1 mm. This unit cell is simulated with

a commercial 3D fieldsover and the simulation results of the

reflection phase are depicted in Fig. 2 for an incident TE wave

parallel to the x- and y-axis, respectively.
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Fig. 3. Reflection phase of the rectangular shaped unit cell

At both frequency points fLow = 2.4 GHz and fHi =
5.4 GHz the reflection phase of the structure equals ΦΓ = 0◦,

which enables a periodic surface consisting of these patches

to be an ideal near field reflector for an antenna.

III. ANTENNA SETUP AND SIMULATION RESULTS

In the following an antenna and the HIS are combined,

in which the printed cross-dipole is mounted on a substrate

with a height of tAnt = 1 mm and a permittivity ǫr = 3.55
for practical reasons, see Fig. 4. As this affects the effective

medium of the HIS and modifies the ǫr used for the single

HIS design, the geometry parameters have to be evaluated for

the complete setup.

xSub

ySub

gy

gx

ay

ax

lLow

lHi

t

tAnt

0r

x

y

z y

Fig. 4. Dipole on HIS

The resulting HIS consists of six patches in x- and y-

direction and has maximal dimensions of xsub = 32.1 mm

and ysub = 68.6 mm. Furthermore, the following geometric

parameters ax = 3.3 mm, gx = 0.3 mm, ay = 9.7 mm,

gy = 0.1 mm, lHi = 7.35 mm and llow = 19 mm are used in

the simulations. The corresponding input reflection coefficient

S11 for both dipoles is shown in Fig. 5 and the resonance

behavior of the complete setup approximately meets the design

frequencies with S11 ≈ −11 dB at fLow = 2.4 GHz, see the

red curve, and S11 ≈ −11 dB at fHi = 5.4 GHz. The black

curve yields a better S11 for higher frequencies with -22 dB at

f = 5.9 GHz, what might be explained by the capacitive load

of the dipoles. Additionally, the black curve shows a second

resonance at f = 4.25 GHz with S11 ≈ −19 dB.
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Fig. 5. Dipole on HIS

To prove the functionality of the HIS, in Fig. 6 and Fig. 7

the simulated realized gain for the design frequencies of the

HIS and f = 4.25 GHz are depicted in the xz- and yz-plane.
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For the smaller dipole parallel to the x-axis, the gain reaches

approximately 6.3 dBi at fHi = 5.4 GHz in z-direction, while

the amount in the negative hemisphere is negligible, compare

Fig. 6. For this frequency the shape of the gain pattern in xz-

plane shows nearly the ideal constructive superposition caused

by the reflecting HIS, while it is slightly disturbed in the yz-

plane caused by the orthogonal dipole. At the lower resonance

frequency fLow = 2.4 GHz the gain in xz- and yz-plane has

its maximum at θ = 0◦ with 3.8 dBi. Also, this curves indicate

that the HIS operates well, as in negative z-direction the gain

decreases heavily.

Finally, the gain pattern at f = 4.25 GHz will be discussed

shortly, since the shape of the gain pattern in the yz-plane

with nearly three equal maxima at θ = −90◦, 0◦, 90◦ leads to

the assumption, that a patch mode radiates at this frequency.
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Fig. 7. Simulated realized gain in dBi in elevation, yz-plane

Comparing the radiation patterns of higher order modes of a

rectangular patch with the curve in Fig. 7 results in a possi-

ble TM30 mode. Therefore, the wavelength in the effective

medium for f = 4.25 GHz is estimated to approximately

λ = 38 mm. The side length including all patches parallel

to the y-axis is 58.2 mm, which equals nearly 3
2λ and for this

reason confirms the patch theory. One possibility to suppress

this parasitic mode can be to introduce vias from HIS to

ground and will be investigated further.

IV. CONCLUSION

The paper presents a compact dual band antenna for WLAN

applications consisting of a dual band HIS and a cross-dipole.

The simulation results indicate, that the antenna offers a gain

of 3.8 dBi at fLow = 2.4 GHz and 6.3 dBi at fHi = 5.4 GHz

in z-direction, which is achieved by adjusting the reflection

phase of the HIS to this frequency points. Due to the size of

the HIS a parasitic patch mode is excited at f = 4.25 GHz,

which needs further investigation.
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ABSTRACT

The 3rd Generation Partnership Project (3GPP)’s Release’8
Long Term Evolution (LTE) defines the next step of 3G tech-
nology. LTE offers significant improvements over previous
technologies such as UMTS/HSPA. Higher downlink and up-
link speeds, lower latency and simpler network architecture
are among the new features that are provided. One of the cen-
tral features that provides transmission robustness is hybrid-
ARQ, which in LTE provides physical layer retransmission
using incremental redundancy and soft combining.

In this paper we propose a low-complexity model based
on AWGN link level simulations that is capable of reliably
predicting the BLER improvement due to the use of incre-
mental redundancy H-ARQ in LTE.

1. INTRODUCTION

The increase of mobile data usage, fueled by bandwidth de-
manding applications such as mobile TV, Web 2.0 and on-
line gaming has led to the development and standardization
of UTRA Long Term Evolution (LTE) [1]. LTE is intended
to be a mobile-communication system that can take the tele-
com industry into the 2020s. LTE leaves legacy technology
behind and sports a radio interface being purely optimized for
IP transmissions and offering operators a high spectrum flex-
ibility, supporting from 1.4 MHz to 20 MHz bands [2].

Also the core network is focused on the packed-switched
domain, migrating away from the circuit-switched network.
The System Architecture Evolution (SAE) core network ar-
chitecture significantly enhances the core network performa-
nce while ensuring interoperability with previous networks
such as High Speed Packet Access (HSPA). Hence LTE will
be very convincing for network operators that already have
HSPA networks running.

Several techniques have been used in order to provide sig-
nificant improvements over its predecessor technologies. Im-
provements on the air interface include OFDMA in the down-
link, SC-OFDMA in the uplink, and Multiple-Input Multiple
Output (MIMO) enhancements, while on the network side the
SAE provides an all-IP network capable of supporting higher

throughput and lower latency. To be specific, user plane la-
tency has been reduced to below 5 ms while supporting speeds
of up to 350 km/h (500 km/h in some cases). As a result
of these improvements, LTE is capable of offering download
speeds of up to 100 Mbps and upload speeds of up to 50 Mbps
within a 20 MHz spectrum [2].

Transmission integrity is guaranteed by the application of
an hybrid automatic repeat request (H-ARQ) retransmission
scheme, very similar to the one utilized in High Speed Down-
link Packet Access (HSDPA). The performance of the retrans-
mission handling strongly influences the performance of LTE
both on the physical layer [3] as well as from a network per-
spective.

For performance evaluations, in particular on system-level,
low-complexity models for the physical layer procedures are
needed to keep the simulation times manageable. H-ARQ —
since positioned on layer 1— has been of interest for model-
ing already for quite some time. For other technologies, e.g.
HSDPA such models already exist [4] and have been utilized
in a variety of applications [5, 6].

In this paper we focus on deriving a low-complexity model
capable of accurately predicting the H-ARQ gains on the phys-
ical layer. Our model can be easily utilized in system-level
simulations [7], thus allowing for the investigation of retrans-
mission strategies in LTE networks. The paper is organized as
follows: in Section 2 the LTE downlink shared channel will be
introduced, after which we explain the principles of H-ARQ
in Section 3. With these findings, we are able to derive our
model, describing the simulation results, and its application
in Section 4. Finally, Section 5 concludes the paper.

2. LTE DOWNLINK SHARED CHANNEL
STRUCTURE

The LTE Downlink Shared Channel (DL-SCH) uses OFDM
to mitigate frequency selectivity and to multiplex the resources
for multiple users. The spectrum is divided in 15 kHz sub-
carriers (a 7.5 kHz spacing is also possible) and arranged in
groups of twelve contiguous subcarriers each forming a Re-
source Block (RB) which are the basic schedulable unit in
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the frequency domain. For a 1.4 MHz downlink bandwidth
space, six RBs are allocated, which we express as NDL

RB = 6.
Alternatively, for a bandwith of 20 MHz NDL

RB = 100.

180 kHz

0.5 ms

resource block: 12 subcarriers, 0.5 ms

total bandwidth

subframe length (1 ms)

Fig. 1. Resource block grid structure (1 TTI) for a 1.4 MHz
bandwidth.

In the time domain, the length of a radio frame is 10 ms,
which is divided in 10 subframes, each 1 ms long. Each sub-
frame consists of two 0.5 ms long slots. The Transmission
Time Interval (TTI) of LTE is defined to be 1 ms long, so
every 1 ms the scheduler must multiplex the users in grid of
NDL

RB × 2 RBs [1]. This also sets 1 ms as the reaction time
of the network. Fig. 1 depicts a resource block grid for a
1.4 MHz bandwidth.

The channel coding for the DL-SCH consists of Transport
Block (TB) CRC attachment, Code Block (CB) segmentation,
a rate 1/3 turbo encoder, rate matching and code block con-
catenation [8]. Fig. 2 depicts the processing structure for the
DL-SCH, naming the bitstream after each process. Data a ar-
rives to the coding unit in form of a maximum of one TB every
TTI and a CRC is then attached to it, thus obtaining b. The re-
sulting b bits are then segmented in r cr CBs. The maximum
CB size is 6144 bits, as that is the maximum size allowed by
the turbo coder. In case segmentation is performed, an extra
CRC is attached to cr. The bits are then turbo coded and rate-
matched, thus obtaining dr and er respectively. Finally, the r
CBs are concatenated to obtain the coded TB f .

Channel coding

Code block segmentation
Code block CRC attachment

Rate matching

Code block concatenation

Transport block
CRC attachment

a

b

cr

dr

er

f

Fig. 2. The LTE DL-SCH channel coding processing struc-
ture. The data bits (a) are input and then coded (f ).

Depending on channel conditions, different coding schemes
and modulations can be used for each RB. Possible modula-
tions for the DL-SCH are 4-QAM, 16-QAM and 64-QAM
[9]. While the process is in essence identical to previous
technologies such as HSDPA, due to the high data rates in-

volved the structure of the turbo encoding and rate matching
is slightly different such as to ease parallelization [10].

The LTE rate matcher will fit the rate 1/3 turbo-coded
blocks into the available space assigned by the scheduler in
the RB grid via a process of puncturing or repetition, thus
obtaining the Effective Code Rate (ECR).

ECR =
cr
er
· 1024. (1)

LTE defines different Modulation and Coding Schemes
(MCS) suitable for 15 different steps of the Channel Qual-
ity Indicator (CQI) which is feedback by the User Equipment
(UE). ECRs between 78 and 948 are specified for LTE [11].

Fig. 3 depicts the rate-matching process for er < dr (ECR
increase). The rate matcher plays a crucial role in H-ARQ, as
it is performed by controlling the puncturing process depend-
ing on the retransmission number.

Code block (cr)

Coded code block,
size x3 (dr)

Rate-matched code block,
desired rate (er)

Rate matcher

Turbo encoder (rate 1/3)

Fig. 3. Rate matching. Bits in the code block are punctured
or repeated to achieve de desired ECR.

LTE provides both ARQ and H-ARQ functionalities. The
ARQ functionality provides error correction by retransmis-
sions in acknowledged mode at Layer 2, while the H-ARQ
functionality ensures delivery between peer entities at Layer
1. In this paper we will focus on H-ARQ with Incremental
Redundancy (IR) and how to model its performance in a sim-
ple way to use it in system level simulations.

Such models already exist for other technologies, such as
the proposal in [4] for HSDPA and can improve the accuracy
of current system level simulations such as [5], but so far none
has been proposed for LTE.

3. LTE H-ARQ

A transmission scheme based on H-ARQ combines detection
and Forward Error Correction (FEC) plus a retransmission of
the erroneous packet. LTE additionally uses soft combining,
in which a given received packet is combined with the previ-
ously received packets and the resulting more powerful FEC
code is then decoded [12].

When soft combining the packets received in several H-
ARQ retransmissions, basically two combining strategies can
be used. These are Chase Combining (CC), where each re-
transmission is identical to the original transmission, and In-
cremental Redundancy (IR), where each retransmission con-
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sists of new redundancy bits from the channel encoder. In IR,
instead of sending simple repeats of the coded data packet,
new information is sent in each subsequent transmission of
the packet. The decoder then combines all the transmissions
and decodes the packet at a lower code rate.

LTE utilizes IR H-ARQ with a 1/3 turbo encoder as FEC
code and the TB CRC for error detection. Since in this case
the receiver obtains just differently punctured versions of the
same turbo-encoded data, each of these retransmission is self-
decodable. Such an H-ARQ scheme falls into the category of
a type-III Hybrid H-ARQ.

In order for IR to work, the H-ARQ functionality must be
able to create appropriate redundancy versions from a given
CB and prevent terminal buffer overflow. This is achieved
through the rate matcher located after the fixed-rate channel
encoder. LTE implements this functionality in a one-step rate
matching as opposed to HSDPA, where it is accomplished in
a two-step process [13].

Fig. 4 depicts CC in the case when ECR > 1024/3,
where the received identical packets are recombined, while
Fig. 5 depicts the IR case. The white part in the reconstructed
code block represents bits that were punctured from the orig-
inal CB.

} Chase combining

Reconstructed code block
Punctured bitsCombined bits

Fig. 4. Chase combining on four received transmissions(
ECR > 1024

3

)
. Punctured bits are still missing after the

combining.

} Incremental
redundancy
combining

Reconstructed code block
Combined bits

Fig. 5. Incremental redundancy combining on four received
transmissions

(
ECR > 1024

3

)
. Every retransmission adds ex-

tra information bits.

While HSDPA provides both CC and IR H-ARQ, LTE
only provides IR. IR can give large performance gains for
high channel-coding rates and high modulation orders. For
low MCSs, the link-level performance gains with IR are less
significant, and there are only a few artificial scenarios in
which IR performs worse than CC [14].

H-ARQ transmissions are indexed with the redundancy
version rvidx parameter, which tells the receiver whether the
currently transmitted TB is new (0), or the n-th retransmis-
sion, up to a maximum of 3 (1,2 or 3). For a given target
TB size G, the rate matcher can produce 4 different punc-
tured versions of the original coded TB, depending on the

value of rvidx (see Fig. 6). Other parameters that fine tune
the rate matching process are Qm (modulation order), NIR

(buffer size at receiver end) and Nl (number of layers used in
the channel coding) [8].

Rate matcher

rvidx

rvidx=0
rvidx=1
rvidx=2
rvidx=3

Nl

NIR

Qm

G

Fig. 6. Through the rate-matching process, up to four differ-
ent rate-matched versions of a given code block can be pro-
duced by varying the rvidx parameter.

Link level simulations with H-ARQ showed that the LTE
turbo code rate matcher will even in the case of most extreme
puncturing (CQI = 15) still introduce 13% of parity bits for
rvidx = 0. For the second, third and fourth transmissions,
these ratios change to 83%, 0% and 34% respectively (see
Fig. 7).
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Fig. 7. Ratio of systematic bits in the rate-matched CB for
each possible MCS, as defined by the CQI.

When using IR, some degradation can be expected when
losing the systematic bits in the original transmission while
receiving the parity bits [14]. Including systematic bits in
two out of three possible retransmissions aims at reducing this
problem. In order to improve the efficiency of H-ARQ, map-
ping techniques such as the one in [15] have also been used.
The scheme used in LTE, depicted in Fig. 8, is based on trans-
mitting systematic and parity bits in the same sent TB.

The rate matching process works by, depending on rvidx,
choosing a starting point in the interleaved CB depicted in
Fig. 8 and then choosing G consecutive bits. The v(0) bits are
the interleaved systematic bits from the turbo encoder, while
v(1) and v(2) the first and second parity bits respectively. This
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Systematic bits (v(0))
Parity bits (v(1))
Parity bits (v(2))

Fig. 8. Coded bits before the puncturing/repetition in the rate
matcher. A contiguous subset of these bits is the output of the
rate matcher.

sub-block interleaving process is part of the rate-matching
process, and separately spreads the systematic and parity bits
over a wider area in the CB.

4. H-ARQ MODELING

For each H-ARQ retransmission that the LTE system can use,
an improvement of the Block Error Rate (BLER) is expected.
In order to model these improvements, link level simulations
have been used [3].

The LTE link level simulations for the H-ARQ evalua-
tion process were performed for a single-user scenario cor-
responding to the simulation parameters shown in Table 1.
All of the 15 MCS defined by the CQI values in the LTE
standard [11] have been used. As to have reliable data at
BLERs of 10−3, 10,000 subframe-long simulations were per-
formed. MIMO benefits are open for investigation in future
work, where we will put an emphasis on investigating differ-
ent space-time coding schemes (similar to HSDPA [16]), as
proposed by the standard.

Parameter Value
System bandwidth 1.4 MHz
Subcarrier spacing 15 kHz
Cyclic prefix normal
Channel profile AWGN
Max. number of retransmissions 3
CQI values 1-15
Simulation length 10,000 subframes

Table 1. Link level simulation parameters.

Simulations were performed with the minimum specified
bandwidth for LTE, which is 1.4 MHz. Since the LTE turbo
encoder has a maximum CB size of 6144 bits, the channel
coding process segments the received TBs when needed. Be-
cause of this segmentation, it is not expected that varying
the available bandwidth (thus increasing NDL

RB = 6) would
change the results presented in this paper.

Fig. 9 shows typical BLER curves generated by the H-
ARQ simulations. Each curve represents the BLER of the
subframes with a specific rvidx. The bold curve represents
the overall BLER, not taking into account rvidx. As each re-
transmission provides the receiver extra information, BLER
improves for each additional retransmission. Our proposed
H-ARQ model serves at estimating the BLER SNR shift that

occurs when H-ARQ is used compared to a transmission that
is not using H-ARQ.
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3rd retransmission
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SNR shifts 
due to HARQ
(BLER=10%)

. . . .

overall BLER

Fig. 9. H-ARQ BLER curves for CQI 7. 16-QAM modulation
and 738 ECR.

Simulations were performed for the MCSs corresponding
to each CQI value in LTE. Fig. 9 shows only the plot for a
CQI of seven, but simulations were performed for all 15 CQI
values. From each of these simulations the BLER for each re-
transmission was evaluated and the shifts between the curves
(SNR gain due to H-ARQ) was noted. The shift was defined
as the difference between the curve of the n-th retransmission
and the original transmission at the BLER = 10% point. The
results of our investigation are illustrated in Fig. 10, which
depicts the SNR gain depending on the number of retransmis-
sions (rvidx), the modulation (4-QAM, 16-QAM or 64-QAM)
and the ECR. A linear regression has been performed to fit the
simulation results, which is also overlayed onto the plot.
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Fig. 10. SNR gain when using H-ARQ and the proposed
analytical model.
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The SNR gain can thus then be modeled this linear fit,
shown in Eq. (2), where SNRgain(rvidx) is expressed in dB.
The possible values for µmod and εmod, depending the re-
transmission index rvidx and the modulations specified by the
LTE standard can be found in Table 2.

SNRgain(rvidx) = µmod(rvidx) · ECR + εmod(rvidx) (2)

Modulation rvidx µmod · 10−2 εmod

4-QAM
1 0.0804 2.89
2 0.1628 4.57
3 0.2006 5.62

16-QAM
1 0.0420 1.17
2 0.8435 0.74
3 0.9464 1.15

64-QAM
1 0.8996 -1.23
2 1.2288 -0.71
3 1.2728 0.15

Table 2. H-ARQ model parameters for 4-QAM, 16-QAM
and 64-QAM modulations.

When using our proposed model in a system level simula-
tion, the link level model can then adjust the post-equalization
symbol SINR to account for the effect of H-ARQ by means
of a simple sum, as shown in Eq. (3), where i denotes the i-th
retransmission.

SINR(i) = SINR + SNRgain(i) (3)

In system level simulations, the SINR of a transmission
without taking H-ARQ into account is calculated by the link
measurement model. Afterwards, in order to account for the
effect of H-ARQ, a gain of SNRgain(i) dBs will be applied to
the SINR according to the redundancy version index i and us-
ing the correct µmod and εmod parameters for the given MCS
(see Eq. 2), thus obtaining an adjusted SINR value that in-
cludes the gain due to H-ARQ retransmissions.

Typical link to system level models utilized for the eval-
uation of multicarrier systems such as LTE are Exponential
Effective SIR Mapping (EESM) and Packet Error Rate (PER)
indicator [17]. Such models can be used to obtain the effec-
tive SINR of the received TB to which afterwards the H-ARQ
gains can then be added.

Although there are already extensions for EESM to deal
with H-ARQ [18] showing results for uncoded simulations,
our proposed simulation-based model takes into account the
whole LTE processing chain, providing a more tailored model
for LTE. Details such as the number of new and systematic
bits in each retransmission and the performance of the chan-
nel coding, which are specific to the LTE system are then
taken into account.

Our model shows that, as expected, the highest SNR gains
are observed for high modulation orders and ECRs, as IR

performs at best in this region [14] (see Fig. 10). Up to a
12.75 dB improvement has been observed for CQI 15 (64-
QAM, 948 ECR).

The relative mean square error (MSE) of the estimated
SNR gains is shown in Table 3). As it can be seen, relative
MSEs show errors below 1% except for the 64-QAM modu-
lation. This high error is due to a mismatch of the model with
the actual measured SNR gains for the last two CQI values
(873 and 948 ECRs).

Modulation rvidx = 1 rvidx = 2 rvidx = 3
4-QAM 0.374 0.717 0.805
16-QAM 0.002 0.133 0.016
64-QAM 3.983 6.569 11.273

Table 3. Relative MSE (%) of the proposed LTE H-ARQ
model for the different possible modulations and rvidx.

5. CONCLUSIONS

In this paper, we propose a low-complexity H-ARQ SNR-
gain model that is capable of predicting the SNR gain that
using the H-ARQ scheme defined for LTE provides. For any
of the defined modulation and coding schemes defined for
LTE, our model is capable predicting the SNR shift of the
block error rate curve that will be obtained for each H-ARQ
retransmission.

The proposed model can be used in system level simula-
tions to represent the impact of H-ARQ not only accurately
but also with a very low computational complexity. Future
work will deal with improving the model for high modula-
tion and coding schemes, frequency selective channels, and
MIMO benefits and channels such as the Spatial Channel Mod-
el (SCM) [19].
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ABSTRACT

In this work we study the divergence of different links
in wide-band multi-user multiple-input multiple-output (MU-
MIMO) channels. The divergence is measured on several lev-
els: (i) spatial separation of the user’s correlation matrices,
(ii) co-linearity of the MIMO channel matrices, and (iii) cor-
relation of large scale fading. The measurement data has been
acquired using Eurecom’s MIMO Openair Sounder (EMOS).
The EMOS can perform real-time MIMO channel measure-
ments synchronously over multiple users. For this work we
have used an outdoor measurement with two transmit anten-
nas and two users with two antennas each. Several measure-
ments with different distances between users were acquired.
We find that the structure of the MIMO channel matrices
changes significantly with the inter-user distance. This is best
captured by the co-linearity measure. The transmit and the
full correlation matrix also show some dependence on the
inter-user distance whereas the receive correlation matrices
are independent of the inter-user distance. The shadowing
correlation was found to be very low in all cases. These find-
ings are important for MU-MIMO precoding and scheduling
algorithms.

1. INTRODUCTION

In a cellular network, cooperation between users can be used
to greatly increase power efficiency, reliability and through-
put. Cooperation can be achieved by using the antennas of
multiple users to form a virtual antenna array and by us-
ing MIMO transmission/reception techniques. The develop-
ment and realistic performance assessment of such distributed
MIMO systems requires measurement and characterization of
the different channel links in these systems. To this end, only
a limited amount of channel measurements and analysis of
such distributed MIMO systems are available.

This work was supported by the European Commission in the frame-
work of the FP7 Network of Excellence in Wireless COMmunications NEW-
COM++ (contract n. 216715), the FP7 project SENDORA (contract n.
216076) and Eurecom, as well as the Vienna Science and Technology Fund
(WWTF) in the ftw. project COCOMINT. The Telecommunications Re-
search Center Vienna (ftw.) is supported by the Austrian Government and
the City of Vienna within the competence center program COMET.

In [1] realistic MU-MIMO channel measurements have
been obtained using Eurecom’s MIMO Openair Sounder
(EMOS). The EMOS can perform real-time channel measure-
ments synchronously over multiple users moving at vehicu-
lar speed. The measured channels are used to calculate the
capacity of the MU-MIMO broadcast channel. One of the
findings of [1] was that the performance of MU-MIMO pre-
coding drops drastically when the users are close together in
an outdoor scenario. It was further noted that this decline in
performance is due to the strong correlation at the transmitter.

In this paper we investigate this phenomenon further by
studying the distance of the correlation matrices with respect
to the inter-user distance. Different measures to characterize
the divergence of MIMO channels are available in the liter-
ature. Some of them can be applied directly on the MIMO
channel matrices, while others are only applicable to correla-
tion matrices. In this work we use the co-linearity measure
applied on the channel matrices and the correlation matrix
distance [2] as well as the geodesic distance [3] applied on
the transmit, the receive and the full correlation matrix.

Another important phenomenon studied in this paper is
the large scale shadow fading correlation. Shadowing corre-
lation has a big impact on the performance of such cooper-
ative communication schemes. Therefore, it is necessary to
identify scenarios where shadowing correlation occurs.

An alternative correlation measure is the spectral diver-
gence (SD) [4]. It measures the distance between strictly pos-
itive, non-normalized spectral densities. The SD was used in
[5] to characterize the similarity between scattering functions
of different links in a MIMO channel and in [6] to character-
ize the similarity between local scattering functions of a time-
and frequency-selective vehicular channel. As an addition to
the matrix distances we also evaluate the applicability of the
SD to MU-MIMO channels.

Related work. In [7], measurements were conducted us-
ing a MEDAV-LUND channel sounder with its correspond-
ing receiver as well as the receiver of an Elektrobit channel
sounder. The two receivers are perfectly synchronized. The
authors present capacity with interference results, based on
the dynamic multilink measurements, as well as path-loss and
delay spreads for the measured scenarios. Distributed MIMO
measurements have also been described in [8]. They were
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conducted with a single RUSK channel sounder using long
cables between the antennas and the channel sounder. In [9]
these measurements were used to characterize the spatial sep-
aration of MU-MIMO channels. The shadowing correlation
between users has been studied in several papers [10–15].
However, a clear dependence of the shadowing correlation on
the user distance can not be deduced.

Contribution of the paper. We show how the structure
of the MIMO channel matrices changes with the inter-user
distance. Further we show that the transmit and the full corre-
lation matrix also depend on the inter-user distance whereas
the receive correlation matrices are independent of the inter-
user distance.

2. DESCRIPTION OF THE MEASUREMENT
PLATFORM

2.1. Hardware Description

The EMOS is based on the OpenAirInterface1 hard-
ware/software development platform at Eurecom. The plat-
form consists of a BS that continuously sends a signaling
frame, and one or more UEs that receive the frames to esti-
mate the channel. The BS consists of a workstation with four
PCI baseband data acquisition cards, which are connected to
four PLATON RF boards (see Fig. 1(a)). The RF signals are
amplified and transmitted by a Powerwave 3G broadband an-
tenna (part no. 7760.00) composed of four elements which
are arranged in two cross-polarized pairs (see Fig. 1(b)). The
UEs consist of a laptop computer with Eurecom’s dual-RF
CardBus/PCMCIA data acquisition card (see Fig. 1(c)) and
two clip-on 3G Panorama Antennas (part no. TCLIP-DE3G,
see Fig. 1(d)). The platform is designed for a full software-
radio implementation, in the sense that all protocol layers run
on the host PCs under the control of a Linux real time opera-
tion system.

2.2. Sounding Signal

The EMOS is uses an OFDM modulated sounding sequence
with 256 subcarriers (out of which 160 are non-zero) and a
cyclic prefix length of 64. One transmit frame is 64 OFDM
symbols (2.667 ms) long and consists of a synchronization
symbol (SCH), a broadcast data channel (BCH) comprising 7
OFDM symbols, a guard interval, and 48 pilot symbols used
for channel estimation (see Fig. 2). The pilot symbols are
taken from a pseudo-random QPSK sequence defined in the
frequency domain. The subcarriers of the pilot symbols are
multiplexed over the M transmit antennas to ensure orthogo-
nality in the spatial domain. We can therefore obtain one full
MIMO channel estimate for one group of M subcarriers. The
BCH contains the frame number of the transmitted frame that
is used for synchronization.

1http://www.openairinterface.org

(a) Base Station with PLATON boards (b) Power Ampli-
fiers and Powerwave
Antenna

(c) Dual-RF Card-
Bus/PCMCIA Card

(d) Panorama Antennas

Fig. 1. EMOS base-station and user equipment [16]
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BCH Guard Interval
(8 OFDM Symbols)

...
48 Pilot Symbols

Frame (64 OFDM Symbols)

Fig. 2. Frame structure of the OFDM Sounding Sequence.
The frame consists of a synchronization channel, (SCH), a
broadcast channel (BCH), and several pilot symbols used for
channel estimation.

2.3. Channel Estimation Procedure

Each UE first synchronizes to the BS using the SCH. It then
tries to decode the data in the BCH. If the BCH can be de-
coded successfully, i.e., the cyclic redundancy check (CRC) is
positive, then the channel estimation procedure is started. The
channel estimation procedure consists of two steps. Firstly,
the pilot symbols are derotated with respect to the first pi-
lot symbol to reduce the phase-shift noise generated by the
dual-RF CardBus/PCMCIA card. Secondly, the pilot sym-
bols are averaged to increase the measurement SNR. The es-
timated MIMO channel is finally stored to disk. For a more
detailed description of the synchronization and channel esti-
mation procedure see [16, 17].
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2.4. Multi-user Measurement Procedure

In order to conduct multi-user measurements, all the UEs
need to be frame-synchronized to the BS. This is achieved by
storing the frame number encoded in the BCH along with the
measured channel at the UEs. This way, the measured chan-
nels can be aligned for later evaluations. The frame number
is also used to synchronize the data acquisition between UEs.
One measurement is 50 sec long.

3. POST PROCESSING AND PARAMETER
EXTRACTION

The recorded measurement data of all users are normalized
before further processing. In this section we describe the nor-
malization, the calculation of the delay profile (PDP) and the
correlation matrices. Further we define the different distance
measures, i.e., the geodesic distance, the correlation matrix
distance, the co-linearity and the spectral divergence.

3.1. Normalization

One measurement results in the set of MIMO matrices
{Hk,m,q ∈ CN×M ; k = 0, . . . ,K − 1;m = 0, . . . , NF −
1; q = 0, . . . , Q − 1}, where k denotes the user index, m
the snapshot index, and q the frequency (or subcarrier) index.
N,M, and K are the number of receive antennas, number of
transmit antennas and number of users respectively. NF is
the total number of snapshots per measurement after remov-
ing erroneous frames (on average NF ≈ 18.000). The total
number of channel estimates in the frequency domain is given
by Q = 160/M , since there are 160 subcarriers in total and
the pilots are multiplexed over the M transmit antennas. The
MIMO matrices are normalized by

H′
k,m,q = Hk,m,q

√
NNFQ∑

m,q ‖Hk,m,q‖2
F

(1)

such that E{‖H′
k‖2

F } = N .

3.2. PDP Estimation

The power delay profile (PDP) is estimated by averaging the
channel impulse responses of every link of the MU-MIMO
channel over A = 200 consecutive snapshots (this corre-
sponds to a movement of the user of apx. 4λ at the maxi-
mum speed of 5km/h). We thus introduce a new time variable
n = ⌊m/A⌋ and write

Pi,j,k[n, τ ] =
1
A

A(n+1)−1∑
m=An

|hi,j,k,m,τ |2, (2)

where hi,j,k,m,τ is the (i, j)-th element of the time-delay do-
main MIMO matrix Hk,m,τ of user k at time m.

3.3. Correlation Matrices

The correlation matrices are also estimated by averaging over
A = 200 consecutive snapshots and all the frequency bins.
The per-user transmit, receive, and full correlation matrices
of the MU-MIMO channel are defined as

R(k)
Tx [n] =

1
AQ

A(n+1)−1∑
m=An

Q−1∑
q=0

{HH
k,m,qHk,m,q}, (3)

R(k)
Rx [n] =

1
AQ

A(n+1)−1∑
m=An

Q−1∑
q=0

{Hk,m,qHH
k,m,q} (4)

R(k)[n] =
1

AQ

A(n+1)−1∑
m=An

Q−1∑
q=0

{vec(Hk,m,q) vec(Hk,m,q)H}.

(5)

3.4. Correlation Matrix Distances

Correlation matrices are by definition Hermitian and positive
definite. The space of Hermitian and positive definite matri-
ces forms a convex cone [3]. A natural distance measure on
this cone is given by the geodesic distance

dGeod(R(k1),R(k2)) =

(∑
i

| log λi|2
)1/2

, (6)

where λi are the eigenvalues of (R(k1))−1R(k2) [3]. This dis-
tance measure has been successfully used in [18] to derive a
differential limited feedback scheme for MIMO communica-
tions.

Another distance for correlation matrices was introduced
by [2]. It is given by

dCorr(R(k1),R(k2)) =
tr(R(k1)R(k2))

‖R(k1)‖F ‖R(k2)‖F
. (7)

It becomes one if the correlation matrices are equal up to a
scaling factor and zero if they differ to a maximum extent.

3.5. Channel Matrix Distance Measures

Instead of looking at the distance of correlation matrices we
can also find distance measures that apply to the channel ma-
trices directly. A simple distance measure can be derived from
the zero forcing (ZF) precoder used in MU-MIMO communi-
cations [1, 19]. To keep things simple, we will use only one
antenna at the receivers (N = 1) and denote the correspond-
ing channel of user k with the vector hk. If the channels of
two users are orthogonal, i.e., if hkhH

j = 0, the ZF precoder
achieves the optimal sum rate. The more aligned the vectors
are, i.e, the larger the scalar product hkhH

j , the worse the
performance of ZF will be. We thus define the co-linearity
measure as

dColin(hk1 ,hk2) =
hk1h

H
k2

‖hk1‖‖hk2‖
. (8)
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Parameter Value
Center Frequency 1917.6 MHz
Usefull Bandwidth 4.0625 MHz
BS Transmit Power 33 dBm

Number of Antennas at BS 2 (co-polarized)
Number of UEs 2

Number of Antennas at UE 2

Table 1. EMOS Parameters

This co-linearity measure is a special case of the co-linearity
measure introduced in [9], when the number of receive anten-
nas is one.

3.6. Shadowing Correlation

Last but not least we evaluate the correlation of the shadow
fading between users. Let sk,n denote the shadowing compo-
nent of the received signal strength in dB. This is equivalent
to the digital signal strength after power control, i.e., after
removing the path loss component. The shadow fading corre-
lation coefficient between users k1 and k2 is defined as

ρ[k1, k2] =
E{sk1,nsk2,n}

σk1σk2

, (9)

where σk is the standard deviation of sk,n [11].

3.7. Spectral Divergence

The SD measures the distance between strictly positive, non-
normalized spectral densities [4]. From our measurements
we can define per each user three power spectral densities:
the power delay profile, the Doppler spectral density and the
angular spectral density. We define the time-dependent SD
between these three time-varying power spectral divergences,
where the index n denotes the time dependency. The SD be-
tween power delay profiles Pi,j [n, τ ], between Doppler spec-
tral densities Si,j [n, ν] and between angular spectral densities
A[n, φ, θ] read

γP
n [k1, k2] = log

 
1

(TNM)2

X
τ,i,j

P
(k1)
i,j [n, τ ]

P
(k2)
i,j [n, τ ]

X
τ,i,j

P
(k2)
i,j [n, τ ]

P
(k1)
i,j [n, τ ]

!
,

γS
n [k1, k2] = log

 
1

(PNM)2

X
ν,i,j

S
(k1)
i,j [n, ν]

S
(k2)
i,j [n, ν]

X
ν,i,j

S
(k2)
i,j [n, ν]

S
(k1
i,j )[n, ν]

!
,

γA
n [k1, k2] = log

0@ 1

(NM)2

X
φ,θ

A(k1)[n, φ, θ]

A(k2)[n, φ, θ]

X
φ,θ

A(k2)[n, φ, θ]

A(k1)[n, φ, θ]

1A ,

respectively. The user indices are k1 and k2, T and P de-
note the number of samples in the delay and Doppler domain
respectively. The number of antenna elements at the receiver
and transmitter side is denoted by M and N . The angle of
arrival and angle of departure are φ and θ and ν is de discrete
Doppler shift.

x Base Station

X1X2X3
X4

X5

Fig. 3. Map of the measurement scenario. The position of
the BS antenna as well as the five measurement points are
indicated.

4. MEASUREMENTS AND RESULTS

4.1. Measurement Description

The Eurecom MIMO OpenAir Sounder (EMOS) has been
used to conduct measurements in the vicinity of Eurecom,
Sophia-Antipolis, France. In all measurements there were 2
Tx antennas and 2 UEs with two antennas each. A map of the
scenario is depicted in Fig. 3. The measurement parameters
are summarized in Table 1.

Two different sets of measurements were taken. In the
first set, the first user was stationary and position x1 and the
second one was being pushed on a trolley from position x1 to
x5 with a constant speed. The terminals were also equipped
with GPS receivers, so that their distance can be evaluated. In
the second set the first user is always at position x1 and the
second user is at position xi, i = 1, . . . , 5. Positions x1, x2,
and x5 are LOS while positions x3 and x4 are behind an office
building. During the measurements the users were moving
only within a few wavelengths to get sufficient statistics for
the evaluations.

4.2. Results

Correlation Matrix Distance. In Fig. 4 and 5 we show the
geodesic distance (6) and the correlation matrix distance (7)
for the transmit, the receive and the full correlation matrix
over the distance between the users. The correlation matrices
have been calculated as described in Equations (3)–(5) aver-
aging over A = 200 frames and all frequency bins. For ev-
ery such estimate, we also evaluate the distance between the
users.
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Fig. 4. Geodesic distance in dependence of the inter-user dis-
tance for the first measurement.
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Fig. 5. Correlation matrix distance in dependence of the inter-
user distance for the first measurement.

It can be seen that the geodesic distance does not show
a clear dependence on the inter-user distance. The correla-
tion matrix distance on the other hand changes significantly
over distance. The full and the transmit correlation matrices
are more similar when the users are close together and differ
when the users are far apart. The distance between the receive
correlation matrices on the other hand can not be related to the
inter-user distance.

Channel Co-linearity. In Fig. 6 we plot the co-linearity be-
tween channel vectors (we use only one receive antenna). We
first calculate the co-linearity for every frame m and every
subcarrier q and then average over the subcarriers q. In the
figure we also plot a linear function fitted to the data. A clear
dependence of the co-linearity on the inter-user distance can
be seen.

Shadow Fading Correlation. In Table 2 shows the shadow-
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Fig. 6. Co-linearity in dependence of the inter-user distance
for the first measurement. The red line is a linear function
fitted to the data.

Distance [m] 1.9 15.7 32.3 53.4 76.3
Shadowing Corr. -0.11 -0.13 -0.20 -0.08 0.01

Table 2. Shadow fading correlation in dependence of the
inter-user distance for the second measurement.

ing correlation of second set of measurements. It can be seen
that the shadowing correlation coefficient is rather low for all
of the measurements.

Spectral Divergence. The presented results omit the SD
analysis, which does not allow us to relate it to the distance
between users. For the SD between power delay profiles, the
value of the SD depends only on the distance from user to
base station and not between users. The SD is lower when two
users are at the same distance to the base station, indepent-
dently of how far they are from each other. We analyse the
Doppler spectral densities of two users, one of them is mov-
ing and the other remains static. We observe a constant non-
zero Doppler shift for the moving user whereas the Doppler
shift for the static user is zero. In this case, the SD analy-
sis shows that the Doppler spectra between users is different,
but does not present changes over distance. And finally, the
analysis which could give us some meaningful results, the SD
between angular spectral densities, does not have enough re-
sultion, we only have two antenna elements at each terminal
(user and base station). Because of these reasons we drop the
SD analysis for this paper.

5. CONCLUSIONS

We have presented an analysis of measured MU-MIMO chan-
nels using several measures to characterize the (dis-)similarity
of the channels of different users. The data was acquired us-
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ing Eurecom’s MU-MIMO channel sounder EMOS. The re-
sults show that the structure of the MIMO channel matrices
changes significantly with the inter-user distance. This is best
captured by the co-linearity measure. The transmit and the
full correlation matrix also show some dependence on the
inter-user distance whereas the receive correlation matrices
are independent of the inter-user distance. The geodesic dis-
tance on the other hand does not show a clear dependence on
the inter-user distance.

These findings are important for MU-MIMO precoding
and scheduling algorithms. For example a MU-MIMO ZF
precoder performs optimally if the channels of two users are
orthogonal. The more aligned the channels are the worse the
performance of ZF will be.

Last but not least we found that the shadowing correla-
tion is quite low even when the nodes are quite close. This
fact was also observed in other measurements [20]. However,
the measurements are rather specific and thus more measure-
ments are needed.
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ABSTRACT

Multi-user multiple-input multiple-output (MU-MIMO) sys-
tems provide a significantly increased capacity and spectral
efficiency by exploiting the benefits of space division multiple
access (SDMA). The channel state information (CSI) at the
base station (BS) is used to precode the transmit signals and
to simplify the processing at the users’ terminals. If perfect
CSI is available at the transmitter, the multi-user interference
(MUI) can be effectively eliminated at the BS. If the channel
varies too fast to obtain short-term CSI, long-term CSI can
be used alternatively to improve the system performance. In
this paper we propose a new approach to multi-user precoding
based on long-term CSI, which can be applied to previously
defined precoding techniques originally requiring perfectCSI
at the BS. It is shown that a significant performance improve-
ment is achieved by the new approach as compared to a state
of the art approach [1] to multi-user precoding with long-term
CSI, especially for the case when a user has a line of sight
(LOS) channel.

1. INTRODUCTION

In a multi-user multiple-input multiple-output (MIMO) com-
munication system, multiple antennas at both ends of the link
offer us the benefit of using space division multiple access
(SDMA) to simultaneously transmit multiple data streams to
a group of users, which results in a significant improvement
of the system capacity. Obviously, this benefit comes from
the awareness of channel state information (CSI) at the trans-
mitter.

Linear precoding, as a sub-optimal SDMA strategy, has
attracted much attention due to its lower complexity com-
pared to dirty paper coding (DPC) [2–5]. In [2], a linear pre-
coding technique called block diagonalization (BD) is pro-
posed. With perfect CSI at the transmitter, multi-user inter-

The authors gratefully acknowlegde the partial support of the German
Research Foundation (Deutsche Forschungsgemeinschaft, DFG) under con-
tract no. HA 2239/1-2.

ference (MUI) can be completely eliminated by choosing the
precoding matrix of each user such that it lies in the null space
of all other users’ channel matrices. The main disadvantages
of BD are the performance loss especially in the low SNR
regime due to the strict zero MUI constraint and the dimen-
sionality limitation that the aggregate number of receive an-
tennas has to be less than or equal to the number of transmit
antennas.

In [3], the authors introduce a regularized block diagonal-
ization (RBD) linear precoding technique, which relaxes the
limitation on the aggregate number of receive antennas. The
precoding matrix of each user does not only lie in the null
space of all other users’ channel matrices, but also lies in the
signal space of all other users’ channel matrices with a power
that is inversely proportional to the singular values of allother
users’ channels. As a result, some MUI is allowed. With per-
fect CSI, this technique can provide a higher data rate than
BD.

By exploiting perfect CSI at the transmitter, the capac-
ity of a multi-user MIMO system with linear precoding can
be significantly improved. If it is impossible to acquire per-
fect instantaneous CSI at the transmitter, the spatial channel
correlation can alternatively be used to reduce the MUI and
improve the system performance. In this paper we consider
the multi-user MIMO downlink and assume that the channel
is correlated and varies too rapidly to obtain short-term CSI.
We propose a new approach to exploit the knowledge of the
spatial correlation at the base station (BS) that allows us to use
existing precoding techniques (e.g., BD and RBD) designed
for perfect CSI at the BS.

In this paper, upper case and lower case boldface letters
are used to denote matricesA and column vectorsa, respec-
tively. We useAT andAH to indicate the transpose and Her-
mitian transpose of the matrixA. Moreover,A(i, j) is the
matrix element in theith row and thejth column. A(:, j)
represents thejth column vector of the matrixA.

This paper is organized as follows: The system model is
described in Section 2. A new approach called rank-one ap-
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proximated long-term CSI is introduced in Section 3, while
the simulation results are presented in Section 4. A short con-
clusion follows in Section 5.

2. SYSTEM MODEL

We model the multi-user MIMO downlink channel as a per-
fectly tuned OFDM channel without any inter subcarrier in-
terference. There areK users in the system. The BS is
equipped withMT transmit antennas and theith user has
MRi receive antennas. The total number of receive anten-
nas of all users is denoted byMR (i.e., MR =

∑K
i=1 MRi ).

We useHi(Nf , Nt) ∈ CMRi
×MT to denote the propagation

channel between the BS and the useri at subcarrierNf and
OFDM symbolNt. Then the combined MIMO channel ma-
trix of all users can be defined as

H(Nf , Nt) =
[
HT

1 (Nf , Nt) HT
2 (Nf , Nt) . . . HT

K(Nf , Nt)
]T

.

(1)
We assume that it is not possible to track fast variations of
users’ channels but the information about spatial correlations
of the channels can be obtained.

The downlink input output data model with linear precod-
ing matrixF and decoding matrixD can be expressed as

y = D
(
H(Nf , Nt)Fx + n

)
, (2)

where the vectorsx, y, andn represent the vectors of trans-
mitted symbols, received signals at all users, and additive
noise at the receive antennas, respectively.F = [F1, . . . , FK ]
denotes the joint precoding matrix which is used to mitigate
MUI, andD ∈ Cr×MR is a block-diagonal decoding matrix
containing each user’s receive filterDi ∈ Cri×MRi which is
designed to combine the signals of the user’s antennas effi-
ciently. The dimensionsr andri denote the total number of
data streams and the number of data streams at theith user
terminal, respectively.

We define a chunk as the basic resource element, which
containsNT consecutive OFDM symbols in the time direc-
tion andNF subcarriers in the frequency direction. There-
fore, the number ofNchunk = NF ·NT symbols are available
within each chunk. Chunk-wise precoding and decoding are
performed.

3. MULTI-USER LINEAR PRECODING

In a time division duplex (TDD) system, by taking into ac-
count the reciprocity principle it is possible to use the esti-
mated uplink channel for downlink transmission. This infor-
mation can be used as short-term CSI to perform precoding at
the BS.

If we assume that the channel varies too rapidly to be
trackable, only the information relative to the geometry of
the propagation paths is captured by a spatial correlation ma-
trix. In order to effectively perform precoding based on the

User 1

User 2

User KBase Station

User 1

User 2

User KBase Station

Fig. 1. Block diagram of a multi-user MIMO downlink sys-
tem.

available CSI at the BS, in this section we propose to exploit
the knowledge of the spatial correlation with a new approach
called rank-one approximated long-term CSI (ROLT-CSI).

Based on ROLT-CSI, any linear precoding technique,
which is designed for perfect CSI at the BS, can be modified
for long-term CSI. In this paper, we present this modification
for BD and RBD precoding as instructive examples.

3.1. Previous Long-term CSI Method

The authors in [1, 6] introduce a method to exploit the long-
term CSI for multi-user precoding. They define the singular
value decomposition (SVD) of theith user’s spatial correla-
tion matrix estimateR̂i as

R̂i = ViΛiV
H

i ∈ CMT×MT . (3)

Then the equivalent channel of useri can be represented as

Ĥi = Λ1/2
i V H

i . (4)

The spatial correlation matrix estimatêRi,b for user i and
chunkb can be expressed as

R̂i,b =
1

Nchunk

NF∑
Nf=1

NT∑
Nt=1

HH
i (Nf , Nt)Hi(Nf , Nt) . (5)

Its SVD is

R̂i,b = Vi,bΛi,bV
H

i,b . (6)

The multi-user MIMO precoding is now performed on the
equivalent channel defined as follows

Ĥi,b = Λ1/2
i,b V H

i,b . (7)
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3.2. ROLT-CSI

The ROLT-CSI approach is designed to effectively represent
the channel by exploiting the knowledge of the estimated
long-term channel spatial correlation.

For each receive antenna of useri, the spatial correlation
matrix is represented as

Ri,l(Nf , Nt) = E
{
hi,l(Nf , Nt)hH

i,l(Nf , Nt)
} ∈ CMT×MT .

(8)
HerehH

i,l(Nf , Nt) denotes thelth row of the channel matrix
Hi(Nf , Nt) ∈ CMRi

×MT . The indexl indicates thelth re-
ceive antenna of useri. In this paper we estimate the spatial
correlation matrix of thelth receive antenna of useri by aver-
aging over one chunk. Let̂Ri,b,l denote the estimated spatial
correlation matrix of useri, chunkb, and receive antennal.
Then we have

R̂i,b,l =
1

Nchunk

NF∑
Nf=1

NT∑
Nt=1

hi,l(Nf , Nt)hH
i,l(Nf , Nt) (9)

and its SVD as

R̂i,b,l = Vi,b,lΛi,b,lV
H

i,b,l , l = 1, . . . , MRi . (10)

According to [7], when only second-order channel statis-
tics are available at the transmitter, the optimum strategyis to
transmit along the dominant eigenmode of the matrixR̂i,b,l.
Therefore, we define the equivalent channel matrix of useri
in chunkb as

Ĥi,b = Ai,bBi,b ∈ CMRi
×MT , (11)

where

Ai,b =



√
Λi,b,1(1, 1) 0 · · · 0

0
√

Λi,b,2(1, 1) · · · 0

.

.

.
.
.
.

. . .
.
.
.

0 0 · · ·
√

Λi,b,MRi
(1, 1)



and

Bi,b =


V H

i,b,1(:, 1)

V H
i,b,2(:, 1)

.

.

.
V H

i,b,MRi
(:, 1)

 .

HereΛi,b,l(1, 1) indicates the largest eigenvalue ofR̂i,b,l and
V H

i,b,l(:, 1) denotes the corresponding eigenvector ofR̂i,b,l.
The multi-user MIMO precoding can now be performed

on the equivalent channel as defined in equation (11). Clearly,
the rank-one approximation in equation (11) effectively repre-
sents the channel only if its spatial correlation matrix in equa-
tion (9) also has a low rank.

3.3. Block Diagonalization Precoding

We defineFi ∈ CMT×ri as theith user’s precoding matrix.
In [2], the optimalFi of BD precoding lies in the null space
of the other users’ channel matrices. Thereby, a multi-user
MIMO downlink channel is decomposed into multiple paral-
lel independent single-user MIMO channels.

Let us definẽHi as1

H̃i =



H1

...
Hi−1

Hi+1

...
HK


∈ C(MR−MRi

)×MT . (12)

The zero MUI constraint forces the matrixFi to lie in the
null space of̃Hi. By using the singular value decomposition
(SVD), H̃i is written as

H̃i = ŨiΣ̃i

[
Ṽ

(1)
i Ṽ

(0)
i

]H

(13)

whereṼ
(1)

i holds the first̃Li right singular vectors, and̃V (0)
i

holds the last(MT − L̃i) right singular vectors. HerẽLi

indicates the rank of̃Hi. Thus, Ṽ (0)
i forms an orthogonal

basis for the null space of̃Hi. The equivalent channel of
useri after eliminating the MUI is represented asHiṼ

(0)
i ∈

CMRi
×(MT−L̃i) which is equivalent to a system withMT−L̃i

transmit antennas andMRi receive antennas. Each of these
equivalent single-user MIMO channels has the same proper-
ties as a conventional single-user MIMO channel.

We define the SVD of

HiṼ
(0)

i = UiΣi

[
V

(1)
i V

(0)
i

]H

(14)

and denote the rank of theith user’s equivalent channel ma-
trix as Li. Now the BD precoding matrix of useri can be
defined as the product of the firstLi singular vectorsV (1)

i

andṼ
(0)

i with proper power loading.
If there is only long-term CSI available at the BS, we use

the equivalent channel (11) from the ROLT-CSI approach in-
stead of the exact channelHi in equations (12) and (14).

3.4. Regularized Block Diagonalization Precoding

RBD precoding is designed to relax the limitation on the
aggregate number of receive antennas and has a significantly
improved data rate and diversity order compared to BD pre-
coding [3]. The RBD precoding design is performed in two
steps. In the first step, we balance the MUI suppression

1In subsections 3.3 and 3.4, we useHi instead ofHi(Nf , Nt) in order
to simplify the introduction to BD and RBD precoding.
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which is achieved by reducing the overlap of the row spaces
spanned by the effective channel matrices of different users
and any MIMO processing gain which requires that the users
use as much as possible the available subspace. In the second
step, we optimize the system performance assuming parallel
single-user MIMO channels.

Let us define the joint precoding matrix as

F = [F1 F2 . . . FK ] ∈ CMT×r , (15)

whereFi ∈ CMT×ri is theith user’s precoding matrix.
In [3], the matrixF of RBD precoding is proposed as

F = βFa · Fb , (16)

where
Fa = [Fa1 Fa2 . . .FaK ] ∈ CMT×r ,

and

Fb =


Fb1 0 · · · 0
0 Fb2 · · · 0
...

...
. . .

...
0 0 · · · FbK

 ∈ Cr×r .

The matrixFa is used to suppress MUI while balancing it
with noise enhancement first, and then the matrixFb is used
to further optimize the system performance by optimal power
loading. Finally, the parameterβ is chosen to set the total
transmit power to the power constraint.

The equivalent combined channel matrix of all users after
precoding is equal to

HFa =


H1Fa1 H1Fa2 · · · H1FaK

H2Fa1 H2Fa2 · · · H2FaK

...
...

. . .
...

HKFa1 HKFa2 · · · HKFaK

 , (17)

whereH ∈ CMR×MT represents the combined channel ma-
trix of all users. Theith user’s effective channel is given by
HiFai and the interference generated to the other users is de-
termined byH̃iFai , whereH̃i is defined in equation (12).

The matrixFa is chosen such that the off-diagonal block
matrices of equation (17) converge to zero as the SNR in-
creases. Then we have

Fai = Ṽi

(
Σ̃T

i Σ̃i + µIMT

)−1/2
, (18)

where the SVD of̃Hi is given by

H̃i = ŨiΣ̃iṼ
H

i . (19)

After suppressing MUI byFa, we optimize the system
performance by settingFbi as

Fbi = ViMbi (20)

whereVi is obtained from the SVD of theith user’s equiva-
lent channel

HiFai = UiΣiV
H

i . (21)

The choice of the power loading matrixMbi depends on the
optimization criteria. In this work we assume thatMbi is
unitary.

If there is only long-term CSI available at the BS, we use
the equivalent channel (11) from the ROLT-CSI approach in-
stead of the exact channelHi in equations (12), (17) and (21).

4. SIMULATION RESULTS

In this section we evaluate the throughput performance of
the BD and RBD precoding techniques, when only long-term
CSI is available. We consider a 3 users MIMO downlink
system. The simulation scenario is illustrated in Figure 2.
The channels between each user and the BS are generated
by a geometry-based channel model calledIlmProp, which
has been developed at Ilmenau University of Technology [8]
and is capable of dealing with time variant frequency selective
scenarios.

There are 8 transmit antennas at the BS and each user is
equipped with 2 receive antennas. We simultaneously trans-
mit two data streams to each user. User 1 and user 2 always
have non-line of sight (NLOS) channels and user 3 alway has
a line of sight (LOS) channel. The velocities of the three users
are 10 km/h. In Table 1, the important OFDM parameters are
listed.

UT3

UT2
UT1

BS

UT3

UT2
UT1

BS

UT3

UT2
UT1

BS

UT2

BS

I Plm rop

Fig. 2. The geometrical representation of the simulation sce-
nario. Each green point represents a fixed scatter. The channel
impulse responses (CIR) are generated as a sum of propaga-
tion rays. The channel is computed from the superposition of
the LOS component and a number of rays which represent the
multi-path components. User 1 and user 2 always have NLOS
channels and user 3 alway has a LOS channel.

We useuplink dedicated pilotsto estimate the channel be-
tween the user terminal and all BS antennas. For each chunk,
there are several pilots available. We compute one channel es-
timate per pilot and then interpolate between these estimates
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Table 1. OFDM Parameters
Parameters Values
Carrier Frequency 5 GHz
Subcarrier Spacing 0.50196 MHz
Useful Symbol Duration 1.9922µs
System Bandwidth 128.5 MHz
Used Subcarriers [−128 : +128], 0 not used
Chunk Size 8 subcarriers, 15 OFDM symbols
Duplexing Mode TDD

for every symbol in the chunk. Then we calculate the equiv-
alent channel of the chunk with equation (11) for the ROLT-
CSI approach and with equation (7) for the long-term CSI
method of [1], respectively. Then the BS can compute the
precoding matrixF for each chunk. The linear precoding
schemes used in the simulation are BD precoding and RBD
precoding.
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Fig. 3. CCDF of the sum rates with BD and RBD precoding
based on long-term CSI at the transmitter, respectively. p.
method indicates the previous long-term CSI method.

In Figures 3, 4, and 5 we assume that the channel esti-
mate per pilot of each chunk is perfectly performed. In Figure
3, we compare the throughput of the system with precoding
based on ROLT-CSI proposed in this paper to the through-
put based on the state of the art long-term CSI method in [1].
We can see that RBD precoding can achieve a higher data
rate than BD precoding. When linear precoding is performed
based on long-term CSI, a significant performance gain can be
achieved by our new approach relative to the previous long-
term CSI method.

In Figures 4 and 5 the individual user throughputs based
on ROLT-CSI and the previous long-term CSI approach are
compared. It is shown that the ROLT-CSI approach is partic-
ularly efficient for the user who has the LOS channel. Even
for the users who only have NLOS channels, which means

0.5 1 1.5 2 2.5
x 10

8

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

per User TP [bps]

C
C

D
F

 o
f u

se
r 

th
ro

ug
hp

ou
t

 

 

User 1 with p. method
User 2 with p. method
User 3 with p. method
User 1 with ROLT−CSI
User 2 with ROLT−CSI
User 3 with ROLT−CSI

Fig. 4. CCDF of the individual user throughput with BD pre-
coding based on long-term CSI at the transmitter, p. method
indicates the previous long-term CSI method.
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Fig. 5. CCDF of the individual user throughput with RBD
precoding based on long-term CSI at the transmitter, p.
method indicates the previous long-term CSI method.

that the spatial correlation matrix of these user channels have
a high rank, relative to the previous long-term CSI method
there are still some performance gains available for the pre-
sented ROLT-CSI approach.

Taking into account realistic channel propagation condi-
tions, for Figure 6 and 7 we assume that the channel estimate
per pilot of each chunk is imperfectly performed. We con-
sider a channel estimation error, a channel interpolation error,
and the delay resulting from the fact that the available CSI of
chunkk will be used to optimize the transmission over the
channel realization of chunk(k + n). One chunk and three
chunks delay are considered separately in the simulation. Ac-
cording to Table 1, the duration of one chunk is equal to the
duration of 15 OFDM symbols.
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Fig. 6. CCDF of the sum rates with BD precoding based on
long-term CSI at the transmitter, p. method indicates the pre-
vious long-term CSI method.
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Fig. 7. CCDF of the sum rates with RBD precoding based
on long-term CSI at the transmitter, p. method the indicates
previous long-term CSI method.

For the CSI imperfection, the channel estimation error
and interpolation error are modeled according to [9], but
we increase the interpolation error variance to−20 dB. It is
found that the delay is still the predominant cause of a perfor-
mance degradation in a precoded multi-user MIMO system
with long-term CSI.

5. CONCLUSIONS

In this paper we propose a new precoding approach that al-
lows the use of previously defined linear precoding techniques
originally requiring perfect CSI at the transmitter in cases
when only long-term CSI is available. The new approach
to exploit the long-term CSI is called rank-one approximated

long-term CSI (ROLT-CSI). Using ROLT-CSI we evaluate the
throughput performance of the two multi-user MIMO precod-
ing techniques BD and RBD. RBD precoding permits some
MUI and has no restrictions considering the number of anten-
nas at the user. In contrast, BD has zero MUI and the aggre-
gate number of receive antennas has to be less than or equal
to the number of transmit antennas. Furthermore, we com-
pare the throughput of the system with precoding based on
ROLT-CSI to the system throughput based on the state of the
art long-term CSI method in [1]. A significant performance
gain can be achieved by our new approach. From the indi-
vidual user throughput comparison we can see that our new
approach is particularly efficient when the user’s spatial cor-
relation matrix has a low rank. If the user’s spatial correlation
matrix has a high rank, our new approach still works well.

To take into account realistic channel propagation condi-
tions, we also consider in the simulations a channel estimation
error, a channel interpolation error, and the delay resulting
from the fact that the available CSI of chunkk will be used
to optimize the transmission over the channel realization of
chunk (k + n). It is found that the delay is still the pre-
dominant cause of a performance degradation in a precoded
multi-user MIMO system with long-term CSI.
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ABSTRACT

This paper presents an investigation into the error probabil-
ity performance for binary phase-shift keying modulation in
distributed beamforming with phase errors. The effects of the
number of nodes on the beamforming performance are exam-
ined as well as the influences of the cumulative phase errors
and the total transmit power. Simulation results show a good
match with the mathematical analysis of error probability in
both static and time-varying channels.

1. INTRODUCTION

Recently, there has been interest in applying beamforming
techniques into wireless sensor networks. The motivation
is to reduce the energy requirement for each sensor node in
signal transmission, and extend the communication range to
a far field receiver. The individual sensor nodes share the
collected information and transmit it in such a way that the
signals add coherently at the destination. Transmit beam-
forming requires accurate synchronization in frequency and
phase among sensors, and accurate channel estimation be-
tween each sensor node and the receiver. Although certain
techniques have been designed in [1], [2], [3] to minimize
the phase errors among sensor nodes, phase errors cannot
be eliminated due to hardware constraints. Minimizing to-
tal transmit power using quantized channel state information
has been studied in [4]. The beam pattern performance of
distributed beamforming has been studied in [5] and [6] with
synchronous phase errors among sensor nodes. From a more
practical view, in this paper, we investigate the probability
of error for binary phase-shift keying (BPSK) modulation in
distributed beamforming with synchronous phase errors and
noise.

Shuo Song thanks China Scholarship Council/University of Edinburgh
Joint Scholarship Program for supporting his PhD studies.

We acknowledge the support of the Scottish Funding Council for the
Joint Research Institute with the Heriot-Watt University which is a part of
the Edinburgh Research Partnership.

The rest of the paper is organized as follows. Section 2
introduces the system model. In Section 3 we give an equiva-
lent channel concept to simplify the whole beamforming pro-
cess. In Section 4 the mathematical analysis of the average bit
error ratio (BER) for BPSK in both static and time-varying
channels are presented. In Section 5 we analyze the beam-
forming gain with constant total transmit power. Section 6
then presents simulation results to compare with the theoreti-
cal analysis and Section 7 draws conclusions for the paper.

2. SYSTEM MODEL

We consider a system of N sensor nodes collaboratively beam-
forming a narrowband message signal s(t) = A ·m(t) to a dis-
tant coherent receiver, where A is the amplitude of the mes-
sage signal. This is performed in a distributed manner by each
sensor node modulating s(t) with a RF carrier signal, as illus-
trated in Fig. 1.

Receiver

A·m(t)
1
p

2
p

ip

Sensor nodes

Fig. 1. System model for distributed beamforming

We assume that each sensor node and the receiver are
equipped with one single ideal omnidirectional antenna, and
there are no mutual coupling effects among the antennas. The
receiver has the ability to retrieve the overall channel phase
from the received signal. All sensor nodes are synchronized
so that they can transmit at the same carrier frequency, and
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signals transmitted from each sensor node will be added co-
herently at the receiver. The complex baseband model of the
received signal is given by

r(t) =

N∑
i=1

|hi(t)pi(t)|e jφi(t)s(t) + n(t) (1)

where pi(t) is the amplification factor and hi(t) is the chan-
nel gain for sensor node i, φi(t) is the cumulative phase error
of the carrier signal from the synchronization process among
sensor nodes and the estimation of the channel gain for sensor
node i, n(t) ∼ CN(0, σ2

n) is additive white Gaussian noise. We
assume all phase errors φi(t) are independently and uniformly
distributed within the range (−φ0, φ0), which is the assump-
tion adopted in previously reported investigations [1], [2].

A. Static Channel

In a static channel scenario, hi(t) is set equal to a constant.
For simplicity, we set coefficients hi(t), pi(t) to be unity. Then
the system model is expressed as:

r(t) =

N∑
i=1

e jφi(t)s(t) + n(t) (2)

B. Time-Varying Channel

In our time-varying model, the channel coefficients are inde-
pendent circularly symmetric complex Gaussian distributed,
denoted as hi(t) ∼ CN(0, 1), which corresponds to non-line of
sight or Rayleigh fading channels. By applying maximal ratio
combining, where the pre-amplification gain of each chan-
nel is made proportional to the received signal level, we set
|pi(t)| = |hi(t)| and the system model is then expressed as:

r(t) =

N∑
i=1

|hi(t)|2e jφi(t)s(t) + n(t) (3)

3. ANALYSIS OF THE EQUIVALENT CHANNEL

If we view the whole beamforming process as an equivalent
channel, denoted as H(t), the system model becomes:

r(t) = H(t)s(t) + n(t) (4)

where H(t) =
∑N

i=1 e jφi(t) for the static channel scenario, and
H(t) =

∑N
i=1 |hi(t)|2e jφi(t) for the Rayleigh fading channel sce-

nario. With a coherent receiver, the signal-to-noise ratio (SNR)
gain, ‖H(t)‖2, is the key element deciding the error probabil-
ity for distributed beamforming and the communication range
for power limited sensor networks.

A. Static Channel

By the central limit theorem, with a large number of sensor
nodes N, and the independent identically distributed (i.i.d.)
random variables φi(t), we have:

‖H(t)‖2 =

∥∥∥∥∥∥∥
N∑

i=1

e jφi(t)

∥∥∥∥∥∥∥
2

=

∥∥∥∥∥∥∥
N∑

i=1

cos φi(t) + j
N∑

i=1

sin φi(t)

∥∥∥∥∥∥∥
2

= ‖aS + jbS ‖2
= a2

S + b2
S (5)

where aS =
∑N

i=1 cos φi(t) ∼ N(µaS , σ
2
aS

), bS =
∑N

i=1 sin φi(t) ∼
N(µbS , σ

2
bS

), using the subscript S for the static channels.
Since the variables φi(t) are independently and uniformly

distributed within the range (−φ0, φ0), the means and vari-
ances of aS and bS can be obtained as:

µaS = N · E[cos φi(t)]

= N
sin φ0

φ0
(6)

µbS = 0 (7)

σ2
aS

= N
(

E[cos2 φi(t)] − (E[cos φi(t)])2
)

= N
(

1
2

+
sin 2φ0

4φ0
− (

sin φ0

φ0
)2
)

(8)

σ2
bS

= N
(

E[sin2 φi(t)] − (E[sin φi(t)])2
)

= N
(

1
2
− sin 2φ0

4φ0

)
(9)

From (8) and (9), we see, for the equivalent channel H(t),
the variance of the real part σ2

aS
and the variance of the imag-

inary part σ2
bS

are not equal, which means that the probability
density function (PDF) of ‖H(t)‖2 is not easily obtained from
the joint PDF of H(t), p(aS , bS ).

B. Rayleigh Fading Channel

For the Rayleigh fading channels, similarly, with a large num-
ber of sensor nodes N, and the i.i.d. random variables hi(t)
which are independent from the i.i.d. random variables φi(t),
we have:
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‖H(t)‖2 =

∥∥∥∥∥∥∥
N∑

i=1

|hi(t)|2e jφi(t)

∥∥∥∥∥∥∥
2

=

∥∥∥∥∥∥∥
N∑

i=1

|hi(t)|2 cos φi(t) + j
N∑

i=1

|hi(t)|2 sin φi(t)

∥∥∥∥∥∥∥
2

= ‖aR + jbR‖2
= a2

R + b2
R (10)

where aR =
∑N

i=1 |hi(t)|2 cos φi(t) ∼ N(µaR , σ
2
aR

), and bR =∑N
i=1 |hi(t)|2 sin φi(t) ∼ N(µbR , σ

2
bR

), using the subscript R for
the Rayleigh fading channels.

Based on the previous assumptions that the channel co-
efficients hi(t) are independent circularly symmetric complex
Gaussian distributed hi(t) ∼ CN(0, 1), and φi(t) ∼ (−φ0, φ0),
we derived the means and variances of aR and bR as follows:

µaR = N · E[|hi(t)|2 cos φi(t)]
= N · E[|hi(t)|2] · E[cos φi(t)]

= N
sin φ0

φ0
(11)

µbR = 0 (12)

σ2
aR

= N
(

E[(|hi(t)|2 cos φi(t))2] − (E[|hi(t)|2 cos φi(t)])2
)

= N
(
E[|hi(t)|4] · E[cos2 φi(t)] − (E[|hi(t)|2 cos φi(t)])2

)
= N

(
1 +

sin 2φ0

2φ0
− (

sin φ0

φ0
)2
)

(13)

σ2
bR

= N
(

E[(|hi(t)|2 sin φi(t))2] − (E[|hi(t)|2 sin φi(t)])2
)

= N
(
E[|hi(t)|4] · E[sin2 φi(t)] − (E[|hi(t)|2 sin φi(t)])2

)
= N

(
1 − sin 2φ0

2φ0

)
(14)

Similarly, from (13) and (14) we see, for the Rayleigh
fading channel scenario, σ2

aR
and σ2

bR
are not equal, thus the

expression of the PDF of ‖H(t)‖2 is difficult to compute.

4. MATHEMATICAL ANALYSIS OF ERROR
PROBABILITY

The BER of BPSK over a fixed channel in the presence of
AWGN is given by [7] in Chapter 5:

Pe(γ) =
1
2

erfc(
√
γ) (15)

where γ is the received signal-to-noise ratio per bit, and erfc(.)
is the complementary error function.

When the channel gain is random, the average BER for
BPSK over all values of γ is given by [7] in Chapter 14:

Pe =

∫ ∞

0
Pe(γ)p(γ)dγ (16)

where γ = ‖H(t)‖2 A2

σ2
n

in our system model described in Sec-
tion 2.

In Section 3, we have analyzed the SNR gain ‖H(t)‖2 of
the distributed beamforming system, and the expression of the
PDF of ‖H(t)‖2 was not obtained due to the variances of the
real part and the imaginary part of the equivalent channel be-
ing unequal. Consequently, p(γ) is not available in either the
static channel scenario or the Rayleigh fading channel sce-
nario. Formula (16) cannot be solved directly to get a closed-
form expression of the integration for our model, and can only
be evaluated by numerical techniques. Instead, we provide
another method to approximate the BER results as follows.

Method 1:
For both the static channel scenario and the Rayleigh fading
channel scenario, we set the variances of the real part and the
imaginary part of H(t) to be equal and use the maximum value
between them:

σ2
S = max(σ2

aS
, σ2

bS
) (17)

for the static channels, and

σ2
R = max(σ2

aR
, σ2

bR
) (18)

for the Rayleigh fading channels.
Because the real part and the imaginary part of the equiv-

alent channel H(t) now have different means but same vari-
ances, the magnitude gain of H(t) is approximated as a Rician
distribution.

The closed-form of BER for BPSK through Rician fading
channel with a coherent receiver is given by [8]:

PE = Q1(u,w) − 1
2

1 +

√
d

1 + d

 exp
(
−u2 + w2

2

)
I0(uw)

(19)
where

d = 2σ2 A2

σ2
n

(20)

u =

√
µ2

a + µ2
b

2σ2 · 1 + 2d − 2
√

d(1 + d)
2(1 + d)

(21)
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w =

√
µ2

a + µ2
b

2σ2 · 1 + 2d + 2
√

d(1 + d)
2(1 + d)

(22)

and I0(x) is the zeroth-order-modified Bessel function of the
first kind, defined as:

I0(x) =

∞∑
k=0

(x/2)2k

k!Γ(k + 1)
, x ≥ 0 (23)

Q1(x, y) is the Marcum Q-function, defined as:

Q1(x, y) =

∫ ∞

y
z · exp

(
− z2 + x2

2

)
I0(xz)dz (24)

Using (19) to (24), we can get the BER for our static chan-
nel scenario by substituting (6), (7), (17) for µa, µb, σ2 in (20),
(21), (22), and get the BER for our Rayleigh fading channel
scenario by substituting (11), (12), (18) for µa, µb, σ2 in (20),
(21), (22).

An approximation of I0(x) is given by [9] in Chapter 6:

I0(x) ≈ 1√
2πx

exp(x), x � 0 (25)

and after manipulation, (19) can be simplified as:

PE = Q1(u,w) − 1

2
√

2πuw

1 +

√
d

1 + d

 exp
(
− (u − w)2

2

)
(26)

Method 2:

We are currently investigating the approximation of the BER
performance by an additive white Gaussian noise formula.
This is the subject of ongoing work.

5. DISTRIBUTED BEAMFORMING GAIN WITH
CONSTANT TOTAL TRANSMIT POWER

As the received signal-to-noise ratio cannot show the advan-
tages of beamforming gain, and is uncertain due to indepen-
dent and random phase errors φi, our simulation results are
plotted as BER vs total transmit power. Before we present
our simulation results, we first analyze the beamforming gain
with constant total transmit power. We use P to represent the
total transmit power of all the sensor nodes. In the static chan-
nel scenario,

P =

N∑
i=1

A2

= A2 · N

In the Rayleigh fading channel scenario,

P =

N∑
i=1

(A|pi(t)|)2

= A2
N∑

i=1

|pi(t)|2

With large N, by the law of large numbers, it becomes:

P ≈ A2 · N
Generally, with a constant P, we can represent A as:

A =

√
P
N

(27)

Putting (27) and s(t) = A · m(t) into (4), we obtain:

r(t) = H(t)

√
P
N

m(t) + n(t) (28)

and
γ =

1
N
‖H(t)‖2 P

σ2
n

(29)

Since the mean of ‖H(t)‖2 grows linearly with N2, the
mean of the received signal-to-noise ratio per bit γmean ∝ P·N,
and with a constant P, γmean is proportional to N.

6. SIMULATION RESULTS

In this section, we present some simulation results in accor-
dance with our previous assumptions, and compare them with
our mathematical analysis given in Section 4.

Fig. 2 shows the comparison of the simulation results with
the mathematical analysis based on method 1 for BPSK mod-
ulation over static channels with phase errors. The simulation
results are conducted over 105 symbols with different number
of nodes N = 10, 100, 1000, and different phase error ranges
φ0 = 18◦, 36◦, 54◦, 72◦. We set n(t) ∼ CN(0, 1). All curves in
Fig. 2 are drawn by (19) except the curves for φ0 = 18◦ with
N = 100 in part (b) and φ0 = 18◦, 36◦, 54◦ with N = 1000
in part (c). These four curves cannot be drawn out by (19)
because of the overflow caused by the function I0(x) in (23)
used in MATLAB. Instead of (19), We use (26) to draw these
four curves in Fig. 2.

By comparing the simulation results plotted in parts (a),
(b), (c) in Fig. 2 and noting the order of magnitude differ-
ence of total transmit power in (a), (b), (c), we find that, with
similar BER performance in each part, when increasing the
number of nodes N by a factor of 10, the total transmit power
is reduced by a factor of 10, which means the energy trans-
mitted by each node is reduced by a factor of 102. Thus, we
have the conclusion that increasing the number of nodes N
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Fig. 2. Comparison of mathematical analysis based on
method 1 with simulation results of BER versus total transmit
power in the static channel scenario with different numbers
of nodes N =(a)10, (b)100, and (c)1000, and different phase
error ranges φ0 = 18◦, 36◦, 54◦, 72◦.
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Fig. 3. Comparison of mathematical analysis based on
method 1 with simulation results of BER versus total trans-
mit power in the Rayleigh fading channel scenario with dif-
ferent numbers of nodes N =(a)10, (b)100, and (c)1000, and
different phase error ranges φ0 = 18◦, 36◦, 54◦, 72◦.
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can dramatically reduce the energy requirement for each sen-
sor node subject to the same BER performance, and the num-
ber of nodes N has a much larger effect on BER performance
than the phase error range φ0.

From Fig. 2, we see, on the one hand, with a large num-
ber of nodes N = 1000, the BER analysis based on method 1
matches the simulation results accurately. On the other hand,
with a small number of nodes N = 10, the BER analysis based
on method 1 has a slight difference with the simulation re-
sults. This is due to the limitation that central limit theorem
does not apply for a small number of nodes.

Fig. 3 shows the comparison of the simulation results
with the mathematical analysis based on method 1 for BPSK
modulation over Rayleigh fading channels with phase errors.
The simulation results are also conducted over 105 symbols
with different number of nodes N = 10, 100, 1000, and dif-
ferent phase error ranges φ0 = 18◦, 36◦, 54◦, 72◦. We also set
n(t) ∼ CN(0, 1).

Similarly, from Fig. 3 we see, with large N, method 1
gives an accurate prediction of the BER, but with small N,
method 1 gives a better prediction in the Rayleigh fading chan-
nel scenario than that in the static channel scenario.

By comparing the simulation results plotted in parts (a),
(b), (c) in Fig. 3, we can also have the conclusion that in-
creasing the number of nodes N can dramatically reduce the
energy requirement for each sensor node subject to the same
BER performance, and the number of nodes N has a much
larger effect on BER performance than the phase error range
φ0.

By comparing the simulation results plotted in Fig. 2 with
those in Fig. 3, we see when increasing the number of nodes
N, the BER performance in the Rayleigh fading channel sce-
nario comes close to that in the static channel scenario, which
highlights the ability to mitigate fading through path diversity.

7. CONCLUSION

We have simulated the BER performance for BPSK modula-
tion in distributed beamforming with phase errors in the static
channel scenario and the Rayleigh fading channel scenario,
where the results show a good match with our mathematical
analysis. The whole beamforming process has been viewed as
an equivalent channel and the system performance has been
analyzed for different numbers of nodes and different phase
error ranges. As the closed-form expression of BER is not
easily obtained, we provide a method to approximate the BER
results. Generally, method 1 gives a better prediction in the
Rayleigh fading channel scenario than the static channel sce-
nario. We are currently working on other approximations of
the BER performance, such as method 2 outlined above. The
effect of the energy limitation of each sensor node on the BER
performance, and BER analysis for other modulation schemes
in distributed beamforming with phase errors are also of par-
ticular interest for future work.
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ABSTRACT

The least squares (LS) channel estimation algorithm for a
multiple-input multiple-output (MIMO) system with orthog-
onal frequency division multiplexing (OFDM) is considered
in this paper. Two architectures for the algorithm are pre-
sented and the architectures are implemented using fixed
point arithmetic. The minimum word lengths for the imple-
mentations are determined through computer simulations
for 2× 2 and 4× 4 MIMO systems with quadrature phase-
shift keying (QPSK) modulation. Field-programmable gate
array (FPGA) synthesis simulation is done for the architec-
tures using the obtained word lengths which provides com-
plexity and latency results. The algorithm implementations
are shown to consume reasonably small amount of hardware
resources.

1. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) [1] is
an attractive air interface for high-rate communication sys-
tems with large bandwidths. OFDM divides the frequency
selective fading channel into several parallel flat fading sub-
channels and, thus, efficiently mitigates the multipath delay
spread. The use of multiple transmit and receive antennas,
i.e., multiple-input multiple-output (MIMO) channel pro-
vides the potential for tremendous capacity increase [2, 3].
Consequently, MIMO techniques [4, 5] have gained remark-
able attention during the recent years. Combining MIMO
processing [6, 7] with OFDM is the key enabling technol-
ogy for several current and future broadband wireless access
systems and standards. Important examples include wire-
less local area network (WLAN) or Wireless Fidelity (WiFi)
systems [8], wireless metropolitan area network (WMAN),
like Worldwide Interoperability for Microwave Access

This research was financially supported in part by Tekes, the Finnish
Funding Agency for Technology and Innovation, Nokia, Texas Instru-
ments, Nokia Siemens Networks and Elektrobit. Catapult C Synthesis li-
cense was provided by Mentor Graphics.

PSfrag replacements

Encoder
Modu-
lator S/P

S/P

Pilot
Generation

IFFT

IFFT

FFT

FFT

P/S

P/S

LS Channel
Estimation

De-
tector

Decoder

Fig. 1. 2× 2 MIMO-OFDM system.

(WiMAX) [9], and the Third Generation (3G) cellular sys-
tem Long Term Evolution (LTE) [10].

The channel state information (CSI) between each trans-
mit and receive antenna pair is required at the receiver to co-
herently detect the information. Therefore, channel estima-
tion is an important task that is required in wireless commu-
nication systems. Pilot-based channel estimation is a pop-
ular technique due to its simple implementation. In pilot-
based channel estimation [11], known training symbols are
inserted in the data stream, and the receiver can then use
these symbols to perform channel estimation and synchro-
nization. The least squares (LS) estimation is a common
method for pilot-based channel estimation, as it offers good
performance with reasonable complexity.

In this paper, a pilot-based channel estimator design for
a MIMO-OFDM system is described and two channel es-
timator architectures are presented for the LS estimator. A
word length study is done for both architectures in order
to determine the minimum fixed point word lengths for the
field-programmable gate array (FPGA) hardware implemen-
tation. The minimum word lengths are then used for obtain-
ing hardware complexity results for the presented estimator
architectures.

The rest of this paper is organized as follows. Section 2
describes the system model and the channel estimation al-
gorithm is covered in Section 3. The proposed channel esti-
mator architectures and the word length study can be found
in Section 4. Synthesis results are presented in Section 5,
and finally, paper is concluded in Section 6.
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2. SYSTEM MODEL

In this paper, we consider a system model similar to the
one presented in [12], and it is described as follows. Let us
assume a MIMO-OFDM system with NT transmit antennas
and NR receive antennas. As an example, a block diagram
of a system with NT = NR = 2 is illustrated in Fig. 1.
The discrete time channel impulse response (CIR) from the
ith transmit antenna to the jth receive antenna at time n is
denoted by hij [n] ∈ CL where L denotes the number of
channel tap coefficients. The CIR for the entire NT × NR

system at time n is defined in matrix form as

H [n] =

 h11[n] . . . h1NR [n]
...

. . .
...

hNT1[n] . . . hNTNR [n]

 ∈ CNTL×NR .

(1)
Correspondingly, we define the channel frequency response
(CFR) matrix at time n

H̃[n] = (2) F L
Kh11[n] . . . F L

Kh1NR [n]
...

. . .
...

F L
KhNT1[n] . . . F L

KhNTNR [n]

 ∈ CNTK×NR ,

where F L
K denotes the L first left columns of a K-point

DFT matrix and K is the number of subcarriers used for
transmitting data. The received signal block at the receiver
at time n after the DFT can be presented as

(r1[n] . . . rNR [n]) = R[n] = X [n]H̃[n] + η[n], (3)

where X[n] =
(
diag(x1[n]) . . . diag(xNT [n])

) ∈ CK×NTK

and xi[n] ∈ ΞK , i = 1, . . . , NT are the data vectors sent
from the ith transmit antenna, Ξ denotes the modulation al-
phabet, rj [n] ∈ CK is the data vector received at the jth
receive antenna, and η[n] ∈ CK×NR is the noise matrix at
time n. White Gaussian noise is assumed with covariance
matrix Ση = E(vec(η)vec(η)H) = σ2

ηIKNR . From (2)
and (3), it can be seen that by combining the DFT matrices
with the data matrix X[n], the received signal can also be
expressed in terms of CIR as

R[n] = C[n]H[n] + η[n], (4)

where C[n] = (C1[n] . . . CNT [n]) ∈ CK×NTL and Ci[n] =
diag(xi[n])F L

K .
The channel model used in this work is a Ricean fad-

ing channel with temporal, spatial and spectral correlation
proposed in [13].

3. PILOT-BASED LEAST SQUARES CHANNEL
ESTIMATION

We consider an OFDM frame structure where each frame
consists of NSYMB consecutive OFDM symbols. The first

and the third last are reserved for transmitting the pilot se-
quences. Out of the NC available subcarriers, K are used
for transmitting data and the pilot sequences are transmitted
over all K tones. The pilot symbols are used for obtaining
an estimate of the channel impulse response which is then
used for the coherent detection of the transmitted symbols.
From (4), the LS estimate of the CIR becomes

ĤLS[n] = (CHC)−1CHR[n], (5)

where n denotes the time indices of the pilot symbols. The
time index of C can be neglected as the pilot sequences do
not depend on the block index n. It should be noted that if
the noise η in (4) is white and Gaussian, then the LS esti-
mator is also the maximum likelihood (ML) estimator and
optimal in the sense that it attains the Cramer-Rao lower
bound (CRLB).

The computation of the LS estimate requires an NTL×
NTL matrix inversion which is computationally an intensive
task. It was shown in [14] that with a proper pilot sequence
design, the LS channel estimator for MIMO-OFDM can be
simplified so that the matrix inversion is not needed while
the estimator still achieves the minimum mean square error
(MSE). In this work, local orthogonal pilot sequences were
used and the sequence for ith transmit antenna is defined as

ci[k] = c0[k]ej(2πL̄/K)ik ∈ CK , (6)

where L̄ , b K
NT
c ≥ L, i = 1, . . . , NT − 1 and k =

0, . . . , K − 1. The training sequence at the first antenna
is set to a random sequence of symbols for which |c0[k]| =
1 ∀ k. The presented pilot sequence design reduces the ma-
trix (CHC) to a diagonal matrix KINTL and, thus, (5) can
be rewritten as

ĤLS[n] =
1
K

CHR[n]. (7)

4. ARCHITECTURE DESIGN AND WORD
LENGTH STUDY

4.1. LS Estimator Architecture

As can be seen from (7), the channel estimator only needs to
compute a complex matrix-matrix multiplication followed
by scaling with a real value 1

K . In OFDM systems, the
number of subcarriers is usually chosen to be a power of
two due to the FFT used in modulation and demodulation.
In the case where all subcarriers are used for data trans-
mission, i.e., K = NC the multiplication can therefore be
performed with a simple shift operation. An architecture
for performing the computation in (7) is designed for 2× 2
and 4× 4 MIMO systems using quadrature phase-shift key-
ing (QPSK). The top level block diagram for the proposed
architecture for a 2×2 system is shown in Fig. 2. The chan-
nel estimator consists of NTNR vector product units, and it
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is therefore easily scalable for different MIMO configura-
tions. Each of the vector product units compute the CIR tap
estimates for the corresponding MIMO link as

ĥij [n; l] =
1
K

CH
il rj [n] (8)

where i = 1, . . . , NT, j = 1, . . . , NR, l = 0, . . . , L − 1
and Cil denotes the lth column of Ci. In one computing
cycle, each of the units can compute one channel tap esti-
mate. Therefore, the computation of a single CIR vector
ĥij takes L computing cycles in total. As there are no data
dependencies between the different CIR vectors, it is possi-
ble to compute all of them simultaneously. In the proposed
architecture, all of the NTNR vector product units are ran
in parallel, and, therefore, the entire CIR matrix Ĥ can be
computed in L computing cycles.

A block diagram of the vector product unit is shown in
Fig. 3. The unit has four scalar inputs and two scalar out-
puts. The input vectors’ elements are read from inputs 1−4,
where 1 and 2 are for the real and imaginary parts of Cil

and 3 and 4 are for the real and imaginary parts of rj , re-
spectively. The vector product is computed in a straightfor-
ward manner by multiplying the elements of the two com-
plex input vectors and then adding the product to the sum
of previous elements’ products. After all K elements of
the input vectors are multiplied, the final sum is multiplied
by the scaling factor 1

K . The final result, i.e., the real and

imaginary parts of ĥij [n; l] can then be read from outputs
14 and 15, respectively. The complex multiplication of the
vector elements is done with three real multipliers in or-
der to simplify the implementation. For two complex num-
bers z1 = a + bi and z2 = c + di, where a, b, c, d ∈ R
and i =

√−1, the product z∗1z2 can be expressed in terms
of real and imaginary parts as <{z∗1z2} = ac + bd and
={z∗1z2} = ad−bc which requires four real multiplications.
Same result can be achieved with only three real multiplica-
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Fig. 3. Block diagram of the vector product unit.

tions by rearranging the equations as

<{z∗1z2} = (a + b)(c + d)− ad− bc

={z∗1z2} = ad− bc. (9)

In (9), one multiplication is exchanged to three additions.
This approach still results in a lower overall complexity as
multiplication is computationally much more expensive op-
eration than an addition. It should be noted that in Fig. 3 the
signal sign flips required for the subtraction operations are
left out.

Computing the LS channel estimate by using the pre-
computed matrix C requires memory to store the NTLK
complex matrix coefficients. As matrix C consists of di-
agonal matrices diag(ci), i = 1, . . . , NT multiplied by the
partial DFT matrix F L

K , it is possible to reduce the memory
needed for the precomputed data. By adding one complex
multiplication into the structure shown in Fig. 3, the LS es-
timate can be computed as

ĥij [l] =
1
K

(ci � (F L
K)l)Hrj (10)

where (F L
K)l is the lth column of the partial DFT matrix,

i = 1, . . . , NT, j = 1, . . . , NR, l = 0, . . . , L − 1 and �
denotes elementwise vector multiplication. With this ap-
proach, only the pilot sequences ci and the partial DFT
matrix F L

K , i.e., K(L + NT) complex coefficients in total
need to be stored in memory. This is, however, done on the
expense of the computational complexity as an additional
complex multiplication is required in each vector product
unit. A block diagram of the vector product unit using this
alternative method is shown in Fig. 4.

4.2. Word Length Study

In practical applications, fixed point presentation of the num-
bers is usually preferred over floating point because of its
lower complexity. The downside of using fixed point num-
bers is the limited range of signals and loss of precision. A
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Table 1. System parameters for different channel profiles.
EPA ETU

CP length 4.69 µs 16.67 µs
Symbols per frame 7 6
OFDM symbol duration 71.35 µs 83.33 µs
Number of channel taps 9 7

word length study of the LS estimator was done in order
to obtain the minimum word lengths for which the fixed
point implementation does not exhibit significant perfor-
mance degradation.

The word lengths were determined with computer sim-
ulations using 3G LTE system parameters with two differ-
ent channel profiles. The channel profiles considered in this
work were Extendend Typical Urban (ETU) and Extended
Pedestrian-A (EPA) [15]. The simulation parameters for
both channel profiles are presented in Table 1. The systems
were simulated with mobile velocity of 70 km/h. 2× 2 and
4× 4 MIMO systems with QPSK were considered. Out of
the NC = 512 available subcarriers K = 300 were used for
transmitting data. System bandwidth was 5 MHz with the
carrier frequency of 2.4 GHz. The data was coded using a
1
2 -rate turbo code with 8 decoder iterations and the coding
was performed over a single OFDM frame. As the receiver
front-end, a K-best list sphere detector (LSD) [16] was used
with list sizes of 8 for 2× 2 QPSK system and 32 for 4× 4
QPSK system.

In a system where there are no null subcarriers present,
it is sufficient to consider only the L first taps of the CIR as
the rest of the taps only contain noise energy. By excluding
these noise taps, the estimation accuracy is improved. This
also results in simpler channel estimation as less taps are re-
quired to be estimated. Due to the null subcarriers used in
the system considered here the data is demodulated with a
512-point FFT while the LS estimation is performed using
a K-point DFT matrix. This causes some of the energy to
leak over all K taps. By only estimating the L first taps of
the CIR some performance loss will result due to the leak-
age energy. It was shown in [17], that if some additional
taps beyond the L first are also included in the estimation,
the MSE of the LS estimator can be improved. This will in-

Table 2. Additional channel taps considered in the LS esti-
mation.

MIMO Channel profile Channel length L Taps used L′

2 × 2 EPA 2 0, . . . , 4, 297, . . . , 299
4 × 4 EPA 2 0, . . . , 4, 297, . . . , 299
2 × 2 ETU 23 9, . . . , 26, 296, . . . , 299
4 × 4 ETU 23 0, . . . , 25, 297, . . . , 299
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Fig. 5. The FER vs. SNR of the LS estimator for 2 × 2
QPSK in EPA channel with additional channel taps included
in the estimation.

crease the size of the data matrix used in the LS estimation
and, thus, results in higher estimator complexity. However,
most of the leakage energy is contained only in a few taps
outside the L first ones and therefore the increase in com-
plexity is minor. An optimal number of additional taps exist
for each SNR point that results in the smallest MSE [17] but
in order to keep the estimator design simple, a fixed value
for each antenna configuration was determined with com-
puter simulations.

Estimators with different numbers of additional taps were
simulated. The taps considered in each case are h[n] =
(h[n; 0] . . . h[n; L+k−1]h[n; K−k] . . . h[n; K−1]), i.e.,
k additional taps on each side and, thus, 2k additional taps
in total. The simulation length in each case was 1000 frames
and the frame error rate (FER) was measured. As an exam-
ple, the results for EPA channel with 2 × 2 antenna con-
figuration can be found in Fig. 5, where it can be seen that
k = 3 results in the best FER performance. It should be
noted that the performance difference between k = 1, . . . , 5
is minor and therefore even smaller values of k could be
used to obtain a better trade-off between the performance
and the complexity. The number of taps that resulted in the
best FER performance in each case were used in this work
and the taps considered can be found in Table 2.

To obtain the fixed point word lengths, a C language im-
plementation of the channel estimation algorithm was writ-
ten. The fixed point variables were implemented using Men-
tor Graphics algorithmic C data types [18]. The integer
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widths, the fraction widths and the signedness were defined
for all signals in the implementation. The range for a signed
fixed point signal is from (−0.5)×2I to (0.5−2−W )×2I ,
where W is the total word length and I is the number of bits
reserved to represent the integer part.

To determine the integer widths for the input and out-
put signals of the LS estimator, a floating point simulation
was performed. Using the signal samples collected during
the simulation, a histogram was drawn for each signal from
which the signal ranges could be determined. The internal
word lengths as well as the fraction widths of the input and
output signals were determined from the fixed point simu-
lations. Signal word lengths were studied one by one by
comparing the fixed point performance to the correspond-
ing floating point implementation. The word length of each
signal was reduced until the minimum that did not exhibit
noticeable performance loss was found. The length of each
simulation was 10000 frames and the frame error rate (FER)
was used as the performance measure. The minimum word
lengths were determined so that the fixed point performance
was close to the floating point performance up to the FER
of 10−1. The obtained minimum word lengths can be found
in Table 3. The word lengths therein are presented as (a, b),
where a represents the number of bits reserved for the in-
teger part and the sign and b denotes the number of bits re-
served for the fraction part.

Table 3. Word lengths for the LS estimator.
EPA ETU

Signal in Figure 3 2× 2 4× 4 2× 2 4× 4
1,2 (2,5) (2,5) (2,6) (2,7)
3,4 (2,5) (4,4) (3,4) (4,5)
5 (2,5) (2,5) (2,7) (2,8)
6 (4,3) (4,4) (4,5) (4,6)

7,8 (3,7) (4,9) (3,10) (4,10)
9 (4,7) (5,8) (4,10) (5,11)

10 (3,12) (4,9) (4,12) (5,10)
11 (3,12) (4,9) (4,12) (4,10)

12,12 (10,7) (10,9) (9,9) (8,10)
14,15 (2,8) (2,8) (0,10) (0,10)

Signal in Figure 4
16,17 (2,5) (2,5) (2,5) (2,7)
18,19 (2,5) (2,6) (2,5) (2,7)

20 (2,5) (2,5) (3,5) (3,6)
21 (2,5) (2,6) (3,5) (3,6)
22 (1,7) (1,7) (1,5) (1,8)
23 (2,5) (2,6) (2,5) (2,7)
24 (2,5) (2,6) (3,4) (2,7)

The performance of the fixed point implementations us-
ing EPA channel profile can be found in Fig. 6, where fixed
point 1 denotes the architecture using the vector product
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Fig. 6. FER vs. SNR for the LS estimator with EPA channel
profile.
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Fig. 7. FER vs. SNR for the LS estimator with ETU channel
profile.

units shown in Fig. 3 and fixed point 2 denotes the sec-
ond presented architecture using the vector product units
described in Fig. 4. Correspondingly, the results for the es-
timator using ETU channel profile can be seen in Fig. 7.
All of the presented FER results are average values over the
10000 simulated frames and they were simulated using the
minimum word lengths found in Table 3. It can be seen that
the fixed point implementations provide near floating point
performance above the FER of 10−1 which was chosen as
the threshold value as it corresponds to the operating point
of the system.

5. SYNTHESIS RESULTS

The channel estimation algorithm was implemented using
the presented architectures and synthesis simulation was done.
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Table 4. Memory requirements for the LS estimator implementations.
Estimator C c F L′

K R Total [kbit]

LS 1 (2× 2 EPA) 2× 33600 - - 2× 4200 75.6
LS 2 (2× 2 EPA) - 2× 4200 33600 2× 4200 50.4
LS 1 (4× 4 EPA) 4× 33600 - - 4× 4800 153.6
LS 2 (4× 4 EPA) - 4× 4200 38400 4× 4800 74.4
LS 1 (2× 2 ETU) 2× 148800 - - 2× 4800 307.2
LS 2 (2× 2 ETU) - 2× 4200 130200 2× 4800 148.2
LS 1 (4× 4 ETU) 4× 156600 - - 4× 5400 648.0
LS 2 (4× 4 ETU) - 4× 5400 156600 4× 5400 199.8

The system parameters used with the implementations were
those presented in Section 4.2. Implementation of the esti-
mator architectures was studied using Mentor Graphics Cat-
apult C tool. The algorithm was implemented in C code
and fixed point representation with the obtained minimum
word lengths were used for defining the signals. From the
C code implementation, the tool created a VHDL code for
which a synthesis simulation was performed using Mentor
Graphics Precision RTL Synthesis software. The synthe-
sis simulation for the architectures was done by using Xil-
inx Virtex-4 FPGA with 75 MHz operation frequency as the
target platform. The device utilization for each architecture
are shown in Table 5. The target latency for the implemen-
tations was chosen to be less than the OFDM burst duration
TB = TCP+TOFDM so that the channel estimate for one sym-
bol could be computed during the reception of the next sym-
bol. The OFDM burst durations are TBEPA = 71.354µs and
TBETU = 83.333µs for the EPA and ETU channel models,
respectively. The vector product units for the EPA channel
are pipelined in order to result in a faster implementation
and to meet the latency requirements. Due to the longer
length of the ETU channel, more channel taps need to be
computed than in the case of the EPA channel. Therefore,
the vector product units for the ETU implementation also
employ partial unrolling of the computation loops in addi-
tion to pipelining. In partial unrolling, some iterations of the
computation loop are executed in parallel and it will there-
fore significantly speed up the implementation. However,
this is done on the expense of increased complexity. For
the ETU channel, an unrolling factor of 2 was found to be
sufficient to meet the latency requirements. Due to the un-
rolling, a larger memory bandwidth is required so that the
vector product units can read two coefficients from the same
memory during one clock cycle.

In the synthesis simulation, the memory required for
the precomputed matrices was assumed to be available out-
side the LS estimator and therefore was not included in
the device utilization figures. Using the minimum word
lengths and the data matrix dimensions, the amount of re-
quired memory can be computed. The memory require-

Table 5. Synthesis results for the LS estimator implemen-
tations.

Estimator Device CLB Slices DSP48s Latency

LS 1 (2× 2 EPA) XC4VFX12 277 14 32.76 µs
LS 2 (2× 2 EPA) XC4VFX12 317 20 32.87 µs
LS 1 (4× 4 EPA) XC4VLX40 1919 32 34.15 µs
LS 2 (4× 4 EPA) XC4VLX40 2424 32 34.25 µs
LS 1 (2× 2 ETU) XC4VLX25 519 26 64.91 µs
LS 2 (2× 2 ETU) XC4VLX40 749 32 65.32 µs
LS 1 (4× 4 ETU) XC4VLX100 5647 32 65.75 µs
LS 2 (4× 4 ETU) XC4VLX100 7372 32 66.13 µs

ments for each design are shown in Table 4. It can be seen
that the estimator 1 has lower complexity with every config-
uration as there is less computation required. The reduced
memory requirements of estimator 2, however, are more
significant, especially with 4 × 4 MIMO. As the memory
requirements for each design do not exceed the available
memory on the platforms [19] used in the synthesis sim-
ulations, the choice of architecture can be done based on
whether a faster execution or less computation is desired.

The simulated architectures were designed for a sys-
tem with K = 300 data subcarriers. The architectures are
quite easily scalable to support different kind of configura-
tions. However, in systems that use more subcarriers for
data transmission, maintaining the same latency might be-
come an issue. More intensive loop unrolling can be done
for the vector product units to maintain or even to reduce
the latency but this will dramatically increase the hardware
complexity. The combination of pipelining and unrolling
of the computation loops will also increase the number of
memory reads per clock cycle and, therefore, larger un-
rolling factors will also require larger memory bandwidths.
Systems with more data subcarriers also require larger DFT
matrix and longer pilot sequences to be used and, thus, more
memory needs to be available for the precomputed data.

6. CONCLUSIONS

The LS channel estimation algorithm for MIMO-OFDM was
considered. A channel estimator architecture based on pre-
computed data was designed. A modified architecture that
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requires less precomputed data to perform the estimation
was also presented. The architectures were implemented us-
ing fixed point arithmetic for 2×2 and 4×4 MIMO-OFDM
systems with 300 data subcarriers and QPSK modulation.
Minimum word lengths for each design were studied and
they were shown to provide near floating point performance
up to 10−1 FER. A synthesis simulation was done for the ar-
chitectures from which latency and complexity results were
obtained. The designs were shown to be implementable on
the available FPGA platforms as well as to meet the latency
requirements based on the system parameters.

7. REFERENCES

[1] R. van Nee and R. Prasad, OFDM for Wireless Multimedia Commu-
nications, Artech House, London, 2000.

[2] G. J. Foschini and M. J. Gans, “On limits of wireless communications
in a fading environment when using multiple antennas,” Wireless
Personal Communications, Kluwer Academic Publishers, vol. 6, pp.
311–335, 1998.

[3] E. Telatar, “Capacity of multi-antenna Gaussian channels,” European
Transactions on Telecommunications, vol. 10, no. 6, pp. 585–595,
1999.

[4] V. Tarokh, N. Seshadri, and A. R. Calderbank, “Space-time codes for
high data rate wireless communication: Performance criterion and
code construction,” IEEE Transactions on Information Theory, vol.
44, no. 2, pp. 744–765, Mar. 1998.

[5] S. Alamouti, “A simple transmit diversity technique for wireless
communications,” IEEE Journal on Selected Areas in Communica-
tions, vol. 16, no. 8, pp. 1451–1458, Oct 1998.

[6] D. Gesbert, M. Shafi, D. Shiu, P. J. Smith, and A. Naguib, “From
theory to practice: An overview of MIMO space-time coded wireless
systems,” IEEE Journal on Selected Areas in Communications, vol.
21, no. 3, pp. 281–302, 2003.

[7] A. J. Paulraj, D. A. Gore, R. U. Nabar, and H. Bolcskei, “An overview
of MIMO communications — A key to gigabit wireless,” Proceed-
ings of the IEEE, vol. 92, no. 2, pp. 198–218, Feb. 2004.

[8] ANSI/IEEE Standard 802.11,1999 Edition (R2003), “Information
technology - telecommunications and information exchange between
systems - local and metropolitan area networks - specific require-
ments part 11: Wireless LAN medium access control (MAC) and
physical layer (PHY) specifications,” 2003.

[9] IEEE Standard 802.16, “IEEE standard for local and metropolitan
area networks part 16: Air interface for fixed broadband wireless
access systems,” 2004.

[10] 3rd Generation Partnership Project (3GPP), “Physical layer aspect
for evolved universal terrestrial radio access (UTRA),” Tech. Rep.,
3rd Generation Partnership Project (3GPP), 2006.

[11] J. K. Cavers, “An analysis of pilot symbol assisted modulation for
Rayleigh fading channels,” IEEE Transactions on Vehicular Tech-
nology, vol. 40, no. 4, pp. 686–693, Nov. 1991.

[12] H. Miao and M. Juntti, “Space-time channel estimation and per-
formance analysis for wireless MIMO-OFDM systems with spatial
correlation,” IEEE Trans. on Vehicular Technology, vol. 54, no. 6,
pp. 2003 – 2016, Nov. 2005.

[13] E. Kunnari and J. Iinatti, “Stochastic modelling of rice fading chan-
nels with temporal, spatial and spectral correlation,” IET Communi-
cations, vol. 1, no. 2, pp. 215–224, Apr. 2007.

[14] Y. Li, “Simplified channel estimation for OFDM systems with mul-
tiple transmit antennas,” IEEE Transactions on Wireless Communi-
cations, vol. 1, no. 1, pp. 67–75, Jan. 2002.

[15] 3rd Generation Partnership Project (3GPP); Technical Specification
Group Radio Access Network, “Evolved universal terrestrial radio
access (E-UTRA); user equipment (UE) radio transmission and re-
ception (release 8),” Tech. Rep., 3rd Generation Partnership Project
(3GPP), 2007.

[16] K. Wong, C. Tsui, R. K. Cheng, and W. Mow, “A VLSI architec-
ture of a K-best lattice decoding algorithm for MIMO channels,” in
Proceedings of the IEEE International Symposium on Circuits and
Systems, Scottsdale, AZ, May 26-29 2002, vol. 3, pp. 273–276.

[17] J.-J. van de Beek, O. Edfors, M. Sandell, S.K. Wilson, and P.O. Bor-
jesson, “On channel estimation in OFDM systems,” in Proceedings
of the IEEE Vehicular Technology Conference, Chicago, IL, USA,
July 25–28 1995, vol. 2, pp. 815–819.

[18] “Mentor Graphics (accessed on 17 September 2008) Algo-
rithmic C Data Types. URL: http://www.mentor.com/products/
esl/high level synthesis/ac datatypes.cfm,” .

[19] “Xilinx (accessed on 28 September 2008) Virtex-4 Product Table.
URL: http://www.xilinx.com/publications/matrix/matrix v4.pdf,” .

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 161



 

A LOW COMPLEXITY SPACE-FREQUENCY MULTIUSER SCHEDULING 

ALGORITHM 

Ana I. Pérez-Neira
1,2

, Pol Henarejos
1
, Velio Tralli

3
, Miguel A. Lagunas

1,2
 

email: anuska@gps.tsc.upc.edu, pol@redyc.com, vtralli@ing.unife.it, m.a.lagunas@cttc.es 

 (1) Dept. of Signal Theory and Communications - Universitat Politècnica de Catalunya (UPC) – Spain 

(2) Centre Tecnològic de Telecomunicacions de Catalunya (CTTC) - Spain  

(3) ENDIF - Engineering Department University of Ferrara - CNIT - Italy 

ABSTRACT 

This work presents a resource allocation algorithm in K-user, 

M-subcarrier and NT-antenna systems for on-line scheduling. 

To exploit temporal diversity and to reduce complexity, the 

ergodic sum rate is maximized instead of the instantaneous 
one. Dual optimization is applied to further diminish 

complexity together with a stochastic approximation, which is 

more suitable for online algorithms. Weighted sum rate is 

considered so that users can be either prioritized by higher 

layers or differentiated by proportional rate constraints. The 

performance and complexity of this algorithm is compared 

with well-known benchmarks and also evaluated under real 

system conditions for the MIMO Broadcast channel. 

1. INTRODUCTION  

In a Multi-User MIMO (MU-MIMO) spatial multiplexing 

scheme, multiple users are scheduled in the same resource 

block. MU-MIMO is a promising way to increase system 

throughput and there is a growing interest on the topic as [1,2, 

3, 4] shows. Recently attention has been paid to the 

combination of spatial diversity multiple access systems and 

frequency domain packet scheduling [5,6,7,8,9]. Specifically, 

in [6] the authors present a low complexity sum-power 

constraint iterative waterfilling that is capacity achieving. It 

improves the convergence of [3] and is probably convergent. 

In [8] the authors address the problem of feedback reduction. 

The present paper aims at both, low complexity and reduced 

feedback. In contrast to [7], in order to further reduce 

complexity for on line implementation we follow a dual 

decomposition strategy and a stochastic approximation. In 

order to reduce feedback load the paper resorts to 

opportunistic strategies that solve the spatial scheduling. 

More specifically, an efficient algorithm for optimal beam 

subset and user selection is performed to find the best trade-

off between the multiplexing gain and the multiuser 

interference in the opportunistic scheme when the number of 

users is not high. In summary, this paper proposes a joint 

spatial and frequency scheduler that allows on-line 

implementation and only requires partial or low feedback and 

a low-complexity implementation.  

This paper is organized as follows. The space-frequency 

scheduler is formulated in Section 2 and the distributed 

scheme that is proposed based on dual optimization is 

presented in Section 3. Section 4 explains the low complexity 

ergodic algorithm, together with an evaluation of its 

complexity. The numerical results are presented in Section 5, 

and Section 6 concludes the paper. 

2. PROBLEM FORMULATION  

We consider an OFDMA scenario with M subcarriers and K 

users. Each user k is single antenna and receives 

simultaneously NT signals, which can come from different 

spatial locations, antennas or beams. Only one of the NT 

signals is intended for user k. The received signal by user k on 

the subcarrier m is given by 

, , , , , , , , , , , ,q qk m k m k m k m k k m s m s m k m s s m k m

s k

y a p s a p s w 


  

 

(1

) 

where,  ,k maa is the set of binary allocation variables, i.e. 

, 1k ma   if user k is scheduled on frequency m, 
, 0k ma   

otherwise, and  ,k mpp  is the set of allocated powers, sk,m is 

the information signal of user k through frequency m, 

 2

, 1k mE s  . Finally, 
, , qk m k  denotes the equivalent channel 

seen by the kth user at frequency m with respect to the qth 

beam, antenna or transmitter associated with user k. For 

instance, in the case of a MISO (Multiple input single output) 

broadcast channel,
2 2

, , , , , ,q q q

T

k m k k m k k m m kc   h b , where 

, qm kb  is the beamforming vector that is associated with user k 

and that is obtained from the set of beams  1,...,q Tk N . In 

this case the number of interference terms in (1) is equal to 

NT-1. From a viewpoint of information theory, the model in 

(1) could correspond either to a broadcast channel or to an 

interference channel with NT transmitters and K receivers. In 

spite of the big gains in spectral efficiency that can be 

obtained by incorporating multiantenna transmission to a 

multicarrier system, an evident drawback of this scenario is 
the increased design complexity. In other words, 

multiantenna, multiuser and multicarrier channels 

significantly increase the set of design parameters and degrees 

of freedom at the PHY layer. In this work, the focus is on the 

optimization of the PHY layer parameters with low 

complexity burden. Concerning the optimality criteria, we 

consider the problem of rate maximization in (2) with power 

constraints and also proportional rate constraints.  
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where a and p are vectors whose components are ak,m and pk,m, 

respectively.  , , ,
qk m k a p  is the SINR (Signal to Interference 

and Noise Ratio) of user k at frequency m and associated with 

beam q and 
, , qk m kc  denotes the equivalent channel power gain 

seen by the kth user at frequency m with respect to the qth 

beam, antenna or transmitter. The formulation of the sum rate 

in (2) indicates that at each frequency up to NT transmissions 

can be spatially multiplexed. We assume that  , , ,
qk m k a p  are 

known by the NT transmitters by means of partial channel 

feedback. For instance, this would be the case of a broadcast 

channel where the Base Station (BS) has perfect SINR 

feedback. Other possible scenario is that of NT BS’s in a 

cellular system; in this case the assumption would be that all 

BS know the equivalent channel magnitude. k are the 

weights that allow prioritizing the users. The problem to solve 

deals with scheduling of users and powers, the spatial 

precoder is fixed and part of the initial conditions of the 

problem.  

Rate optimization is a reasonable choice for utility, reflecting 

the various coding rates implemented in the system. We 

assume an idealized link adaptation protocol. Proportional 

rate constraints allow a more definitive priorization among 

the users, which is quite useful for service class 

differentiation. Theoretically, this formulation also traces out 

the boundary of the capacity region similar to the weighted 

sum-rate maximization. The main difference is that it actually 

identifies the points on the capacity region boundary that 

satisfy the rate proportionally constraints. Furthermore, the 

max-min rate formulation is a special case of this formulation, 

i.e., when 1=…=K. Finally, by enforcing the average power 

constraint we allow instantaneous power levels to exceed the 

average power when necessary. Sum power constraint is 

needed in scenarios such as BC channel, but it is not usually 

imposed in multi-cell scenarios. 

Note that ergodic optimization is considered because of 

twofold: i) it reduces the complexity of the resulting 

algorithm and ii) it incorporates the time dimension in the 

resulting resource allocation. In other words, in the case of 

instantaneous rate allocation only, the OFDMA algorithms 

are re-run every symbol (or several symbols). In this paper, 

we can capture the idea of “time slot allocation” by using the 

ergodicity assumption, and determine power allocation 

functions that are parameterized by the channel knowledge.  

Note also that if there is no frequency structured components 

or noise, the maximal sum rate signaling does not require 

introducing correlation between subcarriers (cooperative 

subcarrier transmission or joint frequency-space processing). 

Therefore, the problem is separable across the subcarriers, 

and is tied together only by the power constraint. In these 

problems, it is useful lo approach the problem using duality 

principles. In addition, the utility function is non convex and 

by solving the dual problem and formulating it as a canonical 

distributed algorithm [10], the algorithm is simplified and 

also convergence to the globally optimal rate allocation can 

be achieved. 

Finally and as notational convention vectors are set in 

boldface. 

3. DUAL OPTIMIZATION 

The proposed algorithm is based on a dual optimization 

framework. In other words, it is based on a Lagrangian 

relaxation of the power constraints and (possibly) rate 

constraints. This relaxation retains the subcarrier assignment 

exclusivity constraints, but “dualizes” the power/rate 

constraints and incorporates them into the objective function, 

thereby allowing us to solve the dual problem instead. This 

dual optimization is much less complex as we explain next.  

To derive the dual problem we first write the Lagrangian. In 

order to simplify notation we define 
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where we do not explicitly write the dependence of 
kr  and 

ˆ
kp  on the optimization variables a, p. Based on this 

definitions, the Lagrangian is  

 
1 1

ˆ1
K K

T

k k k

k k

L R P p r   
 

 
      

 
 μ  (5) 

 are the dual variables (also called prices) that relax the 

cost function, 

1

K

k

k

R r


 and P  is the power constraint. 

Focusing on the first term in the maximization, we observe 

that if  1 0T μ  then the optimal solution would be 

*R   , since R is a free variable. This is clearly an 
infeasible solution for ergodic sum rate. Furhtermore, if 

 1 0T μ  then the optimal solution would be 0optR  . 

Thus, we would like to constrain the multiplier to satisfy 

1T μ . Thus, (5) can be simplified to 

1 1

ˆ
K K

k k k

k k

L P p r  
 

 
    

 
   (6) 

Note that the weights k are the dual multipliers that enforce 
the proposed rate constraints. Additivity of the utility and 
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linearity of the constraints lead to the following Lagrangian 
dual decomposition into individual user terms  

k

k

L L P   
(7) 

where, for each user k,  

ˆ
k k k k k k

k k

L r p        
(8) 

only depends on local rate rk and the prices , μ. 

The dual function g(, μ) is defined as: 

   

 * * *
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a,p
μ a p μ

a ,p μ

 (9) 

Evidently, this dual problem involves only K+1 variables and 

it is, therefore much easier to solve than the primal problem. 

Moreover, the maximization in (9) can be conducted parallel 

by each user, as long as the aggregate link price  is feedback 
to source user k. Note that if there were no global constraint, 

as it is the case in multicell systems where pk,m stands for the 

power that Base Sation k has to allocate in frequency m and 

there is only per BS power constraints, the problem is further 

simplified.  
The dual problem is defined as: 

 

 

min ,

. . 0, , 1T

g

s t D D



     

μ

μ μ 0 μ .
 

(10) 

Since g(, μ) is the pointwise supremum of a family of affine 

functions in , , it is convex and (10) is a convex 
minimization problem (even if the primal is not a concave 

maximization problem).  

Since g() may be non differentiable, an iterative subgradient 

method can be used to update the dual variable  to solve the 
dual problem. The computation of the subgradient requires 

knowing the individual weighted ergodic rates per user. Note 

that the “weights” in this case are no longer predetermined 
constants, but are effectively the multipliers that enforce the 

proportional rate constraints. From an initial guess o and o, 
the subgradient method generates a sequence of dual feasible 

parts according to the iteration 

1 1i i i i i i i i

Ds g s 


           μμ μ g  (11) 

Where 
ig denotes the subgradient of   * ,i ig  μ μ with 

respect to  

*ˆi

k
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and si is a positive scalar step-size. 
i

μg denotes the 

subgradient of   * ,i ig  μ μ  with respect to  
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(13) 

Finally,  .D denotes projection onto the set D. 

Concerning convergence, for a primal problem that is a 
convex optimization, the convergence is towards a global 

optimum. Otherwise, global maximum of non concave 

functions is an intrinsically difficult problem on non convex 

optimization. In [10] the authors show that the sequence of 

the maximization of (8) and the computation of (11) forms a 

canonical distributed algorithm that solves (2) and the dual 

problem (10). Even for non concave utilities the canonical 

distributed algorithm may still converge to a globally optimal 

solution if 
*

kL  is continuous at optimum
* . Based on this 

property, an analytical proof of convergence for the algorithm 

that is proposed next is left for further work. Simulation 

results have proved good convergence for it.   

4. ALGORITHM 

In the rest of the paper we deal with the specific case of 

Broadcast (BC) channel, where the global power constraint is 

needed. The maximization of (9) could have been formulated 

only with respect to the powers, p. In this way, whenever any 

of the optimal components *

, 0k mp  , this would mean that user 

k should not be scheduled in frequency k. In addition to the 

complexity of this multiuser frequency power allocation 

problem, note that 
,k mp  depends on the spatial channel at 

frequency m, which, in the case of the BC channel, depends 

on the spatial precoder that is associated with user k. The 

purpose of this work is to design a low complexity scheduler; 

this fact motivates the simplification of the complex space-

frequency multiuser scheduler that has been described by 
using the multibeam opportunistic scheme [11].  In this case, 

the Base Station uses a set of orthonormal beams that are 

associated with the users depending on their reported SINR. 

This scheduler is designed such that it works without 

interacting with power allocation and dual optimization. The 

problem formulation of (9) accounts for this explicit user 

scheduling by incorporating the discrete variables a. As 

shown in Fig. 1, the first step in the proposed algorithm is the 

spatial scheduler, which obtains a in a low complexity way, 

as it is described in Section A.  

 

 
Fig. 1. Block diagram of the proposed algorithm. 

 

Once user k has been selected by being associated with beam 

q at each frequency m, the next step in the algorithm (see Fig. 

1) is the power allocation, which should be derived from the 

equation 

,

0k

k m

L
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Assuming the interference with constant power P , a 

suboptimal solution is provided by the waterfilling in (15)  
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where 
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(16) 

The dual variables are obtained by solving the dual problem 

(10) with low complexity in a stochastic way. The detailed 
waterfilling procedure is described in Section C. 

A. Spatial scheduler 

The spatial scheduler is obtained for each frequency m by 

introducing a simplified SINR that considers uniform power 

allocation (i.e. no interaction neither with the primal variables 

p nor with the dual variables , . The proposed spatial 
scheduler is based on the multibeam opportunistic strategy, 

which considers an orthonormal random beamforming set as 
precoder and assigns users to beams based only on SINR 

feedback. In order to counteract the losses that opportunistic 

schemes present when the number of users is moderate or low 

we extend the beam and user set optimization proposed in 

[12] to OFDMA. Let  1, ,m TQ N   denotes the number of 

users served or active beams at mth frequency bin, 
   1, ,mQ

mU K 
 

and    1, ,mQ

m TS N 
 

are the user and 

beam set, respectively, with 
mQ elements without repetition. 

For the BC the SINR in (3) is equivalent to 
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(17) 

where 
,m qb is qth beam at mth frequency and σn

2=σw
2/P is the 

noise variance. In (17) there are !m

m

K
Q

Q

 
 
 

 permutations of 

 
,

mQ

k m for
 mQ

S . The optimal beam subset *

mS   and user subset 

*

mU  at mth frequency bin are obtained by (9) using exhaustive 

search. However we apply a suboptimal approach to reduce 

the complexity. Next, we assume that equal power P is 

allocated among beams and subcarriers, 1, ,
T

m

N
j

Q

 
  

 
  is the 

index of all beam combinations.  

Fixing jth combination, the optimal user satisfies 
 *

, , , , ,arg max mQ

m j q k m j q
k

k   (18) 

where subindex kq in (3) has become indexes k,j,q in (18) due 

to the beam and user search. The optimal value of (18) is 

added to  
,

mQ

j mU . For each frequency m, optimal jth index is 

found by expression 
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*

2 , , ,
11
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(19) 

Hence, the optimal user and beam set that serves Qm users 

simultaneously are    
*

*

,

m m

m

Q Q

m j m
U U  and    

*

*

,

m m

m

Q Q

m j m
S S . Finally, 

optimal Qm is given by  
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(20) 

Once this spatial scheduling is finished for each frequency m, 

we simplify indexes 
 *

* *
, , , , ,

, ,
m

m j q

Q

qk m j q
k m k  as they are used in 

(3), ready to be applied in the frequency waterfilling and dual 

optimization step. The corresponding user selection variable 

ak,m is set to 1 if the user has been chosen. 

Regarding fairness, this solution has the drawback of 

scheduling users on the available beams and frequencies by 

only looking at channel gains. In this way, users with good 

channel conditions, i.e. users located near the base station 

with a small path loss, tend to monopolize channel resources. 
The lack of resources for weak users may constrain the 

behavior of dual optimization. An improved spatial scheduler 

can be designed by considering the maximization of  

 2 , ,max log 1
q

q

k k m k
k

k q

m    
(21) 

by using the equal power approximation of pk,m, i.e. pk,m=P. 

This can be simply implemented by inserting μk in (19) and 

(20). This scheduler interacts with the dual optimization 

algorithm. It releases beams and frequencies to users 

according to rate constraints, but preserves both the light 

requirements on feedback parameters and the distributed 

implementation.  

Finally, instead of MOB other spatial precoders (such as Zero 

Forzing) can be used, however, at the expense of complexity 

increase in the feedback. 

B. Feedback complexity 

The number of feedback parameters to be transmitted to the 

BS by each kth user are NTxM and they correspond to all 

possible values of 
2

, ,

T

k m m qh b for 1,..., Tq N  and 1,...,m M . 

This amount can be reduced by fixing Qm previously. Users 

must know the value Qm. In this case, feedback is reduced to 

3xM and they correspond to q*, j*, best beam and best 

permutation, and
* *, , ,k m j q

 . That is because fixing Qm causes the 

number of permutations is known a priori by all users and it is 

fixed. Thus, each user can compute 
* *, , ,k m j q

 and send it to BS, 

jointly with indexes. In addition, fixing 
m TQ Q N 

 
the 

amount of feedback is also reduced to 2xM, q* and 
*, ,1,k m q


 

since 1j  .  

Finally, depending on the delay spread of the channel, the 

number of parameters to feedback can be further reduced by 

frequency grouping or chunk processing [5]. 

C. Frequency power allocation 

Once the user selection problem has been solved, a is known 
in (2), and the next step is to obtain the solution for the power 

allocation p in (12).  

To compute (12), ergodic maximization through stochastic 

approximation is introduced [14]. In other words, 

maximization occurs through time or iterations. At nth 

iteration, power assigned to kth user at mth carrier becomes  
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where    max ,0x x

 . 

Per-user rate and total power are given by  
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Finally,  are updated using subgradient method as in (11)-
(13) but with a stochastic approximation. In fact, these 

parameters are given by expressions 
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where
 is the projection onto set  1T  μ 0 μ , 

     1

T

Kn R n R n   R 
 

and    k

k K

R n R n


 . To 

obtain a good performance, a suitable values could 

be  0 1  ,  0
T



 
μ  and 0.01  . 

Subgradient search methods have been used to obtain the 

solution for the dual variables. As it is important to be able to 

perform resource allocation in real-time, we obtain an on-line 
adaptive algorithm by performing the iterations of the 

subgradient across time. 

D. Complexity 

Using ergodic sumrate relaxes complexity since constraints 

are not instantaneous but ergodic. Note that though objective 

is ergodic, feedback parameters contain instantaneous 
information. This algorithm has several stages. First of all 

there is the pooling stage. During this step, BS sends a pilot 

signal through all beams and only one beam is active. The 

complexity in the beamforming is O(MNT). 

Next step is computing all γ parameters. Its complexity 

depends on fixing Qm. Leaving it as a free parameter, 

complexity is O(MK2NTNT
2). Otherwise, fixing it, complexity 

becomes O(MK2NTNT). Moreover, adjusting 
m TQ Q N  it is 

reduced to O(MKNT). 

Finally, there is the power allocation stage, water-filling has 

complexity O(MK) and it is followed by O(K) updates for the 
rates, power and multipliers. 

In general, complexity could be very low, as O(MKNT), or 

higher, as O(MK2NTNT
2), depending on how optimum is 

desirable. 

Next table shows algorithm step-by-step and its complexity. 

Note that in step 2 there are three possibilities: 2.a has NTxM 

parameters of feedback; 2.b, 3xM and 2.c, 2xM. 

Other solutions such as [13] find the optimal bound of 

capacity rate at cost of complexity, O(K2MlogN). Others have 

less complexity, as O(M) in [8], but they lose in performance. 

See fig. 4 for more details in the comparison. 

5. RESULTS 

We organize numerical results in two parts: the first part 

illustrated in section 1 refers to a simple cellular scenario and 

has the aim of showing the main behavior of the algorithm; 

the second part refers to a more realistic scenario. 

A. Results for simple scenario 

All simulations in this scenario consider M=64 subcarriers, 

power constraint 10P dB  and power parameter P=1 in 
equation (16). The channel model includes normalized  

Rayleigh  fading and does not take care of path-loss or 

shadowing components. All carriers have frequency spacing 

of 1Hz. All users are located at same distance from BS. A 

linear array of NT antenna isconsidered at the base station and 

distance between sensors is 0.5λ.  

Fig. 2 shows how every user converges to its weight with few 

iterations. Note that user rates are normalized with sumrate. 
Fig. 3 shows power convergence to average power constraint.  

Hence the good convergence properties of dual optimization 

algorithm are confirmed by the results.  

In order to compare the spatial scheduling algorithm with 

other algorithms of the literature, we show in Fig. 4 the  rate 

region for two users, compared with those obtained with the 

algorithms in [13] (DPC) and [8] (KOU), and to uniform 

power allocation strategy (UPA). Note that [13] has higher 

complexity and  fixes a theoretical  maximum sum-rate that 

can be achieved, whereas [8] has lower complexity, but worse 

performance.  
Fig. 5 shows the computation complexity in terms of 

simulation time for different system configurations and  

strategies of choosing  Qm. Note how complexity increases 

with the usage of dynamic Qm. In order to compare the 

complexity with that of [13], based on DPC, we provide the 

following table that shows the computation complexity for 

K=8 and K=32 users, and NT=2. Time is expressed in 

seconds. This gives a clear idea of the complexity of [13], 

O(K2MlogN), and how it increases with number of users. 

 

 

1. Pooling: BS transmits pilot signal to 

sense each equivalent channel. 

O(MNT) 

2.a Non-fixed Qm 

Feedback: each user sends 
2

, ,

T

k m m qh u
 

BS schedules users spatially  

 

O(MNT) 
 

O(MK2NTNT
2) 

2.b Fixed Qm 

Feedback: each user sends q*, j*,
* *, , ,k m j q


 

BS schedules users spatially
 

 

O(M) 

 

O(MK2NTNT) 

2.c Qm=NT 

Feedback: each user sends q*, 
*, ,1,k m q


 

BS schedules users spatially
 

 

O(M) 

 

O(MKNT) 

3. Water-filling O(MK) 

4. Updating parameters  O(K) 
 

Table 1. Algorithm step-by-step and its complexity. 
  

 K=8 K=32 

[13] 283 3349 

Our algorithm 

(Dyn Qm / Qm=NT) 
28 / 31 50 / 62 

 

Table 2. Complexity comparison with [13]. 
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When compared to solution [8], for NT=2 and K=2, our 
algorithm requires roughly the same computation time, but 

achieves best performance, as shown in Fig. 4.  

Finally, Fig. 6 shows the impact on sum-rate of using a 

dynamic Qm or a fixed Qm. Dynamic choice of Qm is useful 

for a large number of antennas, whereas the other choice is 

good for few users.  

B. Results in a realistic scenario 

In this section we present and discuss simulation results 

obtained for a scenario which incorporate some characteristic 

aspects of practical application in next generation wireless 

systems, In fact, 3GPP-LTE and WiMAX employ OFDMA as 

their main multiple access mechanism (although other options 

are also defined in the standards). 

We are considering here a single cell of the downlink of an 

OFDM wireless system with M=128 subcarriers working on 

a bandwidth of 1.25 Mhz. Base station is equipped with 

multiple antennas. The system is TDD and it is assumed that 

2/5 of frame interval is used for downlink transmission. The 
CSI coming from users is updated every 10ms. Two options 

for user distribution are considered: in the first option the 

users have a position which is uniformly distributed in 

circular area of radius 500m; in the second option the users 

are placed at the same distance of 250 m from the base 

station. 

Channel model includes path loss, correlated shadowing (not 

present in the second option for user distributions) and time 

and frequency correlated fast fading. Path loss is modeled as 

a function of distance as L(db)= k0 + k1 log(d) (k1=40, 

k1=15.2 for results).  Shadowing is superimposed to path-
loss, with classical lognormal model (sigma= 6 dB) and 

exponential correlation in space (correlation distance equal to 

20m). Fast fading on each link of the MIMO broadcast 

channel is complex Gaussian, independent across antennas 

and is modeled according to a 3GPP Pedestrian model [11]. 

This model has a finite number of complex multipath 

components with fixed delay (delay spread around 2-

3 microseconds) and power (average normalized to 1). Time 

correlation is obtained according to a Jakes' model [12] with 

given Doppler bandwidth (6 Hz in the results).  At the base 

station orthogonal beamforming is adopted, where beam 

vectors change randomly at each frame. In the simulated 
system the total average power constraint is fixed to 1W. 

Note that, in realistic conditions,  channel variations in time 

due to Doppler effects have a non negligible impact on the 

feedback quality. In fact, at the scheduling time n the 

algorithm uses feedback parameters measured at time n-1, 

which can be changed in the meanwhile. Therefore, due to 

outdated feedback the transmission at the scheduled rate may 

fail sometimes. This aspect is left for future investigation 

In the first two figures, fig. 7 and fig. 8, the dynamic behavior 

of sum-rate and total allocated power is illustrated for a 

system with 10 users in fixed position at distance 250 m. In 

the scheduling algorithm equal weights k = 1/K are used. We 
note that although total power and sum rate change frame by 

frame due to fast channel variations, the algorithm for dual 

variable optimization correctly tracks the constraint on the 

average power. We also observed from a wide set of results 

that the range of variations enlarges when the users have 

 
Fig. 3.  Power evolution vs. iterations. 

  

 
Fig. 4.  Rate region for two users. DPC from [8], and KOU 

from [10] are plotted jointly with this algorithm EMOB. 

UPA is also plotted. Note that UPA and KOU are practically 

coincident. 
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Fig. 2.  Different rates for 5 users using this algorithm 

(EMOB). 
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different path-loss, but again the algorithm tracks correctly 
the average.  

In spite of rate and power variations, we also checked the 

robustness of algorithm to ensure fair average rate allocation 

among users. This is shown in the following two histograms 

in fig. 9 and fig. 10, which illustrates the distribution of 

average user rates in a system with 10 users, 3 antennas and  3 

different user classes (class 1: weight 0.5/K - class 2: weight 

1/K - class 3: weight 1.5/K). Fig. 9 refers to equal distance 

users at 250 m, whereas fig. 10 refers to uniformly distributed 

users in a circular area of radius 500 m. We can note that the 

algorithms are quite fair to assign rates to different users, 

even when they have with different weights and different 
path-loss conditions. 

Finally, fig. 11 shows sum rate and user rate vs. number of 

user, in a system with 3 antennas, users at equal distance 250 

m from BS, and  3 different user classes (class 1: weight 

0.5/K - class 2: weight 1/K - class 3: weight 1.5/K). We note 

that sum rate increases with the number of users, meaning 

that the scheduling algorithm capture the available multiuser 

diversity while preserving average rate fairness. Per-user rate 

decreases since the sum-rate needs to be shared among an 

increasing number of users. 

6. CONCLUSIONS 

This paper has presented a low complexity space-frequency 

scheduler that allocates power among users. Ergodic objective 

and ergodic constraints are purposed to relax complexity. 

Moreover many strategies had been presented and low 

complexity has been explained. In addition, weights are 

purposed in order to set rate priorities or several QoS. Finally, 

some benchmarks are presented to compare the performance. 

Aspects such as robustness to imperfect CSIT, discrete rate 
allocation, modification of the algorithm to incorporate jointly 

encoded sub-channels (e.g. space-time codes) and cross-layer 

design for user scheduling improvement are possible topics 

for further research. The space-frequency multiuser scheduler 

has been presented in a general formulation such that the 

proposed distributed strategy (as a result of the dual 

optimization and opportunistic user selection) together with 

the low complexity of the proposed ergodic scheduler can be 

applied to different space-frequency scheduling scenarios.  
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Fig. 11. Sum rate and per-user rate (user  in class 2) vs. 

number of users, for a system with users at equal distance 

from BS. 
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Fig. 10. Per-user average rate distribution in a system with 
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ABSTRACT

We address the problem of jointly optimizing powers and
receive beamformers in a wireless network subject to gen-
eral power constraints. More precisely, we solve the max-
min SIR-balancing problem by maximizing a weighted sum
of utilities of the SIRs over the joint space of powers and re-
ceive beamformers. Thus, the paper extends the work of [1]
to noisy channels under general power constraints and to a
larger class of utility functions. The proposed algorithm is
shown to converge to a max-min SIR-balancing solution. It
is not amenable to distributed implementation but the results
presented in this paper provide a basis for the development
of decentralized algorithmic solutions.

1. INTRODUCTION

In wireless networks, power control and beamforming are
two central mechanisms for resource allocation and inter-
ference management. So far, most work in this area has
focused on the max-min SIR-balancing problem (see, for
instance, [2], [3], [4, Sections 3.1, 5.6], [1], [5, Section5.5])
and references therein). Recent results [6] have obtained a
simple characterization of the max-min SIR-balanced power
vector under general power constraints. The authors formu-
late an eigenvalue problem of the same dimension as the
original problem and give a procedure to compute the max-
min SIR power vector.

Another known approach aims at maximizing a weighted
sum of utilities of the SIRs (or balanced SIRs) [7],[5]. Here
one can trade efficiency for fairness by increasing the so-
called relative concavity of the utility function [5]. This
tradeoff also depends on the choice of the weight vector. A
utility-based joint power control and receive beamforming
algorithm can be implemented distributedly, yet converges
only to a local optimum [8].

In this paper, we consider the possibility of solving the
max-min SIR-balancing problem by maximizing a certain
aggregate utility function over the joint space of power vec-
tors and receive beamformers. We apply the connection

between the max-min SIR-balancing and the utility-based
power control problem established in [6]. This connection
is briefly explained in section 3, where we show how to
choose the weight vector so that the sum utility optimization
achieves the max-min SIR-balancing solution. In addition
we discuss the properties of this connection in order to de-
rive an algorithmic solution. Then, in section 4, we propose
an iterative algorithm that solves the optimization problem.
We prove important properties as monotonicity and conver-
gence to the max-min SIR-balancing solution. Thus, this
paper generalizes the results of [1] to noisy channels un-
der general power constraints and to a larger class of utility
functions. Finally we discuss implementation aspects, pro-
pose a heuristic algorithm that additionally updates transmit
beamformers and give some simulation results to illustrate
the convergence behaviour and the gain achievable by re-
source allocation.

2. SYSTEM MODEL

We consider an arbitrary wireless network withK active
links that are referred to as users. LetK = {1, . . . ,K} de-
note the set of all users. Each user is equipped withM ≥ 2
antenna elements at the transmitter side and the receiver
side. Letu(k)

l = (u(k)
1,l , . . . , u

(k)
M,l) ∈ CM with uk = u(k)

k

be the effective transmit beamformer of userl that is as-
sociated with the receiver of userk. The effective trans-
mitter is determined by the transceiver structure, the chan-
nel state, etc. In case of transmit beamforming the effec-
tive transmitteru(k)

l is the product of the channel matrix
between thel-th transmitter and thek-th receiver and the
transmit beamformer of thel-th user. In this paper we as-
sume that the effective transmitters arearbitrary but fixed.
In contrast, the receive beamformers, which act as linear
receivers, should be jointly optimized with transmit pow-
ers of the users. The transmit powerspk and the receive
beamformersvk ∈ CM of all users are collected in the
power vectorp = (p1, . . . , pK) ∈ RK

+ and in the receive
beamforming matrixV = (v1, . . . ,vK) ∈ CM×K , re-
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spectively.1 The transmit powers are subject to power con-
straints

P = {p ∈ RK
+ : Cp ≤ p′,C ∈ {0, 1}N×K} ⊂ RK (1)

for some givenp′ = (P1, . . . , PN ) > 0 andC with at least
one1 in each column so thatP is a compact set. Throughout
the paper we useN = {1, . . . , N} whereN is the number
of power constraints. Thus, in the special cases of individ-
ual power constraints and sum power constraints we have
N = K, C = I andN = 1, C = 1T , respectively. Further-
more, since the SIR is independent of the norm of the re-
ceive beamformers, we can assume that‖vk‖2 = 1 for each
1 ≤ k ≤ K and useV = {(x1, . . . ,xK) : ‖xk‖2 = 1} to
denote the set of all receive beamforming matrices.

The main figure of merit is the SIR given by

SIRk(p,vk) : =
pk

Ik(p,vk)

=
pk∑K

l=1
gk,l(vk)pl + zk(vk)

.
(2)

Here and hereafter, for anyV ∈ V, the nonnegative matrix
G := G(V) = (gk,l) ∈ RK×K

+ is called thegain matrix
wheregk,l := gk,l(vk) = Gk,l/Gk,k ≥ 0 if l 6= k and0
if l = k. GivenV, Gk,k := Gk,k(vk) > 0 is the signal
power gain of userk andGk,l := Gk,l(vk) ≥ 0, l 6= k
is the interference power gain between the transmitter of
userl and the receiver of userk. The kth entry ofz :=
z(V) = (z1, . . . , zK) is zk := zk(vk) = σ2

k/Gk,k > 0,
whereσ2

k > 0 is the noise variance at the receiver output.
Throughout the paper we assume that

(A.1) each entry ofG(V) is acontinuousfunction ofV ∈
V. Moreover, for any fixedV ∈ V, G = G(V) ≥ 0
is anirreduciblematrix.

Remark 1 In practice, the irreducibility property can be
guaranteed by approximating the gain matricesG(V),V ∈
V, with matrices of the formG(V) + ǫA for some suffi-
ciently smallǫ > 0 whereA = (11T − I) ∈ {0, 1}K×K.

Let γ1, . . . , γK > 0 be some given positive constants,
and letΓ := diag(γ1, . . . , γK).

Definition 1 Given anyΓ, we say that(p∗,V∗) is a max-
min SIR-balanced solution if

(p∗,V∗) := arg max
(p,V)∈P×V

min
k∈K

(SIRk(p,vk)/γk) . (3)

The maximum exists as the SIRs are continuous on the com-
pact setP × V. Moreover, it may be easily verified that
p∗ > 0, allowing us to focus onP+ = P ∩ RK

++.

1R+ andR++ are nonnegative reals and positive reals, respectively.

Notice thatγk is not necessarily met under a max-min
SIR-balanced solution (3). However, it is well known [5]
thatSIRk(p,vk) ≥ γk for eachk and some(p,V) ∈ P×V
if and only ifSIRk(p∗,v∗k) ≥ γk for eachk. In other words,
Γ is feasible if and only if eachγk is met under a max-min
SIR-balanced solution. Thus,γk can be interpreted as the
SIR target of userk.

3. MAX-MIN SIR BALANCING PROBLEM FOR
FIXED BEAMFORMERS

Throughout this section we assume that in addition to the
transceivers, the receive beamformersV ∈ V are arbitrary
but fixed. Note that by (A.1),G := G(V) is a nonnega-
tive irreduciblematrix. In what follows, we briefly review
the connection between the max-min SIR-balancing power
control problem (3) and a utility-based power control prob-
lem [5]. More precisely, we show how to choose the weight
vector in the utility maximization problem so that a solution
to this problem is a max-min SIR-balancing solution. For
the proofs, the reader is referred to [6, 5].

Let us first define the max-min SIR-balancing power
control problem. For any givenγk > 0, k ∈ K, a max-min
SIR-balanced power vector is defined to be

p̄ := p̄(V) = argmax
p≥0

min
k∈K

(
SIRk(p,vk)/γk

)
s.t. max

n∈N
gn(p) ≤ 1 ,

(4)

where
gn(p) := (1/Pn)cT

np, n ∈ N (5)

andcn ∈ {0, 1}K is a (column) vector equal to thenth row
of the matrixC. Note thatp ≥ 0 andmaxn∈N gn(p) ≤ 1
holds if and only if the power constraints are satisfied:p ∈
P. Moreover, for any power vector̄p that solves (4), we
havemaxn∈N gn(p̄) = 1, which means that at least one
power constraint is active.

The irreducibility assumption ofG(V) implies that the
max-min SIR-balanced power vectorp̄ is unique and that

∀k∈K SIRk(p̄)/γk = β (6)

for someβ > 0. From these observations, it follows that [5]

1
β
p̄ = ΓGp̄ + Γz max

n∈N
gn(p̄) = 1 . (7)

Now let

N(p) :=
{
m ∈ N : m = argmax

n∈N
gn(p) = 1

}
be the set of power constraints that are active under the
power vectorp. Note that due to the fact that at least one
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power constraint is active in the optimum,N(p̄) is not empty.
An important observation is that (see [6])

N̄ := N(p̄) =
{
m ∈ N : m = argmax

n∈N
ρ(B(n))

}
(8)

whereρ(B(n)) is used to denote the spectral radius ofB(n).2

Using this definition, we can rewrite (7) as

1
β
p̄ = ΓGp̄ + Γz · gn(p̄), n ∈ N̄ (9)

which is simply becausegn(p̄) = 1 for eachn ∈ N̄. Thus,
with (5), we have (for eachn ∈ N̄)

1
β
p̄ = B(n)p̄, β > 0, p̄ ∈ RK

++, gn(p̄) = 1 (10)

whereB(n) ∈ RK×K
+ is defined to be (for eachn ∈ N)

B(n) := ΓG +
1
Pn

ΓzcT
n = Γ

(
G + 1/PnzcT

n

)
. (11)

So, givenp̄ defined by (4), the condition (10) must hold for
eachn ∈ N̄. In other words, ifG is irreducible, a max-min
SIR-balanced power vector (4) must satisfy (10) for each
noden ∈ N whose power constraint is active at the maxi-
mum. SinceB(n), n ∈ N, is irreducible, the converse can
be concluded from the Perron-Frobenius theorem [9, 10].

Proposition 1 ([6, 5]) Let (A.1) be satisfied, and letβ > 0
be given by (6). Then,p = p̄ > 0 if and only ifp is the right
principle eigenvector ofB(n), n ∈ N̄, normalized such that
gn(p) = 1. Moreover,1/β = ρ(B(n)), n ∈ N̄.

Now we are in a position to establish the aforementioned
connection between the max-min SIR-balancing problem
and a utility maximization problem for any fixed beamform-
ers. To this end, given anyV ∈ V, consider the following
aggregate utility function

U(p,w) :=
∑
k∈K

wkφ
(SIRk(p,vk)

γk

)
(12)

whereφ fulfills (A.2) and (A.3):

(A.2) φ : R++ → Q ⊆ R is continuously differentiable
and a strictly increasing function.

(A.3) g(x) := φ−1(x) is log-convex [5, 11].

Moreover, without loss of generality, it is assumed that

(A.4) w ∈ Π+
K := {u ∈ RK

++ : ‖u‖1 = 1}.
2SinceB(n), n ∈ N, is irreducible, it follows from Perron-Frobenius

theorem [9] thatρ(B(n)) is a simple eigenvalue ofB(n). Moreover, left
and right eigenvectors ofB(n) associated withρ(B(n)) are positive and
unique up to positive multiples. These eigenvectors are called (left and
right) principle eigenvectors ofB(n).

The utility maximization problem of interest is to maximize
the aggregate utility function (12) overP+:

p(w) := argmaxp∈P+ U(p,w) (13)

where the maximum can be shown to exist [5]. Further-
more, it is obvious that in the maximum at least one power
constraint is active:

∀w∈Π+
K
∃n∈N gn(p(w)) = 1 . (14)

Now, the following connection between (4) and (13) can be
observed.

Proposition 2 ([6, 5]) Suppose thaty(n) andx(n) are left
and right principle eigenvectors ofB(n), n ∈ N. Define

w(n) := y(n) ◦ x(n), (y(n))Tx(n) = 1, n ∈ N . (15)

Then,p̄ = p(w) wheneverw = w(m) for somem ∈ N̄.

Interestingly, this connection is independent of the choice
of the utility functionφ, provided thatφ fulfills (A.2) and
(A.3). The basic idea behind Proposition 2 is illustrated in
Figure 1. For someφ satisfying (A.2)–(A.3), the figure de-
picts the setF ⊂ QK (for the two-user case) defined to be

F =
{
q ∈ QK : qk = φ

(
SIRk(p)/γk

)
, k ∈ K,p ∈ P+

}
.

(16)
Note thatF can be interpreted as a feasible QoS region
where the QoS value for linkk is φ(SIRk(p)/γk). We de-
fine the boundary ofF (denoted by∂F) to be the set of all
points ofF such that, ifp is the corresponding power vector
in (16), thenCp ≤ p′ holds with at least one equality. Let

q̄k = φ(SIRk(p̄)/γk), k ∈ K

and
qk(w) = φ

(
SIRk(p(w))/γk

)
, k ∈ K

wherep̄ andp(w) are defined by (4) and (13), respectively.
Both

q̄ = (q̄1, . . . , q̄K) ∈ ∂F

and
q(w) = (q1(w), . . . , qK(w)) ∈ ∂F

are boundary points as at least one power constraint is active
in the optimum. The figure shows an example of the feasi-
ble QoS region under individual power constraints (C = I).
The boundary is given by the following condition:q ∈ ∂F
if and only if maxn∈N ρ(Q(q)B(n)) = 1, whereQ(q) :=
diag(g(q1), . . . , g(qK)) with g(x) defined by (A.3). The
point q̄ = q(w(m)) for somem ∈ N̄, corresponds to the
unique max-min SIR-balanced power allocation. The weight
vectorw(m),m ∈ N̄, is normal to a hyperplane which sup-
ports the feasible QoS region atq̄ ∈ ∂F. Note that in Figure
1, N̄ = {1}.
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Fig. 1. An illustration of Proposition 2 [6]. We havew =
w(1) andN̄ = {1}: The power constraint of the first link is
active under the max-min SIR-balanced power vectorp̄ =
p(w(1)).

Proposition 2 shows how to choose the weight vector
w ∈ Π+

K in (12) so that the max-min SIR-balanced power
vectorp̄ given by (4) is equal top(w) given by (13). We
have the following interesting result that leads to Proposi-
tion 2 and is a key ingredient in the proof of a saddle point
of the Perron roots ofB(n), n ∈ N (which are irreducible
matrices by assumption): Ifψ(x) = −φ(1/x), x > 0 (with
(A.2) and (A.3)), then [5] (withn ∈ N)

ψ(ρ(B(n))) ≤ Gn(p,w) :=
∑
k∈K

wkψ
((B(n)p)k

pk

)
(17)

holds forall p > 0 if and only if w = w(n) ∈ Π+
K given by

(15). Moreover, ifw = w(n) ∈ Π+
K , then (17) holds with

equality if and only ifp = x(n) > 0, that is, if and only if
p is the right principal eigenvector ofB(n).

On the other hand, sincemaxn∈N gn(p) ≤ 1 for all
p ∈ P+, ψ(x) = −φ(1/x), x > 0, is strictly increasing
if (A.2) and (A.3) are satisfied, the diagonal matrixΓ is
positive definite andz > 0, we have

Gn(p,w) =
∑
k∈K

wkψ
( [Γ(G + 1/PnzcT

n )p]k
pk

)
=

∑
k∈K

wkψ
((ΓGp + Γzgn(p))k

pk

)
≤

∑
k∈K

wkψ
((ΓGp + Γz)k

pk

)
= F (p,w), n ∈ N,p ∈ P+,w ∈ Π+

K

(18)

with equality if and only ifgn(p) = 1 where

F (p,w) :=
∑
k∈K

wkψ
( γk

SIRk(p)

)
. (19)

So, considering (17), (18) and (15) shows that (note that
Gn(p,w) has the ray property with respect top)

ψ(ρ(B(n))) = min
p>0

Gn(p,w(n))

= max
w∈Π+

K

min
p>0

Gn(p,w)

= max
w∈Π+

K

min
p∈P+

Gn(p,w)

≤ max
w∈Π+

K

min
p∈P+

F (p,w) = min
p∈P+

F (p,w∗), n ∈ N

(20)

with equality if and only ifgn(p(w∗)) = 1, wherew∗ ∈
Π+

K is a maximizer ofminp∈P+ F (p,w) andp(w∗) is a
minimizer ofp 7→ F (p,w∗) overP+ (see also (13)3). By
(14), we know thatN′ = {m ∈ N : gm(p(w∗)) = 1} is a
nonempty set. Thus, by (18) and (20),

ψ(ρ(B(n))) < ψ(ρ(B(m))) = min
p∈P+

F (p,w∗) (21)

for eachm ∈ N′ andn /∈ N′. So, by (8), we obtainN′ = N̄,
which together with (17) and (21) implies that

w(m) ∈ W :=
{
w∗ = arg max

w∈Π+
K

min
p∈P+

F (p,w)
}
.

for eachm ∈ N̄.
Consequently, the max-min SIR-balancing power vec-

tor can also be obtained by minimizingF (p,w(m)) for any
m ∈ N̄ over P+. From (21), we see thatρ(B(m)) >

ρ(B(n)) with m ∈ N̄, n /∈ N̄ andβ(m) < β(n). Fig-
ure 1 illustrates these facts. The lineq1 = q2 intersects
both individual boundaries but only the intersection point
on ρ(B(1)) = 1 satisfies both power constraints so that we
haveN̄ = {1}.

Finally, note that by the above discussion, we can re-
lax the power constraintp ∈ P+ to gm(p) ≤ 1,p >
0, for any m ∈ N̄. Thus, instead of minimizingp 7→
F (p,w(m)),m ∈ N̄ overP+, we can consider

p(m) = argmin
p>0,gm(p)≤1

F (p,w(m)), m ∈ N̄ . (22)

Alternatively, one can minimizep 7→ Gm(p,w(m)) over
RK

++, which can be also deduced from (20).

3Note that any power vector minimiziningp 7→ F (p,w) over P+

for some given weight vectorw > 0 is optimal in the sense of the utility
maximization problem (13) where the utility is defined by (12).
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4. JOINT POWER CONTROL AND
BEAMFORMING

4.1. Joint Power Control and Receive Beamforming

Based on the insights provided by the previous section we
propose an algorithmic solution to find the max-min SIR-
balanced resource allocation defined in (3) and prove its
convergence to the optimum. Instead of directly solving
problem (3) we find the jointly optimal transmit powers and
receive beamformers by solving the following utility-based
optimization problem

min
(p,V)∈P+×V

F (p,V,w) , (23)

whereF (p,V,w) is defined in (19) withSIRk(p,vk). The
connection between the max-min SIR-balancing power con-
trol problem (4) and the utility-based power control problem
(13) assuming a fixed gain matrixG(V) (i.e. fixed receive
beamforming matrixV) was already established in [6] and
has been summarized in the previous section. Now, in order
to solve (23), the basic idea is to perform an iterative algo-
rithm that updates the power vector and the receive beam-
forming matrix in an alternating way. More precisely, the
algorithm keeps one of the variablesV andp fixed while
optimizing with respect to the other. The alternating pro-
cess is repeated until the termination condition is satisfied.
The termination condition may be for instance a predefined
number of iterations or a sufficiently small relative improve-
mentδ > 0. The proposed iterative algorithm is summa-
rized in Alg. (1). In the following we describe its single
steps in detail.

Algorithm 1 Joint power control and receive beamforming
achieving the max-min SIR-balancing solution

Input: δ > 0, t = 0,V(0) ∈ V
1: repeat
2: t = t+ 1
3: determine somem ∈ N̄

4: w(m)(t) = c · y(B(m)(t− 1)) ◦ x(B(m)(t− 1))
5: p(t) = arg minp>0,gm(p)≤1 F (p,w(m)(t))
6: vk(t) = arg max||vk||2=1 SIRk(p(t),vk) ∀k

7: until termination condition is satisfied

Consider iterationt. For some given beamforming ma-
trix V(t − 1) we first update the power vectorp(t). Re-
member, if we fix the receive beamformers problem (23)
reduces to a pure power control problem. In order to obtain
the max-min SIR-balancing power vector solving the pure
power control problem is equivalent to solving problem (22)
as shown in the previous section. Here, the active power
constraint, saym, is determined by (8). The weight vector
w(m)(t) is chosen applying proposition 2. The power con-

trol problem can be solved by means of a gradient projection
algorithm [5].

Then we fix the power vectorp(t) and recalculate the
receive beamforming matrixV(t). Since thek-th receiver
influences only thek-th SIR and has no impact on other
SIRs we can focus on the single linkk. An optimal linear
receive beamformer of userk is exactly that beamformer for
which thek-th SIR attains its maximum (for a fixed power
vector)

vk(t) = arg max
||vk||2=1

SIRk(p(t),vk) ∀k. (24)

Then we obtain

min
k

SIRk(p(t),vk(t− 1))
γk

≤ min
k

SIRk(p(t),vk(t))
γk

.

The proposed algorithm converges to the optimum max-
min SIR-balanced resource allocation(p∗,V∗) defined in
(1). This will be proven in the remainder of this subsection.
We start by showing monotonicity.

Lemma 1 Assume thatG(V(t)) is irreducible. Then, the
sequence

β(t) := 1/ρ(B(m)(t)) m ∈ N̄ (25)

is monotonically increasing int.

We have the following

ψ(1/β(t)) : = ψ(ρ(B(m)(t))) m ∈ N̄

= F (p(t),w(m)(t),V(t))

≥ F (p(t),w(m)(t),V(t+ 1)))

≥ min
p>0,gm(p)≤1

F (p,w(m)(t+ 1),V(t+ 1))

= F (p(t+ 1),w(m)(t+ 1),V(t+ 1))

= ψ(ρ(B(m)(t+ 1))) = ψ(1/β(t+ 1))

The first inequality follows from the fact that the SIR of
userk depends only on thek-th receive beamformer. Thus
maximizing the SIR (see (24)) decreases the utility measure
for a fixed power and weight vector. The second inequality
follows from the previous section where it was shown that
the max-min SIR-balancing power vector can be obtained
by solving (22). Now, due to the fact thatψ(x) is strictly
increasing the sequenceβ(t) is monotonically increasing.

Next it will be shown that the monotone sequenceβ(t)
converges to the optimum.

Theorem 1 The proposed algorithm converges to the opti-
mum max-min SIR-balanced value (27), i.e.

lim
t→∞β(t) = β∗ (26)
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where

β∗ = min
k∈K

(SIRk(p∗,v∗k)/γk) (27)

is the minimum SIR value under a max-min SIR-balanced
solution (3).

The theorem can be proven by proceeding essentially as
in [1], with the matrixΓG substituted byB(m) for some
m ∈ N̄ and the power vectorsp(t), t ∈ N, normalized such
thatgm(p(t)) = 1,m ∈ N̄.

4.2. Implementation Issues

In this section we discuss practical implementation issues
concerning the receive beamformer and power updates. First
we review aspects of the receive beamformer optimization.
It is widely known that an explicit computation of the re-
ceive beamformers is intricate due to the lack of perfect
synchronization and multipath propagation in many wire-
less networks. Adaptive algorithms that converge to the op-
timal receiver seem to be the only suitable option, especially
in distributed wireless networks. Distributed algorithmsfor
computing optimal receive beamformers defined by (24) are
widely established. These algorithms are based either on
blind or pilot-based estimation methods.

Next we consider the power updates. Under the as-
sumption that each user knows its weight, the power con-
trol problem can be solved using a gradient projection al-
gorithm that can be implemented distributedly applying the
concept of the adjoint network [5]. Unfortunately the cal-
culation of the weight vector is not amenable to distributed
implementation. However, the results presented in this pa-
per and the saddle point characterization of the Perron root
of B(n), n ∈ N̄ in [6] provide a basis for the development
of novel decentralized algorithmic solutions.

Finally we emphasize, that in practice it is sufficient to
perform someLp ≥ 1 steps of the gradient projection algo-
rithm and someLv ≥ 1 beamformer updates during thet-th
iteration of Alg. 1 to limit the algorithm complexity.

4.3. Transceiver Optimization

The effective transmit vector is affected by the transceiver
structure, the channel state etc. These vectors determine
how the transmit signals direct into and through the space.
Assuming the transceiver structure to be a transmit beam-
former any user can influence its transmit vectorsu(l)

k by
changing its transmit beamformer. The optimization of trans-
mit beamforming is crucial, because in contrast to receive
beamforming it impacts the interference power to all other
receivers and thus the performance of the other users. How-
ever, depending on the interference scenario a transmit beam-
former optimization may achieve high performance gains.

Related work to both transmitter and joint transmitter
and receiver optimization can be found in [12, 13, 4]. How-
ever, it has been shown that the virtual uplink concept to
calculate transmit beamformers and powers cannot be ap-
plied in networks with general power constraints [12]. Next
we present a heuristic scheme that recalculates the transmit
beamformers as long as the balanced SIR values improve.

As in [13] the basic idea is to optimize the transmit and
receive beamformers in an alternating way. For a better
understanding we use the notion of the primal and the re-
versed network. In contrast to the primal network the re-
versed network is the network that is obtained by revers-
ing the roles of transmitters and receivers. More precisely,
transmitters and transmit beamformers are assumed to be
receivers and receive beamformers, respectively. Vice versa
receivers and receive beamformers are assumed to be trans-
mitters and transmit beamformers. Each iteration of the
joint optimization of powers, receive and transmit beam-
formers consists of4 steps, where2 steps are executed in
the primal and in the reversed network, respectively. These
2 steps include the receive beamformer optimization and the
update of the power vector. The proposed algorithm is sum-
marized in Alg. 2. Next we describe the single steps in
detail.

The algorithm performs the following steps. First each
user updates its receive beamformersvk(t) in the primal
network such that the SIR is maximized. Therefore each
user fixes its transmit powerp(t − 1) and transmit beam-
forming vectorsk(t−1), k ∈ K. The transmit beamforming
vectors are collected in the transmit beamforming matrix
S = (s1, . . . , sK) ∈ CM×K , S ∈ S whereS = {(x1, . . . ,xK) :
‖xk‖2 = 1} denotes the set of all transmit beamforming
matrices. Then we switch to the reversed network. Re-
member, in the reversed network the transmit beamformers
sk, k ∈ K are assumed to be receive beamformers and the
receive beamformersvk, k ∈ K are assumed to be transmit
beamformers. The transmit powers of the reversed network
are collected in the power vectorq = (q1, . . . , qK) ∈ RK

+

that is subject to some power constraintsq ∈ Q. We will
discuss this issue later. Now, in the reversed network first
we perform the power update for fixed transmit and receive
beamformers. The power allocationq(t) for the reversed
network is computed such that the minimum balanced SIR-
value is maximized. The power computation was explained
in section 4.1 and can be found in Alg. 1. Then the re-
ceive beamformers of the reversed networksk(t), k ∈ K

are updated such that the SIR of each user is maximized.
Finally we switch back to the primal network and calculate
the power allocationp(t). The algorithm terminates if the
balanced SIR values decrease, a sufficiently small relative
improvement is achieved. In addition the algorithm may
also be stopped after a predefined number of iterations.

In a network with general power constraints a transceiver
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optimization has some inherent problems. As mentioned
before the uplink-downlink duality does not hold. More
considerable is the fact that the power constraints in a gen-
eral network may not be equivalent in the reversed network.
For example, if we consider a downlink that has a sum power
constraint, the corresponding reversed network is usually
represented by an uplink with individual power constraints
for each user. The power constraints are defined byQ =
{q ∈ RK

+ : C′q ≤ q′,C′ ∈ {0, 1}N ′×K} ⊂ RK for some
givenq′ = (Q1, . . . , QN ′) > 0 andC′ with at least one1 in
each column so thatQ is a compact set.N ′ is the number of
power constraints. To be more precise, compared to the pri-
mal network, different subsets of links may have (different)
sum power constraints. So we cannot ensure an improve-
ment with each iteration step. This is incorporated in the
termination condition.

Algorithm 2 Heuristic Transceiver Optimization

Input: δ > 0, t = 0,p(0) ∈ P+,V(0) ∈ V,S(0) ∈ S
1: repeat
2: t = t+ 1
3: primal network: givenp(t−1) andS(t−1) compute

receive beamformersvk(t), k ∈ K

4: reversed network: compute power allocationq(t)
5: reversed network: givenq(t) andV(t) compute re-

ceive beamformersS(t)
6: primal network: compute power allocationp(t)
7: until some termination condition is satisfied

5. NUMERICAL RESULTS

We consider a network withK users,M = 4 transmit
and receive antennas and a channel matrix which entries
are iid complex Gaussian distributed. Each user is sub-
ject to the same individual power constraint and operates
at SNR= 30dB. The SIR targets are chosen to beΓ = I.

Figure 2 shows the average number of iterationst that
is required to fulfill the termination conditionδ = 10−2

(relative improvement) provided that the power and beam-
former updates during each iteration are executed with the
same accuracy. The number of iterations is averaged over
1000 channel realizations and is depicted over the number
of users in the network. Note, with an increasing number
of users the interference in the network increases. As can
be seen the algorithm seems to converge quite fast in ap-
proximately3 iterations to the optimum. Note, if we relax
the accuracy of the power and beamformer updates or limit
the number of updatesLp, Lv during each iteration the to-
tal number of iterationst increases. This, however, strongly
depends on the choice of the step size.

Figures 3 and 4 illustrate for an exemplarily network the
absolute and relative gain (relative with respect to the sim-
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plest strategy) that can be achieved by different resource al-
location schemes. More precisely, the max-min SIR-balanced
value averaged over1000 channel realizations is depicted
over the number of users in the network for the follow-
ing 4 resource allocation strategies. If not otherwise stated
the beamformers of the schemes adapt to the channel. The
first strategy, that is also used as reference strategy in fig-
ure 4, allocates the maximum power to each user (max.
power) whereas the second scheme allocates the max-min
SIR power vector to the users (max-min power). The third
strategy solves the joint receive beamforming and power
allocation problem applying algorithm 1 (Alg. 1) and the
fourth scheme additionally optimizes the transceivers ap-
plying algorithm 2 (Alg. 2). As can be seen a sophisticated
resource allocation scheme may significantly improve the
network performance.
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6. CONCLUSIONS

The paper has addressed the problem of jointly optimiz-
ing powers and receive beamformers in a wireless network
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Fig. 4. Relative improvement with respect to the maximum
power scheme (Max. power) for different resource alloca-
tion schemes

subject to general power constraints. More precisely, we
solved the max-min SIR-balancing problem by maximiz-
ing a weighted sum of utilities of the SIRs over the joint
space of powers and receive beamformers. The authors of
[1] described a similar alternating scheme to solve the joint
max-min fair power control and pre-equalizer problem in
the noiseless case for a multiuser downlink channel. They
achieved the max-min SIR-balancing solution by minimiz-
ing the sum of weighted inverse SIRs. Thus, due to their
problem structure the single steps of the algorithm are dif-
ferent. In fact, the generalization provided by our paper is
in two directions. We extended the results to noisy chan-
nels under general power constraints and considered a larger
class of utility functions. However, we only provided opti-
mal powers and receive beamformers. For transmit beam-
former optimization we described a heuristic approach. This
is among other things due to the fact that the theory of
uplink-downlink duality is not applicable in case of general
power constraints.

Our proposed algorithm converges to a max-min SIR-
balancing solution. It is not amenable to distributed imple-
mentation but provides a basis for the development of novel
decentralized algorithms.
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Abstract—We investigate the concept of proportional fairness
in the context of nonconvex rate regions. For convex rate
regions, Kelly’s definition of proportional fairness is equivalent to
maximizing a sum of logarithms. For nonconvex rate regions,this
equivalence does not always hold. In particular, a proportionally
fair point in the sense of Kelly’s definition may not exist.
We propose the concept of local proportional fairness (LPF)
and characterize its properties. Under mild conditions, anLPF
point always exists, and all LPF points are Pareto optimal.
Moreover, we show that in a multiantenna downlink with linear
precoding, computing an LPF point represents a practically
solvable problem.

I. I NTRODUCTION

We consider a wireless system in whichK > 1 users
compete for limited resources. A fundamental problem in such
a system is to find a criterion on which resource allocation
is to be based. In his seminal paper [1], Kelly proposed
the concept ofproportional fairness (PF) as a criterion for
resource allocation. LetR ⊂ RK

+ denote the set of feasible
rates. Throughout this paper, it is assumed thatR is compact
and nontrivial. We say thatR is nontrivial if there existsr ∈ R
such thatrk > 0, ∀k. Kelly defines PF as follows [1]: A vector
of ratesr∗ ∈ R ∩ RK

++ is proportionally fair if for any other
feasible vectorr, the aggregate of proportional changes is zero
or negative, i.e.,

K∑
k=1

rk − r∗k
r∗k

≤ 0, ∀r ∈ R. (1)

Kelly also showed the relationship between proportional fair-
ness and maximizing a sum of logarithms,

max
r∈R

K∑
k=1

ln rk. (2)

Let R∗ denote the set of global maximizers of (2). IfR is
convex, compact, and nontrivial, thenR∗ has a single element,
and this rate vector is proportionally fair [1]. From this result,
it follows that if R is convex, compact, and nontrivial, a
proportionally fair vector always exists, and the proportionally
fair rate allocation is unique.

The performance of wireless systems can be improved
significantly by allowing for interference between users. This
particularly holds true in multiantenna systems, where opti-
mum transmission strategies often do not result in a complete
interference suppression. On the other hand, interferencecan

result in nonconvex rate regions, see, e.g., [2]. While any
rate region can be convexified by time-sharing, a time-sharing
mode can significantly complicate the problem of finding an
optimum resource allocation [3]. This paper investigates the
concept of proportional fairness in the context of compact,but
not necessarily convex rate regions.

If R is not convex, the existence of a feasible rate vector
that fulfills the definition of proportional fairness (1) cannot
be guaranteed – in other words, there exist nontrivial compact
setsR such that no vectorr ∈ R is proportionally fair.
We provide an example of such a set in Section II. Based
on this observation, it is desirable to extend the concept of
proportional fairness in a way such that a proportionally fair
rate vector (in the extended sense) always exists.

For compact and nontrivialR, the setR∗ is always well-
defined and nonempty . Accordingly, one approach to extend
the concept of proportional fairness to nonconvexR is to
declare all points inR∗ as proportionally fair. This approach
was taken in [4], [5], [6], [7], [8]. As pointed out before,
however, none of the maximizers inR∗ may fulfill (1). More-
over, Kelly’s definition is based on the notion of aggregates
of proportional changes – that the proportionally fair point
maximizes a sum of logarithms (ifR is convex) is a property
of PF, but not its definition. Based on this observation, we
propose the concept oflocal proportional fairness: Let̂R(r∗)
denote a local approximation ofR at r∗ based on the tangent
cone ofR at r∗. We say that a vector of ratesr∗ is locally
proportional fair (LPF) if r∗ ∈ R∩RK

++ and if for any other
vector r ∈ R̂(r∗), the aggregate of proportional changes is
zero or negative.

We show the following results:

1) If R is compact and nontrivial, there always exists an
LPF point.

2) If R is compact, nontrivial, and normal, all LPF points
are Pareto optimal.

3) If R is convex, LPF and PF are equivalent.

In addition, we demonstrate that in a multiantenna down-
link with linear precoding, an LPF point can be found by
standard local methods for unconstrained optimization. This
result shows that in terms of problem complexity, there is a
fundamental difference between LPF and maximizing a sum of
logarithms. For nonconvexR, maximizing a sum of logarithms
overR is a nonconvex problem. Thus, in general, computing a

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 178



point inR∗ is practically feasible only if the number of users
is small [9].

A. Notation and Preliminaries

Let R+ andR++ denote the set of nonnegative and positive
real numbers, respectively. Given a vectorr ∈ RK and a set
R ⊆ RK , the setr +R is defined as follows:

r +R = {r + r′, r′ ∈ R} .

Order relations≥, >, and≫ between two vectorsr, r′ ∈ RK

are defined as follows:

r′ ≥ r ⇔ r′ ∈ r + RK
+ ,

r′ > r ⇔ r′ ∈ r + (RK
+ \ {0}),

r′ ≫ r ⇔ r′ ∈ r + RK
++.

Given a setR ⊂ RK , the Pareto boundary ofR is given by

P =
{
r ∈ R : R∩ r + RK

+ = {r}} .

A function f : D ⊆ RK → R is strictly increasing if

r, r′ ∈ D, r′ > r ⇒ f(r′) > f(r).

A setR ⊆ RK
+ is normal if

r′ ∈ R, r ∈ RK
+ , r′ ≥ r ⇒ r ∈ R.

Note that this property is also known as comprehensive [8] or
coordinate-convex [7].

The closure of a setS is denoted bycl(S), and∇f denotes
the gradient of a functionf . Finally, I is the identity matrix,
and1 the vector of all ones.

II. A N EXAMPLE

In this section, we show with an example that there exist
compact and nontrivial rate regions for which no proportion-
ally fair rate vector exists.

Define a functionf : RK
++ → R as follows:

f(r) =
K∑

k=1

ln rk. (3)

Note thatf is strictly increasing, and

∇f(r) ∈ RK
++, ∀r ∈ RK

++. (4)

Moreover,

∇f(r∗)T(r − r∗) =
K∑

k=1

rk − r∗k
r∗k

. (5)

Define the following level sets:

Sf (γ) =
{
r ∈ RK

++ : f(r) ≤ γ
}

, (6)

Sf (γ) =
{
r ∈ RK

++ : f(r) ≥ γ
}

. (7)

Due to the fact thatf is strictly concave and smooth onRK
++,

∇f(r∗)T(r − r∗) > 0, ∀r ∈ Sf (f(r∗)) \ {r∗} . (8)

Now let K = 2 and define a rate regionR as follows:

R =
{
r ∈ R2

+ : rk ≤ exp(2)
} ∩ cl(Sf (3)). (9)

The setR is compact and nontrivial. Only points on the Pareto
boundary ofR are candidates for PF points, as for all other
points in R the rate of at least one user can be increased
without decreasing the rate of any other user, leading to a
positive aggregate proportional change. The Pareto boundary
of R is given by

P = R∩ Sf (3) = {(exp(t + 1), exp(2− t)) : t ∈ [0, 1]} .
(10)

Accordingly, any pointr∗ ∈ R with f(r∗) = 3 is a candidate
for PF. But according to (5) and (8), for any such point there
exists another pointr ∈ P such that

∇f(r∗)T(r − r∗) =
2∑

k=1

rk − r∗k
r∗k

> 0. (11)

Consequently, no point inR fulfills (1) – in other words, there
exists no proportionally fair rate vector. In contrast, note that
any point inP is a global maximizer of (2), i.e.,R∗ = P .

Notably, in [8] it was shown that the classical Nash Bar-
gaining Solution (NBS) [10], which was originally defined
for convex utility sets only, can be extended to so-called
strictly log-convex utility sets. By slightly modifying the above
example, however, it can be shown that there exist strictly
log-convex sets that do not contain a proportionally fair point.
In particular, for such sets the NBS point that results if the
disagreement point is the zero vector is not proportionally
fair. This result constitutes another example for the difference
between maximizing a sum of logarithms (or, equivalently,
the Nash product with disagreement point0) and proportional
fairness on the family of nonconvex compact sets.

III. L OCAL PROPORTIONAL FAIRNESS

As shown in the previous section, for generalR, there may
not exist a rate vector that is proportionally fair. The idea
underlying local proportional fairness is to approximateR at
a candidate pointr∗ by a setR̂(r∗). The approximation ofR
at r∗ is defined as follows:

R̂(r∗) = {r∗ + v, v ∈ T (r∗)} ∩ RK
+ , (12)

where T (r∗) denotes the tangent cone ofR at r∗ [11].
The tangent coneT (r∗) provides information about the local
structure ofR nearr∗.

Our definition of local proportional fairness is as follows:
A point r∗ ∈ R ∩ RK

++ is locally proportional fair inR if
for any other vectorr ∈ R̂(r∗), the aggregate of proportional
changes is nonpositive:

K∑
k=1

rk − r∗k
r∗k

≤ 0, ∀r ∈ R̂(r∗). (13)

Obviously,r∗ is LPF inR if it is proportionally fair inR̂(r∗).
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Again, LPF is closely related to the maximization of a sum
of logarithms: Iff is chosen as in (3), then (13) is equivalent
to

∇f(r∗)Tv ≤ 0, ∀v ∈ T (r∗). (14)

Eq. (14) represents a necessary condition forr∗ being a local
maximizer off overR ∩ RK

++ [11]. It is important to note,
however, that Eq. (14) is only a necessary, not a sufficient
condition – as a consequence, any local maximizer off over
R∩ RK

++ is LPF, but an LPF point is not necessarily a local
maximizer. LetRLPF denote the set of LPF points inR. From
the perspective of maximizing a sum of logarithms, the set
RLPF can be partitioned into three sets: the set of points that
satisfy (14), but are not local maximizers, the set of local
maximizers that are not global maximizers, and the set of
global maximizers. If a sum of logarithms is to be maximized,
there is an obvious hierarchy among these sets. In contrast,
from the perspective of aggregate proportional changes over
an approximated rate region, the three sets are equivalent.

According to (14), every local maximizer off overR∩RK
++

is LPF. AsR∗ contains the global maximizers,

R∗ ⊆ RLPF. (15)

Moreover,R∗ is nonempty for compact and nontrivialR, thus
RLPF is nonempty. This proves the existence of an LPF point:
If R is compact and nontrivial, there always exists a feasible
rate vector that is LPF.

Let P denote the Pareto boundary ofR. From the strict
monotonicity off defined in (3), it follows thatR∗ ⊆ P [12].
Under the assumption thatR is normal, the same holds for
the set of LPF points:

RLPF ⊆ P .

In other words,if R is compact, nontrivial, and normal, all
LPF points are Pareto optimal. The proof is by contradiction:
Let r∗ in RLPF. Moreover, assume thatr∗ is not Pareto
optimal. Accordingly, there existsr′ ∈ R such thatr′ > r∗.
Thus,v = r′ − r∗ > 0. Due to the fact thatR is normal,

r∗ + αv ∈ R, ∀α ∈ [0, 1].

Consequently,v ∈ T (r∗). But ∇f(r∗) ∈ RK
++ andv ∈ RK

+ ,
thus

∇f(r∗)Tv > 0,

which contradicts the assumption thatr∗ in RLPF.
If R is convex, (14) is equivalent to [11]

∇f(r∗)T(r − r∗) ≤ 0, ∀r ∈ R. (16)

By choosingf as in (3), (16) is identical to (1). As a result,
for convex R, LPF and PF are equivalent.

IV. LPF IN A MU-MISO DOWNLINK

In this section, an achievable rate region in aK-user
multiple-input, single-output (MISO) downlink with linear
precoding is considered. The transmitter hasN antennas, while
each of theK receivers has a single antenna. Interference
is treated as noise. The transmitter is subject to a power
constraint. Using the duality relation between uplink and
downlink [13], a parameterization of the rate regionR can
be given as follows:

R =
{
r(p) : p ∈ RK

+ , ‖p‖1 ≤ P
}

, (17)

with the uplink rates

rk(p) = log2 det

I +
(
σ2I +

∑
q 6=k

hqh
H
q pq

)−1
hkhH

k pk

 .

(18)

We assume thatR is nontrivial.
Due to the nonconvexity of the functionf(r(p)), determin-

ing an element ofR∗ represents a hard problem. As illustrated
in [2], the rate regionR may be nonconvex. Accordingly, the
elements ofR∗ correspond to global optima of a nonconvex
problem. As shown in [3], an element ofR∗ can be found by
using methods from global optimization, but such a solution
is practically feasible for smallK only [9]. In contrast,
computing an LPF point is simple, as shown in the following.

The rate regionR is normal. Thus, all LPF points lie on
the Pareto boundary ofR. The Pareto boundary corresponds
to the rate vectors where full transmission power is used [13].
Define a parameterizationφ as follows:

φ(µ) = r(p0 + Qµ),

wherep0 = P
K 1 and the columns ofQ constitute a basis of

the nullspace of1T, i.e.,1TQ = 0. A parameterization of the
Pareto boundary is then given by

P =
{
φ(µ) : µ ∈ RK−1, p0 + Qµ ≥ 0

}
. (19)

Let Jφ(µ) denote the Jacobian ofφ atµ. The parameteriza-
tion φ is differentiable, thus the tangent space atr∗ ∈ P∩RK

++

is given by spanJφ(φ−1(r∗)), and the tangent cone atr∗

corresponds to the half-space

T (r∗) =
{
v ∈ RK : nTv ≤ 0

}
, (20)

wheren ∈ RK
+ is a nonnegative solution of

Jφ(φ−1(r∗))Tn = 0.

Due to the fact thatR is normal, such a solution exists.
From (14), (20) and∇f(r) ∈ RK

++, it follows that r∗ ∈
P ∩ RK

++ is LPF if ∇f(r∗) = αn for someα ∈ R++, or,
equivalently,

Jφ(φ−1(r∗))T∇f(r∗) = 0. (21)

Define a functiong : RK−1 → R,

g(µ) = f(φ(µ)), (22)
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Note that

∇g(µ) = Jφ(µ)T∇f(φ(µ)).

With Eq. (21), it follows that anyµ∗ satisfying

∇g(µ∗) = 0 (23)

yields an LPF point

r∗ = φ(µ∗).

Accordingly, any of the standard local methods for uncon-
strained optimization (gradient ascent, (quasi-)Newton)can be
used to find an LPF point.

V. CONCLUSIONS

For convex rate regions, the concepts of proportional fair-
ness and maximizing a sum of logarithms are equivalent.
This equivalence does not hold for nonconvex rate regions.
In particular, for nonconvex rate regions, there may not exist
a proportionally fair rate vector. We proposed the concept of
local proportional fairness (LPF), which, similar to the original
definition of proportional fairness, is based on the aggregate of
proportional changes. If the rate region is compact, nontrivial,
and normal, an LPF solution always exists, and all LPF points
are Pareto optimal. A significant advantage of LPF is that
it represents a local property. In the MISO downlink with
linear precoding, an LPF point can be found by standard local
methods – as a result, finding an LPF point is a practically
solvable problem in this setup. In contrast, finding a maximizer
of a sum of logarithms over a nonconvex rate region is a global
optimization problem that is practically solvable only if the
number of users is small.
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Abstract—In this work, we compare different pre-coding tech-
niques and their performance in a cellular MIMO OFDM down-
link. The first target is to determine the achievable additional
beamforming gain by using a near-optium pre-coder instead of
DFT-based pre-coding. In the second step, we include multi-user
selection diversity, which turned out to be advantageous especially
for downlink cooperation. An extended score-based scheduler,
which is known to asymptotically reach proportional fairness,
is used for the user grouping and resource allocation in the
cellular downlink. Further, we use minimum mean square error
equalization at the terminal side to combat residual cochannel
interference.

I. INTRODUCTION

To enable ubiquitous broadband wireless access in fu-
ture cellular systems supporting multiple-input multiple-output
(MIMO) technology, transmission must be made robust against
multi-cell interference. Recently, it was shown that the capac-
ity scaling law, known from an isolated cell, also holds for
the interference limited case of a multi-cellular radio system
[1] with NT = NR transmit and receive antennas. This
work mainly focused on the optimization at the receiver side.
However, cochannel interference (CCI) is still the dominant
source of performance degradation in the cellular network,
especially if NT > NR. Removing CCI may lead to a
additional performance gain.

In this work we compare different pre-coding techniques
and their performance in a cellular MIMO orthogonal fre-
quency division multiplexing (OFDM) downlink. As a baseline
concept, we consider independent DFT-based pre-coding and
multi-user MIMO (MU-MIMO) service in each sector of
the system. As a first target, we determine the available
additional beamforming gain by using a near-optium pre-
coder instead. Therefore, we employ multi-user eigenmode
transmission (MET), known to realize 90% of the dirty paper
coding (DPC) capacity in an isolated cell context [2], based
on the dominant eigenmodes of the mobile terminals (MTs)
in the serving area.
A second target of this work is to realize limited localized
cooperative transmission in a multi-cellular network. Recent
results obtained for a cellular MIMO OFDM downlink with a
sparse user distribution per sector, show potential performance
gains for cooperation [3]. In this context it turned out, that
downlink cooperation based on DFT beams is unsuitable and
MET should get the precedence. Additionally to preceding

work, we include multi-user selection diversity in the user
grouping process. Multi-user diversity from a large number
of users per cell may help to increase the system performance
further. From [2] it is well known that this would require a
brute force or at least a greedy search over the user space
to choose appropriate users for the active set M. To combat
residual CCI from surrounding cells we employ MMSE equal-
ization, also known as optimum combining (OC) [4], at the
terminal side.

II. DOWNLINK SYSTEM MODEL

The downlink MIMO-OFDM transmission system with NT
transmit and NR receive antennas per MT is described on each
subcarrier by

y = HCx + n , (1)

where H is the NR × NT channel matrix and C the unitary
NT × NT pre-coding matrix; x denotes the NT × 1 vector
of transmit symbols; y and n denote the NR × 1 vectors
of the received signals and of the additive white Gaus-
sian noise (AWGN) samples, respectively, with covariance
E{nnH} = σ2I.

Assume that a group of α cooperating base station (BS)
sectors provides a beam set Ci. The beam set contains αNT
pre-coding beams bi,u with u ∈ {1, ..., αNT }. In the follow-
ing we denote bi,u as the u-th pre-coding vector provided by
the i-th cell cluster. The received downlink signal ym at the
MT m in the cellular environment is given by

ym = Hm
i bi,u︸ ︷︷ ︸
hi,u

xi,u +
αNT∑
j=1
j 6=u

Hm
i bi,jxi,j

︸ ︷︷ ︸
ζi,u

+
∑
∀l

l 6=i

NT∑
j=1

Hm
l bl,jxl,j + n

︸ ︷︷ ︸
zi,u

, (2)

The desired data stream xi,u transmitted on the u-th beam
from the i-th cluster is distorted by the intra-cluster and inter-
cluster interference aggregated in ζi,u and zi,u, respectively.
Hm
i spans the NR×αNT channel matrix for user m formed by

the cluster i. Thus, ζi,u denotes the interference generated in
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the cooperation area. In the scope of this paper, it is assumed
that all αNT beams in the beam set Ci are simultaneously ac-
tive, whereby the total available power pi is assumed to be uni-
formly distributed over the αNT beams. Thus, E

{|xi,j |2} =
pi/(αNT ) holds, and pi =

∑αNT

j=1 E
{|xi,j |2} = αps with ps

being the transmit power per sector.

A. Determine serving BS or cooperative BS cluster

The general assumption for single-cell operation is that each
MT is assigned to the BS sector yielding the highest receive
power over the entire frequency band, which is denoted as
top-1 signal. Thus, the BS assignment is based on broadband
power conditions, and a fast cell handover is assumed. For
downlink cooperation, we extend this scheme by evaluating
the top-α strongest signals and grouping the users selecting
the same set of α BSs for joint signal transmission.

By subdividing the signal bandwidth into single sub-bands
confined to a fixed number of consecutive subcarriers, we
define sets of contiguous transmission resources, which are
denoted as resource blocks (RBs) in the following. Each RB
is processed independently, and thus the sectors to form a
group for cooperation can be selected individually per RB.

III. DOWNLINK PRE-CODING

A. Baseline: DFT-based fixed pre-coding

As a baseline, we consider a system concept from [1],
where all sectors operate independently, while the inter-
cell interference is accounted for at the multi-antenna MTs
only. The following evaluation is carried out for each RB
independently (refer to Fig. 1): Each BS provides a fixed
matrix C consisting of unitary DFT beams. Assuming that
the inter-cell interference is completely known at the MTs,
the MTs evaluate the achievable rate per beam and convey
this information to their BS. At the BS, the feedback from the
different MTs is collected, and the DFT beams from matrix C
are assigned individually to the MTs. This simple approach has
the convenient property that with the fixed beam set C used
for all BSs, the CCI, i.e. ζi,u+zi,u, becomes fully predictable,
enabling interference-aware scheduling in a cellular system.

In combination with fair, interference-aware scheduling
policies, it has been shown that users profit from almost
doubled spectral efficiencies in the MIMO 2 × 2 system, as
compared to the single-input single-output (SISO) setup [1].

B. Downlink cooperation: MET-based pre-coding

There are several concepts for cooperative downlink trans-
mission, all imposing different demands on the system archi-
tecture. As a basic requirement, coherent downlink transmis-
sion is mandatory. Thus, downlink transmission from all BSs
has to be synchronized with respect to the carrier frequency
and the frame start. A basic concept to achieve this kind of
synchronization has been presented in [5].

As a reference design for downlink cooperation in cellular
systems, we use an approach based on MET, which is known
to achieve a near-optimum pre-coding performance for an
isolated cell cluster [2]. For MET, the MTs report the λ ≤ NR

Fig. 1. System concept assuming multiple antennas at the base station for
the purpose unitary fixed DFT-based pre-coded beamforming. SINR feedback
is provided by the terminal for possible transmission modes using a narrow
band feedback channel.

dominant eigenmodes of their channel to the cell cluster
together with the corresponding eigenvalues. MET supports to
simultaneously transmit up to αNT data streams via unitary
precoding beams, while up to NR beams may be assigned
to a single MT. However, it has been indicated in [2] that
MU-MIMO service for distinct terminals using MET is more
efficient than time-multiplexing multi-stream transmission to
a single user. Thus, for our investigations, we let all MTs
report their dominant eigenmode only (λ = 1), which keeps
the required amount of feedback per user limited.

Determination of the MET-based pre-coding beams in ma-
trix C is briefly sketched as follows: Consider a fixed set M
of users, which should be served in a RB. Each user m decom-
poses its NR×αNT channel matrix Hm

i according to the sin-
gular value decomposition (SVD), yielding Hm

i = UiΣiVH
i .

The dominant eigenmode is the first column vector of matrix
Vi, denoted as vi,1. Together with the dominant eigenvalue in
Σi, denoted as Σi,1, we obtain the user’s effective eigenmode
channel Γm = Σi,1vHi,1. This measure needs to be fed back
from each MT to the cell cluster.

User orthogonalization at the BS: To obtain the pre-coding
vector for the m-th user, the BS cluster aggregates the interfer-
ing eigenmodes Γn with n ∈ {1, ..., (m−1), (m+1), ..., αNT }
from the other terminals in the active setM, yielding a matrix
of dimension (αNT − 1)× αNT

Γ̃m = [ΓH1 . . .ΓHm−1 ΓHm+1 . . .Γ
H
αNT

]H (3)

Performing the SVD of Γ̃m yields

Γ̃m = Ũm

[
Σ̃m 0

] [
Ṽ1
m ṽ0

m

]H
, (4)

where ṽ0
m corresponds to the eigenvector associated with

the null space of Γ̃m. Note, in principle the null space is
represented by a matrix of dimensions λ × αNT . Since we
limit each user to be served on its dominant eigenmode only,
i.e. λ = 1, ṽ0

m is of dimension 1× αNT and thus a vector.
This vector is used for pre-coded transmission to user m,

which ensures that all other users inM do not experience any
interference from this beam under ideal conditions. Note that
the block-diagonalization constraint αNT ≥

∑
∀m∈MNR(m)
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is relaxed by the use of dominant eigenmodes, resulting in
αNT ≥ |M| instead [2].

The selected pre-coding matrix on a RB and time slot is
given by

C = [ṽ0
1 . . . ṽ

0
m . . . ṽ

0
αNT

] , (5)

where tr
[
CCH

]
= pi. As the beamforming vectors are

unitary, C implicitly includes the constraint of equal transmit
power per beam and sum power per cell cluster.1

IV. LINEAR MMSE RECEIVER

Assuming a linear equalizer wu at the MTs, which is
required to extract the useful signal xi,u from ym according to
(2), yields a post-equalization signal to interference and noise
ratio (SINR) at the MT for stream xi,u given by

SINRu = pi
wH
u hi,uh

H

i,uwu

wH
u Zuwu

, (6)

where Zu is the covariance matrix of the
interfering signals aggregated in ζi,u and zi,u, i.e.
Zu = E

[
(ζi,u + zi,u) (ζi,u + zi,u)H

]
, with E[.] being

the expectation operator.
In this work, we consider minimum mean square error

(MMSE) equalization for the purpose of inter-cell interference
suppression at the receiver side according to

wMMSE
m =

piR−1
yy Hm

i bi,u
αNT

, (7)

where Ryy denotes the covariance matrix of ym from (2),
i.e. Ryy = E

[
ym (ym)H

]
. This receiver yields a post-

equalization SINR on a given RB for user m

SINRm =
pi
αNT

[Hm
i bi,u]H Z−1

u Hm
i bi,u (8)

In a practical context, the covariance matrix

Ryy = Zu + Hm
i bi,u (Hm

i bi,u)H (9)

may be obtained by using multi-cell channel estimates based
on common and dedicated reference signals [6]. Thus, each
terminal is able to combat residual CCI from surrounding cells
aggregated in zi,u from (2).

V. RESOURCE ALLOCATION AND FAIR USER SELECTION

Resource allocation is conducted based on a score-based
scheduling process at a central processing unit (CPU) con-
trolling the cell cluster of size α. For the baseline system,
each MT firstly evaluates the achievable SINR conditions per
fixed DFT-beam according to (6) based on the current channel
conditions in each RB. After conveying this information to
the BS2 , the collected per-beam rates from any user are
ranked over all available RBs according to their quality, and
corresponding scores are assigned (score-based scheduling

1Note that we are not considering any optimal power allocation scheme
here.

2As for the baseline system α = 1 holds, the CPU may be located directly
at the BS.

policy as proposed in [7]). Resource assignment is then done
for each RB individually by assigning each beam to the user
providing minimum score for that beam.

For the MET-based pre-coding, each MTs determines the
effective eigenmode channel Γm per RB and conveys this
information to the CPU. At the CPU, an equivalent score-based
scheduling process is carried out for each of the αNT spatial
layers that are available for transmission in a RB. For the first
layer, only the effective eigenmode channel Γm per user is
considered, whereas for all successive layers the correlation of
the effective channels from all possible user pairings is taken
into account. The applied algorithm is closely related to the
greedy user selection approach from [2], but has been modified
to be applicable with the score-based scheduling technique.
Thus, a direct comparison with the baseline system presented
in [1] is enabled. After the proper user selection together with
the corresponding precoding beams in (5) have been found per
RB, the SINR according to (6) can be determined, yielding the
achievable performance in terms of the spectral efficiency of
the system.

Note that for both precoding concepts, each user is served on
a single spatial stream in a RB only, i.e. only pure MU-MIMO
access is considered without allowing spatial multiplexing
transmission to any of the multi-antenna MTs. This constraint
is motivated by findings from [2], [8], [9], where the authors
emphasize that MU-MIMO transmission mode is preferential
as long as the number of users K is sufficiently large.

A. Note on the applied scheduler

The objective of the score-based resource allocation process
is to assign each user his best RBs and therein his favoured
precoding beams, thus guaranteeing a certain amount of fair-
ness for users during scheduling. Clearly, the process is of
heuristic nature, and hence the global scheduling target of
assigning each user an equal amount of resources is achieved
on average only or if the number of available resources
tends to infinity. However, its convenient property for practical
applications is its flexible utilization, as the set of resources can
be defined over arbitrary dimensions (time/frequency/space).
Thus, fairness can be established on a small time scale, e.g.
even for the scheduling of resources contained within a single
OFDM symbol.

VI. SIMULATION ENVIRONMENT

The performance is investigated in a triple-sectored hexago-
nal cellular network with 19 BSs in total. The extended spatial
channel model (SCME) with urban macro scenario parameters
is used [10] yielding an user’s geometry for the center cell,
refer to Fig. 2 (right), which is equivalent to [11]. The basic
system settings for our simulations are summarized in Table I.
For the evaluation of cooperative transmission strategies, we
have to take users from surrounding cells into account. For
a realistic performance evaluation of the cellular network, we
employ a wrap-around, which ensures that the interference
scenario follows independent identically distributed (i.i.d.)
statistics for all users.
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TABLE I
SIMULATION ASSUMPTIONS.

parameter value

channel model 3GPP SCME
type Monte Carlo
scenario urban-macro
additional modifications LOS-NLOS propagation mix
traffic model full buffer
fc 2 GHz
frequency reuse 1
signal bandwidth 18 MHz, 100 RBs
intersite distance 500m

number of BSs 19 having 3 sectors each
NT ; spacing 1,2 ; 4λ
transmit power 46 dBm
sectorization triple, with FWHM of 68◦

BS height 32m

NT ; spacing 1,2 ; λ/2
MT height 2m

Fig. 2. Left: Triple-sectored cellular setup. The region bounded by the red
and blue dashed line indicates a cooperative cell cluster jointly serving their
terminals on different RBs. Right: User geometries obtained from the center
cell with id={1,2,3} and parameters according to Table I.

As an initial step, we place up to 20 terminals per sector
inside the inner cell with cell ID={1,2,3}. Since evaluation in
this work is limited to linear pre-coded beams, up to αNT
user may be served in the same RB. NT corresponds to the
available spatial dimensions per sector antenna array. If the
number of terminals per sector exceeds NT , interference-aware
score-based scheduling is applied, which increases the system
throughput further by exploiting multi-user diversity [1].

The users in the cooperating cell of a cluster are generated
by dropping the users in the center cell constituted from the
sectors with ID={1,2,3} and then shifting the origin of the cell
topology into the desired direction. In particular, if cells 1,3
and 8 (indicated by the blue framed region in Fig. 2 (left)) form
a cooperation cluster, the users distributions in cell 1 and 3 are
generated without any shift of the origin, while for the user in
cell 8, the center cell is shifted to the north-east direction, as
illustrated by the light blue region in Fig. 2 (left). The figure
depicts another clustering given as red framed region. The
active user setM in each cluster is indicated as blue triangles
and red dots, respectively.

Performance is evaluated for the sum throughput in a
specific cell cluster of size α. This value is divided by
the signal bandwidth and α, yielding an effective spectral

efficiency per sector. The achievable rates are determined from
Shannon’s formula, which represent theoretical limits in a
practical system. The receiver is assumed to to have perfect
channel state information (CSI), and feedback given by the
MTs is considered to be error free and not affected by any
delays.

VII. RESULTS

Beamforming and cooperation gains: Fig. 3(a) depicts the
spectral efficiency of a system with a sparse user distribution,
in particular K = 2 users per sector. For reference purpose, we
include results obtained for a non-cooperationg SISO system,
i.e. without any optimizations at receiver and transmitter side.
The baseline is configured as a MIMO 2 × 2 system. The
spectral efficiency for this setup is given as a blue line. By
comparing this performance with a non-cooperative MET-
based pre-coded system (α = 1, green line), we observe a
similar throughput. In the practical context, DFT-based pre-
coding would be favorable due to complexity issues. How-
ever, this DFT-based pre-coding approach lacks the ability of
downlink cooperation, which is intended to provide additional
performance gains due to intra-cluster interference mitigation
of ζi,u. These gains are shown by the results from MET-
based downlink BS cooperation using α ∈ {2, 3} BS sectors.
We observe that MET benefits from additional degrees of
freedom due to an increased number of transmit antennas
spread over different BS locations, and thus enables additional
beamforming gains. The relative gain with respect to the DFT
system amounts to 59% for MET and α = 3.

Multi-user selection diversity: In the following, the perfor-
mance of the same system setup, but with K = 10 users per
sector is given in Fig. 3(b). For all system settings considered
in this work, we clearly observe a significant performance gain
due to multi-user selection diversity.
In case of DFT-based pre-coding, the system beneficially uses
the selection diversity for the purpose of interference-aware
scheduling. This scheduling approach can be seen as a simple
way of interference avoidance applicable in a cellular system.
Therefore, the scheduler is taking channel quality identifier
(CQI) information into account, which is extracted from the
feedback provided by the MTs. This results in an intra-cluster
interference ζi,u 6= 0. The median spectral efficiency amounts
to approx. 5.1 bit/s/Hz in this case.

Turning the focus to MET-based pre-coding, we observe
that this pre-coder realizes higher benefits from using multi-
user selection diversity, refer to blue and green dashed lines in
Fig. 3(b). The near-optimum pre-coder mainly benefits from
the diversity within the user grouping process, which results in
a orthogonal service to different users. Thus, the MET system
mitigates the intra-cluster interference3, while ensuring user
orthogonalization with low costs in receive power reduction. In
contrast to the DFT-based pre-coded system, the scheduler in

3Since the MMSE equalizer considers full CCI, ζi,u + zi,u, optimum
receiver weights are determined, so that the intra-cluster interference ζi,u
cannot completely be forced to zero.
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(b) K = 10 users per sector

Fig. 3. Achievable spectral efficiency (Shannon) for different types of pre-
coding; with and without multi-user selection diversity.

the BS takes the correlation of different users’ effective eigen-
mode channels Γm into account. Further, Fig. 3(b) depicts the
achievable spectral efficiency for the cooperative MIMO 2×2
for α ∈ {2, 3}. The relative gains compared to the DFT system
increase to 72% for MET and α = 3, substantiating that the
cooperation gains increase in the context of muti-user diversity.
In this case the median achievable spectral efficiency amounts
to approx. 8.8 bit/s/Hz.

VIII. CONCLUSION

In this work we compared different pre-coding techniques
and their achievable performance in a cellular MU-MIMO
OFDM downlink. As a baseline, we considered DFT-based
beamforming as suggested in [1]. To evaluate the additional
beamforming gains enabled by a near-optimum pre-coder, we
use MET-based beamforming under the assumption of ideal
knowledge of the users’ effective eigenmode channels. In non-
cooperative system with a sparse user distribution, we observe
equivalent spectral efficiencies for both, DFT- and MET-based
pre-coding. However, the downlink cooperation among α = 3
sectors using MET is able to provide up to 59% performance
gain compared to the non-cooperative DFT pre-coded sys-
tem. Multi-user selection diversity was shown to enhance the
system performance significantly, while MET turned out to
benefit more from this diversity than DFT-based pre-coding.
The gains for DFT beams are obtained by interference-aware

scheduling, which is a simple way of interference avoidance in
cellular systems. In contrats to that, the multi-user diversity in
the MET system enables to determine most suited user groups
with lowest correlation between different users’ eigenmodes.
Thus, the MET system mitigates the intra-cluster interference,
while ensuring user orthogonalization with low costs in receive
power reduction per data stream thanks to multi-user selection
diversity.
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ABSTRACT

MIMO-OFDM systems with pre-filtering as well as bit and
power loading have gained a lot of interest recently. These
systems are based on theoretically optimal solutions maxi-
mizing the uncoded throughput and constraining the maxi-
mum uncoded BER. In this paper, we extend the existing
frameworks to coded systems with bit and packet error ra-
tio adaptation. We evaluate the performance of this approach
in a standard compliant WiMAX link level simulator.

1. INTRODUCTION

The transmitter design adapted to the propagation channel is
capable of improving both performance and throughput of a
network. Therefore, an increased interest has been given to
channel adaptive transmissions in MIMO-OFDM, e.g. in [1]
there is a channel adaptive transmitter with Alamouti coding,
in [2] they applied a beamformer with an appropriate power
allocation policy but without bit loading. The application
goes even further to the cross-layer optimized algorithms for
OFDM systems [3, 4] where the user power and bit allocation
policy works similarly as in [1]. To the best of our knowl-
edge, all investigations have not yet assumed channel coding.
Our algorithm is based on the problem formulation and solu-
tion from [1], but we extend this to coded systems and packet
error ratio adaptation.

The rest of the paper is organized as follows. In Sec-
tion 2, we present the MIMO-OFDM system model, followed
by the formulation of the constrained optimization problem
for the coded user throughput maximization in Section 3. In
Section 4, the power cost and threshold metric required by
the adaptive algorithm are derived for the [133 171]8 half-rate
convolutional code. This derivation is based on the bit error
probability approximation. The optimal Greedy Power Allo-
cation Algorithm is described in Section 5. The simulation
results are obtained using a standard compliant WiMAX link
level simulator and presented in Section 6. Finally, Section 7
concludes this paper.

2. MIMO-OFDM SYSTEM MODEL

We consider MIMO-OFDM systems equipped with K = 192
data subcarriers (FFT size is 256), NT transmit, and NR re-
ceive antennas. Figure 1 shows the discrete time baseband
model that is obtained under the following considerations. Let
hnrnt be the baseband equivalent FIR channel between the
nt-th transmit and the nr-th receive antenna during the given

block with channel order N . Let k ∈ {1, . . . ,K} denote
the subcarrier index. The frequency flat channel Hnrnt [k]
between the nt-th transmit and the nr-th receive antenna on
the kth subcarrier is given by the Discrete Fourier Transform
(DFT). The full MIMO frequency flat channel on the kth sub-
carrier is then modeled by the NR×NT channel matrix H[k]
with rank R

H[k] =

 H11[k] · · · H1NT [k]
...

. . .
...

HNR1[k] · · · HNRNT [k]

 . (1)

We assume that the channel H[k] changes slowly and is fully
known at the transmitter and at the receiver. If the latter
condition cannot be satisfied, almost ideal performance can
be achieved by applying advanced LMMSE channel estima-
tors with acceptable complexity [5]. By stacking the received
symbols of all NR receive antennas

y[k] = [y1[k], y2[k], . . . , yNR [k]]T (2)

we can calculate the received symbol vector as

y[k] = H[k]V[k]ã[k] + n[k], (3)

where n[k] is zero mean circularly symmetric complex Addi-
tive White Gaussian Noise (AWGN) with covariance
E{n[k]n[k]H} = N0INR , V[k] is a pre-filtering matrix, and
ã[k] is a power-loaded transmit symbol vector obtained as

ã[k] = p[k]� a[k], (4)

where � denotes an element-wise multiplication between the

power loading vector p[k] =
[√

P1[k], . . . ,
√

PR[k]
]T

and
the vector a[k]. Each information symbol ar[k], r = 1, . . . , R
is an element of a given symbol alphabet Ar[k], consisting of
Mr[k] = 22m,m = 1, 2, . . . symbols for square QAMs.

For exploiting the channel knowledge even further, linear
pre-filtering is used in (3). The pre-filtering matrix V[k] con-
tains analyzing basis vector directions obtained by the Singu-
lar Value Decomposition (SVD) of the channel matrix H[k] =
U[k]Σ[k]VH[k]. When (3) is left-multiplied by UH[k] and
the SVD of the channel matrix per subcarrier k is applied, (3)
reduces to

ỹ[k] = Σ[k]ã[k] + ñ[k], (5)

where ñ[k] = UH[k]n[k] and ỹ[k] = UH[k]y[k].
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3. PROBLEM FORMULATION

The goal is to optimize the coded throughput of the MIMO-
OFDM system depicted in Figure 1. The power levels Pr[k]
to be assigned to the subcarriers with index k and to the spatial
sub-channels with index r are grouped into the transmit power
matrix

P =

 P1[1] · · · P1[K]
...

. . .
...

PR[1] · · · PR[K]

 , (6)

so are the number of bits br[k] grouped into the matrix

B =

 b1[1] · · · b1[K]
...

. . .
...

bR[1] · · · bR[K]

 . (7)

The objective is to maximize the coded user throughput T
subject to a total transmit power constraint P̄ and discrete
modulation levels while maintaining a target bit error ratio
BER(0)

r [k] on each subcarrier and in each sub-channel. This
objective can thus be formulated as the following constrained
optimization problem:

maximize T (P,B) =
R∑

r=1

K∑
k=1

br[k] (8)

subject to coded BERr[k] ≤ BER(0)
r [k] (9)

R∑
r=1

K∑
k=1

Pr[k] ≤ P̄ (10)

Pr[k] ≥ 0 (11)
br[k] ∈ {0, 1, 2, 3, 4, . . .} (12)

The target BER is assumed to be identical across subcarriers
and sub-channels and equal to BER(0). The relationship be-
tween the initial BER(0) and the resulting coded PER(1) in
the first iteration of the PER adaptation to the target packet
error ratio PER(0) is given by

PER(1) = 1− (1−BER(0))(
PR

r=1
PK

k=1 b(1)r [k]·Rc·Ns), (13)

where Ns is the number of OFDM data symbols in a WiMAX
frame representing one codeword, and Rc is the coding rate.

4. THRESHOLD METRIC AND POWER COST FOR
A CONVOLUTIONAL CODE AND M -QAM

Note that in (12) both rectangular (b[k] ∈ {1, 3, 5, . . .}) and
square (b[k] ∈ {2, 4, 6, . . .}) QAMs are allowed (b[k] = 0
refers to the case of an unused subcarrier). However, we want
to reduce the possible constellations just to square ones, what
significantly simplifies an adaptive demapper. This excludes
also the BPSK modulation, which is used in the first AMC
mode of the WiMAX standard. By doing this, one bit at most
is lost from the throughput per one OFDM symbol. The proof
is given in [1]. Let dmin[k] denote the minimum square Eu-
clidean distance for the given constellation on the kth subcar-
rier. For QAM constellations, it holds that [6]

d2
min[k] = 4g(b[k])Es[k] = 4g(b[k])P [k]Ts, (14)

where Es[k] = P [k]Ts is the average energy of the constel-
lation chosen for the kth subcarrier, Ts is the useful symbol
duration (OFDM symbol duration without cyclic prefix) and
the constant g(b[k]) depends on whether the given constella-
tion is square or rectangular QAM:

g(b[k]) :=
{ 6

5·2b[k]−4
, b[k] = 1, 3, 5, . . . ;

6
4·2b[k]−4

, b[k] = 2, 4, 6, . . . .
(15)

From the definition of the constant g(b[k]) in (15) it is clear
that the square QAMs are more power efficient than the rect-
angular QAMs. Thus, with K subcarriers, it is always possi-
ble to avoid the usage of less efficient rectangular QAMs and
save the remaining power for other subcarriers to use higher
order square QAM [9]. Our exclusion of the rectangular con-
stellations is thus justified.

Equation (14) simply gives us the decreasing minimum
Euclidean distance in the constellation with the increasing
modulation order and can be easily verified. According to
(14) replacing d2

min[k] by term d2
avg[k] = c(b[k])·g(b[k])P [k],

where Ts is equal to one second, the required power P [k] to
transmit b[k] bits/s/Hz is equal to

P [k] =
d2
avg[k]

c(b[k]) · g(b[k])
=

d2
0[k]

g(b[k])
, (16)

because d2
avg[k]/d2

0[k] = c(b[k]) and d2
0[k] = d2

min[k]/4,
where d0[k] is our threshold metric or the unit grid in the
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M -QAM constellation. The constant c(b[k]) that depends on
the modulation order is set to be higher than four and it ex-
presses the deviation from the worst-case upper bound on a bit
error probability of the convolutional code. This worst-case
upper bound refers to the case when d2

avg[k] = d2
min[k]. In

this way, the bit error probability approximation is obtained
for the [133 171]8 half-rate convolutional code with M -QAM
modulation for an AWGN channel

Pb[k] ≈ 1
n

dfree+4∑
d=dfree

β(d)[k]
1
5

exp

(
−c(b[k]) · d2

0[k] · d̂(b[k])
4N0

)
,

(17)
where n is the n = 1 input bits of the convolutional en-
coder and d̂(b[k]) = dfree + 4, thus making the exponential
term of this approximation independent from d. More details
about this probability approximation and its verification can
be found in [7, 8]. We decided to use for the simulations
c(b[k]) = 8, 10, 20 for 4-,16-, and 64-QAM, respectively, in
order to achieve the bit error ratio in the range of 10−6 to
10−5 [8]. The threshold metric or the unit grid d2

0[k] can be
expressed from (17) as follows

d2
0[k] =

[
ln

(
dfree+4∑
d=dfree

β(d)[k]

)
− C

]
4N0

c(b[k]) · d̂(b[k]) · σ2[k]
,

(18)
where C = ln(5Pb) and σ[k] is a nonzero eigenvalue of
the channel on a subcarrier k. This constant C is replaced
by C = ln 5BER(0) for practical purposes, as the bit error
probability can be only achieved in the simulations when the
number of transmitted bits goes to infinity. The power cost
incurred when loading the lth and (l − 2)th bits (two bits are
always loaded in one step) to the kth subcarrier and the rth
sub-channel is from (18) and (16) for coded systems

pr[k, l] =
d2
0,r[k, l]
gr[l]

−d2
0,r[k, l − 2]
gr[l − 2]

, l = 2, 4, 6; ∀k, r. (19)

So this cost is quantified by the additional power needed to
maintain the target bit error ratio performance. For l = 2,
gr[l − 2] is set to ∞ and cr[0] = d̂r[0] = 1.

5. GREEDY POWER ALLOCATION ALGORITHM

In this section, the optimal Greedy Power Allocation Algo-
rithm with the packet error ratio adaptation is described. This
greedy algorithm converts the frequency-selective channel into
a frequency-flat one, what is the main idea behind the water-
filling algorithm. Therefore, the performance of the variable-
rate M -QAM modulation with convolutional encoding in an
AWGN channel may be considered per subcarrier, as it was
already done in Section 4. Moreover, the target packet er-
ror ratio PER(0) per each codeword can be maintained. Re-
member that the same target bit error ratio BER(0) and target
packet error ratio PER(0) across all subcarriers are assumed.

Two iteration loops are given, in the inner nth iteration, it
is decided whether to load two more bits or not, in the outer
mth iteration it is checked if the target packet error ratio is

achieved. In the first iteration step (m = 1), we start with the
target bit error ratio BER(0) set to 10−5, if the target packet
error ratio equal to 10−2 is of interest. It is important to have
the starting value of BER to obtain the first estimation of the
codeword length. In addition, the expression for the coded
power cost in (19) depends on the target bit error ratio. It
follows from the simulation results, plotted in [8], that for the
PER(0) = 10−2, the bit error ratio has to be in the range of
10−6 to 10−5 (also the bit error ratio approximation in (17)
was previously optimized for this BER region).

In this greedy algorithm, Prem denotes the remaining power
after each iteration, b

(n)
r [k] the number of bits loaded at the

kth subcarrier and the rth sub-channel in the nth iteration,
and P

(n)
r [k] to denote the power level in iteration step n on

the kth subcarrier and in the rth sub-channel. The total num-
ber of loaded data bits Ntotal in the nth iteration can then be
calculated by summing the loaded bits over R sub-channels,
K subcarries and Ns OFDM symbols and taking also the cod-
ing rate Rc into account

Ntotal =
R∑

r=1

K∑
k=1

b(n)
r [k] ·Rc ·Ns. (20)

The optimal Greedy Power Allocation Algorithm can be per-
formed according to the following steps:

1. In the first (outer) iteration step m = 1, BER(1) is
equal to the initial target bit error ratio BER(0), oth-
erwise

BER(m) = 1− (1− PER(0))1/Ntotal . (21)

2. Initialization step n = 1: Set the remaining power
equal to the power constraint Prem = P̄ . For each sub-
carrier and sub-channel, set b

(n)
r [k] = P

(n)
r [k] = 0.

3. Compute pr(k, b
(n)
r [k]+2]) for all subcarriers and sub-

channels, where b
(n)
r [k] 6= 6. If b

(n)
r [k] = 6, then set

pr(k, b
(n)
r [k]) = ∞. Choose the subcarrier and sub-

channel that needs the least power to load two addi-
tional bits, i.e. select

{r0, k0} = arg min
r,k

pr(k, b(n)
r [k] + 2). (22)

4. If there is not enough power remaining, i.e. if Prem <

pr0(k0, b
(n)
r0 [k0] + 2) (it always happens if all subcarri-

ers and sub-channels are loaded with 6 bits (b(n)
r [k] =

6 ∀r, k)), then jump to Step 5. Otherwise, load two bits
to the k0th subcarrier and the r0th sub-channel, and up-
date iteration variables:

Prem = Prem − pr0(k0, b
(n)
r0

[k0] + 2) (23)

P (n)
r0

[k0] = P (n)
r0

[k0] + pro(k0, b
(n)
r0

[k0] + 2)(24)

b(n)
r0

[k0] = b(n)
r0

[k0] + 2. (25)

Loop back to step 3 with n = n + 1.
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5. Calculate

PER(m) = 1− (1− BER(m))1/Ntotal (26)

If PER(m) ≤ PER(0), then exit with{
Pr[k] = P (n)

r [k], br[k] = b(n)
r [k]

}R,K

r=1,k=1
, (27)

otherwise loop back to step 1 with m = m + 1.

Applying this iterative algorithm, the maximum number of it-
erations for the packet error ratio adaptation is usually equal
to two (m = 2). It may happen that the pre-set target bit er-
ror ratio is already sufficient to obtain the target packet error
ratio after the first outer iteration. Otherwise, the pre-set tar-
get bit error ratio is corrected accordingly to meet the PER
requirement after the second outer iteration.

The optimal power levels obtained from this algorithm
can be only then assigned when the individual SISO chan-
nels of the MIMO system are accessible. This is guaranteed
by the optimal linear pre-filtering as can be seen in (5)

6. SIMULATION RESULTS

The simulation results presented in this section are obtained
using a standard compliant IEEE 802.16-2004 WiMAX link
level simulator. First, we derive the expression for the er-
godic capacity that will be used as a performance bound for
the simulated data throughput. For this purpose, the capaci-
ties C̄ ′[k] and C̄ ′′[k] per subcarrier k of a MIMO channel are
defined as the ensemble average of the information rate over
the Nsim simulated random realizations of the channel matrix
H[k]. It is assumed that the channel matrix H[k] is full-rank,
that is, R = NT = NR = N and the channel eigenvalues are
λr = σ2

r > 0, for r = 1, . . . , N , what is always fulfilled in
the simulations with an uncorrelated Pedestrian B channel.

The ergodic capacity C̄ ′ of the OFDM system can be cal-
culated by summing the individual capacities C̄ ′[k] of all data
subcarriers (192 data subcarriers are used in the WiMAX stan-
dard)

C̄ ′ =
F

Nsim

Nsim∑
s=1

192∑
k=1

N∑
r=1

log2

(
1 +

P
(s)
r [k]λ(s)

r [k]
N0

)
, (28)

in case of the channel knowledge at the transmitter, and

C̄ ′′ =
F

Nsim

Nsim∑
s=1

192∑
k=1

N∑
r=1

log2

(
1 +

λ
(s)
r [k]
N0

)
, (29)

when no channel knowledge is assumed at the transmitter.
The ergodic capacity in (28) and the mutual information in
(29) was derived from the capacity of the MIMO channel ex-
pressed as the sum of the capacities of N SISO channels and
can be found in [9]. Since the transmission of an OFDM sig-
nal requires also the transmission of a cyclic prefix to avoid
inter-symbol interference, and a preamble for the synchro-
nization and channel estimation, the ergodic capacity and mu-
tual information given by Equations (28) and (29) include the
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Fig. 2. Performance of channel adaptive algorithms in an un-
correlated Pedestrian B channel with PER(0) = 10−2.

correction factor F . This correction term accounts for these
inherent system losses and is defined according to [10] as fol-
lows

F =
1

1 + G
· 1/Tsample

256
· Ns

Ntotal
, (30)

where G (1/4 in the simulations) corresponds to the ratio of
the cyclic prefix time and useful OFDM symbol time Ts, Ns

(44 in the simulations) is the number of OFDM data symbols,
Ntotal (47 in the simulations) is the total number of OFDM
symbols in one transmission frame (also with the preamble),
and Tsample is the sampling rate of the transmit signal. There-
fore, the factor (1/Tsample)/256 is equivalent to the available
bandwidth per subcarrier (the FFT size is equal to 256) [10].

In Figure 2, the channel adaptive algorithm for a 2×2
MIMO system with power and bit loading is compared to the
ergodic capacity C̄ ′ and mutual information C̄ ′′, as well as a
2×2, a 1×2, and a 1×1 system without power and bit loading.
The half rate convolutional code of the WiMAX standard is
used in combination with 4-,16- and 64-QAM. The 2×2 sys-
tem using this adaptive algorithm outperforms the standard
non adaptive 2×2 system by maximum 4.5 dB. The differ-
ence in the low SNR region from the ergodic capacity C̄ ′ is as
low as 5 dB. This loss is due to the non-optimal channel cod-
ing. With increasing SNR, the loss is growing significantly
because of the low rate of the convolutional code and could
be reduced by larger symbol alphabets and/or higher coding
rates. As expected, the ergodic capacity C̄ ′ with the channel
known at the transmitter is higher than the mutual information
C̄ ′′ in the case of unknown channel. This advantage reduces
at higher SNR, as can be observed in Figure 2 and is proved
in [9]. Interestingly, although the capacity advantage is only
small, the gain in throughput is quite significant.

In Figure 3 the resulting frame error ratio is plotted for the
target packet error ratio equal to 10−2. The adaptation perfor-
mance of the optimal Greedy Power Allocation Algorithm is
satisfactory over a large SNR range of 34 dB.
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7. CONCLUSION

In this paper, we create a framework for the bit error ratio and
packet error ratio adaptation. In slow fading channels, we find
this to be a very promising approach, because the achievable
capacity can be reached by applying an appropriate modula-
tion and coding scheme. Moreover, the PER of the system can
be controlled. To the best of our knowledge, this is the first at-
tempt to evaluate the performance of the water-pouring based
solution in the more realistic scenario of a coded WiMAX sys-
tem. It remains to further explore the behavior of the proposed
algorithm and the possible gains when more efficient channel
coding is deployed. We also plan to implement this frame-
work into our Long Term Evolution (LTE) link level simula-
tor [11] that is also based on MIMO-OFDM and is currently
under development.

Finally, the complexity of the optimal Greedy Power Al-
location Algorithm grows linearly with the number of bits
and the number of subcarriers. Obviously, the complexity is
considerably large when the number of bits and subcarriers
is large. The maximum number of iterations for one partic-
ular bit and power level assignment is for example for the
2×2 MIMO OFDM system with 192 data subcarriers equal
to 3 · 2 · 192 = 1152, where 3 is the maximum number of
bit loading steps for the kth subcarrier and the rth subchannel
(4-QAM → 16-QAM → 64-QAM) . For every assignment of
two bits, the power cost has to be calculated across all subcar-
riers and sub-channels. For the adaptive transmitter design,
it is recommended in [1] to use in practice the fast Lagrange
bi-sectional search proposed in [12] that also provides an op-
timal solution with lower complexity.
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ABSTRACT

This work treats the problem of joint estimation of time-delay
and spatial (direction-of-arrival, DOA) parameters of several
replicas of a known signal in an unknown spatially correlated
field. Unstructured and structured data models have been pro-
posed for maximum likelihood (ML) estimators, whereas the
former suffers from a severe performance degradation in some
scenarios, and the latter involves huge complexity. In this
work it is shown how the extended invariance principle (EXIP)
can be applied to obtain estimates with the quality of those of
the structured model, but with much lower complexity than
directly utilizing the structured model. We present how to im-
prove the quality of the time-delay estimates obtained with
an unstructured spatial model by introducing DOA estimates.
DOA estimates are derived either directly applying EXIP with
a polynomial rooting approach or with decoupled estimators
for temporal and spatial parameters applying Unitary ESPRIT.
Both methods are compared with respect to estimation ac-
curacy and complexity. Exemplarily, simulation results for
time-delay estimation for GPS (Global Positioning System)
are shown and confirm that our proposals both approach the
Cramer-Rao lower bound (CRLB) of the structured model.

1. INTRODUCTION

Channel estimation is important in many applications as
MIMO channel characterization, radar, synchronization, and
Global Navigation Satellite Systems (GNSS) like GPS
(Global Positioning System). A simple unstructured data
model has been used for such problems in order to have low
complexity [1] and a solution for an unknown spatial field was
given in [2]. On the other hand the structured data model pro-
vides better results [3, 4] but has a high complexity and only
seems to be easily manageable in the single path case [5].
The latter work already shows how the extended invariance
principle (EXIP) can be applied to refine maximum likelihood
(ML) estimates for an unstructured model to achieve the per-
formance available using a structured model.

This work extends the approach given in [5] to a multi-
path case. We present a two-step approach to improve the
quality of time-delay estimates obtained with an unstructured
spatial model. As a first step we, apply the Space Alternating

Generalized Expectation Maximization (SAGE) algorithm [4]
to obtain estimates for an unstructured model. As a second
step, we adopt EXIP to refine the time-delay estimates. The
important new result with respect to [6] is the derivation of
a low complexity polynomial rooting approach, an iterative
quadratic maximum likelihood (IQML) [7] algorithm in or-
der to solve the resulting direction-of-arrival (DOA) estima-
tion problem. This new approach provides automatic pairing
between the DOA estimates and parameter estimates for the
unstructured model. In [6] we applied Unitary ESPRIT for
the estimation of the DOAs based on the estimates of the spa-
tial covariance matrix and the spatial signatures for the un-
structured model which showed that the proposed two-step
approach attains the Cramer-Rao lower bound (CRLB) of the
structured model even when suboptimal DOA estimates are
introduced. However, for this method the pairing between the
DOA estimates and the parameter estimates for the unstruc-
tured model also has to be estimated. Exemplarily, simula-
tion results for time-delay estimation of the line-of-sight sig-
nal (LOSS) for GPS (Global Positioning System) are included
and confirm that our proposal approaches the CRLB of the
structured model.

2. DATA MODEL

We assume thatL narrowband planar wavefronts,1 ≤ ` ≤ L
are impinging on an antenna array ofM isotropic sensor ele-
ments. The noise-plus-interference corrupted baseband signal
at the antenna outputy(t) ∈ CM×1 can be modelled as a su-
perposition ofL wavefronts and additional temporally white
Gaussian noisen(t) ∈ CM×1 ,with zero-mean and unknown
spatial covariance matrixQ ∈ CM×M .

2.1. Structured Model

For the structured data model we define the parameter vector

θ =
[
Re{γ}T, Im{γ}T,φT, τT

]T

on the domainDθ with

the vector of complex amplitudesγ = [γ1, . . . , γ`, . . . , γL]T,
the vector of azimuth anglesφ = [φ1, . . . , φ`, . . . , φL]T, and
the vector of time-delaysτ = [τ1, . . . , τ`, . . . , τL]T. Thus we
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can write

y(t) =
L∑

`=1

s`(t) + n(t), (1)

wheres`(t) is given by

s`(t) = a` (φ`) γ` c(t− τ`). (2)

Here,a` (φ`) denotes the steering vector of an antenna array
andc(t − τ`) denotes the pseudo-noise (PN) binary sequence
with delayτ`.

2.2. Unstructured Model

For the simpler unstructured model we define the parameter

vectorξ =
[
Re{vec{H}}T, Im{vec{H}}T, τT

]T
on the do-

mainDξ with the matrix of spatial signaturesH = [h1 · · ·
h` · · · hL] ∈ CM×L. Here,vec{·} denotes the vec operator,
which vectorizes a matrix by stacking its columns. Thus we
can alternatively write

s`(t) = h` c(t− τ`). (3)

3. MAXIMUM LIKELIHOOD (ML) ESTIMATION
FOR THE UNSTRUCTURED MODEL

The spatial observations are collected atN time instances, as
y[n] = y(n · Ts) with n = 1, 2, . . . , N . The channel pa-
rameters are assumed constant during the observation interval.
Collecting the samples of the observation interval leads to

Y = [y[1],y[2], . . . ,y[N ]] ∈ CM×N , (4)

N = [n[1],n[2], . . . ,n[N ]] ∈ CM×N , (5)

S(ξ) = [s[1], s[2], . . . , s[N ]] ∈ CM×N . (6)

Thus, the unstructured signal model can be written in matrix
notation

Y = S(ξ) + N =
L∑

`=1

S`(ξ`) + N = HC + N. (7)

Here, ξ` =
[
Re{h`}T, Im{h`}T, τ`

]T
contains the param-

eters of one wave, andC = [c(τ1) · · · c(τ`) · · · c(τL)]T ∈
RL×N contains the sampled PN binary sequence for each im-
pinging wavefrontc(τ`). The negative log-likelihood function
for the unstructured data model, neglecting additive constants
is [5]

Λ(ξ , Q) = N · log (det (Q))

+ tr
(
Q−1 (Y − S(ξ)) (Y − S(ξ))H

)
, (8)

where(·)H denotes complex conjugate transposition,det(·)
the determinant operation, andtr(·) the trace operator. The
ML estimate forQ is given by

Q̂ =
1
N

(Y − S(ξ)) (Y − S(ξ))H. (9)

4. SPACE-ALTERNATING GENERALIZED
EXPECTATION MAXIMIZATION (SAGE)

ALGORITHM

In order to obtain the ML estimateŝξ for the unstructured
model we apply an iterative method, the SAGE algorithm [4].
We assume thatL is given. The expectation step (E-Step) can
be expressed as

X̂` = Y −
L∑

`′=1
`′ 6=`

S`′(ξ̂`′), (10)

Q̂ =
1
N

(Y − S(ξ̂)) (Y − S(ξ̂))H, (11)

and for the maximization step (M-Step) we get

τ̂` = arg max
τ`

{
|| Q̂− 1

2 X̂` c∗(τ`)||22
}

, (12)

ĥ` =
X̂` c∗(τ̂`)

cH(τ̂`)c(τ̂`)
. (13)

The parameters of each wavefront are estimated sequentially.
The E-step and the M-step are performed iteratively for each
wavefront until the algorithm converges. Instead of solv-
ing aL-dimensional non-linear optimization problem only1-
dimensional optimization procedures need to be solved. Ini-
tialization of the SAGE algorithm is carried out by successive
interference cancellation starting witĥξ = [0, . . . , 0]T as de-
scribed in [3]. The initial estimate forQ is

Q̂ =
1
N

Y YH. (14)

5. EXTENDED INVARIANCE PRINCIPLE (EXIP)

As a second step we invoke the EXIP [5, 8] in order to refine
the ML estimates,̂ξ, to achieve the performance using an ML
estimate for the structured model,θ̂, for which we would need
to solve a2 · L-dimensional non-linear problem, if solved di-
rectly. We briefly recall the EXIP following [5].

Assuming that there exists a functionf which is one to
one, satisfying

ξ = f(θ) ∈ Dξ ,∀θ ∈ Dθ, (15)

and
lim

N→∞
ξ̂ = lim

N→∞
f(θ̂). (16)

Then

ˆ̂θ = arg min
θ

[
ξ̂ − f(θ)

]T

W
[
ξ̂ − f(θ)

]
, (17)

is asymptotically (for largeN ) equivalent to the structured ML
estimatêθ, where

W = E
{

∂Λ(ξ,Q)
∂ξ ∂ξT

} ∣∣∣∣∣ ξ=ξ̂
Q=Q̂

, (18)

andE{·} denotes expectation.
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For the problem at hand we can write

[ξ̂−f(θ)]=




Re{vec{Ĥ}}
Im{vec{Ĥ}}

τ̂

−
 Ψ(φ)

 Re{γ}
Im{γ}


τ


 , (19)

where

Ψ(φ) =
[

Re{IL �A} −Im{IL �A}
Im{IL �A} Re{IL �A}

]
, (20)

and,� denotes the Khatri-Rao product,IL is aL×L identity
matrix, andA = [a1(φ1) · · · a`(φ`) · · · aL(φL)] ∈ CM×L.
The weighting matrixW can be expressed as

W =


Re{W1} −Im{W1} Re{W3}
Im{W1} Re{W1} Im{W3}
Re{W3}T Im{W3}T Re{W2}

 , (21)

with

W1 = 2 · (CCH
)⊗ Q̂−1, (22)

W2 = 2 · (ΥH Υ)� (ĤH Q̂−1 Ĥ), (23)

W3 =



2 · (Q̂−1 Ĥ) diag{(cH(τ̂1)Υ}
...

2 · (Q̂−1 Ĥ) diag{(cH(τ̂`)Υ}
...

2 · (Q̂−1 Ĥ) diag{(cH(τ̂L)Υ}

 . (24)

Here,⊗ denotes the Kronecker product,diag{·} defines a di-
agonal matrix, and

Υ =
[
∂c(τ̂1)
∂τ̂1

· · · ∂c(τ̂`)
∂τ̂`

· · · ∂c(τ̂L)
∂τ̂L

]
. (25)

Thus, introducing (19) in (17) and then minimizing (17) with
respect toτ , for fixedγ andφ leads to the refined time-delay
estimates

ˆ̂τ = τ̂ + Re{W2}−1
[
Re{W3}T Im{W3}T

]
·
[[

Re{vec{Ĥ}}
Im{vec{Ĥ}}

]
− Ψ(φ)

[
Re{γ}
Im{γ}

]]
(26)

Note that the second term in (26) acts like a correction of the
unstructured ML estimateŝτ .

Replacing (26) in (19) and then minimizing (17) with re-
spect toγ leads to[

Re{ˆ̂γ}
Im{ˆ̂γ}

]
=

(
ΨT(φ)ΩΨ(φ)

)−1

·ΨT(φ)Ω
[

Re{vec{Ĥ}}
Im{vec{Ĥ}}

]
, (27)

whereΩ denotes the Schur complement of blockRe{W2} in
matrixW, namely

Ω =
[[

Re{W1} −Im{W1}
Im{W1} Re{W1}

]
−

[
Re{W3}
Im{W3}

]
Re{W2}−1

[
Re{W3}T Im{W3}T

]]
.

(28)

Finally, ˆ̂φ can be obtained by substitutingτ andγ in (17) for
(26) and (27)

ˆ̂
φ = arg min

φ

{[
Re{vec{Ĥ}}
Im{vec{Ĥ}}

]T (
Ω−ΩΨ(φ)

· (
ΨT(φ)ΩΨ(φ)

)−1
ΨT(φ)Ω

) [
Re{vec{Ĥ}}
Im{vec{Ĥ}}

]}
.

(29)

Hence, (29) provides estimates of the DOAs that are asymptot-
ically equivalent to the ML estimates of the structured model.

The estimatê̂φ is introduced in (27) and (26) improving the
delay estimates, thus derivinĝ̂τ .

In the following we first derive a complex formulation of
(29) and then we develop an IQML approach [7] in order
to obtain low complexity ML DOA estimates. The problem
given in (29) can be transformed to a complex formulation
using the unitary matrices

T1 =
1√
2

[
ILM j ILM

ILM −j ILM

]
, (30)

and

T2 =
1√
2

[
IL j IL

IL −j IL

]
. (31)

We define the complex matrices̃Ω = T1 ΩTH
1 with Ω̃ ∈

C2LM×2LM and Ψ̃(φ) = T1 Ψ(φ)TH
2 with Ψ̃(φ) ∈

C2LM×2L. Thus, (29) can be reformulated as

ˆ̂
φ=arg min

φ

tr

P⊥
Ω̃

1
2 Ψ̃(φ)

Ω̃
1
2

 vec{Ĥ}
vec{Ĥ∗}

 vec{Ĥ}
vec{Ĥ∗}

H

Ω̃
1
2

 ,

(32)
whereas

P⊥
Ω̃

1
2 Ψ̃(φ)

= I2LM−Ω̃
1
2 Ψ̃(φ) (Ψ̃H(φ) Ω̃ Ψ̃(φ))−1

Ψ̃H(φ)Ω̃
1
2 .

(33)
In case of an uniform linear array (ULA), where the array
steering matrixA has a Vandermonde structure we can solve
(32) applying a polynomial reparametrization approach [7].
Therefore, we define

Ξ =



BH
1

...
BH

L

BT
1

...
BT

L


∈C2L(M−1)×2LM , (34)
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such that
ΞH Ψ̃(φ) = 0, (35)

whereas

BH
` =

 b`,1 b`,0 0
.. .

.. .
0 b`,1 b`,0

 ∈ C(M−1)×M , (36)

and
BH

` a`(φ`) = 0. (37)

Here,b` = [b`,0, b`,1]
T ∈ C2×1 with ` = 1, . . . , L comprises

the coefficients of a first order polynomial. Due to the very
special structure of̃Ψ(φ) given in (20), we use a first order
polynomial for each of theL wavefronts for reparametriza-

tion. SinceΞH Ω̃
−H

2 ∈ C2LM×2L(M−1) has rank2L(M −1)
andΩ̃

1
2 Ψ̃(φ) ∈ C2LM×2L has rank2L it follows from (35)

thatΞH Ω̃
−H

2 spans the null space of̃Ω
1
2 Ψ̃(φ). Thus,

P⊥
Ω̃

1
2 Ψ̃(φ)

= P
Ω̃
− 1

2 Ξ
= Ω̃− 1

2 Ξ (ΞH Ω̃−1 Ξ)−1
ΞH Ω̃−H

2 . (38)

Hence, (32) can be rewritten in terms of the coefficients of the
L first order polynomials as

b̂=arg min
b

tr

(
ΞH Ω̃

−1
Ξ

)−1
ΞH

 vec{Ĥ}
vec{Ĥ∗}

 vec{Ĥ}
vec{Ĥ∗}

H

Ξ


(39)

subject to
∀L

`=1b`,0 = 1, (40)

with
b = [b1, . . . ,bL,b∗1, . . . ,b

∗
L]T. (41)

This problem finally can be solved with very low com-
plexity by applying an IQML algorithm [7] which results
to iteratively solving a quadratic problem with linear con-

straints. The estimates of the DOAs can derived byˆ̂
φ` =

− arcsin
(

arg{−b̂`,1}
π

)
. The IQML algorithm is initialized

with b = [1, 0, 1, 0, . . . , 1, 0]T. Thus, (39) provides estimates
of the DOAs that are asymptotically equivalent to the ML es-
timates of the structured model, and hence are asymptotically

efficient. The estimatê̂φ is introduced to (27) and (26) im-
proving the delay estimateŝτ .

6. SIMULATION RESULTS

We assume a centro-symmetric [9] uniform linear array
(ULA) with M = 8 isotropic sensor elements with half-
wavelength spacing. The one-sided bandwidth of the signal
is B = 1.023 MHz. For the PN sequence we apply Gold
codes [10] as used for the GPS C/A code with code period
T = 1 ms, 1023 chips per code period each with a time dura-
tion Tc = 977.52 ns. Signal-to-noise ratio (SNR) denotes the
LOSS-to-noise ratio. The effective SNR in dB can be obtained
by

SNR = C/N0 − 10 · log10(2 ·B) + 10 · log10(Nc), (42)

whereasC/N0 in dB-Hz denotes the carrier-to-noise density
ratio andNc ∈ N is the number of code periods within the ob-
servation period. We assumeC/N0 = 40.3 dB-Hz andNc = 6
which leads to SNR = -15.03 dB. In this analysis we consider
a single reflective multipath as a function of its relative de-
lay to the LOSS (L = 2). In the following parameters with
the subscript 1 refer to the LOSS and parameters with the
subscript 2 refer to the reflection. The reflected multipath
and the LOSS are considered to be in-phase, which means
arg(γ1) = arg(γ2), and the signal-to-multipath ratio (SMR)
is 5 dB. Further, we assume a temporally white Gaussian inter-
ference with interference-to-signal ratio (ISR) of 40 dB which
is responsible for the spatial covariance of the noise plus inter-
ference field. The interference is uncorrelated with the signals
and the noise. The DOAs for the LOSS and the multipath
are φ1 = −30◦ and φ2 = 62◦, and for the interference is
φI = 10◦. Further, we define the relative time-delay between
the LOSS and the multipath as∆τ = |τ1 − τ2|/Tc.

In this work a two-step approach is assessed. As a first step
the SAGE algorithm is used in order to obtain estimates for the
unstructured data model as described in section 4. In the sec-
ond step EXIP is applied in order to refine the time-delay es-
timates for the unstructured data model as given in (26) by in-
troducing DOA estimates. The DOA estimates are derived ei-
ther directly applying EXIP with an IQML algorithm as given
in (39) or with decoupled estimators for temporal and spa-
tial parameters applying Unitary ESPRIT as discussed in [6].
However, for the latter approach the pairing between the es-
timates derived for the unstructured model and the DOA es-
timates obtained with Unitary ESPRIT additionally has to be
estimated [6].

For the SAGE algorithm the quantization precision is cho-
sen to 0.1955 ns (0.0002 · Tc) for the time-delay estimateŝτ
and a maximum of 10 iteration cycles is set. Determination of
the parameter vector̂ξ` which refers to the LOSS is achieved
by evaluating the detection criterion

max
`=1,...,L

||Q̂− 1
2 ĥ`||22
M

. (43)

In order to derive DOA estimates solving (29) we use the pro-
posed IQML algorithm as given in (39). The convergence con-

dition is satisfied either if∀L
`=1 | ˆ̂φ(k−1)

` − ˆ̂
φ

(k)
` | < 0.01◦ or if

k > 50, whereask ∈ N denotes thek-th iteration of the IQML
algorithm. Detection of the parameter vectorθ̂` referring to
the LOSS is achieved through (43), as for the estimates for the
unstructured model.

Instead of solving (29) we apply the approach as described
in [6] using Unitary ESPRIT with structured least squares
(SLS) with one iteration [9] and spatial smoothing. The pre-
whitened channel estimate

R̂ = Q̂− 1
2 Ĥ (Q̂− 1

2 Ĥ)H, (44)

is used to follow the covariance approach as given in [9]. For
the spatial smoothing withL = 2 we define the following
selection matrices for two subarrays with maximum overlap
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[9]:

J1 = [0 IM−1] ∈ RM−1×M , J2 = [IM−1 0] ∈ RM−1×M .
(45)

Thus, the spatially smoothed covariance matrix is given as

R̂ss =
1
2

(
J1 R̂ JT

1 + J2 R̂ JT
2

)
, (46)

which is to be used by Unitary ESPRIT with SLS for the DOA
estimation. We detect the parameter vectorθ̂` which refers to
the LOSS using the detection criterion (43) as for the estimates
for the unstructured model and the estimates derived by the
IQML algorithm.

In Fig. 1 the probability of miss-detection of the parame-
ter vectorθ` referring to the LOSS is depicted. The decision
on the LOSS is taken by evaluating (43). Here, IQML denotes
the approach solving (39) and ESPRIT denotes the approach
using Unitary ESPRIT for DOA estimation with decoupled es-
timators for temporal and spatial parameters. Miss-detection
of the LOSS for the unstructured model using the SAGE algo-
rithm did not occur.
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Fig. 1. Probability of miss-detection of LOSS versus∆τ

Miss-detection of the LOSS occurs due to several reasons.
This includes miss-match of the pairing of the estimates for
the unstructured model and the DOA estimates derived by
Unitary ESPRIT [6], non-convergence of the IQML algorithm
whenk > 50, and in some rare cases failure of resolving the
LOSS. All these cases of miss-detection of the LOSS are ex-
cluded from the error statistics which are presented in the fol-
lowing. In a practical implementation miss-detection can be
avoided by consistency check of the DOA estimates of the
LOSS and for GNSS applications the navigation almanac data
can be used to avoid miss-detection. However, simulation re-
sults confirmed that miss-detection of the LOSS did not have
a significant impact on the time-delay estimates of the LOSS.

In Fig. 2 the root mean square error (RMSE) ofτ̂1 and
ˆ̂τ1 are depicted. RMSÊ̂τ1, ESPRIT denotes the approach
where the DOA estimates are obtained by Unitary ESPRIT

and RMSEˆ̂τ1, IQML denotes the case where the DOA esti-
mates are obtained by solving (39).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

 

 

∆τ

R
M

S
E

,√
C

R
L
B

/T
c

√
CRLB(τ̂1)√
CRLB(ˆ̂τ1)

RMSEτ̂1
RMSE ˆ̂τ1 , IQML

RMSE ˆ̂τ1 , ESPRIT

Fig. 2. RMSE of τ̂1 and ˆ̂τ1 versus∆τ

In Fig. 2 the SAGE algorithm for small∆τ becomes biased
and the RMSÊτ1 is below

√
CRLB(τ̂1), since the interfer-

ence cancellation in the E-step (10) is not able to separate the
two waves if∆τ is very small [4]. In these cases the estimate
of one hidden data space,X̂1 is an estimate for a superposition
of the two wavefronts and the other,X̂2 includes only noise.

In Fig. 3 and Fig. 4 the RMSÊ̂φ1 and the RMSÊ̂φ2 for
the two methods are depicted.
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In case we solve (39) with the proposed IQML algorithm, the
DOA of the multipath can not be resolved for∆τ < 0.3 as
depicted in Fig. 4 . This is consistent with the behavior of
the SAGE algorithm, which towards small∆τ more and more
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loses its capability of resolving the two paths as described
above (cf. Fig. 2). Unitary ESPRIT shows better capability
to resolve the DOA of the multipath due to the use of spatial
smoothing. However, this does not improve the corresponding
RMSE ˆ̂τ .

7. CONCLUSIONS

In this work we proposed a two-step approach to achieve es-
timates for a structured model for the multipath case in an
unknown spatially colored field. As a first step the SAGE al-
gorithm is used to obtain estimates for the unstructured data
model. In the second step EXIP is applied in order to refine the
time-delay estimates for the unstructured data model as given
in (26) by introducing DOA estimates. The DOA estimates
are derived either directly applying EXIP with an IQML algo-
rithm as given in (39) or with decoupled estimators for tem-
poral and spatial parameters applying Unitary ESPRIT as dis-
cussed in [6]. Exemplarily, simulation results for time-delay
estimation in GPS are shown which confirm that the proposed
two-step approach attains the CRLB of the structured model.
The developed low complexity IQML algorithm to solve the
DOA estimation problem resulting from EXIP shows better
estimation accuracy for the time-delay of the LOSS than the
approach using Unitary ESPRIT, however its probability of
miss-detection of the LOSS being slightly higher compared to
the other approach.
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Abstract — In this paper, we develop a novel tensor-based chan-
nel estimation algorithm for two-way relaying with amplify and
forward (AF) relays. In two-way relaying two terminals tran s-
mit simultaneously to one relay station which then amplifiesthe
received signal and transmits it back to the terminals. Withsuf-
ficient channel knowledge the terminals can subtract the inter-
ference their own transmissions have caused to their received
signal and subsequently decode the data from the other termi-
nal. While this relaying scheme uses the radio resources in a
particularly efficient way, reliable channel knowledge is crucial
to obtain an acceptable link quality.

It has been shown that we can estimate all relevant channel
parameters via the purely algebraic TENCE algorithm. In this
paper, we introduce a novel tensor-based approach to enhance
these estimates even further via an iterative procedure based on
Structured Least Squares (SLS).

The improvement in channel estimation accuracy is demon-
strated via computer simulations at the end of the paper. We also
show that the number of required iterations is only between one
and four, even in critical scenarios.

1. INTRODUCTION

A crucial aspect in designing future mobile communication systems
is to enhance transmission rates, reliability, and coverage of the mo-
bile radio access. A promising system concept to meet these de-
mands is the deployment of intermediate relay stations thatsupport
the transmissions between communication partners in the radio net-
work.

Relay stations can be divided into two categories: Regenerative
or decode-and-forward (DF) relays which decode the received trans-
missions and reencode them for the second hop and non-regenerative
or amplify-and-forward (AF) relays which retransmit an amplified
version of their received signal without decoding the individual
transmissions. We focus on AF relays since their hardware com-
plexity is significantly lower than for DF relays which facilitates the
mass deployment of simple and cheap devices.

A large variety of relaying schemes has been studied in the lit-
erature. Two-way relaying is one particular scheme that uses the
radio resources very efficiently [7]. The basic two-way relaying sce-
nario which we consider in this paper consists of two user terminals
equipped withM1 andM2 antennas that want to exchange data and
one AF relay equipped withMR antennas that assists this commu-
nication link as depicted in Figure 1. The transmission is performed
in two subsequent time slots in a TDD fashion: In the first timeslot

both terminals transmit their data to the relay which receives the su-
perimposed transmissions. In the second time slot, the relay sends
an amplified version of the received signal back to both terminals. If
the terminals possess channel knowledge, they can subtractthe in-
terference that their own transmission has caused from their received
signal and then decode the data from the other communicationpart-
ner.

Two-way relaying has been studied in many recent publications.
However, the channel estimation is often ignored by considering per-
fect channel state information (CSI) [5], [11]. Moreover, the authors
usually assume that the relay station actively suppresses interference.
This can be achieved by using decode and forward (DF) relays [6]
or by exploiting channel state information at the AF relays [10]. In
contrast to this we focus on a two-way relaying scenario where the
relay station does not need any channel state information.

In [9] we have introduced the TENCE algorithm which is a
tensor-based algebraic channel estimation technique thatprovides
both terminals with knowledge of all relevant channel parameters
and is applicable to arbitrary antenna configurations. In this contri-
bution we demonstrate that the initial estimate obtained byTENCE
in a closed-form can be further improved via a tensor-based iterative
algorithm.

The derivation of the algorithm is inspired by Structured Least
Squares (SLS) [3], which is an efficient technique to solve the
overdetermined shift invariance equations that appear in ESPRIT-
based high-resolution parameter estimation algorithms. Since SLS
exploits the structure inherent in the invariance equations, it outper-
forms alternative schemes such as Total Least Squares (TLS)[2, 12].
The SLS method has been extended for the solution of the tensor
shift invariance equations which appear in Tensor-ESPRIT type al-
gorithms [4]. This extended method is known as Tensor-Structure
SLS (TS-SLS) [8].

As we show in this paper, we can enhance TENCE by exploiting
an additional symmetry in the data model in an iterative fashion in-
spired by the ideas used in SLS and TS-SLS. Certainly, this iterative
procedure results in an increase in the computational complexity as
compared to the closed-form TENCE. However, we demonstrateby
simulations that between one and four iterations are sufficient since
no additional improvement is achieved for more iterations,even in
critical scenarios.

2. NOTATION

To facilitate the distinction between scalars, vectors, matrices, and
tensors, the following notation is used throughout the paper: Scalars
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are denoted as italic letters (a, b, . . . , A, B, . . .), vectors as lower-
case bold-faced letters (a, b, . . .), matrices are written as upper-case
bold-faced letters (A, B), and tensors as bold-faced calligraphic let-
ters (A, B).

The superscriptsT,H ,+ ,∗ represent matrix transposition, Her-
mitian transposition, the Moore-Penrose pseudo inverse, and com-
plex conjugation, respectively. The Kronecker product between two
matricesA andB is denoted byA ⊗ B. Likewise,A � B sym-
bolizes the Khatri-Rao (columnwise Kronecker) product andA�B
the Schur (elementwise) product.

A three-dimensional tensorA ∈ CM1×M2×M3 is a three-way
array with sizeMr along mode (or dimension)r for r = 1, 2, 3.
Then-mode vectors ofA are obtained by stacking the elements of
A into a vector where then-th index varies in its range and all the
other indices are kept fixed. Collecting all then-mode vectors into a
matrix we obtain then-mode unfolding ofA, which is represented
by [A](n) ∈ CMn×M1·M2·M3/Mn . The order of the columns in
[A](n) is chosen in accordance with [1].

Then-mode product between a tensorA ∈ CM1×M2×M3 and
a matrixU ∈ CPn×Mn is denoted asB = A×n Un and computed
by multiplying all n-mode vectors ofA from the left-hand side by
the matrixUn, i.e.,[B](n) = Un · [A](n).

To concatenate two tensors along then-th mode we use the sym-
bol [A nB].

The vectorization operatorsvec {.} aligns all the elements of a
matrix or a tensor into a vector, such that the row index is varied first,
then the column index, and then the third index. For arbitrary three-
dimensional tensorsX ∈ CI×J×K , permutation matricesP (n)

I,J,K

of sizeI · J ·K × I · J ·K are uniquely defined via the following
property [8]

P
(n)
I,J,K · vec

¦
[X ](n)

©
= vec {X } , n = 1, 2, 3, ∀ X . (1)

The higher-order norm of a tensorA is written as‖A‖H. It rep-
resents a generalization of the Frobenius norm of matrices expressed
as‖A‖F in the sense that both are computed via the square root of
the sum of the squared magnitudes of all elements. It is easy to see
that for a tensorA ∈ CI×J×K and for a matrixA ∈ CI×J , the
norms satisfy the following identities

‖A‖2H = ‖vec {A}‖22 =
[A](n)

2

F
, n = 1, 2, 3 (2)

‖A‖2
F = ‖vec {A}‖22 , (3)

where‖x‖2 is the Euclidean norm (2-norm) of the vectorx.
Finally, 0p×q indicates a zero matrix of sizep × q, Ip is the

identity matrix of sizep × p, andI3,r is the r × r × r identity
tensor, which is equal to one if all three indices are equal and zero
otherwise.

3. SYSTEM DESCRIPTION

The system under investigation is depicted in Figure 1. Two ter-
minals equipped withM1 andM2 antennas, respectively, exchange
data. This transmission is supported by an intermediate relay station
havingMR antennas. In the first transmission phase the terminals
transmit simultaneously to the relay. The relay receives the superim-
posed transmissions, amplifies the received signal vector by a com-
plex matrixG ∈ CMR×MR , and transmits the amplified signal back
to the terminals in the second time slot in a TDD fashion.

UT1

UT1

UT1

UT2

UT2

UT2

R

R

R
1

M1

1

M2

1 MR

Fig. 1. Two-way relaying system model.

Assuming frequency-flat fading, the signal received at the relay
can be expressed as

r = H1 · x1 + H2 · x2 + nR, (4)

wherex1 ∈ CM1 andx2 ∈ CM2 are the transmitted vectors from
terminal 1 and terminal 2, the matricesH1 ∈ CMR×M1 andH2 ∈
CMR×M2 represent the MIMO channels between the relay and the
two terminals, and the vectornR is the additive noise vector at the
relay station.

In the second time slot, the relay amplifies the vectorr by a
complex matrixG ∈ CMR×MR and transmits the amplified signal
back to the two terminals. The received signals therefore obey the
following model

y1 = HT
1 ·G · (H1 · x1 + H2 · x2 + nR) + n1 (5)

y2 = HT
2 ·G · (H1 · x1 + H2 · x2 + nR) + n2, (6)

where we have assumed that reciprocity holds and the channels have
not changed between the two transmission phases. The vectors n1

andn2 represent the additive noise at the first and second terminal,
respectively. Note that (5) and (6) can also be expressed in the fol-
lowing fashion

y1 = HT
1 ·G ·H1 · x1 + HT

1 ·G ·H2 · x2 + ñ1 (7)

y2 = HT
2 ·G ·H1 · x1 + HT

2 ·G ·H2 · x2 + ñ2. (8)

Hereñ1 andñ2 represent the effective noise terms which are given
by

ñ1 = HT
1 ·G · nR + n1 (9)

ñ2 = HT
2 ·G · nR + n2. (10)

We conclude from (7) and (8) that each terminal receives the data
from the other terminal via the effective channelsHT

1 ·G ·H2 and
HT

2 ·G ·H1, respectively. Moreover, these transmissions are super-
imposed by interference caused via the terminals’ own transmitted
data. However, since this data is known, the terminals can subtract
this self-interference term if they have knowledge of the channel ma-
tricesH1 andH2. Therefore we now focus on the acquisition of
reliable channel state information at both terminals.

In order to facilitate the channel estimation we require a train-
ing phase which consists ofMR frames. In each frame the terminals
transmit known pilot sequences of lengthNP described byX1 =
[x1,1, . . . , x1,NP ] ∈ CM1×NP andX2 = [x2,1, . . . , x2,NP ] ∈
CM2×NP . Moreover, for thei-th frame, the relay amplification ma-
trix G(i) ∈ CMR×MR is used. Since the relay is assumed to have no
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channel state information, all matricesG(i) can be designed before-
hand and are therefore known to both terminals.

Consequently, the signal received by the user terminals in the
i-th frame from the transmission of thej-th pilot can be expressed
as

y1,i,j = HT
1 ·G(i) ·H1 · x1,j + HT

1 ·G(i) · H2 · x2,j + ñ1,i,j

y2,i,j = HT
2 ·G(i) ·H1 · x1,j + HT

2 ·G(i) · H2 · x2,j + ñ2,i,j .
(11)

Let us introduce the following definitions

H = [H1, H2] ∈ CMR×(M1+M2) (12)

X =

�
X1

X2

�
∈ C(M1+M2)×NP (13)

G =
�
G(1)

3 . . . 3G
(MR)

�
∈ CMR×MR×MR , (14)

where n represents the concatenation operator along then-th di-
mension. Using these definitions we can express (11) in tensor form

Y1 = G ×1 HT
1 ×2 (H ·X)T + N 1 ∈ CM1×NP×MR (15)

Y2 = G ×1 HT
2 ×2 (H ·X)T + N 2 ∈ CM2×NP×MR , (16)

where×n represents then-mode product between a tensor and a
matrix [1].

4. SLS-BASED CHANNEL ESTIMATION

In [9] we have shown that each terminal can estimate both channel
matricesH1 andH2 in closed-form from its own received training
data with the help of the TENCE algorithm. Via TENCE we are able
to resolve all scaling ambiguities except for one sign ambiguity, i.e.,
instead ofH1 andH2 we might estimate−H1 and−H2. However,
since the transmissions take place via the effective channels HT

i ·G ·
Hj , i, j = 1, 2, this sign ambiguity is canceled and therefore does
not have any impact on the transmission.

In the presented SLS-based improvement of TENCE we can ad-
ditionally exploit the fact that in (15) and (16) the channelmatrix
that appears in the first factor is also present in the second factor and
therefore improve the TENCE solution. Here, we show the solu-
tion for terminal 1. Due to the symmetry of the data model in (15)
and (16) the solution for terminal 2 is similar.

Let Ĥ1 and Ĥ2 be the initial channel estimates forH1

and H2, respectively, andĤ = [Ĥ1, Ĥ2]. Moreover, de-

fine Ỹ1 = Y1 ×2

�
XT

�+
, where the superscript+ represents

the Moore-Penrose pseudo inverse. In the absence of noise,
Ỹ1 = G×1 ĤT

1 ×2 ĤT. Therefore, an indicator for the channel es-
timation accuracy is the norm of the tensorỸ1−(G×1ĤT

1 ×2ĤT).
Finding the channel matriceŝH1 and Ĥ2 that minimize this

norm requires solving a non-linear optimization problem which is
not guaranteed to have a unique solution. However, we can take
advantage of the fact that we already have an initial estimate for
the channel matrices which is obtained via TENCE. We therefore
introduce update terms∆H1 and∆H2 for the estimatesĤ1 and
Ĥ2, similarly to the SLS algorithm [3]. By including penalty terms
for the norm of the updates we confine the final solution to be close
to the original estimate obtained via TENCE. This can be seenas a
form of regularization which enhances the numerical stability.

The cost function that we minimize in an iterative fashion can
be expressed in the following way

J(∆Hk) =
Ỹ1 − G ×1

�
Ĥ1 + ∆H1,k

�T ×2

�
Ĥ + ∆Hk

�T
2

H

+ κ2
1 ‖∆H1,k‖2

F + κ2
2 ‖∆H2,k‖2F , (17)

where∆H1,k and∆H2,k represent the update terms for̂H1 and
Ĥ2 after thek-th iteration and∆Hk = [∆H1,k, ∆H2,k]. More-
over,κ2

1 = M1/α andκ2
2 = M2/α. Hereα ∈ R, α > 0 is a design

parameter that allows to controls the amount of regularization used:
The largerα is chosen, the less weight is given to the penalty terms
and therefore less regularization is included.

The solution of the non-linear least squares problem (17) ises-
tablished in an iterative fashion by local linearization inspired by the
derivations of SLS in [3] and TS-SLS in [8]. To this end, introduce
the residual tensorRk after thek-th iteration as

Rk =Ỹ1 − G ×1

�
Ĥ1 + ∆H1,k

�T ×2

�
Ĥ + ∆Hk

�T
. (18)

Using this definition and the identities (2) and (3), we can ex-
press (17) in the following form

J(∆Hk) =

" vec {Rk}
κ1 · vec {∆H1,k}
κ2 · vec {∆H2,k}

#2

2

. (19)

The matrices∆H1,k and∆H2,k are updated in each iteration ac-
cording to

∆H1,k+1 = ∆H1,k + ∆∆H1,k (20)

∆H2,k+1 = ∆H2,k + ∆∆H2,k, (21)

starting from the initial values

∆H1,k = 0MR×M1 (22)

∆H2,k = 0MR×M2 . (23)

Therefore, our goal is to find∆∆H1,k and∆∆H2,k that min-
imize (19) in thek-th iteration, which requires a series of algebraic
manipulations. As a first step, we use (20) and (21) in (18) in or-
der to express the residual tensor in the(k + 1)-th iteration in the
following form

Rk+1 = Rk − G ×1 ∆∆HT
1,k ×2

�
Ĥ + ∆Hk

�T

− G ×1

�
Ĥ1 + ∆H1,k

�T ×2 ∆∆HT
k

− G ×1 ∆∆HT
1,k ×2 ∆∆HT

k . (24)

In order to linearize (24), the last term is neglected since it contains
the product of two update terms which we assumed to have a small
Frobenius norm. The next step is to vectorize (24) and to rearrange
the terms applying the permutation matrices defined in (1). We ob-
tain

vec {Rk+1} ≈ vec {Rk}

− P
(3)
M1,M1+M2,MR

·
�

IM1 ⊗
h
G ×2

�
Ĥ + ∆Hk

�T
iT

(1)

�
· vec {∆∆H1,k}

− P
(1)
M1,M1+M2,MR

·
�

IM1+M2 ⊗
h
G ×1

�
Ĥ1 + ∆H1,k

�T
iT

(2)

�
· vec {∆∆Hk} . (25)

To separate the terms depending on∆∆H1,k and∆∆H2,k we ob-
serve that

vec {∆∆Hk} =vec
¦�

∆∆H1,k, ∆∆H2,k

�©
(26)

=

�
vec {∆∆H1,k}
vec {∆∆H2,k}

�
, (27)
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which follows from the definition of the vec-operator. Inserting (27)
into (25) we get

vec {Rk+1} ≈ vec {Rk} − F̃
(1)
k · vec {∆∆H1,k}

− F̃
(2)
k · vec {∆∆H2,k} , (28)

where the matrices̃F (1)
k andF̃

(2)
k are given by

F̃
(1)
k

=P
(3)
M1,M1+M2,MR

·
�

IM1 ⊗
�
G ×2

�
Ĥ + ∆Hk

�T
�T

(1)

�
+P

(1)
M1,M1+M2,MR

·
�

IM1+M2 ⊗
�
G ×1

�
Ĥ1 + ∆H1,k

�T
�T

(2)

�
· J1

F̃
(2)
k

=P
(1)
M1,M1+M2,MR

·
�

IM1+M2 ⊗
�
G ×1

�
Ĥ1 + ∆H1,k

�T
�T

(2)

�
· J2

J1 =

�
IM1·MR

0M2·MR×M1·MR

�
J2 =

�
0M1·MR×M2·MR

IM2·MR

�
.

We can rewrite the cost function in (19) by inserting (20), (21),
and (28). As a result we have

J(∆Hk+1) =

� vec {Rk}
κ1 · vec {∆H1,k}
κ2 · vec {∆H2,k}

�
+ Fk ·

�
vec {∆∆H1,k}
vec {∆∆H2,k}

�2

2

,

where the matrixFk is given by

Fk =

" −F̃
(1)
k −F̃

(2)
k

κ1 · IM1·MR 0M1·MR×M2·MR

0M2·MR×M1·MR κ2 · IM2·MR

#
. (29)

Note that our goal is to find the update terms∆∆H1,k and∆∆H2,k

that minimize the cost function in thek-th iteration. We have re-
duced this task to a linear least squares problem, for which the solu-
tion is well-known and given by�

vec {∆∆H1,k}
vec {∆∆H2,k}

�
= −F +

k ·
"

vec {Rk}
κ1 · vec {∆H1,k}
κ2 · vec {∆H2,k}

#
. (30)

The iteration (30) is repeated until convergence is achieved. We pro-
pose the following method to detect convergence: After thek-th it-
eration is complete, let us defineρk = ‖Rk−1‖H − ‖Rk‖H as a
measure for how much the fit of the estimates has improved. Then
we terminate the iteration ifρk < δ for a predefined thresholdδ.
Moreover, ifρk should become negative, the last iteration is ignored
and the estimates from the(k − 1)-th iteration are used as final so-
lutions instead.

Our simulations have shown that the algorithm is not very sen-
sitive to the choice of the regularization parameterα as long as it is
not chosen too small. Forα < 1 the amount of regularization is too
large and the algorithm fails to converge to the desired minimum.
Instead, the algorithm is terminated too early very close tothe initial
solution. For larger values ofα the impact ofα on the performance
is negligible.

In critical scenarios, we found that a value ofα in the range of
100 is beneficial to enhance the numerical stability. On the other
hand, for less critical scenarios, regularization is not needed andα
can be chosen bigger to reduce the number of required iterations. If
the SNR is very high we can even setα = ∞, i.e., skip the regular-
ization completely. In this case, (30) is replaced by�

vec {∆∆H1,k}
vec {∆∆H2,k}

�
=
�
F̃

(1)
k , F̃

(2)
k

�+ · vec {Rk} . (31)

The threshold parameterδ represents a trade off between compu-
tational complexity and estimation accuracy. For very small values
of δ, the number of iterations is increased. The experience fromour
simulations has shown thatδ = 10−3 is a reasonable value. Smaller
values lead to more iterations, however these do not result in a sig-
nificant improvement in accuracy. Larger values ofδ terminate the
algorithm too early.

5. SIMULATION RESULTS

In this section we evaluate the achievable channel estimation accu-
racy of the proposed algorithm. The channel matrices are generated
according to the following model

Hi =

É
Ki

Ki + 1
·HLOS,i +

É
1

Ki + 1
·HNLOS,i, i = 1, 2,

(32)

whereHLOS,i ∈ CMR×Mi is a rank-1 matrix capturing the line of
sight (LOS) component,HNLOS,i ∈ CMR×Mi contains the non line
of sight (NLOS) component, andKi is the RicianK-factor. The ma-
trix HNLOS,i consists of zero mean circularly symmetric complex
Gaussian random variables. Moreover, a Kronecker spatial correla-
tion model is assumed with factors given by

E{HNLOS,i ·HH
NLOS,i} = RR ∈ CMR×MR , i = 1, 2 (33)

E{HH
NLOS,i ·HNLOS,i} = Ri ∈ CMi×Mi , i = 1, 2, (34)

whereRi is the spatial correlation matrix at the user terminali and
RR represents the spatial correlation matrix at the relay. To model
correlated channels we constructRi andRR such that their main di-
agonal elements are equal to one and all off-diagonal elements have
magnitudeρi andρR, respectively. Consequently,K1 = K2 = 0
andρ1 = ρ2 = ρR = 0 corresponds to uncorrelated Rayleigh fad-
ing.

To estimate the channel we use training data which is con-
structed following the rules derived in [9]: The pilot matrix X ∈
C(M1+M2)×NP in (13) is obtained from the firstM1 + M2 rows
of a DFT matrix of sizeNP × NP, scaled in such a way that the
transmit power constraint is satisfied. If not stated otherwise, we
use the smallest possible value forNP which isNP = M1 + M2.
Moreover, the tensorG in (14) is constructed via

G = γ · I3,MR ×2 DMR ×3

�
DMR � SMR,min{M1,M2}

�
, (35)

whereγ ∈ R ensures the relay transmit power constraint andDMR

is a DFT matrix of sizeMR ×MR. The(i, j) element of the matrix
Sp,q is equal to one if mod (p− i + j, p) < q and zero otherwise
for i, j = 1, 2, . . . , p. Consequently, formin {M1, M2} ≥ MR the
matrix S is equal a matrix of ones and the Schur product� in (35)
vanishes.

To evaluate the channel estimation accuracy we compute the rel-
ative mean square error, which is defined as

rMSE = E

(
min

s=1,−1

Ĥ + s ·H
2

F

‖H‖2F

)
, (36)

whereĤ is an estimate ofH ands accounts for the sign ambiguity
in the estimation. The estimation error curves are labeled asHe11,
He12, He21, He22, where the first number indicates the termi-
nal which estimates the channel referenced by the second number.
For example,He12 represents the estimate ofH2 at user terminal 1.
If not stated otherwise, we setα = 100 andδ = 10−3.
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Fig. 2. Median of the channel estimation error vs. SNR in a mixed
LOS/NLOS scenario whereM1 = M2 = MR = 2, ρ1 = ρ2 = ρR = 0,
K1 = 20, andK2 = 0.
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Fig. 3. Median of the channel estimation error vs. SNR in a pure NLOS
scenario whereM1 = M2 = MR = 4, ρ1 = ρ2 = ρR = 0, K1 = 0, and
K2 = 0.

The first simulation result in Figure 2 shows a scenario where
M1 = M2 = MR = 2, ρ1 = ρ2 = ρR = 0, K1 = 20, and
K2 = 0. Consequently, the link from terminal one to the relay is
a line of sight connection, whereas the link between terminal two
and the relay is non line of sight. We observe that the improvements
from our SLS-based technique are very large for the estimateof H1

at terminal 1. This is due to the fact that the highK-factor leads to
a strong correlation which deteriorates the performance ofTENCE.
Via the iterative algorithm we can significantly improve this initial
estimate by exploiting the structure of the training tensor.

In the second simulation shown in Figure 3 we study a pure
NLOS scenario, i.e.,K1 = K2 = 0. We considerM1 = M2 =
MR = 4 antennas at the terminals and the relay and no spatial cor-
relation, i.e.,ρ1 = ρ2 = ρR = 0. We observe that even in low SNR
regimes, which are typical for mobile communication systems, the
improvements from the SLS-based algorithm are significant.
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Fig. 4. Median of the channel estimation error vs. SNR in a pure NLOS
scenario with spatial correlation whereM1 = 4, M2 = 5, MR = 3, ρ1 =

ρ2 = 0, ρR = 0.9, K1 = 0, andK2 = 0.
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Fig. 5. Mean channel estimation error of the SLS-based channel estima-
tion algorithm forH1 at terminal 1 vs. the regularization parameterα for
different values of the SNR and two choices for the thresholdparameterδ.
Again, an NLOS scenario withK1 = K2 = 0 and with no spatial correla-
tion (ρ1 = ρ2 = ρR = 0) was considered. The number of antennas was
chosen according toM1 = M2 = 2 andMR = 4.

Figure 4 depicts a scenario whereM1 = 4, M2 = 5, MR = 3
and spatial correlation is introduced by settingρ1 = ρ2 = 0, ρR =
0.9. As before we consider the NLOS case by choosingK1 = K2 =
0. The strong correlation in both channel matrices deteriorate the
performance of the TENCE algorithm. Therefore there is a lotof
room for improvement via the SLS-based technique which leads to
a significant gain especially in the estimation ofH1 at terminal 1
andH2 at terminal 2. This is a reasonable observation that confirms
the original goal to exploit the fact that the “own” channel matrix is
present in the training tensor in the first as well as the second mode.

To show the effect of the regularization parameterα and the
threshold parameterδ we study a scenario where each terminal is
equipped with 4 antennas, there is no line of sight and also nospatial
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Fig. 6. Average number of iterations for the SLS-based channel estimation
algorithm vs. the SNR for the same scenario as in Fig. 5.
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Fig. 7. Median of the channel estimation error vs. SNR for the same sce-
nario as in Fig. 5. Hereα was chosen to 100 andδ to 10−3 . The curves
for δ = 10−6 are indistinguishable from these results (no improvement in
accuracy). Also the curves for different values ofα are exactly on the ones
displayed here (except forα = 1 which would be slightly worse).
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Fig. 8. CCDF of the improvement through the SLS-based refinement in a
scenario whereM1 = M2 = 6, MR = 3, SNR = 30 dB,ρ1 = ρ2 = ρR =

0.9, andK1 = K2 = 0. The top graph showsH1, the bottom graphH2,
both estimated at terminal 1.
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Fig. 9. CCDF of the estimation error for TENCE and the SLS-based tech-
nique in a scenario whereM1 = M2 = MR = 5, SNR = 20 dB,
ρ1 = ρ2 = ρR = 0.0, andK1 = K2 = 0.
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correlation. In Figure 5 we display the channel estimation error for
H1 vs. the regularization parameterα. The last value forα corre-
sponds to the case where no regularization is used. We observe that
for a low SNR,α has an impact on the performance. Ifα is chosen
too small, the correct minimum in the cost function is not achieved
and ifα is chosen too large the missing regularization has a negative
effect on the performance. For an increasing SNR the impact of α
diminishes. Consequently, for a very high SNR, no regularization
is needed. We also display two values of the threshold parameter δ.
As the difference betweenδ = 10−3 andδ = 10−6 is negligible
we can conclude thatδ = 10−3 is sufficient, since it requires less
iterations. To confirm this in Figure 6 we demonstrate the average
number of iterations for the same scenario versus the SNR. Weob-
serve that forδ = 10−3, two iterations are sufficient for high SNRs1.
For low SNRs the number of iteration increases up to four. Ifδ is
set to10−6 the number of iterations increases significantly, however,
as confirmed in Figure 5 this does not lead to a visible improvement
in channel estimation accuracy. For comparison to the previous re-
sults, in Figure 7 we depict the estimation error vs. the SNR for the
same scenario as in Figure 5 and Figure 6. Again, the accuracyof all
channel estimates is enhanced and the improvement for the “own”
channels is more pronounced.

In Figure 8 we show a simulation result in a scenario where both
terminals are equipped with six antennas and the relay station with
three antennas. We consider a spatial correlation ofρ1 = ρ2 =
ρR = 0.9 and no line of sight. Moreover, we set the SNR to 30 dB.
In the previous figures we have only seen statistical momentsof the
estimation error but not its distribution. Therefore, in this simu-
lation we estimate the complementary cumulative density function
(CCDF) of the ratio of the channel estimation error before and after
the SLS-based refinement, i.e., the probability that this ratio exceeds
the abscissa. The top graph shows the estimation of the channel H1

and the bottom graph displaysH2, both estimated at terminal 1. We
observe that already after a single iteration (depicted in red), signif-
icant gains are achievable. The second iteration (green) isalready
almost indistinguishable from the blue line where up to 10 iterations
are allowed and the SLS algorithm is terminated after convergence
is detected. Consequently, two iterations are sufficient and the im-
provement ranges up to 14 dB.

Finally, Figure 9 displays the CCDF of the relative mean square
estimation error for TENCE and for the SLS-based technique.The
SNR is fixed to 20 dB, the number of antennas is set to 5 for both
terminals and the relay. Also, NLOS with no spatial correlation
(ρ1 = ρ2 = ρR = 0.0) is considered. We observe that the improve-
ment through the SLS-based refinement is particularly pronounced
for the points where the estimation error obtained via TENCEis
large. Moreover, the slope of the CCDF for the SLS-based tech-
niques is significantly larger, which demonstrates that theestimates
are more robust.

6. CONCLUSIONS

In this contribution an iterative channel estimation algorithm for
two-way relaying based on Structured Least Squares is developed.
We demonstrate that based on an initial channel estimate that can
be obtained by the closed-form TENCE algorithm, the accuracy is
improved further by exploiting the structure inherent in the received

1Note that the algorithm is terminated if the change from thek-th to the
previous iteration drops below the threshold. Consequently, in the case where
two iterations are needed, only one iteration changed the result significantly
and therefore one could limit the number of iterations to onewithout losing
any performance in the high SNR regime.

tensor during the training phase. Furthermore we show that only
between one and four iterations are required, even for critical sce-
narios. Numerical computer simulations depict the achievable gain
in terms of the channel estimation accuracy.
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Abstract — Recently, R-dimensional subspace-based param-
eter estimation techniques have been improved by exploiting
the tensor structure already in the subspace estimation step
via a Higher Order Singular Value Decompostion (HOSVD)
based low-rank approximation. Often this parameter es-
timation is performed in the presence of colored noise
or interference, which can severely degrade the estimation
accuracy. To avoid this degradation, prewhitening techniques
are applied.

In this contribution, we propose a Sequential Generalized
Singular Value Decomposition (S-GSVD) based prewhiten-
ing scheme for multidimensional HOSVD based subspace
estimation. By exploiting the Kronecker structure of the
noise correlation matrix for the estimation of the correlation
factors, we achieve an improved accuracy compared to
matrix based prewhitening schemes. In addition, our S-GSVD
approach is computationally more efficient than the classical
matrix approach, since it has a lower complexity due to the
n-mode GSVD operations.

I. INTRODUCTION

High-resolution parameter estimation fromR-dimensional signals
is a task required for a variety of applications, such as estimat-
ing the multidimensional parameters of the dominant multipath
components from MIMO channel measurements, radar, sonar,
seismology, and medical imaging.

One important application of the S-GSVD (Sequential Gen-
eralized Singular Value Decomposition) based prewhitening
scheme is the parameter estimation in environments with mul-
tidimensional colored noise or interference with Kronecker cor-
relation structure, i.e., the overall noise covariance matrix can
be expressed as a Kronecker product of the noise covariance
matrices in the separate dimensions. Since the S-GSVD based
prewhitening approach requires knowledge of the noise correla-
tion, we propose an efficient scheme to estimate the correlation
factors which exploits this Kronecker structure.

The Kronecker noise or interference structure is present in
many different applications. For example, in EEG/MEG ap-
plications [6], the noise is correlated in both space and time
dimensions, and it has been shown that by combining these two
correlations matrices using the Kronecker product a bettermodel
for the noise is obtained. Moreover, for MIMO systems the noise
covariance matrix is often assumed to be the Kronecker product
of the temporal and spatial correlation matrices [7].

Comparing the generalized HOSVD presented in [9] to our
proposed S-GSVD based prewhitening approach, we observe that

João Paulo C. L. da Costa is a scholarship holder of the National
Counsel of Technological and Scientific Development (Conselho Nacional
de Desenvolvimento Cientı́fico e Tecnológico, CNPq) of theBrazilian
Government and also a First Lieutenant of the Brazilian Army(Exército
Brasileiro).

in the former the GSVD was only applied to one unfolding, while
in our approach sequential GSVDs are applied to all unfoldings.

The remainder of this paper is organized as follows. In
Section II, we describe the used notation. In Section III thedata
model and the colored noise structure are presented. A short
description of the matrix based approach is shown in SectionIV.
In Section V, it is shown how the generalized HOSVD could
be applied to the prewhitening step. The proposed S-GSVD is
presented in Section VI. Simulations are shown in Section VII
and conclusions are drawn in Section VIII.

II. TENSOR AND MATRIX NOTATION
In order to facilitate the distinction between scalars, matrices,
and tensors, the following notation is used: Scalars are denoted
as italic letters (a, b, . . . ,A,B, . . . ,α,β, . . .), column vectors as
lower-case bold-face letters (a,b, . . .), matrices as bold-face cap-
itals (A,B, . . .), and tensors are written as bold-face calligraphic
letters (A,B, . . .). Lower-order parts are consistently named:
the (i, j)-element of the matrixA, is denoted asai,j and the(i, j, k)-element of a third order tensorX asxi,j,k. Then-mode
vectors of a tensor are obtained by varying then-th index within
its range (1,2, . . . , In) and keeping all the other indices fixed.
The n-mode unfolding ofA ∈ CI1×I2×...×IN is represented by[A](n) ∈ CIn×I1 ⋅I2...⋅IN /In .

We use the superscriptsT,H ,−1 ,+, and ∗ for transposition,
Hermitian transposition, matrix inversion, the Moore-Penrose
pseudo inverse of matrices, and complex conjugation, respec-
tively. Moreover, the Khatri-Rao product (columnwise Kronecker
product) and the trace operator are denoted byA ◇B andtr(⋅),
respectively.

Here we use then-mode product consistent with [1], i.e.,
the n-mode product between a tensorA ∈ CI1×I2×...×IN and
a matrix U ∈ CJn×In along the n-th mode is denoted as
A ×n U ∈ CI1×I2...×Jn...×IN . It is obtained by multiplying all
n-mode vectors ofA from the left-hand side by the matrixU ,
i.e., U ⋅ [A](n).

III. DATA MODEL
To demonstrate the effect of the enhanced multidimensional
prewhitening schemes discussed in this paper, we consider its
application to multidimensional harmonic retrieval basedon
ESPRIT [2], [3]. Therefore, we model our observations as a
superposition ofd undamped exponentials sampled on anR-
dimensional grid of sizeM1 ×M2 × . . . ×MR at N subsequent
time instants. The measurement samples are given by

xm1,m2,...,mR(n) =

d∑
i=1

si(n) ⋅ R∏
r=1

ej⋅(mr−1)⋅µ
(r)
i

+nc
m1 ,m2,...,mR

(n), (1)

where mr = 1,2, . . . ,Mr for r = 1,2, . . . ,R, n = 1,2, . . . ,N ,
si(n) denotes the complex amplitude of thei-th exponential at
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time instantn, µ
(r)
i symbolizes the spatial frequency of thei-th

exponential in ther-th mode, andnc
m1,m2,...,mR

(n) models the
additive colored noise (and interference) component inherent in
the measurement process.

In the context of array signal processing, each of the exponen-
tials represents one planar wavefront and the complex amplitudes
si(n) are the symbols.

In the classical matrix approach, (1) is transformed into a
matrix-vector equation by defining an array steering matrix[2]

A = A(1) ◇ A(2) . . . ◇ A(R) ∈ CM×d (2)

A
(r)

= [a(r)(µ(r)1 ) , a
(r)(µ(r)2 ) , . . . , a

(r)(µ(r)d )] ,
whereM =∏R

r=1 Mr and the vectora(r)(µ(r)i ) ∈ CMr×1 denotes
the array response in ther-th dimension for thei-th source. Here,
all the spatial dimensions are stacked into column vectors.This
stacking operation allows us to write the measurement equation
in matrix form

X = A ⋅S +N
c
, (3)

where X ∈ CM×N now contains the measurements stacked in
a similar fashion as inA, the matrixS ∈ Cd×N contains the
symbolssi(n), and the colored noise samples are collected in the
matrix N c

∈ CM×N . It is obvious that the measurement matrix
X does not capture the structure inherent in theR-D array that
is used to sample the data.

We therefore replace the measurement matrixX by a measure-
ment tensorX ∈ CM1×M2×...×MR×N according to [3]. Similarly
to (3),X can be modeled as

X =A ×R+1 S
T
+N

c
. (4)

Here the matrixS is the same as in (3), the tensorN c contains
the colored noise samples, and the tensorA ∈ CM1×M2×...×MR×d

is termed the array steering tensor.
The multidimensional colored noise is assumed to have a

Kronecker correlation structure, which can be written as

[N c](R+1) = [N ](R+1) ⋅ (L1 ⊗L2 ⊗ . . . ⊗LR)T , (5)

where ⊗ represents the Kronecker product. We can also
rewrite (5) by using then-mode products in the following fashion

N
c
=N ×1 L1 ×2 L2 . . . ×R LR, (6)

whereN ∈ CM1×M2...×N is a tensor with uncorrelated ZMCSCG
(zero-mean circularly symmetric complex Gaussian) elements
with varianceσ2

n, and Li ∈ CMi×Mi is the correlation factor
of the i-th dimension of the colored noise tensor. The noise
covariance matrix in thei-th mode is defined as

E{[N c](i) ⋅ [N c]H(i)} = α ⋅W i = α ⋅Li ⋅L
H
i , (7)

whereα is a normalization constant, such thattr(Li ⋅L
H
i ) =Mi.

This equivalence between (5), (6), and (7) is shown in the Ap-
pendix, and it is the basis for our multidimensional approach. For
notational convenience, we assume that the noise is uncorrelated
in the time dimension, i.e.,LR+1 = IN .

IV. MATRIX BASED PREWHITENING SCHEME

In this section, we show briefly how the matrix based prewhiten-
ing approach can be used to prewhiten multidimensional datafor
the tensor-based signal subspace estimation schemes developed
in [3].

IV-A. Prewhitening matrix estimation
In this subsection, we consider the case that no signal components
are present in the data. Therefore, we can estimate the prewhiten-
ing matrix according to [4], [5], [8] from the noise covariance
matrix in the following way

Ŵ mtx = L̂mtx ⋅ L̂
H

mtx =

1

α ⋅Nl
⋅ [N c]T(R+1) ⋅ [N c]∗(R+1) ∈ CM×M

, (8)

where α is chosen such thattr(Ŵ mtx) = M and Nl is the
number of snapshots without signal components. Note thatL̂mtx

can, for example, be obtained by a Cholesky decomposition of
Ŵ mtx or by an eigenvalue decomposition. Since we assume an
ergodic Kronecker noise model, ifNl approaches infinity, then
L̂mtx satisfies the following expression

Lmtx = L1 ⊗L2 . . . ⊗LR. (9)

whereLi is defined in Section III. However, (8) is applicable to
an arbitrary noise correlation model.

IV-B. Matrix prewhitening
In the classical prewhitening approach to prewhiten the subspace
tensor defined in [3], the prewhitening matrix̂Lmtx from (8) is
applied and the prewhitening step is performed by

[X ′′]T
(R+1)

= L̂
−1

mtx ⋅ [X ]T(R+1) , (10)

where X ′′ represents the prewhitened data tensor using the
matrix based approach. Computing the HOSVD-based low-rank
approximation ofX ′′ according to [3], we obtain the prewhitened
subspace tensorU [s]. Finally, for the estimation of the spatial
frequencies, the noise correlation should be taken into account
(dewhitening), which is performed by

[U [s]′′]T
(R+1)

= L̂mtx ⋅ [U [s]]T
(R+1)

, (11)

whereU [s]
′′

can be used directly in theR-D Standard Tensor-
ESPRIT algorithm [3] to obtain the harmonic retrieval parame-
ters. Alternatively, a similar procedure can be used for theR-D
Unitary Tensor ESPRIT [3].

Note that instead of the matrix inversion in (10), the GSVD or
GEVD (Generalized Eigenvalue Decomposition) [4], [8] could
have been applied. Except for critical cases that are not in
the scope of this paper, the performance of using inversion,
the GSVD, and the GEVD are the same in terms of accuracy.
However, in terms of computational complexity the GSVD and
GEVD are always better than using the matrix inversion.

V. GENERALIZED HOSVD OF [9]
The generalized HOSVD proposed in [9] could also be applied
to the prewhitening task. The HOSVD is defined via the SVDs
of all unfoldings of a tensor, while in the generalized HOSVD
one of the SVDs is replaced by the GSVD of thet-th unfoldings
of two tensors. In our case, we consider the tensorsX andN c.

Since the generalized HOSVD considers only one dimension
for the GSVD [9], we can apply it only in the case that thet-
th dimension of the noise is correlated. Therefore, applying the
generalized HOSVD ofX andN c in the t-th dimension, we
obtain

X = S ×1 U 1 ×2 U 2 . . . ×t G . . . ×R UR ×R+1 UR+1 (12)

N
c
= T ×1 V 1 ×2 V 2 . . . ×t G . . . ×R V R ×R+1 V R+1, (13)

Note that sinceN c andX cannot be observed simultaneously,
they represent different realizations of the noise processand the
signal plus noise process, respectively.
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Similarly to the HOSVD-based low-rank approximation of
X [3], we might apply the generalized HOSVD-based low-rank
approximation to (12) in order to obtain

U
[s]
= S

[s] ×1 U [s]
1 ×2 U [s]

2 . . . ×t G[s] . . . ×R U [s]
R , (14)

whereU [s] ∈ CM1×M2×...×MR×d, S[s] ∈ Cp1×p2×...×pR×d, U [s]
i ∈

CMi×pi , and G[s] ∈ CMt×pt , such thatpi = min(Mi, d). The
subspace tensorU [s] can be used in theR-D Standard Tensor-
ESPRIT algorithm.

VI. MULTIDIMENSIONAL PREWHITENING SCHEMES
In this section, we present the proposed S-GSVD based
prewhitening scheme.

VI-A. Prewhitening correlation factors estimation
In this subsection, we consider the case that no signal components
are present in the data. Nevertheless, if the noise covariance has
a Kronecker structure, we can obtain a better estimate of the
noise model by considering each[N c](i) for i = 1,2, . . . ,R.
Based on (7) it is possible to estimate the correlation factor Li

by applying an eigenvalue decomposition (EVD) or a Cholesky
decomposition. For example, in case of using the EVD we can
estimate the factors by performing

Ŵ i =
Mi

α ⋅Nl ⋅M
⋅ [N c](i) ⋅ [N c]H(i) , (15)

whereα is chosen such thattr(Ŵ i) = Mi. Since the EVD of
Ŵ i is given by

Ŵ i =Qi ⋅Λ ⋅Q
H
i , (16)

we can choose
L̂i = Qi ⋅Λ

1
2 . (17)

VI-B. Tensor prewhitening scheme:n-mode products using
matrix inversions
In this subsection, we show briefly how to apply the prewhitening
using the correlation factors. In the simulations, the prewhitening
techniques shown here are used in conjunction withR-D Standard
Tensor-ESPRIT [3]. In the same way, it is also possible to use
the multidimensional prewhitening schemes in conjunctionwith
R-D Unitary Tensor-ESPRIT [3].

First let us propose the prewhitening scheme based onn-
mode products using matrix inversions with the correlationfactor
estimation proposed in (17). The expression below shows the
prewhitened tensor

X
′
=X ×1 L̂

−1

1 ×2 L̂
−1

2 . . . ×R L̂
−1

R . (18)

Replacing (4) in (18), we obtain that:

X
′
=A ×1 L̂

−1

1 ×2 L̂
−1

2 . . . ×R L̂
−1

R ×R+1 ST +N , (19)

where after prewhitening the multidimensional noise becomes
white. Moreover,X ′ can be represented by its HOSVD as follows

X
′
= S ×1 U 1 ×2 U 2 . . . ×R UR ×R+1 UR+1, (20)

whereS ∈ CM1×M2×MR×N and U i ∈ CMi×Mi , such thati =
1,2, . . . R. The HOSVD-based low-rank approximation can be
applied to (20). Therefore, the corresponding subspace tensor is
equal to

U
[s]′
= S

[s] ×1 U
[s]
1 ×2 U

[s]
2 . . . ×R U

[s]
R , (21)

where S[s] ∈ Cp1×p2...×pR×d, U [s]
i ∈ CMi×pi , and U [s]

′
∈

CM1×M2...×MR×d, such thatpi =min(Mi, d) for i = 1,2, . . . ,R.
We assume thatd ≤ N .

Similarly to the derivation of theR-D Standard Tensor-
ESPRIT in [3], there is an invertible matrixT , such that

U
[s]′
=A ×1 L̂

−1

1 ×2 L̂
−1

2 . . . ×R L̂
−1

R ×R+1 T . (22)

Therefore, to obtain the correct subspace is necessary to dewhiten
the estimated subspace by performing

U
[s]
= U

[s]′
×1 L̂1 ×2 L̂2 . . . ×R L̂R. (23)

VI-C. Tensor prewhitening scheme: S-GSVD
In the S-GSVD based prewhitening approach, the explicit
prewhitening by matrix inversion can be avoided, and additionally
the it allows the parallel implementation of (18). Let̃X

(i)
be

the tensor which has been prewhitened up to thei-th dimension,
wherei = 1,2, . . . ,R, andX̃

(0)
= X . To perform the prewhiten-

ing in thei-th dimension, we calculate the GSVD of[X̃ (i−1)]H
(i)

and L̂
H

i , which gives us
L̂i = V i ⋅Ξ

(L)
i

T
⋅U (L)

i

H
(24)

[X̃ (i−1)]
(i)

= V i ⋅Ξ
(X)
i

T
⋅U

(X)
i

H
,

whereU
(X)
i ∈ C

M ⋅N
Mi

×M ⋅N
Mi andU

(L)
i ∈ CMi×Mi are unitary ma-

trices, and the matricesΞ(X)i ∈ R
M ⋅N
Mi

×Mi and Ξ
(L)
i ∈ RMi×Mi

have all elements equal to zero, except for the main diagonals.
Note that the S-GSVD is related to the technique of Subsec-
tion VI-B, since eachn-mode GSVD would be equivalent to
one n-mode multiplication byL̂

−1

i of the technique of Subsec-
tion VI-B. Indeed, we have that

[X̃ (i)]
(i)

= L̂
−1

i ⋅ [X̃ (i−1)]
(i)

=

U (L)
i ⋅Ξ(L)i

−1
⋅Ξ(X)i

T
⋅U (X)

i

H
, (25)

which is equivalent to
X̃
(i)
= X̃

(i−1)
×i L̂

−1

i , (26)

After applyingR GSVDs in (24) and rebuilding the prewhitened
tensor using (25), we obtaiñX

(R)
which is equal toX ′ in (18).

Since X̃
(0)

is prewhitened sequentially in the S-GSVD ap-
proach,U (L)

i in (25) is an approximation ofU i in (20). With
every step in the sequential prewhitening, the approximation
becomes better, until that for the last GSVD, e.g., wheni = R,
U
(L)
R = UR. At the end of this section, it is explained how to

improve the accuracy of the S-GSVD in order to obtain the same
performance as in Subsection VI-B.

SinceU
(L)
i is an unitary matrix, we can rewritẽX

(R)
in the

following fashion

X̃
(R)
= S

′ ×1 U
(L)
1 ×2 U

(L)
2 . . . ×R U

(L)
R ×R+1 UR+1. (27)

whereS ′ ∈ CM1×M2...×MR×N . UR+1 is calculated by applying
the SVD in theR + 1-mode unfolding.

If we multiply (24) by U (L)
i from the right side, we can

conclude that

L̂i ⋅U
(L)
i = V i ⋅Ξ

(L)
i

T
= V i ⋅Ξ

(L)
i . (28)

In a similar fashion, the low-rank approximation can be applied
to (27) and using (30) an approximated dewhitened subspace
tensor can be directly obtained

Ũ
[s]
= S

[s]′
×1 (V [s]

1 ⋅Ξ
(L)[s]
1 ) ×2 (V [s]

2 ⋅Ξ
(L)[s]
2 ) . . .

×R (V [s]
R ⋅Ξ

(L)[s]
R ) , (29)
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whereS[s]
′
∈ Cp1×p2...×pR×d, V

[s]
i ∈ CMi×pi , and Ξ

(L)[s]
i ∈

Cpi×pi . This Ũ
[s]

is the subspace tensor which can be used in
theR-D Standard Tensor-ESPRIT algorithm. Note that the order
of the dimensions in the sequential prewhitening scheme canbe
chosen arbitrarily. The best accuracy is achieved if we begin in
the dimension with the highest noise correlation and proceed to
the less correlated dimensions sequentially.

As mentioned previously, since the S-GSVD is applied sequen-
tially, the termsU (L)

i are an approximation ofU i. To obtain an
equality, U i can be obtained via an SVD as the left singular

vectors of[X̃ (R)]
(i)

. Therefore, (29) has to be modified by

U
[s]
= S

[s] ×1 (L̂1 ⋅U
[s]
1 ) ×2 (L̂2 ⋅U

[s]
2 ) . . .

×R−1 (L̂R−1 ⋅U
[s]
R−1) ×R (V [s]

R ⋅Ξ
(L)[s]
R ) , (30)

whereS[s] ∈ Cp1×p2...×pR×d andU [s]
i ∈ CMi×pi . By performing

the modification, the accuracy is exactly the same as in Subsec-
tion VI-B, although additionallyR−1 SVDs are computed, which
leads to a mild increase in complexity as compared to the low
complexity version of the S-GSVD.

VI-D. Comparing the computational complexity
In the proposed multidimensional approach in (18), we need to
invertR matrices of a much smaller size than in (10) to prewhiten
the data. Consequently, (18) is also computationally much more
efficient than (10), since the complexity of an inversion of an
M ×M matrix is approximatelyO(M3). Moreover, in the S-
GSVD based prewhitening approach in (24) no explicit matrix
inversion is required.

Note that the S-GSVD in its low complexity form in (29)
only requires the computation of GSVDs for the unfoldings with
noise correlation and SVDs for the unfoldings without noise
correlation. However, in its high accuracy form in (30) additional
SVDs should be computed.

VII. SIMULATION RESULTS
In this section we present simulation results demonstrating the
performance of the proposed methods. The spatial frequencies
µ
(r)
i are drawn from a uniform distribution in[−π,π]. The

source symbols are zero mean i.i.d. circularly symmetric complex
Gaussian distributed with power equal toσ2

s for all the sources.
We define at the receiver

SNR = 10 ⋅ log10 (σ2
s

σ2
n
) , (31)

whereσ2
n is the variance of the elements of the white noise tensor

N . Sincetr(W i) = Mi for the case that the correlation levels
are not zero, this definition is still valid. In addition,W i varies
as a function of the correlation coefficientρi.

In the simulations, we assume the noise correlation structure
of equation (7), whereW i of the i-th factor forMi = 3 is given
by

W i =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 ρ∗i (ρ∗i )
2

ρi 1 ρ∗i
ρ2

i ρi 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (32)

whereρi is the correlation coefficient. Note that also other types
of correlation models different from (32) can be used.

In order to evaluate the prewhitening schemes integrated into
the R-D Standard Tensor-ESPRIT [3], we compute the total
RMSE of the estimated spatial frequenciesµ̂i as follows

RMSE =

¿ÁÁÀE{ R∑
r=1

d∑
i=1

(µ̂(r)i − µ(r)i )2}. (33)

Abbreviation Algorithm
R-D SE Color The Standard ESPRIT algorithm is applied

without prewhitening.
R-D SE MP E The Standard ESPRIT algorithm is applied

together with the matrix based prewhitening
scheme based on (10) and (11) with the
matrix-based estimate of the correlation ma-
trix from (8).

R-D SE TP E The Standard ESPRIT algorithm is applied
together with the matrix based prewhitening
scheme based on (10) and (11), where the
correlation factors matrix is computed via (9)
based on the factor estimation from (17).

R-D STE Color The R-D Standard Tensor-ESPRIT algorithm
is applied without prewhitening.

R-D STE MP E The matrix prewhitening is calculated accord-
ing to (10) and (11) with the matrix-based
estimate of the correlation matrix from (8).

R-D STE S-GSVD I The proposed multidimensional schemes with
correlation factors estimation (17), and we use
the S-GSVD prewhitening based on (24), (25)
and (29).

R-D STE S-GSVD II The proposed multidimensional schemes with
correlation factors estimation (17), and we
use the S-GSVD prewhitening based on (24)
and (25). However, we includeR−1 SVDs at
the end of the S-GSVD in order to improve
the estimation, and (30) should be computed.

R-D STE TP CI The correlation factors are known, and we
apply (18) and (22) to perform the multidi-
mensional prewhitening.

G-HOSVD The generalized HOSVD-based low-rank ap-
proximation is applied in (14).

Table I. Notation of the legends used in all figures, whereR = 3
for Fig. 3 andR = 2 for the other figures.

Initially let us describe the notation of the legends used inall
figures. The prefixR-D STE stands forR-D Standard Tensor-
ESPRIT [3], and SE stands for Standard ESPRIT. In Table I,
the acronym of each applied technique is shown. Moreover, for
Nl ≥ 102, the correlation factors estimation based on (17) gives
an estimate, which is very close to the true correlation factors as
shown in all figures.

In Figure 1,2-D SE Color and2-D STE Color present almost
the same performance, since for the colored noise the major
part of the noise is concentrated in the signal eigenvectors, and
consequently the HOSVD-based low-rank approximation does
not lead to a significant denoising. For this reason, when a
prewhitening scheme is applied, it is expected that the noise gets
almost equally distributed over all eigenvectors. Therefore, since
the prewhitening takes the multidimensional structure into ac-
count, the estimation is improved much more. The2-D SE MP E
and 2-D SE TP E give a similar performance, since the2-
D SE does not take into account the multidimensional structure.
The 2-D STE MP E has a limited accuracy of approximately
10−2, which is caused by the estimation of the prewhitening
matrix which does not take into account the Kronecker structure.
2-D STE S-GSVD I has a performance close to the optimal,
however it is slightly worse, since the prewhitening is applied
sequentially.2-D STE S-GSVD II achieves the optimal perfor-
mance, since it is on top of2-D STE TP CI, which considers the
correlation factors as being known.

In Figure 2, the number of sources is increased fromd = 3 to
d = 4, and in general all the curves get closer to each other, which
means that the gain obtained by using the prewhitening is re-
duced. Moreover, for the matrix based approach2-D STE MP E,
the limited accuracy is increased to2 ⋅10−2. Therefore, increasing
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the number of sources, the performance of the matrix based
approach gets drastically worse.

In Figure 3, the number of dimensions has been increased,
and the array size is changed toM1 = 5, M2 = 5, andM3 = 5.
This requires an additional correlation factorρ3, which is set
to 0.95. In general, we can observe that the gain caused by
the multidimensional prewhitening is significantly increased, if
we compare it to Fig. 2, for example. In addition, the matrix
based approach3-D STE MP E has an even worse performance,
since its limited accuracy is approximately9 ⋅ 10−2. Moreover,
for such scenarios, the multidimensional prewhitening enhances
the accuracy significantly even for high SNR levels, while for
scenarios in Fig. 2 for high SNR levels the improvement caused
by the multidimensional prewhitening vs. no prewhitening is very
small.

In Figure 4, the SNR is fixed to30 dB. For the case that no
prewhitening is applied, i.e.,2-D STE Color, the RMSE should
be constant. Since we consider a high SNR regime, the matrix
based prewhitening2-D STE MP E has a limited accuracy for
eachNl. Moreover, even forNl very large, the accuracy is much
worse than applying no prewhitening. Note also that the matrix
based prewhitening forNl lower thanM1 ⋅M2 = 25 leads to a
rank-deficient estimate ofLmtx. Therefore, for the simulations
L−1mtx in (10) is replaced byL+mtx. On the other hand, since the
SNR is very high, the multidimensional prewhitening schemes
show no accuracy limitation even for a very smallNl, since they
remain almost constant forNl varying from102 to 2 ⋅ 104.

In Figure 5, the same scenario as in Fig. 4 is considered, but the
SNR is fixed to0 dB. Since we consider a low SNR regime, the
matrix based prewhitening2-D STE MP E has an improvement
in its estimate untilNl = 104, after this value no improvement is
observed. Similarly to Fig. 4, the multidimensional prewhitening
schemes show no accuracy limitation even for a very smallNl,
since they remain almost constant forNl varying from 102 to
2 ⋅ 104.

In Figure 6, a scenario with an intermediate SNR= 10 dB is
selected, and the correlation levelsρ1 andρ2 are equal toρ, which
varies from 0 to 0.999. Since the matrix based prewhitening
technique2-D STE MP E has an accuracy limitation, then for
high correlation levels, the performance is worse than the one
using no prewhitening. The approaches using the correlation
factors give a better estimate compared to the matrix based
prewhitening or no prewhitening cases, when the correlation
levels are higher. Therefore, for intermediate SNRs the gains are
substantial only for high correlation levels, i.e.,ρ > 0.6.

In Figure 7, we have the same scenario as in Fig. 6, except that
instead of an intermediate SNR level, we have a low SNR level
of −5 dB. For such scenarios, even for low correlations levels
ρ > 0.3, there is a significant improvement.

In Figure 8, the array size varies, and as expected the RMSE
becomes smaller. Note that there is always a significant improve-
ment of the techniques based on correlation factors compared to
the matrix based prewhitening and no prewhitening.

In Figure 9, the number of snapshotsN increases, and as
expected the RMSE becomes smaller for all approaches. Note
that increasing the samples the gain obtained by the proposed
multidimensional schemes is greater than the one obtained in 2-
D STE Color and2-D STE MP E.

In Figure 10, the G-HOSVD is included, and due to its defini-
tion we consider only one correlation factor in the first dimension.
The correlation level is0.9. The proposed multidimensional
techniques outperform the G-HOSVD as shown in Fig. 10.

In Figure 11, we increase the number of sources from2 to 4,
and the G-HOSVD becomes even closer to the2-D STE Color.

In Figure 12, the number of sources is increased from4 to 5
and the G-HOSVD superposes the2-D STE Color, as expected.
Note that ford ≥Mi, there is no accuracy limitation for the2-
D STE MP E. The performance of the techniques with factors
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2−D STE Color
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Fig. 1. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard ESPRIT and 2-D Standard Tensor-
ESPRIT for the estimation of the spatial frequencies. Here we
consider an array of sizeM1 = 5 and M2 = 5. The number of
snapshotsN is set to 20 and the number of sourcesd = 3. The
correlation levels areρ1 = 0.9 for L1 andρ2 = 0.95 for L2. The
number of snapshotsNl is set to104.

estimation, e.g.,2-D STE TP S-GSVD II, is the same as the one in
which the factors are assumed to be known, i.e.,2-D STE TP CI.
Note that the proposed multidimensional techniques outperforms
all the other techniques.

In Figures 10, 11, and 12,Nl for the generalized HOSVD is set
to 102, since for largerNl, the computational complexity of the
generalized HOSVD can be very high. Note that the generalized
HOSVD is not included in Figs. 1- 9, since it is not possible
to prewhiten more than one dimension using the generalized
HOSVD. Therefore, the inclusion of the generalized HOSVD for
such scenarios would not be a fair comparison.

VIII. CONCLUSIONS

In this paper, we propose the S-GSVD based prewhitening, where
we take into account the Kronecker tensor structure of the colored
noise. The first benefit of the S-GSVD is the superior estimation
accuracy, since the S-GSVD is based on the estimation of the
prewhitening correlation factors proposed in Subsection VI-A.
The proposed prewhitening correlation factors can be integrated
separately to other prewhitening approaches, e.g., in Subsec-
tion IV-B via (9), in Subsection VI-B, and in Subsection VI-C,
and for all of them the same accuracy on the estimation is
obtained. In addition, besides the improved estimation accuracy
of the S-GSVD based prewhitening approach, our proposed
scheme also has a lower computational complexity version, which
requires only the computation ofn-mode GSVDs.

APPENDIX

In this appendix, we show the derivation for the equivalence
between (5), (6), and (7), which is also the basis for (17). It
is possible to derive (7) by first calculating the covariancematrix
of each unfolding of the noise tensor as follows

E{[N c](i) ⋅ [N c]H(i)} = (34)

Li ⋅E{[N ](i) ⋅ (Li+1 ⊗ . . .⊗LR ⊗ IN ⊗L1 . . . ⊗Li−1) ⋅
(Li+1 ⊗ . . . ⊗LR ⊗ IN ⊗L1 . . .⊗Li−1)H ⋅ [N ]H(i)} ⋅LH

i .

Since the elements of[N ](i) are independent and identically
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2−D STE Color
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Fig. 2. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard ESPRIT and 2-D Standard Tensor-
ESPRIT for the estimation of the spatial frequencies. Here we
consider the same array sizeM1 and M2, number of snapshots
N , correlation levelsρ1 and ρ2, and snapshotsNl as in Fig. 1.
However, the number of sources is set tod = 4.
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Fig. 3. Comparing the different types of prewhitening schemes in
conjunction with 3-D Standard ESPRIT and 3-D Standard Tensor-
ESPRIT for the estimation of the spatial frequencies. Here we
consider the number of sourcesd, number of snapshotsN , and
snapshotsNl as in Fig. 2. However, the array size is setM1 = 5,
M2 = 5 and M3 = 5, and the correlation levels areρ1 = 0.9 for
L1, ρ2 = 0.95 for L2, andρ3 = 0.95 for L3.

distributed (i.i.d.), we can show that

E{[N ](i) ⋅ (Li+1 ⊗ . . . ⊗LR ⊗ IN ⊗L1 . . .⊗Li−1)⋅ (35)

(Li+1 ⊗ . . . ⊗LR ⊗ IN ⊗L1 . . .⊗Li−1)H ⋅ [N ]H(i)} = α ⋅ IMi ,

Therefore, replacing (35) in (34), we realize that
E{[N c](i) ⋅ [N c]H(i)} = α ⋅ Li ⋅ L

H
i . The proof for (35) is

given in Lemma 1.

Lemma 1. Let us consider a complex Gaussian random matrix
N ∈ CM×N and also a constant matrixF ∈ CN×T , whereni,j

indicates the element ofN in row i and columnj, and fi,j

indicates the element ofF in row i and columnj, respectively.
The following equality holds

E{N ⋅F ⋅F H
⋅N

H} = α ⋅ IM . (36)

whereα = tr(F ⋅F H) ⋅ σ2
n
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Fig. 4. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 andM2, number of snapshotsN , and number of sourcesd as
in Fig. 2. However, the SNR is fixed to30 dB, and the snapshots
Nl vary from 1 to 2 ⋅ 104 samples.
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Fig. 5. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 andM2, number of snapshotsN , and number of sourcesd as
in Fig. 2. However, the SNR is fixed to0 dB, and the snapshots
Nl vary from 1 to 2 ⋅ 104 samples.

Proof: First let us represent the product of two matrices as
a sum of rank-one matrices as follows:

N ⋅F =
N∑

k=1

⎡⎢⎢⎢⎢⎢⎢
⎣

n1,k

n2,k

⋮
nM,k

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅ [fk,1 fk,2 . . . fk,T ]. (37)

Also the term(N ⋅F )H can be written as

(N ⋅F )H = F H ⋅NH
= (38)

N∑
p=1

⎡⎢⎢⎢⎢⎢⎢
⎣

f∗p,1

f∗p,2

⋮
f∗p,T

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅ [n∗1,p n∗2,p . . . n∗M,p].

Therefore, the product of (37) and (38) can be represented asthe
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Fig. 6. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 andM2, number of snapshotsN , snapshotsNl, and number
of sources as in Fig. 2. However, the SNR is fixed to10 dB, and
the correlation levelsρ1 andρ2 are equal toρ, where0 ≤ ρ < 1.
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Fig. 7. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 andM2, number of snapshotsN , snapshotsNl, and number
of sourcesd as in Fig. 2. However, the SNR is fixed to−5 dB, and
the correlation levelsρ1 andρ2 are equal toρ, where0 ≤ ρ < 1.

product of two sums of matrices:

N ⋅F ⋅F H ⋅NH
=

N∑
k=1

⎡⎢⎢⎢⎢⎢⎢
⎣

n1,k

n2,k

⋮
nM,k

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

fk,1

fk,2

⋮
fk,T

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

⋅
N∑

p=1

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

f∗p,1

f∗p,2

⋮
f∗p,T

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

n∗1,p

n∗2,p

⋮
n∗M,p

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

.(39)

In order to facilitate the derivation, we separate (39) intotwo
terms. The first term is represented byB1 for the cases when
p = k, and the second term is represented byB2 for the cases
whenp ≠ k.

N ⋅F ⋅F H ⋅NH
=B1 +B2, (40)

where the first term is given by

B1 =

N∑
k=1

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

n1,k

n2,k

⋮
nM,k

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

fk,1

fk,2

⋮
fk,T

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

f∗k,1

f∗k,2

⋮
f∗k,T

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

n∗1,k

n∗2,k

⋮
n∗M,k

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

. (41)
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Fig. 8. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same correlation
levels ρ1 and ρ2, number of snapshotsN , snapshotsNl, and
number of sourcesd as in Fig. 2. However, the SNR is fixed to
10 dB, and the array sizeM1 andM2 equal toMi, which varies
from 5 to 15.
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Fig. 9. Comparing the different types of prewhitening schemes in
conjunction with 2-D Standard Tensor-ESPRIT for the estimation
of the spatial frequencies. Here we consider the same array size
M1 and M2, snapshotsNl, correlation levelsρ1 and ρ2, and
number of sourcesd as in Fig. 2. However, the SNR is fixed to
10 dB, and the number of snapshotsN varies from10 to 100.

Since the product between the two vectors in the middle givesa
scalar, we can rewrite (41) in the following way

B1 =

N∑
k=1

T∑
t=1

∣fk,t ∣
2 ⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

n1,k

n2,k

⋮
nM,k

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

n∗1,k

n∗2,k

⋮
n∗M,k

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

. (42)

Applying the expected value operator, we obtain

E{B1} =
N∑

k=1

T∑
t=1

∣fk,t∣
2
⋅ σ

2
n ⋅ IM . (43)

While applying the expected value operator toB2

E{B2} = 0M×M , (44)

since the noise samplesni,j are uncorrelated. In addition, the
expected value of the sum is equal to the sum of the expected
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Fig. 10. Comparing the different types of prewhitening schemes
in conjunction with 2-D Standard Tensor-ESPRIT for the estima-
tion of the spatial frequencies. Here we consider the same array
sizeM1 andM2, snapshotsNl, and number of snapshotsN as
in Fig. 2. However, the number of sourcesd is equal to 2, and
we setρ1 = 0.9 andρ2 = 0 .
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Fig. 11. Comparing the different types of prewhitening schemes
in conjunction with 2-D Standard Tensor-ESPRIT for the estima-
tion of the spatial frequencies. Here we consider the same array
size M1 and M2, snapshotsNl, number of snapshotsN , and
correlation levelsρ1 andρ2 as in Fig. 10. However, the number
of sourcesd is set to4.

values. Therefore, we can apply the expected value to each
matrix B1 and B2 in (40) separately. Moreover, using that
N∑

k=1

T∑
t=1

∣fk,t∣
2
= tr(F ⋅F H), we find that

E{N ⋅F ⋅F H ⋅NH} = tr(F ⋅F H) ⋅ σ2
n ⋅ IM . (45)

Sincetr(F ⋅F H) andσ2
n are constants, just one constantα can

represent them.
The expression in (35) is shown by insertingF = (Li+1⊗. . .⊗

LR⊗IN⊗L1 . . .⊗Li−1)⋅(Li+1⊗. . .⊗LR⊗IN⊗L1 . . .⊗Li−1)
H

andN = [N ](i) in Lemma 1.
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ABSTRACT

In this paper, we explore the performance of the Space Alter-
nating Generalized Expectation-Maximization (SAGE) algo-
rithm in estimating the parameters of multipath components
in wireless propagation channels. The main goal of this con-
tribution is to extend the theoretical framework of the algo-
rithm to account for the general case of an arbitrary unknown
noise field with non-uniform structure. This scenario is of
high practical importance since it encounters in several mod-
ern applications and, more importantly, inherently encom-
passes the common case of white uniform additive noise. In
the sequel, it is thoroughly demonstrated how the accuracy
and convergence rate of the estimators are affected by the
spatio-temporal parameters of the incoming wavefronts.

1. INTRODUCTION

It is an indisputable fact the construction of efficient physi-
cal channel models as well as the optimum design of multi-
antenna systems, requires a detailed knowledge of the statis-
tical distributions of the multipath parameters. Hence, it is
of vital importance to identify the dominant multipath com-
ponents (MPCs) impinging on the receive unit and thereafter
extract their spatio-temporal characteristics, such as Time of
Arrival (ToA), Angle of Arrival (AoA), Doppler frequency
and complex amplitude. At a next stage, we can obtain a geo-
metrical projection of the signal’s interactions with the sur-
rounding environment and thereafter work out the dominant
propagation mechanisms. Generally speaking, this demand-
ing task can normally be accomplished with the aid of high-
resolution multi-dimensional array processing algorithms that
are directly applied on the stochastic channel response.

Among the numerous parametric methods for signal para-
meter estimation, the Space Alternating Generalized Expec-
tation Maximization (SAGE) algorithm has been extensively
employed thanks to its accuracy and rapid convergence [1].
In contrast to the conventional estimation techniques such as

MUSIC (MUltiple Signal Classification) and ESPRIT (Esti-
mation of Signal Parameters via Rotational Invariance Tech-
nique) which perform badly in the presence of correlated sig-
nals, the SAGE algorithm is robust and yields precise esti-
mates even at low Signal-to-Noise ratio (SNR) [2]. What is
more, no spatial smoothing is required to mitigate the effects
of correlated signal sources. Equally importantly, the SAGE
algorithm is applicable to any arbitrary antenna geometry pro-
vided that the array manifold is fully available.

The SAGE algorithm is in principle a twofold extension
of the well-known Expectation Maximization (EM) algorithm
which computes the maximum-likelihood (ML) estimators of
the unknown parameters in a sequential way. In other words,
it replaces the computationally prohibitive high-dimensional
non-linear optimization process by several low-dimensional
maximization procedures. In each SAGE iteration, only a
subset of the parameters is updated, while keeping the esti-
mators of the remaining parameters fixed. The derivation of
the algorithm still relies on the key notions of complete (un-
observable) and incomplete (observable) data.

The scheme was initially applied to the problem of multi-
path parameter estimation in [3, 4] and since then has under-
gone a plethora of extensions (see for instance [5, 6, 7, 8, 9]
and references therein) to account for additional selectivity
domains (polarization and elevation). Most studies dealing
with the SAGE algorithm, consider the tractable case of uni-
formly distributed white noise which significantly simplifies
the derivations included throughout the execution of the al-
gorithm. In practical applications though (like passive sonar,
aeronautical and mobile communications), where no signal-
free samples can be used for estimating the noise-covariance,
this condition is quite often violated [10].

Under these circumstances, the additive noise term may
be not only spatially correlated (as for instance between ad-
jacent antenna elements or in the presence of wideband inter-
ference), but also correlated in the time domain. The latter
phenomenon may be caused by either weak residual compo-
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nents with similar temporal characteristics as the dominant
MPCs or by random perturbations of the propagated wave-
fronts as they travel through inhomogeneous media [11]. On
this basis, the main scope of this paper is to extend the mathe-
matical background of the SAGE algorithm to the generalized
case of unknown noise fields with arbitrary covariance matrix
and, further, assess its performance against various spatio-
temporal parameters of interest.

The rest of the paper is organized as follows: In Section 2,
the channel model used throughout the paper is introduced
with a view to the propagation characteristics. Section 3 dis-
cusses the novel mathematical background of the extended
SAGE algorithm. In Section 4, a set of numerical results is
presented in order to get a deeper insight into the algorithm’s
performance. Finally, Section 5 concludes the paper and pro-
poses some directions for additional research in the future.

A note on notation: We use upper and lower case bold-
faces to denote matrices and vectors, respectively while �{·}
will return the real part of a complex number. The symbol
∼ CN (A,B) stands for a complex normally distributed ma-
trix with mean A and covariance B. The symbols (·)T , (·)∗,
(·)H and (·)−1 correspond to transposition, complex conju-
gate, Hermitian transposition and matrix inversion, respec-
tively, whereas � is the Hadamard-Schur product and ⊗ the
Kronecker product. Finally, det(·) and tr(·) respectively ex-
press the determinant and trace of a matrix, whereas the vec(·)
operator stacks the columns of a matrix into a vector.

2. SYSTEM MODEL

Assuming that all signal sources and scatterers are located
in the corresponding far field regions, the radio channel be-
tween the transmitter (Tx) and receiver (Rx) can be effectively
modeled as the superposition of L propagation paths. For a
channel with M receive antennas, the received signal matrix
Y ∈ CM×N across N time samples reads as

Y =
L∑

�=1

γ�α(φ�)
(

d(ν�)� c(τ�)︸ ︷︷ ︸
=z(ν�,τ�)

)T

+ N (1)

where γ�, τ�, φ�, and ν� are the complex amplitude, ToA,
AoA and Doppler frequency of the �-th wave respectively.
In addition, α(φ�) is the azimuthal spatial steering vector,
d(ν�) contains the sampled Doppler frequency and c(τ �) the
sampled pseudo-random binary sequence of the �-th incoming
wavefront. It is worth mentioning that the delay and Doppler
effects are jointly modeled through their so-called Doppler-
code dot product z(ν�, τ�). With regard to the noise-plus-
interference term N, we hereafter assume it follows the fol-
lowing complex zero-mean Gaussian distribution

N ∼ CN (0,Q) (2)

where Q ∈ CM×M denotes the spatial correlation matrix
which is, in general, non-diagonal thereby indicating the non-

uniformity of noise. Referring back to (1), we can rewrite it
in a more compact form, using matrix notation, as follows

Y =
L∑

�=1

S�(θ�) + N = S(θ) + N (3)

where
S�(θ�) = γ�α(φ�)z(ν�, τ�)T (4)

and the matrix S(θ) ∈ CM×N contains the superimposed
impinging wavefronts

∑L
�=1 S�(θ�). The spatio-temporal pa-

rameters of each distinct path are concatenated into the vector
θ� � [γ�, τ�, φ�, ν�] with θ = [θ1, θ2, . . . , θL]T . From in-
spection of (1) and (3), we can easily infer that Y is identified
as the incomplete data and is related to the complete data, X �,
via the following relationship

Y =
L∑

�=1

X� (5)

where
X� = S�(θ�) + β�N�. (6)

In general, the real and positive coefficients β� represent the
contribution of each noise component.

3. THE SAGE ALGORITHM

Using (6) as a starting point, we recall that in the SAGE con-
text it is optimal to set β� = 1 since empirical evidence has
shown that this choice leads to a fast convergence of the algo-
rithm even in the early iteration steps [1, 4]. At a next stage,
the likelihood function for the signal model can be modeled
via the conditional probability density function (PDF) of the
complex multivariate Gaussian according to [12]

p(Y; θ) =
exp

{
−vec (Y − S(θ))H Q−1vec (Y − S(θ))

}
πMN det(Q)

.

(7)
The negative log-likelihood function, L(Y; θ), then reads

L(Y; θ) = N log(det(Q)

+ tr
(
Q−1 (Y − S(θ)) (Y − S(θ))H

)
(8)

where we have dropped out all constant terms throughout the
derivations and also made use of the following key matrix
identities [13]

tr(AB) = vec
(
AH

)H
vec (B) (9)

vec(ABC) =
(
CH ⊗A

)
vec(B). (10)

Differentiating (8) with respect to Q and taking into account
the following properties,

∂ log | det(A|)
∂A

=
(
A−H

)
(11)

∂

∂A
tr

(
AC−1B

)
= −(C−1)HAHBH(C−1)H (12)
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we end up with a ML estimator for the spatially colored co-
variance matrix of the noise term

Q̂ =
1
N

(
Y − S(θ̂)

)(
Y − S(θ̂)

)H

. (13)

As was previously underlined, the main reason for the de-
velopment of the SAGE algorithm was to reduce the extensive
computational burden imposed by the EM scheme which up-
dates the parameters of all waves θ̂ simultaneously. This goal
can be accomplished by the more efficient process of estimat-
ing the parameters of each wave θ̂� sequentially. By doing so,
an enhanced convergence rate along with a reduced complex-
ity are achieved [1]. For the specific problem under consider-
ation, we settle to decompose the logarithm of the PDF of the
received signal vector in (7), as shown in (14) at the top of the
next page.

In order to estimate the parameters of one wave, as con-
tained in the vector θ̂�, it is a common approach to match
its PDF in (14) with that of an exponential family via the
Cameron-Martin formula. We emphasize that this approach
was initially reported in [14] and since then has been exten-
sively used in the field of signal detection with unknown pa-
rameters [3, 4, 5, 15]. After some basic algebraic manipula-
tions, the ML solution can be iteratively derived by solving

θ̂� = argmax
θ�

(
2�

{
vec (S�(θ�))

H vec
(
Q̂−1X̂�

)}
− vec (S�(θ�))

H Q̂−1vec (S�(θ�))
)

(15)

which after taking into account (4) may be simplified to

θ̂� = arg max
θ�

(
2�

{
γ∗� α(φ�)HQ̂−1X̂�z(ν�, τ�)∗

}
− |γ�|2z(ν�, τ�)T z(ν�, τ�)∗α(φ�)HQ̂−1α(φ�)

)
. (16)

The kernel of the algorithm consists of the so-called Ex-
pectation step (E-step) and Maximization step (M-step). Dur-
ing the E-step the complete data of the �-th path, X̂�, is ob-
tained by subtracting the estimated contribution of all L paths,
except that of the �-th path, from the incomplete data space,
Y. The estimated noise covariance matrix is also updated
during this step in order to increase the overall accuracy of the
algorithm. Mathematically speaking, this can be expressed as

X̂� = Y −
L∑

�′=1
�′ �=�

S�′(θ̂
′
�′) (17)

Q̂ =
1
N

(
Y − S(θ̂

′
�)

)(
Y − S(θ̂

′
�)

)H

. (18)

We point out that this approach is usually referred to in the
corresponding literature as Parallel Interference Cancellation

(PIC). During the M-step, the coordinate wise updating pro-

cedure for obtaining the parameters θ̂
′′
� of the �-th wave is

based on all previous estimates θ̂
′
�; hence,

τ̂ ′′� = argmax
τ

⎛⎜⎝
∣∣∣α(φ′�)Q̂

−1X̂�z(ν′�, τ�)∗
∣∣∣2

D (τ�, φ′�, ν
′
�)

⎞⎟⎠ (19)

where

D (τ�, φ�, ν�) = z(ν�, τ�)T z(ν�, τ�)∗α(φ�)HQ̂−1α(φ�)
(20)

and likewise,

φ̂′′� = argmax
φ

⎛⎜⎝
∣∣∣α(φ�)Q̂−1X̂�z(ν′�, τ

′′
� )∗

∣∣∣2
D (τ ′′� , φ�, ν′�)

⎞⎟⎠ (21)

ν̂′′� = arg max
ν

⎛⎜⎝
∣∣∣α(φ′′� )Q̂−1X̂�z(ν�, τ

′′
� )∗

∣∣∣2
D (τ ′′� , φ′′� , ν�)

⎞⎟⎠ . (22)

The execution of this update process once defines one iter-
ation cycle of the SAGE algorithm while at the μ-th itera-
tion step the parameters of the path � = μmod(L) + 1 are
re-estimated. The parameter estimates are sequentially and
cyclically updated until convergence is obtained. The com-
plex amplitude is then computed as the output signal normal-
ized by the total energy, as follows

γ̂′′� =
α(φ′′� )HQ̂−1X̂�K̂−1z(ν′′� , τ ′′� )∗

D (τ ′′� , φ′′� , ν′′� )
. (23)

Please note that the same estimator of the complex amplitude
can be alternatively obtained by differentiating (16) with re-
spect to γ∗� , setting the derivative equal to zero and solving for
γ̂�.

3.1. Initialization of the SAGE algorithm

It is well established that the convergence of any iteration
technique to a global maximum is strongly dependent upon
the initial conditions. In general, convergence to a global
maximum has been observed in the simulation results when
the initial estimate is within a significant range of the global
maximum. In the present case, the initialization procedure
is based on a successive cancellation scheme (SIC) with the
iteration step μ ranging from {−(L− 1), . . . , 0} and the ini-
tial setting being θ̂ = [0, . . . ,0]T . At the initialization of the
�-th wave the estimates related to �′ ≥ � remain equal to 0,

i.e. θ̂
′
= [θ̂

′
1, . . . , θ̂

′
�−1,0, . . . ,0] [3, 6, 16]. Finally, for the

covariance matrix Q, the initial estimate reads as

Q̂ =
1
N

YYH . (24)
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log(p(Y; θ)) =
L∑

�=1

log(p(X�; θ�))

=
L∑

�=1

log

⎛⎝exp
{
−vec (X� − S(θ�))

H Q−1vec (X� − S(θ�))
}

πMN det(Q)

⎞⎠ (14)

4. NUMERICAL RESULTS

In this section, the performance of the SAGE algorithm is as-
sessed in depth as a function of different spatial and temporal
parameters. As was previously underlined, we are particu-
larly interested in the case of spatial and temporal correlation.
The former effect is inherently taken into account within the
SAGE update process through the additive noise term; on the
other hand, the latter is assumed to encounter with no a pri-
ori knowledge. This means that the algorithm does not into
account temporal correlation which it is very likely to occur
between closely separated MPCs and, consequently, the opti-
mization process is carried out without considering this very
important implication.

In the following, our main focus will be on Global Navi-
gation Satellite Systems (GNSS) applications where, in gen-
eral, the case of multipath propagation represents a critical
hindrance since it makes the synchronization at the ground
Rx laborious and thus may introduce a bias up to a hundred
meters in terms of range estimation [7]. Therefore, it is of vi-
tal importance to identify the impinging multipaths in order to
get a precise positioning of the satellite Tx. Apart from multi-
path propagation though, satellite communications are prone
to strong interferers which completely mask the LoS wave-
front and deteriorate the overall acquisition procedure since
they raise the noise floor of the system. For this reason, this
effect is also modeled in the following evaluation.

The measurement setup consists of a receive uniform lin-
ear array (ULA) with M = 8 isotropic radiators and inter-
element distance of half wavelength. The channel parameters
are assumed to remain constant during the observation inter-
val TN while the one-sided bandwidth of the signal is taken
as B = 1.023 MHz. For the pseudo-binary sequence, we as-
sume Gold Codes as used in typical Global Positioning Sys-
tems (GPS) with the code period being T = 1 ms [17]. In
total, 1023 chips per code are taken with a time duration of
Tc = 977.52 ns. The effective SNR in dB can be directly
expressed as

SNR = C/N0 − 10 log10(2B) + 10 log10(Nc) (25)

where C/N0 in dB-Hz denotes the carrier-to-noise density ra-
tio and Nc the number of code periods within TN = NcT .
By setting C/N0 = 40.3 dB-Hz and Nc = 6, the effective
SNR becomes equal to -15.02 dB. The propagation scenario

under investigation includes a direct LoS component and a
reflected wavefront, i.e. L = 2. Hereafter, the parameters
of the former will be denoted by the subscript 1 and those of
the former by the subscript 2. The LoS signal parameters are
then taken as (τ1, φ1, ν1) = (0 ns,−10◦, 2.25 Hz). Likewise,
the parameters of the multipath component are accordingly
(τ2, φ2, ν2) = (0.1Tc, 43◦, 2.25 Hz). The reflected multipath
and the direct component are considered to be in-phase while
the signal-to-multipath ratio (SMR) is set to 5 dB. It can be
easily seen that the relative Doppler difference is set equal to
zero which represents the worst-case scenario. The wideband
temporally white interference term has an associated AoA of
φI = 10◦ and yields an interference-to-signal ratio (ISR) of
40 dB; it is further responsible for the spatial covariance of
the noise plus interference term. Following a widely used ap-
proach, we herein assume that the signal and noise sources
are uncorrelated with the interferer [7, 17].

At a next stage, a weaker multipath is also assumed to
be present in the communication link which may not be re-
solved by the Rx but induces temporal correlation. The cor-
responding ToA and Doppler shift are respectively (τ3, ν3) =
(0.2Tc, 2.25 Hz) whereas the SMR = 8 dB in this case. From
a physical viewpoint, this scenario can be caused by a rough
diffuse scatterer at the vicinity of the Rx which creates a clus-
ter of rays toward all non-specular directions with identical
delay characteristics. In the following, we examine the perfor-
mance of the algorithm against a varying relative azimuth sep-
aration, Δφ′, between the two MPCs; that is Δφ′ = |φ3−φ2|
where φ3 is the actual AoA of the weak MPC (with an initial
value of φ3 = 73◦).

In Fig. 1, the root mean square error (RMSE) of the delay
estimators is illustrated along with the associated Cramér-Rao
lower bounds (CRLBs). It is easily seen that the delay esti-
mator of the LoS signal, τ̂1, remains remarkably robust across
the whole range of azimuth separations and is very close to
the statistical CRLB. Moreover, its accuracy remains unaf-
fected by Δφ′, which implies that the SAGE algorithm is able
to precisely extract the temporal parameter of the dominant
component regardless of the model order estimation. On the
other hand, the delay estimator of the MPC, τ̂2, is severely de-
graded when the angular separation distance gets larger. This
phenomenon is attributed to the underestimation of the model
order L which makes the SAGE estimators biased with re-
spect to the considered noise model (2), i.e. the weak MPC
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is treated as noise contribution. In particular, the scheme to
track only the nominal ToA of this cluster of rays and in-
evitably leads to irreducible errors. It further seems to benefit
from closely separated paths which are coherently superim-
posed, thereby yielding identical spatio-temporal characteris-
tics, and manages to estimate the latter with sufficiently good
accuracy.
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Fig. 1. RMSE of τ̂1 and τ̂2 against the relative azimuth sepa-
ration, Δφ′, in steps of 5◦.

In a similar manner, we now explore the AoA estimators
against the relative azimuth separation (c.f. Fig. 2). It is note-
worthy that the accuracy of both AoA estimators is consis-
tently worse than the ToA estimators.
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Fig. 2. RMSE of φ̂1 and φ̂2 against the relative azimuth sep-
aration, Δφ′, in steps of 5◦.

This trend is anticipated as the spatial signal dimensions
are inherently limited by the number of antennas whereas

the temporal signal dimension is determined by the operat-
ing bandwidth. This fact is also responsible for the deterio-
rating performance of φ̂1 with an increasing Δφ′. In any case
though, for Δφ′ ≤ 10◦ the RMSE(φ̂1) is able to satisfactorily
approximate the CRLB.

Apart from estimation accuracy, a fundamental feature of
array processing algorithms is their convergence rate. In light
of this fact, the mean number of SAGE iterations has been
computed as well and the obtained results are depicted in
Fig. 3. It is readily observed that the algorithm benefits from
low azimuth separation whereas for higher values of Δφ ′, the
scheme needs more cycles to converge to the final solution
due to the model order underestimation. However, it should
be underlined that the number of iterations is systematically
lower than six which implies that the SAGE algorithm can de-
liver a rapid convergence rate even under severe model mis-
matches.
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Fig. 3. Mean number of SAGE iterations against the relative
azimuth separation, Δφ′, in steps of 5◦.

Summarizing, we point out that in the presence of tem-
porally correlated components, the estimation of the num-
ber of dominant wavefronts becomes of vital importance. In
fact, in the worst-case of undetectable paths the algorithm can
still yield a robust performance especially when the reflected
wavefronts become coherent since in this extreme scenario
the two MPCs are resolved as a single path.

5. CONCLUSION

In this paper, the mathematical background of the SAGE al-
gorithm was extended to account for the case of arbitrary
noise fields with unknown, non-diagonal underlying struc-
ture. Then, the generalized scheme was applied to the prob-
lem of multipath parameter estimation that arises in the vast
majority of wireless applications and therefore is of high prac-
tical importance. Throughout the evaluation section, our main
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focus was on GNSS applications where multipath propaga-
tion has been shown to cause a severe bias in range estimation.
Apart from spatial correlation which was a priori included in
the noise covariance matrix, we assumed that the estimation
process is affected by temporal correlation as well via a resid-
ual weak MPC which is not detected by the Rx. Our analysis
reveals that the LoS parameters, and especially its ToA, can
be extracted with a great accuracy whereas the estimated para-
meters of the reflected wavefront are heavily dependent on the
spatial separation Δφ′. When the latter is getting smaller, the
SAGE scheme is able to detect the spatio-temporal parame-
ters of the impinging as the two paths are coherently superim-
posed. On the other hand, for an increasing Δφ ′ the scheme
falls short of precisely estimating the MPC parameters due
to the underestimation of the model order, L. Under these
circumstances, only the nominal parameters of this cluster of
rays can be resolved thereby resulting in a relatively high es-
timation error. Please note that similar conclusions were also
drawn for the convergence rate of the algorithm.

As part of future research, a rather interesting topic to be
addressed is the joint modeling of spatio-temporal correlation
into the noise term. Evidently, this will represent the most
general approach in the associated area and can serve as a
very useful reference point to investigate the impact of time-
varying, non-uniform colored noise fields on the performance
of array processing algorithms.
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ABSTRACT

Consider the downlink of an isolated cell with abase station
(BS) equipped withM multiple antennas and a single user
with a single antenna. For thismultiple-input single-output
(MISO) channel, the capacity with perfectchannel state infor-
mation(CSI) the transmitter and receiver is known. In prac-
tice, however, it is actually more realistic to assumeimperfect
CSI at the transmitter. For instance, in afrequency divsion
duplex (FDD) system with limited feedback, the available
transmit CSI isestimated, quantized, outdatedand affected
by erroneousfeedback. The quality of the transmit CSI then
depends on the downlink training length, the number of feed-
back bits, the feedback error probability and on the rate of
variation of the downlink channel. However, the capacity of
the MISO channel with imperfect CSI in general is unknown.
In this work, nonetheless, we compute bounds of the MISO
channel capacity employingcoherent beamformingat the BS
with different types of imperfect CSI at the transmitter.

1. INTRODUCTION

Multiple transmit and receive antennas increase substantially
the capacity of wireless communication links but under the
assumption of perfect channel knowledge at the transmitter
and receiver. In practice, however, the channel knowledge
available at the transmitter and receiver is not perfect. For
instance, the receiver can obtain aminimum mean square er-
ror (MMSE) estimate of the channel through training [1], and
hence, we assume the available receive CSI to beestimated.
In case of atime division duplex(TDD) system, the BS can
employ the receive CSI from the uplink by making use of
the channel reciprocity, such that the available transmit CSI
is estimatedand possibly outdated. Then, the quality of the
transmit CSI depends on the training length employed in the
uplink to estimate the channel and on the rate of variation of
the channel.

In an FDD system, the availabe receive CSI in the uplink
cannot be employed as transmit CSI in the downlink, since we
assume the downlink and uplink channels to be uncorrelated.
In this case, we assume the transmitter obtains partial knowl-
edge of the downlink channel throughlimited feedback ofB

bits in the uplink [2]. To this end, the receiver in the downlink,
i.e., the user, first estimates the downlink channel and then
quantizesthe downlink channel estimate withB bits, which
are relayed back to the BS. For this, we employ therandom
vector quantization(RVQ) scheme [2], where we have at the
transmitter (BS) and receiver (user) a codebook with2B ran-
dom beamforming vectors i.i.d over theM -dimensional unit
sphere. Assuming a faded- and noise-prone feedback link,
i.e., the uplink, theB relayed bits could be receivederro-
neouslyat the BS, which reduces the quality of the available
CSI at the transmitter. Besides the previous issues, the trans-
mit CSI is further degraded due to the delay incurred in the
feedback process, i.e., the partial knowledge the BS has ob-
tained at a given time slot can only be employed at a later
time slot, when the channel could have changed. Hence, the
transmit CSI is alsooutdatedunder the assumption of a time-
varying channel. In this way, the transmit CSI available at
the BS for the downlink transmission isestimated, quantized,
outdatedand affected byerroneousfeedback. Such a charac-
terization of the imperfect transmit CSI in FDD systems has
also been assumed in [3], but has not been considered in gen-
eral in the literature.

The capacity with imperfect CSI, such as the different
types described above, is unknown in general and in such
cases, one can instead recur to the computation of bounds on
the capacity. In this work, we present bounds on the capacity
of a single-user MISO channel withcoherent beamformingat
the BS in an FDD system with imperfect transmit CSI, which
is estimated, quantized, outdated and affected by erroneous
feedback, as a function of the downlink training length, the
number of feedback bitsB, the feedback error probability in
the uplink and the rate of variation of the downlink channel.
Additionally, we compute bounds on the capacity in a TDD
system with estimated transmit CSI as a function of the up-
link training length and of the rate of variation of the channel.
As a reference we also include the capacities with perfect CSI
and without CSI at the transmitter. To this end, this paper is
organized as follows. In Section 2, the system model and the
types of imperfect CSI are discussed. The capacity bounds
are derived in Section 3. Section 4 presents numerical results
and finally, Section 5 concludes the paper.
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2. SYSTEM MODEL WITH IMPERFECT CSI

We assume that the downlink channel is constant forT sym-
bols, which is the duration of a time slot. The firstTDL sym-
bols are used to obtain an MMSE estimate of the downlink
channel and the remainingD = T − TDL symbols are used
to transmit information from the BS to the user. With coher-
ent beamforming at the BS, the equivalentsingle-input single-
output(SISO) downlink system of theD data symbols at time
slotn is given by

y[n] =
√

P wH
BS[n]h[n]r[n] + v[n], (1)

wherey[n] ∈ CD are the received signals,r[n] ∈ CD are
the transmit symbols with unit variance,wBS[n] ∈ CM is
the beamforming vector with unit norm,h[n] ∈ CM is the
downlink MISO channel andv[n] ∈ CD is theadditive white
Gaussian noise(AWGN) with zero mean and varianceσ2

v at
time slotn. Additionally, P is the transmit power available
at the BS. We assume Rayleigh fading, i.e. the elements of
the channel vectorh[n] are i.i.d. complex Gaussian random
variables with zero mean and unit variance. Contrary to the
common block fading assumption found in the literature, in
this paper we considertemporally correlated block fading, i.e.
h[n] is assumed to be constant for the coherence time ofT
symbols and is correlated with the channel in the previous
time sloth[n− 1] according to a first order Markov model:

h[n] =
√

αh[n− 1] +
√

1− αg[n− 1], (2)

where the elements ofg[n − 1] ∈ CM are i.i.d. zero-mean
unit-variance complex Gaussian random variables and are un-
correlated withh[n− 1] and

√
α is the correlation coefficent,

with α ∈ [0, 1]. For instance, with a Jake’s spectrum of the
Rayleigh fading we would have that

√
α = J0(2πTfcs/c),

where J0 is the zeroth-order Bessel function of the first kind,
fc is the carrier frequency,c is the speed of light ands is the
radial component of the velocity of the user, along a line from
the BS to the user. Hence,α is a function of the velocity of
the user. However, note that the autocorrelation function of
the fading process with a Jake’s spectrum cannot be modeled
by a first order Markov model and it has solely been shown
here to present a possible relation betweenα and the user’s
velocity. Also, we assume thatα is unknown at the transmit-
ter. In the following, we discuss different types of imperfect
CSI in the context of the downlink of an FDD system and
explain how the beamforming vectorwBS[n] is determined.

2.1. Estimated CSI
At each time slot,TDL pilot symbols are employed to obtain
an MMSE estimatêh of the downlink channel. Due to practi-
cal limitations, we assume an even power distribution, i.e.P,
over the training and data payload phase. Based on the down-
link channel estimatêh[n], the downlink channelh[n] can be
written as

h[n] = ĥ[n] + e[n], (3)

wheree[n] is the error vector whose elements are i.i.d. zero-
mean complex Gaussian random variables with varianceσ2

e

given by [1]

σ2
e =


1 + ρ(M − TDL)

1 + ρM
for TDL < M

1
1 + ρTDL

for TDL ≥ M
, (4)

whereρ = P
Mσ2

v
. Additionally, the elements of the MMSE

estimateĥ are i.i.d. zero-mean Gaussian random variables
with variance(1− σ2

e). Note that the quality of the estimated
CSI depends on the training lengthTDL. As the training length
increases, i.e.TDL → T the estimated CSI becomes closer to
perfect CSI, i.e.,σ2

e → 0. Nonetheless,D → 0 and there
will be less symbols available to transmit data, thus reducing
the downlink capacity. We then have a tradeoff between the
training length and the data payload length as discussed in [1].

Remark 2.1: Estimation in TDD Systems. Consider a
TDD system where the uplink utilizes the channel at time
slot n − 1 and the downlink makes use of the channel at
time slot n. We assume that the BS does not knowα and
hence the BS employs the estimate of the uplink channel as
transmit CSI for the downlink transmission. Denoting the up-
link channel estimate at time slotn − 1 as ĥUL[n − 1], we
have that the employed beamforming vector in the downlink

is wBS[n] = ĥUL [n−1]

‖ĥUL [n−1]‖2 . However note that estimating the

uplink single-input multiple-output(SIMO) channel is not ex-
actly the same as estimating the MISO downlink channel. The
uplink channels from the user to each antenna can be esti-
mated independently at each antenna of the BS, since theM
channels are orthogonal in space. This is contrast to the down-
link, where at the single receiving antenna of the user we need
to estimateM channels. Hence, the variance of the estimation
error of ĥUL[n] and in turn ofĥ[n] in a TDD system is given
by σ2

eTDD
= 1

1+
PUL
σ2

u
TUL

, wherePUL, σ
2
u andTUL are the transmit

power of the user in the uplink, the noise variance at the BS in
the uplink and the uplink training length, respectively. Note,
however, that only uplink resources are consumed for the esti-
mation of the channel and in turn to obtainwBS[n]. Neverthe-
less when thewBS[n] is employed in the downlink the channel
could have already changed and hence the estimated CSI is
also outdated.

2.2. Quantized CSI

The estimated channel is first available only at the receiver
and in order to provide the transmitter with knowledge about
the current channel in an FDD system, the estimated chan-
nel must be quantized and then relayed back to the BS with
the limited feedback ofB bits. For this, we employ the RVQ
scheme, where we have at the transmitter (BS) and receiver
(user) a codebook with2B random beamforming vectorstj ,
j = 1, . . . , 2B , i.i.d isotropically distributed over theM -
dimensional unit sphere. For instance, the channel estimate
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ĥ[n − 1] is quantized by selecting the beamforming vector
w[n] (to be used at time slotn) that best matcheŝh[n−1] [4]

w[n] = argmax
tj

|tH
j ĥ[n− 1]|2. (5)

Note that we have written the beamforming vectorw without
the subscript BS aswBS shown in (1). The reason behind this
will explained in the next subsection. The user feeds back the
B bits representing the index of the beamforming vectorw[n]
in the codebook. The loss due to quantization depends on the
number of feedback bitsB. As B increases, the quantization
error becomes smaller, but this comes at the expense of the
consumption of uplink resources accompanied with a higher
feedback error probability as it will be seen next.

2.3. Erroneous CSI

The feedback channel in an FDD system is the uplink, which
is not error-free and so, the relayed CSI can be received er-
roneously. If at least one feedback symbol is in error, we
assume there is atotal loss of the feedback as in [3], such that
the index received by the BS corresponds to a different beam-
forming vector than the one intended by the user. We further
assume no error detection scheme for the feedback and hence,
after erroneous feedback the beamforming vector applied by
the BS, i.e.,wBS[n], would be different than the beamform-
ing vectorw[n], which was fedback by the user (c.f. (5)). In
such a case, the beamforming vector applied by the BS would
be completelyuncorrelatedwith the actual downlink chan-
nel. Let us denote the probability of erroneous feedback, i.e.,
thatwBS[n] 6= w[n], aspε. We do not discuss howpε is com-
puted and simply assume it is given. For instance, assuming
that the feedback bits are sent uncoded with QPSK symbols
similar to [3] with a symbol error probabilitypS in the up-
link, we have that the feedback error probability is given as
pε = 1 − (1 − pS)

B
2 . In this case,pε depends on the symbol

error probability and on the number of feedback bits, i.e. on
the quantization of the downlink channel estimate. A larger
B would lead to a smaller quantization error, but also to a
higherpε and hence, we have a tradeoff between the quanti-
zation loss and the feedback error probability. Furthermore,
the probabilitypS and of coursepε depend on the uplinksig-
nal to noise ratio(SNR) per receive antenna and on the uplink
training length [6].

2.4. Outdated CSI

Due to delay involved in the feedback process, the available
CSI at the BS is outdated in a time-varying downlink channel.
Between downlink channel estimates of successive time slots,
a first order Markov model also holds similar to (2):

ĥ[n] =
√

α′ ĥ[n− 1] +
√

1− α′ ĝ[n− 1], (6)

where
√

α′ is the correlation coefficient between channel es-
timates and the elements ofĝ ∈ CM are i.i.d. zero-mean

complex Gaussian random variables with variance1 − σ2
e

and are uncorrelated witĥh[n− 1]. To computeα′, we need

E
[
ĥ[n]ĥH[n−1]

]
=E
[
E
[
ĥ[n]ĥH[n−1] | h[n],h[n−1]

]]
= E

[
E
[
ĥ[n] |h[n]

]
E
[
ĥH[n− 1] |h[n− 1]

]]
= E

[
(1− σ2

e)h[n](1− σ2
e)hH[n− 1]

]
=

√
α(1− σ2

e)21M , (7)

where1M is an M × M identity matrix and the first step
follows from the fact the estimates at different time slots con-
ditioned on the actual channels are independent and the last
step from (2). By definition, the correlation coefficient

√
α′ is

computed by dividing the covariance
√

α(1 − σ2
e)2 with the

product of the standard deviation of the elements ofĥ[n], i.e.√
1− σ2

e , and the standard deviation of the elements ofĥ[n],
i.e.

√
1− σ2

e . Hence, we have that
√

α′ =
√

α(1 − σ2
e).

Note that the correlation coefficient between the channel esti-
mates depends not only on the correlation coefficient

√
α be-

tween the true channels but also on the estimation error. The
reason for this can be explained with the following example.
Even if the channels remain constant, i.e.,α = 1, such that
h[n] = h[n − 1], this does not mean that̂h[n] = ĥ[n − 1],
since at each time slot there are different noise realizations!

3. CAPACITY BOUNDS WITH IMPERFECT CSI

The capacity with imperfect CSI is unknown and hence, we
compute bounds on the MISO channel capacity with the dis-
cussed imperfect CSI. Let us first rewrite (1) using (3)

y[n] =
√

P wH
BS[n]

(
ĥ[n] + e[n]

)
r[n] + v[n, k]

=
√

P wH
BS[n]ĥ[n]r[n] + z[n]. (8)

wherez[n] =
√

P wH[n]e[n]r[n]+v[n] is the effective noise.
The elements ofz[n] are not necessarily Gaussian distributed
and can be correlated with the signalr[n]1. The variance of
the elements ofz[n] is

σ2
z = σ2

eP + σ2
v . (9)

Recall that the firstTDL symbols in each time slot are used
to compute a downlink channel estimate at the user, i.e.,ĥ.
Therefore, the user knows the actual channel estimateĥ[n]
for the data detection in the lastT − TDL symbols of the time
slot. Additionally, at time slotn the userexpectsthat the BS
will be performing beamforming withw[n] (c.f. (5)), whose
index was fedback from the user to the BS at time slotn− 1.
This will be the case if there was no feedback error and then
wBS[n] = w[n], such that the user’s expectation about the
beamforming vector is correct. However, if the feedback was
received with errors thenwBS[n] 6= w[n] and the user’s as-
sumption about the beamforming vector is wrong! The user,

1If the r[n] are QPSK symbols, thenz[n] is uncorrelated withr[n].
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nevertheless, is not aware if a feedback error has occurred or
not. But since the feedback error probabilitypε, for instance,
depends only on the uplink SNR, which is a long term pa-
rameter, and on the uplink training length andB, which are
fixed, we have thatpε remains constant over many transmis-
sion blocks. Hence, even if the user is not aware of the feed-
back errors, it can be assumed thatpε is known at the user.

3.1. Capacity Lower Bound with Imperfect CSI
In order to compute a lower bound of the capacityC with
imperfect CSI we assume that transmitted symbolsr[n] are
Gaussian distributed, which is not necessary capacity achiev-
ing in this case. Let us denote the feedback error event by
the binary random variableε, whereε[n− 1] = 1 in case of a
feedback error at time slotn−1 andε[n−1] = 0 otherwise. It
is also known that replacingz[n] with a zero-mean Gaussian
random variable with varianceσ2

z which is independent of
the signalr[n] minimizes the mutual information between the
transmitted symbolsr[n] and the received signaly[n] given
in (8) [1]. A lower bound on the downlink capacityClb with
imperfect CSI assuming the receiver knowsĥ[n] andw[n],
(and notwBS[n]!) can be computed as follows

T ·C
(a)
≥ I(r[n];y[n] | ĥ[n],w[n])
(b)= I(r[n];y[n]|ĥ[n],w[n], ε[n− 1])

+I(ε[n− 1];y[n] | ĥ[n],w[n])

−I(ε[n− 1];y[n] | ĥ[n],w[n], r[n])
(c)
≥ I(r[n];y[n] | ĥ[n],w[n], ε[n− 1])

−I(ε[n− 1];y[n] | ĥ[n],w[n], r[n])
(d)= I(r[n];y[n] | ĥ[n],w[n], ε[n− 1])

−H(ε[n− 1] | ĥ[n],w[n], r[n])

+H(ε[n− 1] | y[n], ĥ[n],w[n], r[n])
(e)
≥ I(r[n];y[n] | ĥ[n],w[n], ε[n− 1])

−H(ε[n− 1] | ĥ[n],w[n], r[n])
(f)
≥ I(r[n];y[n] | ĥ[n],w[n], ε[n− 1])−H(ε[n− 1])

Clb=
1
T

I(r[n];y[n] | ĥ[n],w[n],ε[n−1])− 1
T

hb(pe) (10)

whereI(p; q | m) denotes the mutual information between
p andq given m andH(p | q) denotes the conditional en-
tropy of p given q. Inequality (a) follows by assuming that
r[n] and z[n] are Gaussian distributed as explained above,
step (b) from the chain rule of the mutual information, in-
equality (c) from the non-negativity of the mutual informa-
tion, step (d) derives from the definition of the mutual infor-
mation, inequality (e) from the non-negativity of the entropy
and step (f) from the fact that conditioning reduces the en-
tropy: H(ε[n − 1] | ĥ[n],w[n], r[n]) ≤ H(ε[n − 1]). Note
thatH(ε[n− 1]) = hb(pe), which is the binary entropy func-
tion with probabilitype for the error eventε[n − 1] = 1, i.e.,

hb(pe) = −pε log2 pε − (1− pε) log2(1− pε). (11)

The first term in (10) represents the capacity when the user
is aware of the feedback error events but does not know the
beamforming vectorwBS[n] actually applied by the BS after a
feedback error which can be written as

I(r[n];y[n] | ĥ[n],w[n], ε[n− 1]) =

(1− pε) I
(
r[n];y[n] | ĥ[n],wBS[n]=w[n]

)
pε I

(
r[n];y[n] | ĥ[n],wBS[n]6=w[n]

)
. (12)

I
(
r[n];y[n] | ĥ[n],wBS[n]=w[n]

)
corresponds to the mutual

information assuming perfect feedback and that the effective
estimated channel after beamforming, i.e.,wH

BS[n]ĥ[n], is also
perfectly known. The second term corresponds to the mutual
information of a noncoherent SISO channel with coherence
lengthD andunknowneffective channelh[n] = wH[n]h[n].
As explained in the previous section, after a feedback error,
the applied beamforming vectorwBS[n] is totally uncorrelated
with the channel and hence, it can be considered as if the
beamforming vector were random. In this case theunknown
channelh[n] is a zero-mean unit-variance complex Gaussian
random variable with E

[|h[n]|2] = 1. We can lower bound
the second term using the following

I
(
r[n];y[n] | ĥ[n],wBS[n]6=w[n]

)
= I(r[n];y[n])

= I(r[n];y[n] | h[n]) + I(h[n];y[n])
−I(h[n];y[n] | r[n])

≥ I(r[n];y[n] | h[n])− I(h[n];y[n] | r[n]), (13)

where the second step follows from the chain rule for the
mutual information and the last step follows from the non-
negativity of the mutual information. The first term in the
expression above can be computed in closed form [7]

I(r[n];y[n] | h[n]) = D E

[
log2

(
1 +

P

σ2
v

|h[n]|2
)]

= D log2(e) eσ2
v/PE1(σ2

v/P), (14)

whreEk(z) is the generalized exponential integral defined as
Ek(z) =

∫∞
1

e−zt

tk dt. The second term in (13) is the mutual
information betweenh[n] andy[n] = h[n]x[n] + v[n] given
r[n], which can be lower bounded as

I(h[n];y[n] | r[n]) = E

[
log2

(∣∣∣∣1D +
P

σ2
v

r[n]rH[n]
∣∣∣∣)]

= E

[
log2

(
1 +

P

σ2
v

‖r[n]‖22
)]

= log2(e) eσ2
v/P

D∑
k=1

Ek(σ2
v/P), (15)

where the expectation is taken overr[n] and the last step fol-
lows similarly to the last step in (14).
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3.2. Capacity Lower Bound with Perfect Feedback

Now we focus on the second term of (12), i.e. the mutual
information under perfect feedback with knownwH

BS[n]ĥ[n]

I
(
r[n];y[n]|ĥ[n],wBS[n]=w[n]

)
=I
(
r[n];y[n]|wBS[n]ĥ[n]

)
= E[log2(1+

P

σ2
v

|wBS[n]ĥ[n]|2)], (16)

with a lower bound given by the following theorem.

Theorem 3.1. A capacity lower bound with perfect feedback
and estimated, quantized and outdated transmit CSI reads as

D

T

„
1− 1√

2π

ση

µη

«
log2

0@1+
(α′(ME [ν]− 1) + 1)(1− σ2

e)

σ2
e +

σ2
v

P

1A ,

Proof. Let us first define

ν =
|wH[n]ĥ[n− 1]|2
‖ĥ[n − 1]‖22

(17)

η = |wH[n]ĥ[n]|2, (18)

and present the following useful result from [8].

Theorem 3.2. For a concave functionΩ(η), we have that

E [Ω(η)] ≥
(

1− dη

2µη

)
Ω(µη),

whereη ∈ [0,∞[ andµη anddη = E [|η − µη|] are the ex-
pected value and the absolute deviation ofη, respectively.

From (16) note thatΩ(η) = log2(1 + η) and to employ
Theorem 3.2, we first need the expected value ofη which is

µη = E
[
|wH[n]ĥ[n]|2

]
= α′E

[
|wH[n]ĥ[n− 1]|2

]
+ (1− α′)E

[|wH[n]ĝ[n− 1]|2]
= α′E

[
‖ĥ[n− 1]‖22

|wHĥ[n− 1]|2
‖ĥ[n− 1]‖22

]
+(1− α′)(1− σ2

e)

= α′E
[
‖ĥ[n−1]‖22

]
E

[
|wHĥ[n−1]|2
‖ĥ[n−1]‖22

]
+(1−α′)(1−σ2

e)

= (α′M E [ν] + 1− α′) (1− σ2
e),

(19)
where the second step makes use of (6), the third steps follows
sincew has unit norm and the variance of the elements of
ĝ[n − 1] is (1 − σ2

e), the fourth step derives from the fact
that‖ĥ[n− 1]‖22 andν = |wH[n]ĥ[n− 1]|2/‖ĥ[n− 1]‖22 are
independent [5]. Now we need E[ν], which can be shown is
given by [2]

E [ν] = 1− 2BBeta
(
2B ,M/(M − 1)

)
, (20)

where Beta(•, •) is the Beta function and recall thatB are the
quantization bits. Let now characterize the variance ofη

σ2
η = E

[
(η − µη)2

]
= E

[
η2
]− µ2

η, (21)

for which we need the second moment ofη, i.e.

E
ˆ
η2˜

=α′2E
h
|wH[n]ĥ[n−1]|4

i
+(1− α′)2 E

h
|wH[n]ĝ[n−1]|4

i
+ 4α′(1− α′) E

h
|wH[n]ĥ[n− 1]|2

i
E

h
|wH[n]ĝ[n− 1]|2

i
= α′2E

h
‖ĥ[n− 1]‖4

2

i
E

ˆ
ν2˜+(1−α′)2E

h
|wH[n]ĥ[n− 1]|4

i
+ 4α′(1− α′) E

h
‖ĥ[n− 1]‖2

2

i
E [ν] E

h
|wH[n]ĥ[n− 1]|2

i
= α′2(1− σ2

e)2M(M + 1)E
ˆ
ν2˜

+ 2(1− α′)2(1− σ2
e)2

+ 4α′(1− α′)(1− σ2
e)2ME [ν] ,

(22)
where the second step follows by replacing|wH[n] ĥ[n − 1]|2
for ‖ĥ[n−1]‖22 ν and then using the fact that‖ĥ[n−1]‖22 and
ν are independent. The fourth step is derived from noting that

E
[
‖ĥ‖42

]
= M(M + 1)(1 − σ2

e)2, i.e. the second moment

of the chi-square distributed random variable‖ĥ‖22 with 2M
degrees of freedom, each degree of freedom with variance
(1 − σ2

e)/2. To evaluate E
[
η2
]

in the above expression, we
still need E

[
ν2
]
, which can be shown is given by

E
[
ν2
]
=1− 2B+1Beta

(
2B ,

M

M−1

)
+2BBeta

(
2B ,

M+1
M−1

)
.

(23)
Using (19)-(23) we can calculate the ratioση

µη
=q

α′2(M(M+1)E[ν2]−M2E[ν]2)+(1−α′)2+2α′(1−α′)ME[ν]

α′(ME [ν]−1)+1
.

(24)
To compute a lower bound of (16) with Theorem 3.2, we need
dη, but exact evaluation ofdη appears intractable in general.
However, we can find an upper bound fordη based onση. To
this end let us computeµη, dη andση by settingB →∞ (no
quantization, i.e.ν → 1) andα′ = 1 (no outdating)

µη|B→∞
α′=1

=
√

2σe M

dη |B→∞
α′=1

=
2
√

2σe MM

(M − 1)! eM

σ2
η

∣∣
B→∞
α′=1

= 2σ2
e M,

which we can use to obtain
dη

µη

∣∣∣∣B→∞
α′=1

=
2MM

M ! eM
≤ 2√

2πM
(25)

2√
2π

ση

µη

∣∣∣∣B→∞
α=1

=
2√

2πM
, (26)

where the inequality follows from Stirling’s approximation.
From (25) and (26) we can deduce that for the general case

dη

µη
≤ 2√

2π

ση

µη
. (27)

Substituting (24) in (27) and then plugging this with (19) in
the result of Theorem 3.2 multiplied with the ratio of data
symbols to total number of symbols concludes the proof.
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We are ready now to giveClb from (10).

Theorem 3.3. A lower bound on the capacity with imperfect
transmit CSI which is estimated, quantized, outdated and af-
fected by feedback errors is given by

Clb =
D

T
pε log2(e) e

σ2
v

P E1

(
σ2

v

P

)
+

D

T
(1− pε)

(
1− 1√

2π

ση

µη

)
×

log2

(
1+

(α′(ME [ν]− 1) + 1)(1− σ2
e)

σ2
e + σ2

v

P

)

− 1
T

(
pε log2(e) e

σ2
v

P

D∑
k=1

Ek

(
σ2

v

P

)
+ H(ε[n− 1])

)
.

Proof. The result follows by plugging (11), (14), (15) and the
result from Theorem 3.1 in (10) withση

µη
given by (24).

3.3. Capacity Upper Bound with Imperfect CSI
We now draw our attention to computing an upper bound on
the mutual information betweenr[n] andy[n] in given in (8).

Theorem 3.4. An upper bound on the capacity under beam-
forming of the MISO channel with imperfect CSI in an FDD
system is given by

Cub =
D

T
(1−pε)log2

(
1+

P

σ2
v

(α′(ME [ν]−1)(1−σ2
e) + 1)

)
+

D

T
pε log2(e)e

σ2
v

P E1

(
σ2

v

P

)
.

Proof. This upper bound can be derived by assuming the exis-
tence of a genie which provides extra information to the user
namely, the exact channel vectorh[n] and the actual beam-
forming vector applied by the BSwBS[n], such that

C
(a)
≤ D

T
E

[
log2

(
1 +

P

σ2
v

‖wH
BS[n]h[n]‖22

)]
(b)=

D

T
(1− pε) E

[
log2

(
1 +

P

σ2
v

‖wH[n]h[n]‖22
)]

+
D

T
pε E

[
log2

(
1 +

P

σ2
v

|h[n]|2
)]

(c)
≤ D

T
(1− pε)log2

(
1+

P

σ2
v

E
[
‖wH[n]ĥ[n]+wH[n]e[n]‖22

])
+

D

T
pε log2(e) e

σ2
v

P E1

(
σ2

v

P

)
(d)=

D

T
(1− pε) log2

(
1 +

P

σ2
v

(µη + σ2
e)
)

+
D

T
pε log2(e) e

σ2
v

P E1(σ2
v/P).

where (a) follows from knowingwH
BS andh[n] at the user and

(b) from the fact thatwBS[n] = w[n] in case of no feedback

errors and in case of a feedback error we haveh[n] = wH
BSh[n]

which is Gaussian distributed. In Step (c) the first term results
from Jensen’s inequality and (3) and the second term from [7].
Step (d) arises from (18) and then the result of the theorem
follows by plugging (19).

3.4. Capacity Bounds in a TDD System

As discussed in Remark 2.1, in a TDD system the transmit
CSI is estimated and outdated. The capacity bounds for this
case can be derived based on the results of Theorems 3.3
and 3.4 by neglecting the effects of the quantization and of
the feedback errors. First we present a lower bound on the
downlink capacityCTDD in a TDD system.

Theorem 3.5. A lower bound on the downlink capacity of a
TDD system with estimated and outdated CSI is

CTDD,lb=
(
1− 1√

2π

ση,TDD

µη,TDD

)
log2

(
1+

(α′(M−1)+1)(1−σ2
eTDD

)

σ2
eTDD

+ σ2
v

P

)
.

Proof. The proof follows by taking the result from Theo-
rem 3.3 without quantization, with perfect feedback and with-
out downlink resources employed for training, i.e.TDL = 0.
Additionally, as explained in Remark 2.1 the variance of the
estimation error is different in an TDD system, i.e.σ2

eTDD
=

1

1+
PUL
σ2

u
TUL

. Plugging E[ν] = 1 (no quantization),pε = 0 (no

feedback errors) andD = T (no downlink training) in (24)
and Theorem 3.3 gives us the result of the theorem. With
E [ν] = 1 andpε = 0 in (24) we have that

ση,TDD

µη,TDD

=

√
α′(2− α′)(M − 1) + 1

α′(M − 1) + 1
. (28)

An upper bound on the downlink capacity under beam-
forming in a TDD system can be derived by making use of
Theorem 3.4.

Theorem 3.6. An upper bound on the downlink capacity of a
TDD system with estimated CSI is

CTDD,ub = log2

(
1 +

P

σ2
v

((M − 1)(1− σ2
eTDD

) + 1)
)

.

Proof. The proof makes use of Theorem 3.4, which corre-
sponds to the capacity upper bound in an FDD system and
hence the result needs to be modified for the TDD case. For
the TDD case, we have no quantization and hence E[ν] = 1
(c.f. (17)). Additionally, we have no outdating and no feed-
back and therefore,α′ = 1 and pε = 0. The final result
follows by replacing E[ν] = 1, α′ = 1 andpε = 0 in Theo-
rem 3.4 and by settingD = T .
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3.5. Capacity with Perfect CSI
For comparison we present the capacity of the MISO down-
link channel with perfect CSI at the transmitter and receiver.
The beamforming vector applied by the BS in the downlink is
wBS[n] = h[n]

‖h[n]‖2 such that (1) can be rewritten as

y[n] =
√

P ‖h[n]‖2r[n] + v[n]. (29)

The capacityCPerf. CSI with perfect CSI can be computed in
closed form and is given by [7]

CPerf. CSI = log2(e) e
σ2

v
P

M∑
k=1

Ek

(
σ2

v

P

)
. (30)

This capacity is similar to the result from Theorem 3.6 except
that in (30) the factorT−TUL

T = 1 andσ2
eTDD

= 0 since there is
no estimation loss as the user knows the channel perfectly.

3.6. Capacity without Transmit CSI but with Receive CSI
Also for comparison we present the capacity when the BS
has no CSI but the receiver can estimate the downlink chan-
nel through training. Note that this is not the same capacity
with non-coherent detection like in (13). Without CSI at the
transmitter the use of multiple antennas are transparent tothe
user in a single-user MISO channel. If the BS either applies a
random beamwBS[n] or equivalently transmits with only one
antenna to the user, the equivalent SISO channelh[n] is a
scalar which is Gaussian distributed. Assuming the receiver
can estimate the scalar channelh[n] with TDL symbols, such
that the channel estimate isĥ[n] we have that

y[n] =
√

P ĥ[n]r[n] +
√

P e′[n]r[n] + v[n]

=
√

P ĥ[n]r[n] + z′[n]. (31)

wheree′[n] is the estimation error with variance given exactly
like the variance of the estimation error in a TDD system (Re-
mark 2.1), i.e.σ2

e′ = 1
1+ P

σ2
v

TDL
, and where the effective noise

z′[n] =
√

P e′[n]r[n] + v[n] with varianceσ2
v + σ2

e′ . The
capacity without CSICNoTxCSI at the transmitter is unknown
and so we compute lower and upper bounds on the capacity
of (31). We can compute a lower bound by first assuming that
r[n] andz′[n] are Gaussian distributed as has been explained
before, such that

CNoTxCSI≥ D

T
E

[
log2

(
1 +

P

σ2
v +

√
Pσ2

e′
|h[n]|2

)]

≥D

T

(
1− 1

e

)
log2

(
1+

1− σ2
e′

σ2
v

P + σ2
e′

)
=CNoTxCSI,lb, (32)

where the second step follows by making use of Theorem 3.2
whereη = |h[n]|2 is an exponential distributed random vari-
able with expected value given by1−σ2

e′ and absolute devia-
tion given by2

e

(
1− σ2

e′
)
. An upper bound can be computed

by making use of Theorem 3.6 and settingM = 1

CNoTxCSI,ub=
D

T
log2

(
1 +

P

σ2
v

)
.

4. NUMERICAL RESULTS AND DISCUSSION

In this section we present some results of the bounds com-
puted in the previous section. Fig. 1 depicts the bounds as
a function of P

σ2
v

in dB for M = 10, T = 500, TDL =
100, B = 20, α = 0.9, pε = 0, σ2

u = 1, PUL = P/M
andTUL ∈ {10, 100} (the last 3 parameters have an impact on
the TDD case). One can see the impact of the different types
and degrees of the CSI on the capacity. The best case with
imperfect CSI consists of having just estimated and outdated
CSI at the transmitter, i.e. the TDD case. Nevertheless, in
the TDD system, the performance of the downlink is directly
related to the quality of the channel estimate in the uplink,
i.e., TUL andPUL/σu, while the FDD downlink performance
is influenced by the number of feedback bits and their relia-
bility. For this reason, the FDD system could achieve higher
downlink rates than the TDD system in some cases.
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Fig. 1. Capacity Bounds vsPσ2
v

for the Different Scenarios.

The tradeoff between training and data payload can be ob-
served in Fig. 2, where the bounds are shown as a function of
TDL. Only the bounds for the FDD case, i.e.Cub andClb, and
the lower bound for the case without CSI at the transmitter
are functions ofTDL. The parameters are the same as before
except thatPσ2

v
= 6 dB andTUL = 100. Obviously, ifM � T ,

then it is optimum to spent more thanTDL = M symbols in
order to reduce the estimation error.

Fig. 3 presents the FDD bounds as function of the feed-
back bitsB. Now, we assume a feedback error probability
given bypε = 1 − (1 − ps)

B
2 with ps = 0.005. This corre-

sponds, for instance, to an uncoded QPSK (unfaded) trans-
mission link with symbol error probabilityps. Again, the
other parameters are the same as given in the beginning of the
section except thatM = 4, P

σ2
v

= 6 dB andTUL = 100. One
can observe an optimum number of feedback bitsB. The rea-
son for this is that, largerB decreases the quantization loss
while leading to an increased feedback error probabilitypε.
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The results are given for differentα. Interestingly, the optimal
values ofB obtained, each for the lower and upper bounds
of the capacity, are nearly the same, and thus, they probably
maximize its exact value. Fig. 4 shows the bounds as a func-
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tion of M for fixedB. The parameters are the same as in the
previous figure, except thatB = 20. As it can be observed
from the upper as well as the lower bounds, as the number
of antennasM approaches the number of feedback bitsB or
the training lengthTDL, the increase in FDD capacity becomes
marginal. Thus, in terms of FDD capacity, there is barely any
benefit from havingM beyondTDL or B.

5. CONCLUSIONS

We developed a general MISO downlink framework that con-
siders the inherent tradeoff between training, feedback and
data in downlink communications. Based on it, we derived
lower and upper bounds on the downlink sum capacity for
various communication scenarios and settings, taking intoac-
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count estimated, quantized and delayed CSI and erroneous
feedback. Numerical results shows that, even under this con-
ditions, the feedback of imperfect CSI is still beneficial. The
capacity bounds may have interesting applications in the anal-
ysis and design of wireless systems, such as the optimization
of resource allocation between data, training and feedback.
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ABSTRACT

The usage of Orthogonal Frequency Division Multiplexing

(OFDM) allows to adapt the available time-frequency grid to

the current channel conditions. To exploit the offered degrees

of freedom many bit and power loading algorithms were in-

troduced. However, they do not include channel coding in the

optimization. Similar to conventional multicarrier schemes

in such link adaptation scenarios the peak-to-average power-

ratio (PAPR) problem occurs. The combination of active con-

stellation extension (ACE) with additional tone reservation

(TR) is a promising approach to reduce this ratio without sac-

rificing the bit error rate (BER). Hence, in this contribution

we propose an extended bisection method for coded bit and

power loading in combination with ACE/TR techniques to

jointly improve the BER and PAPR performance in high-rate

OFDM systems. Results indicate that in presence of a memo-

ryless nonlinear high power amplifier (HPA) device the BER

can be lowered compared to existing loading algorithms.

1. INTRODUCTION

OFDM has become a popular modulation technique for broad-

band wireless communication systems [1]. The transmitter

side adaptation of these systems to the current channel state

is a crucial step towards higher spectral efficiencies and more

robust systems. Although offering the use of adaptive algo-

rithms OFDM also suffers from disadvantages like the high

PAPR. Obviously, the whole system has to be considered in

the optimization, where this paper deals with a combined ap-

proach of bit and power loading and PAPR reduction.

The bit and power allocation problem includes common

parameters like modulation and power, but also the applied

channel code needs to be considered to satisfy specific bit

error rate (BER) or rate requirements. This, however, has

usually been neglected in previous works, e.g., [2] and only

recently some attention has been spent to the consideration

of channel coding in bit and power loading algorithms with

This work was supported in part by the German Research Foundation

(DFG) under grants Ka841-18/1 and Ka841-21/1.

respect to the capacity of Bit Interleaved Coded Modulation

(BICM) [3, 4] systems [5–7]. Especially BICM is suited for

our purposes and allows for flexible allocation of code rate

and modulation. Still, the information theoretical measure

capacity does not describe the performance of a coded sys-

tem completely and only holds for perfect capacity achieving

codes. Therefore, we propose an efficient extension of the

original loading approach of Krongold et al. [2], which uses

the bisection method to solve the resulting convex optimiza-

tion problem. Instead of analytical error rate expressions, in

this paper the simulated AWGN performance of a set of code

and modulation combinations, also known as transmission

modes, will be used to form a look-up table describing the

required signal-to-noise-ratio (SNR) for a specific subcarrier

rate. The codes may be chosen from a common code fam-

ily, e.g., convolutional codes with a fixed constraint length,

realizing different code rates. Adapting the code rate addi-

tionally allows for higher flexibility in comparison to fixed

code rate scenarios. A similar approach has been proposed

by Stiglmayr et al. [8]. The authors solve the rate optimiza-

tion problem formulated in terms of the BICM capacity by

linearization, however they neglect a finer grained power con-

trol. Further investigations dealing with SNR mapping strate-

gies based on clustered time-frequency grids (chunks) also

neglect the power allocation [9, 10].

In OFDM systems potentially high peak values of the

time-domain signal pose a big problem. As the transmit sig-

nal may be distorted by a high-power amplifier (HPA) non-

linear distortions and a spectral regrowth occur. This espe-

cially holds for adaptive scenarios as previous results showed

a performance decrease of link adaptation algorithms if dif-

ferent modulation schemes are used for a certain output back-

off (OBO) of the HPA [11]. Hence, several techniques were

proposed to reduce the PAPR, a good overview can be found

in [12]. The ideas of tone reservation (TR) to exploit un-

used subcarriers and tone injection (TI) to extend constella-

tion points on used carriers motivate the combination of both

for further PAPR reduction [13]. An efficient subclass of TI

is the active constellation extension (ACE) method, which ex-
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clusively alters outer constellation points of the used modula-

tion alphabets on the subcarriers [14].

In this contribution we propose a combination of an ex-

tended bisection method for coded bit and power loading [15]

with ACE/TR techniques [16] to jointly improve the BER and

PAPR performance in high-rate OFDM systems.

The remainder of the paper is organized as follows. In

Section 2 the OFDM system is described and the PAPR prob-

lem is stated. Section 3 deals with the performance of coded

OFDM systems and the solution of the convex optimization

problem using the proposed coded bisection method. After-

wards, Section 4 introduces a the new PAPR reduction ap-

proach without sacrificing the BER. Simulation results are

shown in Section 5 and, finally, conclusions are given in Sec-

tion 6.

2. SYSTEM MODEL AND PAPR PROBLEM

The considered OFDM system is assumed to be perfectly syn-

chronized and free of intercarrier interference (ICI), i.e., the

duration of the guard interval (GI) is sufficiently long. Fur-

thermore, the channel state shall be perfectly known at both

the transmitter and receiver side. The general system model

including channel coding and interleaving is shown in Fig. 1.

−1−1−1

B C xD

h̃

YĈB̂

Mod

Mod

GI

GIFEC

DEC

IFFT

FFTΠ

Π

PAPR

reduction

Fig. 1. Considered coded OFDM system model with addi-

tional PAPR reduction

The equivalent baseband system can be described in fre-

quency domain as

Yn = Hn ·
√

Pn ·Dn + Nn , (1)

where Hn denotes the channel coefficient in frequency do-

main on subcarrier n = 0, · · · , NC−1. Pn, Dn, Nn and Yn

denote the transmit power, transmit symbol, Gaussian noise

and receive symbol, respectively. The total transmit power

is given by PTotal =
∑NC−1

n=0 Pn and the power of the noise

Nn ∼ NC(0, σ2
N ) is fixed to σ2

N = 1. The NC frequency

domain channel coefficients are determined by

Hn =
LF−1∑
ℓ=0

h̃(ℓ)e−j2π nℓ
NC , (2)

where the LF taps of the time domain channel are defined as

h̃(ℓ) ∼ NC(0, 1/LF ).
Throughout this paper transmit symbols stemming from

M -QAM modulation alphabets with Gray mapping are con-

sidered. To each subcarrier n an individual alphabet of car-

dinality |Mn| will be assigned. Soft-Demapping via a-poste-

riori-probability (APP) detection is used to supply soft infor-

mation to the decoder. In terms of forward error correction

(FEC) non-systematic non-recursive convolutional codes of

rates RC ∈ {1/4, 1/3, 1/2, 2/3, 3/4} and constraint length

LC = 3 are applied, leading to a variety of possible transmis-

sion modes, i.e. combinations of modulation and code. In all

cases, the code word length is fixed to the number of bits in

one OFDM symbol, leading to longer code words for higher

data rates. Thus, no time diversity is exploited. A BCJR al-

gorithm is used for soft-decoding and random interleaving is

applied.

The time-domain transmit baseband signal for one OFDM

symbol following (1) can be obtained using the IFFT

xk =
1√
NC

NC−1∑
n=0

Xn exp
(

j2π
kn

NC

)
, (3)

for time index k = 0, . . . , NC−1, where Xn =
√

Pn · Dn.

Then, x = [x0, . . . , xNc−1]
T

is the time-domain symbol vec-

tor at the IFFT output, whose elements, due to the central

limit theorem, can be modeled as truncated zero-mean Gaus-

sian random variables. This leads to a large probability of

high peak values especially for an increasing number of sub-

carriers. Usually, an IFFT of a zero-padded input data vec-

tor of length wNc is applied, where w is the oversampling

factor. All peaks of the time-domain signal can be captured

if an oversampling factor of w ≥ 4 is used. Then, its cor-

responding discrete PAPR closely approximates that of the

continuous-time signal. In this work all algorithms perform

at Nyquist sampling rate, whereas the PAPR of the oversam-

pled signal is measured in the investigations. Consequently,

the PAPR for such an OFDM system is defined as [12]

PAPR (x) =
‖x‖2

∞
E
{
‖x‖2

2

}
/wNC

, (4)

where E {·} denotes the expectation and ‖·‖α is the α-norm.

In (4) ‖x‖2
∞ defines the peak value max

x
|xk|2. This PAPR

can be significantly reduced, if the transmit signal x is mod-

ified by an additive time-domain signal c ∈ CNc×1, which is

optimized with respect to ACE and TR constraints such that

the corresponding PAPR

PAPR (x, c) =
‖x + c‖2

∞
E
{
‖x + c‖2

2

}
/wNc

(5)

is minimized. The principles of ACE and TR are explained in

Section 4.1. Following [14] the optimization problem using
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the ACE and/or TR technique can be written as

minimize
c

‖x + c‖∞ = minimize
C

‖x + FC‖∞ , (6)

where C is the corresponding frequency-domain vector of the

additive signal c and F denotes the IDFT matrix of size Nc×
Nc with elements fn,k =

(
1/
√

Nc

)
exp (j2πkn/Nc). This

convex problem can be interpreted as minimizing the maxi-

mum squared magnitude of the resulting signal with respect

to c. Unfortunately, this is a minimization task in the complex

plane and results in a quadratically constraint quadratic pro-

gram (QCQP) [17]. Thus, a less complex solution is required.

As any square M -QAM can be represented by two
√

M -

ASK without loss, we will restrict to ASK constellations in

the following. This means the optimization of the bit and

power loading and the PAPR optimization are carried out with

an equivalent real-valued representation. For bit and power

loading an expansion to QAM constellations is obtained by

simply halving the power constraint and the maximum rate,

while doubling the resulting powers and rates. Taking into ac-

count the ASK symbol representation, assume the real-valued

system variables

XR = [ℜ{X}ℑ{X}]T ∈ R2Nc×1 (7a)

xR = [ℜ{x}ℑ{x}]T ∈ R2Nc×1 (7b)

CR = [ℜ{C}ℑ{C}]T ∈ R2Nc×1 (7c)

FR =
[ℜ{F} −ℑ{F}
ℑ{F} ℜ{F}

]
∈ R2Nc×2Nc , (7d)

where XR is a real-valued ASK symbol vector, xR the equiv-

alent time-domain represenation, CR the frequency-domain

correction term and FR the real-valued representation of the

IDFT matrix F. Then, the PAPR optimization problem is

given by

minimize
CR

‖xR + FRCR‖∞ . (8)

In the next section the coded bit and power loading is ex-

plained, whereas the PAPR reduction is addressed in Sec-

tion 4.

3. CODED BIT AND POWER LOADING

3.1. Coded System Performance

The bit error rate performance of an uncoded
√

M -ASK trans-

mission is well-known. It can be described as a function of the

SNR γ by

Pb,
√

M−ASK =
2

log2(M)

(
1− 1√

M

)
erfc

(√
3

M − 1
γ

)
.

(9)

Accordingly, the frame error rate (FER) given a certain frame

length LN - the number of channel uses - is defined as

Pf,
√

M−ASK = 1− (1− Pb,
√

M−ASK)LN log2(
√

M) (10)

and can be used to derive the SNR γ required to achieve a

given frame error rate for a certain modulation. This is the

basis for many known bit loading algorithms, e.g., [2]. How-

ever, these results are limited to uncoded systems. To capture

the behavior of the whole system - including an appropriate

channel code - (9) and (10) are not sufficient. One way to ob-

tain a quality indicator is to simulate the performance of the

coded system.

In order to characterize the SNR, which is necessary to

achieve a given bit or frame error rate performance on a single

subcarrier, a system with equivalent block length of LN = NC

and AWGN noise is simulated. The motivation for this ap-

proach is, that given the SNR of a single subcarrier γn, we as-

sume all symbols of the code word to have the SNR γn. The

error rate performance of a specific code and modulation dis-

turbed by AWGN at γn indicates, which transmission mode

may be chosen to guarantee an error rate constraint. Using

this heuristic, the overall error rate of an OFDM symbol with

different SNRs and properly chosen subcarrier modes can be

assumed to fulfill the error rate constraint.

Still, the AWGN assumption is optimistic in the sense that

individual channel states have been compensated for properly.

Nevertheless, it offers a good indication of the SNR which is

necessary to support a target error rate on a single subcarrier

at a specific data rate. Even though the applied channel code

could cope with SNR variations over subcarriers, an ergodic

Rayleigh fading channel would lead to far too pessimistic per-

formance measures because of existing subcarriers with very

low SNR. Such subcarriers will be compensated for in a per-

fect adaptive system by the assignment of more power, differ-

ent modulation and stronger coding.

Fig. 2 shows the BER results of Monte-Carlo simulations

for
√

M -ASK constellations up to
√

M = 24 and a variety of

code rates versus Eb/N0. It is quite clear, that only a subset

of combinations will actually be used due to the fact that at a

given rate one of the code-modulation combinations will lead

to the best performance, e.g., 4-ASK with a half rate code

compared to 16-ASK with a quarter rate code achieves the

same spectral efficiency of 1 bit/s/Hz at a much lower Eb/N0.

Based on these simulation results, the system performance

can be characterized as will be discussed in the next section.

3.2. Coded Bisection Approach

Consider the well-known optimization problem to enhance

the error rate performance

minimize PTotal =
NC−1∑
n=0

Pn (11a)

subject to

NC−1∑
n=0

rn = RTotal (11b)

Pb < PTarget . (11c)
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frame length LN = 256, PTarget = 10−3

With this approach the transmit power PTotal is minimized

given an overall target rate RTotal and error rate PTarget. A lo-

cal code rate RC,n in conjunction with the applied modulation√
Mn define the bit rate rn = log2(

√
Mn)RC,n on subcarrier

n. Note that the optimum solution at one target BER/FER

scaled to the available transmit power can be used to show

performance gains in terms of the error rate.

The error rate constraint PTarget determines the power that

is necessary to achieve a certain rate requirement. The results

in Fig. 2 at the target BER lead to rate-power pairs defining

potential subcarriers modes. Accordingly, Fig. 3 shows all

rate-power points up to a maximum rate Rmax = 5 bit/s/Hz at

a target BER of PTarget = 10−3 found by Monte-Carlo simu-

lations, stating the AWGN performance of an equivalent sys-

tem with frame length NC and the analytical bit error rate

expression for uncoded ASK constellations in (9). In a per-

fect adaptive system subcarrier channel variations would be

exploited or compensated by assignment of power, modula-

tion alphabet and code rate, making the AWGN performance

a good quality indicator to identify the SNR requirement of

each mode.

The set of all rate-power points is therefore defined as

S = {(RC,i, γ̂i)|fMi,RC,i
(pi) = PTarget}, where fMi,RC,i

de-

notes the utilized error rate function, e.g., the simulated BER

in Fig. 2, parametrized by the transmission parameters and

the power. The SNR γ̂i for the real valued system is defined

as

γ̂i = RC,i log2(
√

Mi)
Eb,i

N0/2
. (12)

where i is the index over the elements of set S.

To solve (11a) efficiently, convexity has to be ensured. To

this end, a convex set of rate-power points C ⊂ S has to be
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Fig. 3. Set of all rate-power points (x - coded modes;

o - uncoded modes) and its convex hull (solid line) at

PTarget = 10−3, LN = 256 and LC = 3.

found, which can be constructed by the convex hull of the

whole set as shown by the solid line in Fig. 3, where [18] has

been used. A look-up table has to be generated once for a

set of system parameters, i.e., NC , code ensemble and maxi-

mum allowed rate. Based on such an easily storable look-up

table the rate of each OFDM symbol can be optimized. More

specifically, the look-up table has to return the mode with the

greatest rate still being feasible. Feasibility in the bisection

approach is connected to the slope of the rate-power curve,

given by δR/δΓ̂ with R being the vector of all rates on the

convex hull and Γ̂ the vector of the respective SNRs γ̂.

One very efficient way to find the optimal solution given

the Lagrangian formulation of the convex optimization prob-

lem (11a)

J(λ) =
NC∑
n=1

Pn + λ

(
NC∑
n=1

rn −RTotal

)
(13)

is the bisection approach, which has been applied to the un-

coded bit and power loading problem by Krongold et. al [2].

Considering the unconstrained problem, i.e., neglecting RTotal,

each λ corresponds to an optimal power and rate distribu-

tion, which minimizes the cost function J(λ). Accordingly,

if δJ(λ)/δrn = 0, ∀n, the condition

δPn

δrn
= −λ ∀n , (14)

has to be fulfilled, meaning that the optimal rates and powers

have to be chosen through that point on the rate-power curve

with slope λ.

The (scaled) look-up table, which provides the rate and

power at a specific slope η = λ/|Hn|2, has to be constructed
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from C to calculate the optimal rates and powers on all sub-

carriers for a given λ. The optimal λ∗, which minimizes the

power taking the target rate RTotal into account, can then be

found iteratively. A pseudo-code description of the algorithm

and more details are given in [15].

This bisection approach efficiently solves the convex op-

timization problem of the coded system by the previously ex-

plained steps, which is carried out once (1-step). However,

the optimization results in local subcarrier code rates, whose

applicability, e.g., by variable puncturing techniques is be-

yond the scope of this paper. Instead, a mean code rate R̄C is

calculated and chosen such that the code rate R̄C fulfills

R̄C <
1

NC

NC∑
n∈T

RC,n . (15)

This code is used as the outer code for one OFDM symbol,

where T denotes the set of all nonzero local code rates RC,n.

Due to this solution, though, the target rate cannot be guaran-

teed. As the subcarrier rates are changed by the application

of a fixed global code rate, an overall rate loss is introduced,

which means that stronger error protection than required is

applied. This in turn violates the target rate constraint. A so-

lution to this problem is a 2-step process, fixing the code rate

in the first step followed by the optimization over a convex set

of all modes applying this code rate in the second step. This

procedure is used in our simulations as well.

The proposed bisection method used here is a very effi-

cient and fast algorithm as simple calculations are necessary

to obtain a feasible solution.

4. COMBINING THE CODED BISECTION METHOD

WITH PAPR REDUCTION

4.1. Active Constellation Extension and Tone Reservation

The bit and power loading approach from Section 3.2 may de-

crease the error rate, whereas the possibly large PAPR value

after the IFFT operation remains. Therefore, the principles of

active constellation extension and tone reservation are com-

bined in one common optimization approach to reduce the

PAPR. The idea of ACE is to extend the outer constellation

points of the utilized modulation alphabet. For higher order

modulation the inner constellation points must remain at their

positions, otherwise the Euclidean distance between these sym-

bols is decreased. Fig. 4 depicts an ACE example of 16-QAM,

where the points at the edges only have one degree of free-

dom (real or imaginary part) and the corner points have two

(both real and imaginary part). The inner points are identi-

cal to the original constellation. Basically, such an extended

constellation does not increase the bit error rate due to the

constant minimum Euclidean distance. Instead, an increased

Euclidean distance at the outer constellation points may de-

crease the error rate.

Furthermore, if bit and power loading procedures are ap-

plied free subcarriers may occur, i.e., no modulation is applied

on these carriers. Now, tone reservation (TR) can be used to

exploit these unused subcarriers. They can also be found in

the origin of the left I/Q diagram in Fig. 4. Using TR methods

means to find a complex additive signal on these unused sub-

carriers, where compared to ACE subcarriers no restrictions

to the optimum additive components are made. According

to (8), the QCQP problem in (6) is now stated as a real-valued

problem with 2NC optimization variables by separating real

and imaginary part. However, as real and imaginary part are

dependent optimization variables, this separation leads to a

suboptimal solution with a remaining small error. The right

part of Fig. 4 shows how the approach approximates the opti-

mal solution circle of the power restricted complex envelope,

which depicts the maximum achievable peak power reduction

resulting from the optimum complex optimization problem.

The real-valued approach packs all time-domain samples in

an outer square, where the maximum possible error is indi-

cated by the two dots. The variable t will be explained later.

Furthermore, the circle can be closer approximated by using
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Fig. 4. (left) Exemplary active constellation extension for

16-QAM with zero symbols exploitable by TR techniques;

(right) Approximation of the power restricted complex enve-

lope

additional phase-shifted versions of the time-domain signal

block. This in turn escalates the amount of constraint equa-

tions especially in a link adaption scenario and slows down

convergence speed of the resulting algorithm [17]. That is

quite an important aspect as the link adaption algorithms al-

ready introduce processing delays at the transmitter.

4.2. Joint ACE/TR Optimization for Bit Loading

Motivated by the fact that the QAM symbols are separated

into two ASK symbols in our system model, the magnitudes

of the real and imaginary parts are now optimized indepen-

dently. Therefore, (8) can be written as a linear program-

ming (LP) problem [19]. The combination of ACE and TR

introduces the following constraints to this optimization prob-

lem. For all non-data bearing subcarriers that can be exploited

by tone reservation, there are no restrictions on the feasible
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region of the symbols after optimization. For all other ac-

tive carriers only those symbols corresponding to a corner

or edge point of the selected complex symbol alphabet are

considered. In summary, this implies that only outer con-

stellation symbols of the ASK signal XR are incorporated in

the following optimization process. The determined set of

ASK symbol indices prior to the optimization is indicated by

Ic =
[
i1, . . . , i|Ic|

]
. Only those elements contained in this

set are used for optimization purposes. It is worth mentioning

that the zero amplitude symbols of the TR subcarriers are also

included in Ic. Hence, by optimizing with respect to the con-

straints on Ic the additive signal C including ACE and TR

subcarriers is optimized. If the columns of the disregarded

ASK symbols are excluded from the IDFT matrix such that

F̃R =
[
fi1 , fi2 , . . . , fi|Ic|

] ∈ R 2Nc×|Ic| and similarly arrange

all frequency-domain correction symbols of the considered

symbols in vector C̃R =
[
Ci1 , Ci2 , . . . , Ci|Ic|

]T ∈ R |Ic|×1,

it is easy to see that the relation FRCR = F̃RC̃R holds. Then,

if the objective function in (8) is upperbounded by a certain

value t, the optimization problem can be reformulated by

minimize t (16a)

subject to

∣∣∣xR,k + F(k)
R C̃R

∣∣∣ ≤ t ∀ k ∈ Ic , (16b)

where F(k)
R denotes the k-th row of matrix FR. The element-

wise inequality constraints for the absolute values in (16b)

can be written in matrix form[
F̃R I2Nc×1

−F̃R I2Nc×1

] [
C̃R

t

]
≥
[−xR

xR

]
, (17)

whereas the set limitation in (16b) can be stated with respect

to the feasible regions of the transmit symbols

SkCR,k ≥ 0 ∀ k ∈ Ic (18a)

CR,k
!= 0 ∀ k /∈ Ic , (18b)

where Sk = sgn {XR,k} ∈ {−1, 0,+1} is the sign of the kth

ASK symbol. The constraints of inner constellation points

and the unconsidered real and imaginary parts of edge points

of the QAM symbols are given in (18b). These constraints

can be easily fulfilled if they are excluded from the optimiza-

tion problem. The inequality constraints in (18a) can again be

written in matrix form with element-wise inequality

SC̃R ≥ 0|Ic|×1 . (19)

In (19) the sign variables are arranged in a diagonal matrix

S = diag
{
S1, . . . , S|Ic|

}
. At last, by defining the vectors

d =
[
01×|Ic| 1

]T ∈ R|Ic|+1×1 and yR =
[
C̃R t

]T
∈R|Ic|+1×1

the optimization problem in (16) becomes

minimize dT yR (20a)

subject to ARyR ≥ bR , (20b)

with matrix AR and vector bR given by

AR =

 F̃R I2Nc×1

−F̃R I2Nc×1

S 0|Ic|×1

 and bR =

 −xR

xR

0|Ic|×1

 . (21)

This is a LP problem [19] with 2Nc + 1 variables and 4Nc +
|Ic| constraints that can be solved with standard tools, e.g.,

an efficient iterative Newton method [20], which works con-

siderably well with a large number of constraints. The mini-

mum solution value of t describes the size of the approximate

square as shown in Fig. 4 [16].

One possible alternative method for approximating the

previously described LP with less complexity is to use a gra-

dient-project approach like in [14] for the ACE component

and extend it with an update rule for the additive correction

term related to the TR subcarriers [21]. This combines the

properties of both iterative schemes in a single procedure,

which is called enhanced gradient-project algorithm (EGPA)

in the following. The corresponding update rule for the time-

domain transmit vector at iteration i is [16]

x(i+1) = x(i) + µcACE − νcTR , (22)

where the scalars µ and ν are smart-gradient step sizes cho-

sen as suggested for the smart gradient method in [14] and the

algorithm in [21]. For more details refer to [16]. It is worth

mentioning that this algorithm introduces additional IFFT and

FFT operations, which in turn slightly increases the complex-

ity compared to the original OFDM system. For high spectral

efficiencies all subcarriers are data bearing subcarriers espe-

cially if a maximum modulation alphabet size is set. Then

this algorithm inherently reduces to the one in [14].

5. SIMULATION RESULTS

For the investigations the number of subcarriers was set to

NC = 256, the channel has LF = 6 taps, the spectral effi-

ciency is 3 bit/s/Hz with a non-adaptive average code rate of

0.5, whereas the maximum modulation size is
√

Mn,max =
32 ASK (1024-QAM)1. The error rate constraint was set to a

BER of PTarget = 10−3. For the consideration of the memory-

less nonlinear HPA, the well-known Rapp model with smooth-

ing parameter p = 2 and an input power backoff (IBO) of

3 dB is used [22]. The EGPA method uses a clipping ratio

of 3 dB and the maximum iteration number was set to 3. In

Fig. 5 it is shown that for a high spectral efficiency the pro-

posed coded bit and power loading outperforms the original

biscetion method of Krongold, where a gain of approximately

1.5 dB is obtained at a BER of 2 · 10−3. By applying PAPR

reduction with ACE/TR techniques using a direct solution of

the LP, the BER performance gain can be further improved up

1Higher order modulation is generally more often used in DSL as in wire-

less channels. Nevertheless, although occurring rarely (cf. Fig. 6), they allow

for higher flexibility of the algorithm.

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 232



30 34 38 42 46 50
10

−4

10
−3

10
−2

10
−1

10
0

 

 

PTotal/NC in dB

B
E

R

Non-adaptive

Non-adaptive + PAPR-LP

Uncoded Bisection [2]

Coded Bisection

Uncoded Bisection [2] + PAPR-LP

Coded Bisection + PAPR-LP

Coded Bisection + PAPR-EGPA

Fig. 5. BER vs. subcarrier SNR for 3 bit/s/Hz for Nc = 256
using the Rapp HPA model with p = 2 and an IBO of 3 dB

to approximately 4 dB at the same BER. This improvement

follows from the increased Euclidean distance of outer con-

stellation points and is larger for the coded bisection method.

This is due to the fact that the coded bisection method de-

activates subcarriers more often by trend. In addition, lower

order modulation is chosen more frequently compared to the

uncoded bisection method. Instead, larger code rates are used

to compensate for the rate loss. This behavior is depicted in

a histogram in Fig. 6 recorded for 1000 channel realizations

with a maximum modulation size of Mn,max =64 QAM. The

difference of the coded bisection methods (1-step or 2-step)

was explained in Section 3.2, whereas the 2-step algorithm is

applied in the BER curves in Fig. 5. Hence, as lower order

modulation is used more often the ACE reduction algorithm

has more degrees of freedom to decrease the PAPR and inher-

ently increases the Euclidean distance of more constellation

points. Furthermore, the proposed coded method needs less

power to achieve the same target BER. Thus, SNR gains can

be obtained.

The performance of the EGPA is degraded due to the im-

perfect constellation extension but still achieves better perfor-

mance compared to the uncoded bisection method with PAPR

reduction. For a spectral efficiency of 3 bit/s/Hz the OFDM

scheme without loading suffers from the commonly chosen

64-QAM alphabet, which strongly degrades the BER perfor-

mance under HPA influences. The ACE/TR scheme cannot

compensate this behavior as for 64-QAM only a small num-

ber of symbols at the constellation edges can be used for im-

provements.

Fig. 7 shows the complementary cumulative distribution

function (CCDF) of the uncoded and coded bisection methods

with different PAPR reduction techniques. There, the curves

indicate the probability that the PAPR of one OFDM symbol
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Fig. 6. Histogram of different bit allocation algorithms for

1000 channel realizations with NC = 256 subcarriers, a max-

imum modulation of Mn,max = 64 (QAM), LF = 6 and

PTarget = 10−3

exceeds a certain threshold, i.e.,

CCDF (PAPR (x, c)) = P (PAPR (x, c) > β) , (23)

where P (·) denotes probability and β is the threshold in dB.

For the chosen IBO of the HPA the PAPR does neither in-

crease nor decrease for different loading algorithms compared

to the non-adaptive OFDM scheme. Hence, loading has no

impact on the PAPR performance. Furthermore, applying ad-

ditional ACE/TR techniques at this rate does not lead to any

gains compared to the non-adaptive case as in the original

bisection method too many subcarriers obtain a high order

modulation. In contrast, due to the above-mentioned reasons

the coded bisection method is able to reduce the PAPR. Here,

a gain of 0.5 dB in terms of PAPR at 10−4 is visible for the

proposed combination of coded bit and power loading and

ACE/TR techniques. The EGPA algorithm instead is able

to achieve a good compromise between PAPR/BER perfor-

mance and complexity.

The common principle of clipping and filtering [23] usu-

ally achieves better PAPR performance with less complex-

ity compared to our approach. Nevertheless, the increased

complexity comes with a large BER gain in terms of efficient

loading strategies and no increase in the out-of-band radia-

tion. However, it is possible to apply another clipping device

after our approach to further decrease the PAPR as the BER

gain can be exploited for further PAPR improvements.

6. CONCLUSIONS

In this contribution a combination of a modified bisection ap-

proach and PAPR reduction using ACE and TR techniques is
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proposed. Firstly, the channel code is included in the opti-

mization of bit and power loading for multicarrier communi-

cation systems. In addition, the ACE technique can exploit

the smaller modulation alphabets on the subcarriers allocated

by the coded bisection method. Then, the rate loss is compen-

sated for by larger code rate assignments. The proposed com-

bination efficiently enhances the bit error rate performance

for high-rate systems especially in presence of memoryless

nonlinear distortions. Furthermore, the PAPR reduction is

significantly improved with less complexity by an enhanced

gradient-project algorithm, which offers a better trade-off be-

tween BER and PAPR performance.
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Abstract—Trellis coded modulation (TCM) is a well known
scheme that applies mapping by set partitioning. The key idea is
to group the constellation symbols into sets with each set having
the maximum free distance between its symbols. In this paper,
a similar approach is applied to antenna constellation points of
spatial modulation (SM) in order to enhance its performance in
correlated channel conditions. In SM, multiple antennas exist at
the transmitter side, but only one of them is active at any par-
ticular time instant. The incoming data bits determine the active
transmit antenna and the signal constellation point transmitted
from it. At the receiver side, the active antenna index and the
transmitted symbol are estimated and used together to decode
the transmitted information bits. The locations of the transmit
antennas are considered as spatial constellation points, and TCM
is applied to enhance the bit error ratio (BER) performance of
bits encoded into the physical location of an antenna within an
antenna array. TCM partitions the entire set of transmit antennas
into sub-sets such that the spacing between antennas within
a particular sub-set is maximized. The performance of TCSM
is analyzed in this paper and compared to the performance
of SM and coded V-BLAST (vertical Bell Labs layered space-
time) applying optimum sphere decoder algorithm. It is shown
that under the same spectral efficiency, TCSM performs nearly
the same as SM and V-BLAST in idealistic channel conditions.
However, a significant enhancement is reported in the presence of
realistic channels performance such as Rician fading and spatial
correlation (SC).

Index Terms—MIMO, Spatial modulation, Trellis coded modu-
lation, V-BLAST, Sphere decoder, Correlated channel conditions,
Rician fading, Spatial correlation.

I. INTRODUCTION

Wireless radio frequency channel generally poses several
challenges on the system design. The physical layer of such
systems has to deal with multipath propagation, interfer-
ence and limited available spectrum. MIMO (multiple-input-
multiple-output) transmission technology constructively ex-
ploits multipath propagation to provide higher data throughput
for the same given bandwidth [1].

One of the most promising MIMO techniques to achieve
the expected high data rate is the proposed V-BLAST (vertical
Bell Labs layered space-time) architecture [2]. In V-BLAST,
the information bit stream is separated in substreams. All the
symbols of a certain stream are transmitted through the same
antenna (one stream per antenna). The substreams are co-
channel signals, that is, they have the same frequency band.
Therefore, as compared to a SISO system, a linear increase of

the data rate with the number of transmit antennas is achieved.
The major task at the receiver is to resolve the inter-channel-
interference (ICI) between the transmitted symbols. There are
several detection algorithms available in the literature for V-
BLAST. The optimum solution is to use maximum likelihood
(ML) decoder. The problem of ML algorithm is the high
complexity required to search over all possible combinations.
Therefore, other algorithms are proposed trying to achieve
similar performance as ML detection but with a significant
reduction in receiver complexity. A highly potential technique
is the proposed sphere decoder (SD) algorithm in [3]. The
main idea behind SD is to limit the number of possible
codewords by considering only those codewords that are
within a sphere centered at the received signal vector. The
complexity of separating these signals should be small enough
such that the overall complexity of the sphere decoding is
lower than that of the full search. In this paper, coded V-
BLAST with the SD algorithm is considered.

Traditional MIMO systems use all transmit antennas to
simultaneously transmit data to the receiver side. The aim is to
improve power efficiency by maximizing spatial diversity [4],
or to boost the data rate by transmitting independent streams
from each transmit antenna (as in V-BLAST) [1, 2, 5], or to
achieve both of them at the same time at the expense of
increasing complexity [6].

An alternative multiple antenna transmission technique,
called spatial modulation (SM), utilizes the multiple transmit
antennas in a different way [7, 8]. Multiple antennas are
considered as additional constellation points that are used to
carry information bits as seen in Fig. 1. At one time instant,
only one transmit antenna is active. Part of the incoming bit
sequence determines the active antenna. The active antenna
transmits the data symbol and both the transmitted symbol
and the active antenna index are estimated at the receiver and
used to decode the original information bits.

TCM is a modulation scheme which allows highly efficient
and reliable digital transmission without bandwidth expansion
or data rate reduction [9]. TCM combines the function of
convolutional encoder of rate R = k/(k + 1) and M-ary
signal mapper that maps M = 2(k+1) constellation points.
Unlike conventional coding techniques only certain sequences
of successive constellation points are allowed (mapping by
set partitioning). The key idea is to group symbols into sets
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Fig. 1. Spatial modulation maps a sequence of bits into a signal constellation
and into a spatial constellation point. The spatial constellation point data
is shown inside brackets in the figure. In this example 4-PSK and four
transmit antennas are considered. Each spatial constellation point defines
an independent complex plane of signal constellation points. For illustration
purpose, two such planes, for the sequences (00) and (11), are shown in the
figure.

of equal sizes where each set maximizes the free distance
between its symbols.

In this paper, the key idea of TCM is applied to the antenna
constellation points of SM. This novel scheme is called trellis
coded spatial modulation (TCSM). In TCSM, the transmit
antennas are partitioned into sub-sets in such a way that
the spatial spacing between antennas in the same sub-set is
maximized. Therefore, the effect of correlated channels on
the performance of SM is reduced. This fact is significant
when considering portable devices with multiple antennas
installed in compact space and enough separation between
them cannot be guaranteed. The performance of the proposed
idea is analyzed in the presence of Rician fading and spatial
correlation (SC) channels and major enhancements in BER is
reported as compared to SM and V-BLAST with the same
spectral efficiency.

The rest of the paper is organized as follows: In Section II,
the system model of TCSM is presented. V-BLAST system
model is discussed in Section III. Section IV present the
channel models. Simulation results are discussed in Section V.
Finally, Section VI concludes the paper.

II. TRELLIS CODED SPATIAL MODULATION (TCSM)
SYSTEM MODEL

The TCSM system model is depicted in Fig. 2. A MIMO
system consisting of four transmit antennas (Nt = 4) and
four receive antennas (Nr = 4) is considered as an example.
The transmitted bits at each time instant are grouped as
the row vectors of the matrix x(t). For illustration pur-
poses, the incoming bit sequences are considered x (t) =

[
001 110 111

]T
, where (·)T denotes the transpose of

a vector or a matrix. The first step is to split this matrix
into two matrices. The first matrix x1(t) contains the bits that
are mapped to spatial constellation points. While the second
matrix contains the bits that are mapped to signal constellation
points1. In the considered example, x1 (t) =

[
0 1 1

]T

and x2 (t) =
[

01 10 11
]T . Assuming 4-PSK (phase shift

keying) constellation, as seen in Fig. 1, the second matrix
is mapped to

[
i −1 −i

]T
, where each element in this

matrix corresponds to the symbol that is transmitted from one
antenna among the set of existing transmit antennas at one
time instant. The first matrix, x1(t), is then used to select the
active transmit antenna. However, before mapping the bits in
the first matrix to the spatial constellation points (the transmit
antenna indexes), the bits are processed by a rate 1/2 TCM
encoder. The TCM encoder block consists of a convolutional
encoder followed by a random block interleaver. The TCM
encoder, state transition, and spatial mapping are depicted in
Fig. 3. TCM groups the antenna indexes in a tree like fashion,
then separates them into two limbs of equal size. At each
limb of the tree, the indexes are further apart. In other words,
TCM partitions the transmit antennas into sub-sets with the
constraint of maximizing the spacing of antennas belonging
to the same sub-set. In the given example and assuming all
antennas are equally spaced on a vertical line, antennas one
and three form a set and antennas two and four form the other
set. The output of the TCM encoder is then used to select the
active antenna. In the above example, x1(t) is transformed
into another matrix l(t) =

[
00 01 11

]T by the encoder
of Fig. 3(c) assuming the initial state of the encoder is 00. The
SM mapper operates on both l(t) and x2(t) matrices creating
the output matrix

s(t) =


i 0 0
0 −1 0
0 0 0
0 0 −i

 .

Each column from the output matrix is transmitted at a single
time instant from the existing transmit antennas over the
MIMO channel H(t). For instance, at the first time instant in
the considered example, the elements of the first column are
transmitted from the four transmit antennas. Since, however,
only one element is different from zero, only one antenna emits
a signal. This means, that only the first antenna is active at
this particular time instant and is transmitting symbol i while
all other antennas are switched off. The signal experiences
an Nr- dim additive white Gaussian noise (AWGN). The
channel and the noise are assumed to have independent and
identically distributed (iid) entries according to CN (0, 1). In
addition, Rician fading and Kronecker SC channel models are
considered. The complete models for the channel with Rician
fading and spatial correlation are discussed in Section IV.

At the receiver, the optimum SM decoder proposed in [10]

1This is the basic working mechanism of SM, the reader is kindly requested
to refer to [7] for detailed information.
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is considered to estimate the transmitted symbol x̃2(t) and the
transmit antenna index l̃(t) as follows:

[x̃2, l̃] = arg
x̃2 ,̃l

max py (y|sl,m,H)

= arg
x̃2 ,̃l

max
√

ρ‖gl,m‖2F − 2Re
{
yHgl,m

}
, (1)

where gl,m = hlsl,m is the received vector when transmitting
the symbol sl,m from antenna index l where 1 ≤ l ≤ Nt

and 1 ≤ m ≤ M and hl is the channel vector containing
the channel path gains from transmit antenna l to all receive
antennas; M is the size of the signal constellation diagram and
Re is the real part of a complex number. In addition, ρ is the
average signal to noise ratio (SNR) at each receive antenna,
and

py (y|sl,m,H) = π−Nt exp
(
−‖y −√ρHsl,m‖2F

)
(2)

is the probability density function (pdf) of y conditioned on the
transmitted symbol sl,m from antenna index l and the channel
H. The notation ‖ · ‖F stands for the Frobenius norm of a
vector or a matrix.

The estimated antenna number is de-mapped to the corre-
sponding bits and the incoming data sequence of one complete
frame is applied to a random block deinterleaver and then
decoded using a hard decision Viterbi decoder. The output
from the Viterbi decoder together with the estimated symbols
are used to retrieve the original information bits.

In this paper, the performance of TCSM scheme is com-
pared to SM and V-BLAST. SM applies no channel coding
and uses a smaller number of transmit antennas or lower
modulation order to achieve the same spectral efficiency
as TCSM. V-BLAST system model, on the other hand, is
discussed in the following section.

III. V-BLAST SYSTEM MODEL

The considered V-BLAST system in this paper is depicted
in Fig. 4. The rate 1/2 convolutional encoder shown in Fig. 3
is considered. Coded V-BLAST system is generally termed
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Fig. 3. Trellis coded encoder, spatial constellation mappings, and state
transitions of the TCM encoder

horizontal BLAST (H-BLAST) [11]. In H-BLAST, the incom-
ing bit stream is demultiplexed into Nt parallel substreams.
Channel coding followed by interleaving is applied to each
substream. The coded bits are modulated and then transmitted
from the corresponding transmit antenna. If the interleaving
depth is selected to be larger than the coherence time of the
channel, additional diversity gain can be achieved [12].

Another way of applying channel coding to V-BLAST is to
use a single channel code for all layers as shown in Fig. 4.
This scheme is called single coded BLAST (SCBLAST) [12].
SCBLAST is simpler than H-BLAST in the sense that only
a single channel encoder is needed for all layers. In addition,
in correlated slow or block fading channel, SCBLAST outper-
forms H-BLAST since the demultiplexer (at the transmitter)

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 237



.

.

.

Interleaver

Modulator

Modulator

Modulator
M

u
ltip

lix
e
r

Convolutional

Decoder

DeinterleaverDemodulator

Input bitstream Output 

bitstream

.

.

.

Channel

+

AWGN

Convolutional

Encoder

S
p
h

e
re

 d
e

c
o
d

e
r 

a
lg

o
rith

m

Demodulator

Demodulator

D
e
m

u
x

Interleaver

Interleaver Deinterleaver

Deinterleaver

Fig. 4. V-BLAST system model

and multiplexer (at the receiver) act as spatial interleavers
where they together help in breaking some of the correlation in
the received signal [12]. In this paper, correlated slow fading
channels are assumed and therefore, SCBLAST is considered
for the comparisons used in this paper.

At the receiver, SD algorithm is employed to detect the
transmitted symbols from all layers. In simulations, SD al-
gorithm based on integer lattice theory is implemented. A
complex MIMO system is decoupled into its real and imag-
inary parts so as to form an equivalent real-valued system.
This approach is most appropriate for lattice-based modulation
schemes such as quadrature amplitude modulation (QAM)
or pulse amplitude modulation (PAM) [3, 13, 14]. For other
complex constellations such as phase-shift keying (PSK), the
SD based on integer lattice theory are inefficient due to
the existence of invalid candidates. A solution is to avoid
decoupling of the complex system by applying complex SD
algorithms [15].

The SD algorithm avoids an exhaustive search by examining
only those points that lie inside a sphere with radius C. The
performance of the SD algorithm is closely tied to the choice
of the initial radius. The radius should be chosen large enough
so that the sphere contains the solution. However, the larger
the radius is, the longer the search takes which increases the
complexity. On the other hand, a small radius may cause
the algorithm to fail finding any point inside the sphere. In
this paper, the initial radius of the SD algorithm is adjusted
according to the noise level assuming the knowledge of the
SNR at the receiver side. If no point is found inside the sphere,
the search is repeated with a larger radius (C = C + 1) [16].
This approach is shown to perform near optimum maximum
likelihood detection [16].

SD receivers have been implemented in custom application-
specific integrated circuits (ASICs) [17] and as simplified
fixed complexity designs [18] conveniently realized in field-
programmable gate arrays (FPGAs) [19].

The output symbols from SD are demodulated and the bits
are deinterleaved. The bits from all layers are multiplexed and
hard decision Viterbi decoder is then applied.

IV. CHANNEL MODELS

In this paper, H is an Nr × Nt flat fading channel matrix
representing the path gains hij between transmit antenna j

and receive antenna i.
h11 h12 · · · h1Nt

h21 h22 · · · h2Nt

...
...

. . .
...

hNr1 hNr2 · · · hNrNt

 (3)

In case of NLOS (non-line-of-sight), the sum of all scattered
components of the received signal is modeled as a zero mean
complex Gaussian random process given by α(t) = α1(t) +√−1 α2(t), where α1(t) and α2(t) are assumed to be real
valued statistically independent Gaussian random processes.
As a result, the phase of the random process α(t) takes
a uniform distribution and the amplitude takes a Rayleigh
distribution. Therefore, a static fading Rayleigh channel matrix
that is flat for all frequency components is modeled.

A. Rician fading channel

If a LOS path exists between the transmit and receive
antennas, the channel amplitude gain is characterized by a
Rician distribution and the channel is said to exhibit Rician
fading. The Rician fading MIMO channel matrix can be
modeled as the sum of the fixed LOS matrix and a Rayleigh
fading channel matrix as follows [20]:

HRicean(t) =

√
K

1 + K
H̄(t) +

√
1

1 + K
H(t), (4)

where
√

K
1+K H̄ is the LOS component,

√
1

1+K H is the fading
component, and K is the Rician K-factor. The Rician K-
factor is defined as the ratio of the LOS and the scatter power
components and H̄ is a matrix with all elements being one.

B. Spatial correlation (Kronecker model)

The channel correlation depends on both the environment
and the spacing of the antenna elements. It is assumed that
correlations at the transmitter and receiver array are indepen-
dent of each other because the distance between the transmit
and receive array is large compared to the antenna element
spacing.

To incorporate the SC into the channel model, the cor-
relation among channels at multiple elements needs to be
calculated. The correlated channel matrix is then modeled
using the Kronecker model [21].

Hcorr(t) = R 1/2
rx H(t)R 1/2

tx (5)
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The correlation matrices are computed analytically based
on the power azimuth spectrum (PAS) distribution and array
geometry [21]. A clustered channel model, in which groups of
scatterers are modeled as clusters located around the transmit
and receive antennas, is assumed. The clustered channel model
is validated through measurements [22] and adopted by various
wireless system standard bodies such as the IEEE 802.11n
Technical Group (TG) [23] and the 3GPP/3GPP2 Technical
Specification Group (TSG) [24].

V. SIMULATION RESULTS

In order to validate the proposed TCSM idea, Monte Carlo
simulation results for at least 106 channel realizations are
obtained and the average BER is plotted versus the average
SNR at each receiver input. In all simulations where Rician
fading is considered, channel correlation due to antenna spac-
ing is zero, but the Rician K factor is set to K = 3. This
value is within the range of the measured values in indoor
wireless communication [25]. For SC channel model, similar
parameters as discussed in [7] are adopted here as well, except
that the element spacing at the transmitter and the receiver
are set to 0.1λ and 0.5λ, respectively. The 0.5λ separation
between the antennas can achieve relatively low correlation
assuming the receiver is surrounded by a large number of local
scatterers [26]. The 0.1λ element spacing at the transmitter
results in high correlation which models a small mobile device
with multiple antennas where large separation between the
antennas cannot be achieved.

A. TCSM and SM performance comparison

In the first results, depicted in Figs. 5, 6 and 7, TCSM
performance under ideal, Rician fading, and SC channel
conditions are plotted, respectively, and compared to SM per-
formance under similar channel conditions. TCSM transmits
4QAM symbol from a 4x4 MIMO system and applies the
rate 1/2 TCM encoder. Therefore, TCSM achieves 4 b/s/Hz
but only 3 bits are data bits and the fourth one is a coding
bit. SM transmits a BPSK symbol from a 4x4 MIMO system
achieving 3 b/s/Hz spectral efficiency. Thus, the two systems
have the same spectral efficiency.

In ideal channel conditions (the channel paths are uncorre-
lated), the BER of the two systems are compared in Fig. 5.
SM performs slightly better than TCSM. The reason for this
behavior is that the TCM coding gain and the set partitioning
of the transmit antennas has no advantage since all channel
paths are uncorrelated. However, the situation is different
if correlated channel paths are considered, i.e. when Rician
fading and SC channels are considered. The advantage of
TCSM over SM is obvious from Figs. 6 and 7. A SNR gain
of about 6 dB in Rician fading channel at a BER of 10−4

can be noticed in Fig. 6. In addition, similar gain in SNR
at a the same BER is noticed in Fig. 7 for SC channel. The
significant gains in the presence of channel correlations due
to Rician fading or SC can be attributed to TCM encoding
and the underlying partitioning of the transmit antennas. The
fact that the transmit antennas with larger separation distance
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Fig. 6. Performance comparison of SM 4x4 BPSK and TCSM 4x4 4QAM
in Rician fading channel with Rician K-factor of 3

are grouped in one set, reduces the effect of correlation and
results in a better performance.

B. TCSM and V-BLAST performance comparison

In the second set of results, the BER of TCSM and V-
BLAST2 are compared in ideal, Rician fading, and SC channel
conditions as depicted in Figs. 8, 9, and 10, respectively.
Two spectral efficiencies are studied for each system. TCSM
transmits 4QAM and 32QAM symbols from 4x4 MIMO
system achieving a spectral efficiencies of 3 b/s/Hz and 6
b/s/Hz, respectively. V-BLAST system transmits 4QAM and
16QAM symbols from a 3x4 MIMO system and applying the
rate 1/2 channel encoder, therefore, achieving 3 b/s/Hz and 6
b/s/Hz spectral efficiencies, respectively.

2V-BLAST here refers to SCBLAST discussed in Section III. The name of
V-BLAST is retained here for consistency.
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conditions
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In ideal channel condition, TCSM and V-BLAST outper-
form each other in a range of SNRs. The BER curves intersect
at 7 dB for 3 b/s/Hz and at 14 dB for 6 b/s/Hz as shown in
Fig. 8. The channel coding gain in V-BLAST causes BER
enhancements at high SNR. In addition, and as discussed
previously, the effect of TCM coding and set partitioning
are insignificant as the channel paths are uncorrelated in this
scenario. The BER gain of V-BLAST over TCSM at high SNR
is larger for the case of 6 b/s/Hz. This is mainly because the
higher coding gain of V-BLAST at high SNR and the fact
that TCSM uses higher order modulation in order to achieve
similar spectral efficiency as V-BLAST. The improvements of
TCSM over V-BLAST at low SNR is not related to the TCM
coding and set partitioning. It is mainly due to the underlying
working mechanism of SM and the fact that it completely
avoids inter-channel-interference (ICI) at the receiver side [7].

In Fig. 9, the performance of V-BLAST and TCSM is
compared in the presence of line of sight (LOS) path between
transmitter and receiver (Rician fading channel). Rician fading
enhances the SNR at the receiving antennas, but increases
the correlation between the antenna elements [27]. Therefore,
Rician fading significantly degrades the performance of V-
BLAST and SM [7]. This degradation can be observed for
V-BLAST in the results depicted in Fig. 9. As compared to
the obtained results in ideal channel conditions, V-BLAST
requires 2 dB and 3 dB increase in SNR to achieve a BER of
10−3 for 3 b/s/Hz and 6 b/s/Hz, respectively. However, TCSM
seems to be less affected by the presence of Rician fading. In
fact, it demonstrates even better performance as compared to
ideal channel conditions results. For instance, the 32QAM 4x4
TCSM achieves a BER of 10−3 at a SNR of about 19 dB in
ideal channel condition. Though, it achieves the same BER at
a SNR of 16 dB in the presence of Rician fading channel. In-
deed, TCSM demonstrates better performance in the presence
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of LOS path between the transmitter and the receiver. This
can be explained by the fact that Rician fading increases the
SNR at the receiver side and the underlying set partitioning
together with TCM coding eliminates the correlation between
transmit antennas. Nevertheless, it should be mentioned that
the performance of TCSM in Rician fading channels depends
on the number of transmit antennas, the considered modulation
order, and the Rician K-factor. However, for the systems
considered in this paper and in the presence of Rician fading,
TCSM outperforms V-BLAST by 2 dB and 3 dB in SNR at
a BER of 10−3 for 3 b/s/Hz and 6 b/s/Hz, respectively.

Finally, the effect of SC on the performance of TCSM and
V-BLAST is studied and the results are shown in Fig. 10. The
presence of correlation degrades the performance of the two
systems. Again, TCSM is significantly less affected by the
presence of SC as compared to V-BLAST. As compared to
the results obtained in ideal channel conditions, SC degrades
the performance of TCSM by 3 dB and 1 dB in SNR at a
BER of 10−3 for 3 b/s/Hz and 6 b/s/Hz, respectively. While
V-BLAST system performance degrades by about 5 dB and
9 dB in SNR at a BER of 10−3 for 3 b/s/Hz and 6 b/s/Hz,
respectively. TCSM outperforms V-BLAST by about 3 dB and
6 dB in SNR at a BER of 10−3 for 3 b/s/Hz and 6 b/s/Hz,
respectively.

In summary, the basic idea of the proposed scheme is to
divide the existing antennas into sets using TCM such that
each set maximizes the spatial distance between its antennas,
and therefore minimizes the effect of correlation fading.

VI. SUMMARY AND CONCLUSION

SM is a radically different and relatively new MIMO
approach. It has the important feature that it fully avoids inter-
channel interference while it still enables the system to benefit
from spatial multiplexing gains. The key to achieving this goal
is the exploitation of the relative dislocation of the antennas
within an antenna array. This dislocation is used to implicitly
convey extra data bits. At the receiver a new block, namely
an antenna detector, is required. This paper, for the first time,
proposes the use of trellis coded modulation for the correction
of data errors that occur within the antenna detector block,
i.e., the correction of erroneous data bits that are implicitly
encoded into the location of the antenna.

TCM concept is adopted in a novel way in this paper to
combat performance degradation of SM in correlated chan-
nel conditions. TCM is applied to the spatial constellation
points of SM. In the proposed TCSM, only certain sequences
of successive spatial constellation points are allowed which
reduces the correlation between neighboring antennas. TCSM
performance is analysed in this paper and compared to the
performance of SM and V-BLAST. Major enhancements in
SNR are reported in Rician fading and spatially correlated
channel conditions. The proposed TCSM allows the inte-
gration of multiple antenna system in small devices with
antenna separations as low as 0.1λ. It is also suitable for
indoor applications with direct LOS between transmitter and
receivers.

Future work will consider different channel conditions and
TCM encoders with different states.
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ABSTRACT

OFDM suffers from a high peak-to-average power ratio (PAR)
of the transmit signal. This issue becomes even more im-
portant when considering multi-antenna systems. In this pa-
per PAR reduction schemes for the multi-antenna broadcast
scenarios are assessed. Hereby, the scheme Selected Sorting
(SLS) is introduced and analyzed in terms of PAR reduction
performance, error performance, and computational complex-
ity. The huge benefit of this scheme is that no side information
needs to be signaled to the receiver. Numerical results shown
in this paper, demonstrate that SLS offers significant gains in
PAR reduction. Moreover, Selected Sorting is compared with
simplified Selected Mapping (sSLM), whereby SLS outper-
forms sSLM with respect to all three parameters, PAR reduc-
tion, error performance, and computational complexity.

1. INTRODUCTION

Orthogonal frequency-division multiplexing (OFDM) is a pop-
ular scheme for equalizing the temporal interferences caused
by frequency-selective channels. One essential drawback of
OFDM systems is the high dynamic of the transmit signal.
The occurrence of large signal peaks leads to signal clipping
at the non-linear power amplifier, which in turn leads to very
undesirable out-of-band radiation. In order to avoid violating
spectral masks a transmitter sided algorithmic control of the
peak power is essential. Moreover, the transmitters of modern
communication systems will be equipped with multiple anten-
nas (multiple-input/multiple-output (MIMO) systems). In this
case the issue of out-of-band radiation gets even more serious
and the reduction of the signal’s peak power is more relevant.
Recently, peak power reduction schemes, developed for sin-
gle antenna systems, are extended to the MIMO case. For
instance, this has been done for the popular scheme Selected
Mapping (SLM) [1, 2, 3, 4]. However, in most cases these

This work was supported by Deutsche Forschungsgemeinschaft (DFG)
within the framework TakeOFDM under grants FI 982/1-1 and 1-2.

extensions have only been discussed for multi-antenna point-
to-point scenarios where the equalization of the spatial inter-
ferences can be accomplished at the receiver side.

This paper deals with multi-antenna point-to-multipoint
transmission (broadcast scenario). Hereby, it is essential to
apply a transmitter sided precoding [5, 6] of the channel’s spa-
tial (or multi-user) interferences. The combination of trans-
mitter sided precoding with peak-power reduction algorithms
is not always possible and may lead to degradation of the er-
ror performance or to a significant increase of computational
complexity.

In this paper a peak-power reduction technique named Se-
lected Sorting (SLS), originally introduced in [7], is examined
in details and further improved. Moreover, it is compared to
simplified Selected Mapping (sSLM) [2], the extension of SLM
to broadcast scenarios, in terms of peak-power reduction, bit
error performance, and computational complexity.

This paper is organized as follows: in Section 2 the system
model is defined; Section 3 gives a short definition of sorted
Tomlinson-Harashima precoding (sTHP) [5, 6], the precod-
ing technique which is considered in this paper. Moreover,
the impact of different sorting orders is assessed. In Section 4
peak-power reduction for broadcast scenarios are assessed an-
alytically and by numerical simulations. Section 5 draws some
conclusions.

2. SYSTEM MODEL

In this paper, we consider transmission over a frequency-se-
lective multi-user broadcast channel. The transmitter (central
unit) is equipped with NC antennas where joint signal pro-
cessing is possible; the receivers are K distributed users each
equipped with a single antenna. For convenience we restrict
to the case NC

!= K. The impulse response of the respective
channel in the z-domain is given (in the equivalent complex
baseband) by a matrix polynomial H(z) =

∑lH−1
k=0 hk · z−k.

The fading coefficient at delay step k is given by the complex
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matrix hk which describes the multi-user interferences; lH is
the length of the channel impulse response. In order to equal-
ize the temporal interferences OFDM is applied, whereby D
subcarriers are assumed. The remaining multi-user interfer-
ences at each subcarrier are described by the flat fading chan-
nel matrix Hd = H(ej2πd/D), d = 0, . . . ,D− 1 and have to
be equalized by transmitter-sided precoding. In this paper we
consider sorted Tomlinson-Harashima Precoding (sTHP) [6].

The complex-valued modulation symbols (drawn from an
M -ary QAM constellation) are collected in the K ×D matrix
A = [Ak,d], the frequency-domain MIMO OFDM frame. In
order to equalize the multi-user interferences sTHP has to be
applied on each column (vector Ad = [A(k=1,... ,K),d], d =
1, . . . ,D) of A (see Section 3).

The resulting precoded frequency-domain MIMO OFDM
frame is denoted by the matrix X . The time-domain MIMO
OFDM frame (matrix x) is obtained via an inverse discrete
Fourier transform (IDFT) [8] along each row of the matrix
X .

Assuming that the frequency-domain modulation symbols
Ak,d and hence Xk,d are statistically independent, the time-
domain symbols xk,d are (approximately) Gaussian distrib-
uted due to the central limit theorem. Hence, the transmit sig-
nal at the kth antenna exhibits a large peak-to-average power
ratio (PAR). As usual in literature we consider the worst-case
PAR1, i.e., the maximum PAR over all antennas which is de-
fined as

PAR def=
max∀d,∀k |xk,d|2

E{|xk,d|2} . (1)

As performance measure of the PAR reduction schemes
discussed in this paper, we consider the complementary cumu-
lative distribution function (ccdf) of the PAR, i.e., the proba-
bility that the PAR of a given OFDM frame exceeds a certain
threshold PARth:

ccdf(PARth) def= Pr{PAR > PARth}. (2)

Assuming all samples of the time-domain signal xk,d to
be i.i.d. Gaussian distributed the ccdf of the original signal is
given by [3]

ccdfMIMO(PARth) Gauss= 1− (1− e−PARth)DK . (3)

1In this paper we do not consider pulse shaping, modulation to radio fre-
quency and the influence of the cyclic prefix. Moreover, we restrict ourselves
to the PAR of the non-oversampled transmit signal. Considering oversampling
would have no impact on the relation between the results.

3. SORTED TOMLINSON HARASHIMA
PRECODING

3.1. Sorted THP for MIMO Flat Fading Channels

Subsequently, we restrict our considerations to MIMO flat fad-
ing channels, i.e., we only regard a certain subcarrier of the
OFDM system. To be consistent with the definition of the
OFDM system all symbols exhibit the index d to represent the
dth subcarrier.

As precoding strategy, we consider sorted Tomlinson-Ha-
rashima Precoding (THP) in each subcarrier. A block di-
agram of this scheme is given in Fig. 1. First the precod-
ing order of the K users is affected by the permutation ma-
trix P d. This precoding order can be optimized according
to some optimization criterion, which will be further speci-
fied in Section 3.2. Then the signals of the users are succes-
sively precoded in the feedback-loop with the feedback matrix
Bd, a lower triangular matrix with unit main diagonal, and
modulo reduced into the support of the signal constellation.
Finally, the signals are processed via the feedforward matrix
F d, a unitary matrix which ensures that the average power is
equal at each transmit antenna. The modulo conversion in the
feedback-loop leads to a slight increase of the transmit power.
This effect is known as the precoding loss [9]. The remain-
ing individual scaling factors, given by the diagonal matrix
Γd = diag(gk,d), k = 1, . . . ,K, can be equalized within the
receiver’s automatic gain control (agc).

Given a suited permutation matrix P d the feedforward ma-
trix F d and the feedback matrix Bd can be calculated via QR
decomposition [5, 10]

HH
d P T

d = Qd ·Rd = F d ·BH
d Σd. (4)

Hereby, Qd describes a unitary and Rd an upper triangular
matrix. The diagonal scaling matrix Σd ensures that the lower
triangular feedback matrix Bd has unit main diagonal. The
individual scaling factors at the receiver read

Γd = P T
dΣ−1

d P d. (5)

3.2. Precoding Order

So far, the precoding order given by the permutation matrix
P d has not been specified. According to [6] a reasonable cri-
terion is to maximize the performance of the worst user, i.e.,
the one exhibiting the minimum signal-to-noise ratio (SNR)
as this one dominates the mean bit error ratio (BER) over all
users. An almost optimum solution to this criterion can be
found using the V-BLAST algorithm [11, 6], which finds the
optimum detection order for decision-feedback equalization.
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Xd

Nd

Ad

Pd

Fig. 1. Block diagram of sorted Tomlinson-Harashima precoding.

Considering the uplink-downlink duality [12], the reverse per-
mutation order found by the V-BLAST algorithm can be ap-
plied for sorted THP [6, 13]. The resulting optimum permuta-
tion matrix is denoted as P d,opt.

Subsequently, we always consider the application of the
optimum encoding order given by P d,opt. Starting from this
solution it is possible to change the sorting order by an addi-
tional sorting through the matrix P d,∆, which can be regarded
as an offset on the optimum one. The total permutation matrix
P d is then given by (see also Fig. 1)

P d = P d,∆P d,opt. (6)

Choosing an additional permutation matrix P d,∆ other than
the identity matrix I will evidently decrease the performance
in terms of the mean bit error ratio of the system. In total
there exist K! different additional sorting orders and hence
permutation matrices P d,∆.

According to [6] the overall performance (in terms of the
bit error ratio) is governed by the user encoded last. Hence,
a rearrangement of the sorting with the matrix P d,∆ without
changing the position of the last encoded user will hardly in-
fluence the overall performance. On the contrary, the degra-
dation of the bit error ratio induced by P d,∆ is mainly deter-
mined by the new position of the originally (determined by
P d,opt) last encoded user. The sorting of all other users will
have almost no impact on the overall performance.

Hence, the K! different additional sortings given by the
permutation matrices P d,∆ can be classified into K different
classes of additional sortings which lead to different perfor-
mance results in terms of the bit error ratio. These K classes
are defined by the position within the precoding order of the
originally (determined by P d,opt) last encoded user. Within
each class there exist (K − 1)! different sorting orders, which
exhibit almost the same performance.

Fig. 2 shows all resulting mean bit error ratios obtained by
all K! different permutations for the special case of K = 4.
The different classes of additional sorting orders are depicted
by different colors. The green curve shows the results if the
fourth encoded user (after P d,opt) is not influenced by P d,∆.
The blue, cyan, and red curves show the results if the fourth

user is rearranged to the third, second, or first position, respec-
tively. As can be seen from this plot, K = 4 different classes
of bit error ratio results are present, whereby the differences
within these classes are neglectable.

10 15 20 25 30
10

−4

10
−3

10
−2

B
E

R
−→

10 log10(Eb/N0)[dB] −→

Fig. 2. Mean bit error ratios of sorted THP employing all K! possible
additional permutations P d,∆ considering transmission over a flat
(Rayleigh) fading MIMO channel. The resulting curves are classified
into four classes whereby the permutation matrix P d,∆ rearranges
the fourth encoded user to the fourth (green), third (dark blue), second
(light blue), or first (red) position, respectively. The best result (given
with P d,∆ = I) is depicted in gray. M = 4-QAM, K = 4.

4. SELECTED SORTING FOR PAR REDUCTION

4.1. Review of (Simplified) Selected Mapping

Selected Mapping [1] is one of the most popular techniques
for PAR reduction in OFDM systems. The idea behind this
scheme is to generate out of the original OFDM frame sev-
eral, say USLM, different signal representations via USLM dif-
ferent bijective mappings M(u), u = 1, . . . , USLM. Out of
these signal candidates, the best one, i.e., the one exhibiting
the lowest PAR is chosen for transmission. At the receiver af-
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ter equalization, the original data has to be reconstructed by
inverting the applied mapping. Hence, side information, in
terms of an index of the applied mapping, has to be transmit-
ted. The required redundancy has to be encoded with at least
�log2(USLM)	 bits. However, this index is extraordinary sen-
sitive to transmission errors as the application of the wrong
inverse mapping leads to the loss of the whole OFDM frame.

Possible schemes to transmit the side information have
been proposed in [14, 15]. For the analysis of the bit error per-
formance of SLM (Section 4.4) we will consider the scheme
from [14]. The so-called scrambler variant of SLM distributes
the side information inherently over the whole OFDM frame
and does not require its explicit transmission.

For multi-antenna scenarios the SLM technique has been
extended to the basic schemes ordinary SLM (oSLM) [2], sim-
plified SLM (sSLM) [2], and directed SLM (dSLM) [3, 4]. Fol-
lowing the discussion in [7] it is not feasible to apply ordi-
nary or directed SLM in a broadcast scenario. Due to the
transmitter-sided precoding, which influences the data streams
of all users, only the simplified approach can be applied here.

Hereby, sSLM is the simplest extension of SLM to MIMO
systems. With sSLM the original frequency-domain MIMO
OFDM frame A has to be mapped jointly onto UsSLM dif-
ferent signal representations, whereby each row of A has to
be mapped the same. Afterwards, each of the resulting signal
candidates has to be precoded and transformed into time do-
main. Out of these the best one, i.e., the one exhibiting the
lowest PAR, is then chosen for transmission.

As the individual signal candidates are assumed to be sta-
tistically independent, the ccdf of sSLM can be given with
respect to the ccdf of the original signal (3) [2, 3, 4]

ccdfsSLM(PARth) = (ccdfMIMO(PARth))UsSLM (7)
Gauss= (1− (1− e−PARth)DK)UsSLM .

4.2. Selected Sorting

Another approach to generate different signal representations
could be to combine the mapping with the precoding by ap-
plying different instances of sTHP in each subcarrier. Hereby,
these different instances are generated by considering differ-
ent permutations P d of the users. A practical advantage of
this approach is that no side information needs to be signaled
to the receiver.

Subsequently, we pick a set of V different permutation ma-
trices P

(v)
d,∆, v = 1, . . . , V , out of the set of K! possible ones.

Starting with the optimum sorting order, the reverse of that
obtained according to the V-BLAST criterion [6], we consider
the next better (suboptimal, acc. Section 3.2) ones. Now, the

information carrying signal A is precoded via all V differ-
ent precoder instances, the resulting precoded signals are de-

noted as X̃
(v)

, v = 1, . . . , V . In oder to generate USLS differ-
ent signal candidates X(u), u = 1, . . . , USLS, the respective

columns (corresponding to the carriers) of X̃
(v)

are combined
in USLS different ways. Hence, every column of each of the
USLS signal candidates X(u) is drawn as the column from one
of the V possible precoded signals. This is possible as the ac-
tual choice of the sorting order of THP at the dth subcarrier
influences the precoded signal only at this position.

Noteworthy, with this approach we are able to generate
(much) more signal candidates than precoded candidates are
present (USLS ≥ V ). A principal example how the USLS sig-
nal candidates are generated is depicted in Fig. 3.

subcarriers

X̃
(1)

X̃
(2)

X(1)

X(2)

X(3)

Fig. 3. Generation of USLS = 3 candidates out of a set of V = 2
alternative precoded sequences.

Compared to sSLM, assuming perfect transmission of the
side information, this scheme will lead to a loss in bit error
performance as suboptimal sorting orders will be used within
the generation the signal candidates. However, with SLS much
less computational complexity is needed as the precoding has
to be performed only V times to generate the USLS signal can-
didates.

To further reduce the computational complexity the SLS
technique could only be applied on a subset of D · ρ, with 0 <
ρ ≤ 1, (randomly chosen) influenced subcarriers. All other
subcarriers remain unaffected and the optimum sorting order
is applied.

The PAR reduction performance of SLS will be the same
as that of sSLM (7) if all USLS resulting signal candidates are
statistically independent. However, this is only guaranteed if
the number V of alternative precoders is sufficiently large and
if the number of influenced subcarriers is adequate, i.e., the
factor ρ is near one. Hence, the ccdf of SLS reads

ccdfSLS(PARth) large V , ρ−→ (ccdfMIMO(PARth))USLS . (8)

4.3. Analysis of Computational Complexity

For a reasonable comparison of SLS with sSLM the com-
putational complexity of both schemes has to be taken into
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account. Subsequently, we refer to complex operations as
complexity measure and regard multiplications and divisions
equally.

The decomposition of the channel matrix in each subcar-
rier into feedforward, feedback, and the optimum sorting or-
der has to be accomplished with the V-BLAST algorithm [11].
In [16, 17] low complex implementations have been proposed
which reduce the complexity from O(K4) to O(K3). How-
ever, as this decomposition appears in the overall complexities
of SLS and sSLM equally, it has not to be specified in more
details for a comparison.

The calculation of the feedforward and feedback matrices
for the V −1 alternative sorting orders is usually implemented
as a QR decomposition [10]. Using the result2 from [18]

cQR = D ·
(

2K3 − K2

2
− K

2

)
(9)

complex operations are required here.
In order to calculate the alternative precoding matrices it

is not necessary to accomplish V − 1 times the QR decompo-
sition per influenced subcarrier. Furthermore, it is possible to
perform this calculation within the respective implementation
of the V-BLAST algorithm by considering in each iteration
not only the user exhibiting the lowest SNR but also the one
exhibiting the second lowest SNR. Subsequently, we consider
the exhaustive complexity of V − 1 QR decompositions per
influenced subcarrier which leads to an upper-bound on the
complexity of SLS.

Each precoding of the transmit signal requires

cprec = D ·
(

3
2
K2 +

K

2

)
(10)

complex operations; the transformation into time domain (im-
plemented as fast Fourier transform [8]) and the calculation of
the decision metric (PAR) require

cFFT = K · D

2
log2(D); cmet = K ·D (11)

operations.
In the following, we assume that the channel remains con-

stant for the duration of NB OFDM symbols. Hence, for this
block of OFDM symbols the calculation of the precoding ma-
trices has to be performed only once, whereas the computation
of the precoded signal, the FFT, and the decision metric have
to be accomplished for each of the NB OFDM symbols. Ta-
ble 1 shows the factors with which these individual complexi-
ties appear in the overall complexities csSLM and cSLS of sSLM
and SLS.

2The result from [18] only considers the pure QR decomposition. In addi-
tion to that we need to accomplish the normalization of the feedback matrix
to unit main diagonal.

Table 1. Contribution of the individual complexities to the entire
complexities of sSLM and SLS.

complexity sSLM SLS

cV-BLAST 1 1
cQR — (V − 1)ρ
cprec NB · UsSLM NB · [1 + (V − 1)ρ]
cFFT NB · UsSLM NB · USLS

cmet NB · UsSLM NB · USLS

Assuming both schemes evaluate the same number U =
USLS = UsSLM of alternative signal representations the differ-
ence of both complexities is given by

∆c = csSLM − cSLS (12)

= (1− V )ρ · cQR + [U − 1 + (1− V )ρ]NB · cprec.

Hence, as cQR > cprec SLS gains especially for reasonable
large block lengths NB.

For a fair comparison of sSLM with SLS both schemes
should have the same complexity. Given the parameters V
and USLS for SLS then sSLM assessing

UsSLM = (13)⌈
(V − 1)ρ/NB · cQR + V cprec + USLS(cFFT + cmet)

cprec + cFFT + cmet

⌉
signal candidates will exhibit approximately the same compu-
tational complexity. Hereby, the number UsSLM of assessed
candidates for sSLM is rounded to the next greater integer,
whereby sSLM will exhibit a slightly larger complexity.

4.4. Numerical Results

The subsequent numerical simulations consider a lH = 5 tap
(equal gain) MIMO channel with NC = 4 transmit and K = 4
receive antennas. The number of subcarriers in the OFDM
system is chosen to D = 512 whereby all subcarriers are ac-
tive. As modulation scheme M = 4-QAM is considered.

In the top plot of Fig. 4 numerical results of the ccdf of SLS
for a various number of assessed signal candidates (USLS = 4,
8, 16) and number of available alternative sorting orders (V =
2, 4, 8) are shown. Hereby all subcarriers are influenced by
SLS (ρ = 1). Compared to the PAR distribution of the original
signal (red curve) SLS has the ability to reduce the peak-power
significantly. Moreover, the numerical results are compared
with the analytical ones (8) (gray curves). For V = 2 ex-
plicit differences are visible, which shows that in this case the
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Fig. 4. Top: ccdf of PAR of the original signal (red) and SLS with
V = 2 (blue), V = 4 (green), V = 8 (magenta) alternative precod-
ing orders, each assessing (from left to right) USLS = 16, 8, 4 signal
candidates. Bottom: corresponding mean bit error ratios of SLS. As
reference serves the result of the original signal (red curve) which
represents pure sTHP. M = 4-QAM, K = 4, lH = 5, D = 512,
ρ = 1.

number of degrees of freedom is not large enough to generate
statistically independent signal candidates. If V is chosen to
V ≥ 4 the simulation results of SLS fit to the theory very well.
The bottom plots of Fig. 4 show the bit error performance for
SLS for USLS = 16, 8, 4 (from left to right). The perfor-
mance loss in terms of bit error ratios is rather neglectable.
Even for V = 8 where alternative permutation orders have to
be used which lead to significant degradation of the BER (see
Section 3.2), the overall loss in BER is very small.

In order to reduce the computational complexity it is pos-
sible to apply SLS only on a subset of D · ρ subcarriers. As
discussed in Section 4.2, choosing ρ < 1 will restrict the pos-
sibilities to generate statistical independent signal candidates,
whereby the analytical result from (8) is not strict any more.
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Fig. 6. Difference of complexities of sSLM and SLS (with V = 2
(top) and V = 4 (bottom)) depending on the block length NB. Both
schemes assess an equal number of signal candidates: U = UsSLM =
USLS. K = 4, D = 512.

Fig. 5 shows the influence of different values of ρ = 1, 0.75,
0.5, and 0.25 on the PAR reduction performance. Hereby it is
obvious that only for large values of ρ (here ρ ≥ 0.75) the per-
formance is comparable with the maximum number of ρ = 1.

For the comparison of SLS with sSLM the difference ∆c
(as given in (12)) of computational complexity over the block
length NB is depicted in Fig. 6. Already for small NB (in
most scenarios values of NB ≈ 5 are sufficient) a gain of SLS
compared to sSLM in terms of computational effort can be
recognized as the impact of the higher complexity, which oc-
curs through the computation of the precoding matrices with
SLS, becomes less important on the overall difference.

In addition to that, Fig. 6 shows the difference ∆c for var-
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Fig. 5. Ccdf of PAR of the original signal (red) and SLS (green), with V = 4 and USLS = 16 (left), 8 (middle), and 4 (right) for various factors
ρ = 0.25, 0.5, 0.75, and 1. M = 4-QAM, K = 4, D = 512.

ious ratios ρ of influenced subcarriers. These results show
that these gains in computational complexity are rather ne-
glectable. Against the background of the PAR reduction re-
sults from Fig. 5 we recommend to choose ρ = 1 which is
assumed for the analysis of Fig. 4 and 7.

According to (12) the difference U − V determines the
slope of ∆c. Hence, SLS provides especially gains in terms of
complexity if the difference U − V is large. If U and V are
chosen equal then SLS will not provide any gains compared to
sSLM as in both cases the same number of precoding proce-
dures are processed and SLS suffers from the more complex
computation of the precoding matrices. This effect can also be
observed form Fig. 6.

The top row of Fig. 7 compares the PAR reduction per-
formance of SLS with sSLM on the bases that both schemes
exhibit the same computational complexity. Hereby, the num-
ber of assessed candidates for sSLM is chosen according to
(13). Providing a good trade-off between loss in bit error per-
formance and computational complexity, the number of alter-
native precoders is chosen to V = 2 (left column) and V = 4
(right column). For the most relevant range of values of V and
USLS, SLS offers significant gains in terms of PAR reduction
performance.

The bottom row of Fig. 7 shows the corresponding bit er-
ror ratios of SLS and sSLM. To achieve a fair comparison, we
consider the side information, required with sSLM, to be trans-
mitted through the scrambler variant of SLM [14]. However,
the descrambler at the receiver introduces some error propa-
gation in this case. Due to this error propagation SLS outper-
forms sSLM in terms of error performance as the degradation
of the error rate according to the suboptimal precoders is ne-
glectable.

5. CONCLUSIONS

In this paper we have analyzed Selected Sorting for PAR re-
duction in broadcast scenarios. This scheme combines the
channel precoding, which is essential in broadcast scenarios,
with peak-power reduction. Hereby, SLS offers significant
gains in PAR reduction, whereas the degradation of the error
performance is neglectable.

The peak-power reduction performance of SLS is compa-
rable with the one of simplified SLM. Comparing these two
schemes shows that SLS exhibits much less complexity than
sSLM. On the contrary, choosing the parameters of both PAR
reduction schemes such that they exhibit the same complexity
SLS will outperform sSLM. These significant gains of SLS are
possible as no side information is necessary to be signaled to
the receiver.
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ABSTRACT

Conventional virtual MIMO SC-FDMA systems as p rop osed

for the LTE up link using single-antenna user eq uip ments may

suffer from channel rank defi ciency and/or channel deep fade

at some sub-carriers, which can lead to signifi cant system sum

rate degradation. In this work, we p rop ose to use multip le an-

tennas and sp atial p recoding to mitigate the p roblem. A n effi -

cient algorithm is develop ed to op timiz e the sp atial p recoder

which achieves signifi cant p erformance gain in terms of sp ec-

tral effi ciency over conventional virtual MIMO SC-FDMA

systems. Furthermore, a simp le sp atial scheduler is p rop osed

to effectively control the individual rates of the users.

1 . INTRODUCTION

Single carrier FDMA (SC-FDMA ) is the standard up link trans-

mission scheme in 3GP P Long Term Evolution (LTE). It can

be viewed as a DFT p recoded O FDMA system where the

user’s transmitted signal will be fi rst transformed to freq uency

domain via an N p oint discrete Fourier transform (DFT) and

the DFT outp ut will be assigned to a number of selected sub-

carriers for transmission. The main advantage of SC-FDMA

is that its transmit waveform has lower p eak to average p ower

ratio (P A P R ) than that of O FDMA for low order modulation

schemes like B P SK and Q P SK, which benefi ts the mobile ter-

minal in terms of p ower effi ciency [1]. H owever, this req uires

the selected sub-carriers to be consecutive or eq uidistantly

distributed in the entire bandwidth [2]. These sub-carrier se-

lection methods are usually referred to as localiz ed FDMA

(LFDMA ) [3] and interleaved FDMA (IFDMA ) [4], resp ec-

tively. It has been shown that IFDMA has the lowest P A P R [3]

which also p rovides large freq uency diversity, while LFDMA

can benefi t more from freq uency dep endent scheduling to im-

p rove the throughp ut [5 ] . A nother variant of DFT p recoded

O FDMA using regularly interleaved blocks of sub-carriers is

denoted block-IFDMA (B -IFDMA ), which p rovides robust-

ness to freq uency offsets at the exp ense of increased P A P R

comp ared to IFDMA [6].

Similar to O FDMA systems, SC-FDMA can easily be

combined with SDMA (sp atial division multip le access), also

called the virtual MIMO techniq ue, by ap p lying sp atial p ro-

cessing on a sub-carrier basis, in the freq uency domain after

DFT p recoding to imp rove the system data rate. This tech-

niq ue enables indep endent data streams from different user

eq uip ments (UEs) to use the same sub-carriers to communi-

cate with the base station (B S) simultaneously. A t the re-

ceiver, simp le MIMO eq ualiz ation, e.g., z ero-forcing (Z F)

eq ualiz ation, can be carried out in the freq uency domain to

sep arate the data streams from different UEs, which are then

transformed back to the time domain via IDFT for data de-

coding and detection. H owever, in a system with UEs each

having a single antenna, the comp ound channel between the

transmit antennas of the UEs and the receive antennas at the

B S will be close to rank defi ciency at some sub-carriers if

the UEs have similar sp atial signatures at those sub-carriers.

Moreover, even the UEs can be well sep arated in sp atial do-

main but they may exp erience deep fades at some sub-carrier

due to the freq uency selectivity of the mobile channel. Un-

like O FDMA systems, those sub-carriers can not be excluded

from transmission due to the sub-carrier map p ing constraints.

Conseq uently, the comp ulsory usage of those sub-carriers will

lead to signifi cant system rate loss [7], esp ecially when the

UEs occup y large bandwidth, which is a typ ical case in future

broadband wireless systems.

In this work, we p rop ose to emp loy multip le antennas and

sp atial p recoding for each UE to mitigate the rank defi ciency

and channel deep fade p roblems. W e develop an algorithm to

op timiz e the sp atial p recoder design to maximiz e the system

sum rate. Furthermore, a simp le sp atial scheduler is p rop osed

to handle the user rate fairness using the sp atial domain. The

rest of the p ap er is organiz ed as follows. Section 2 describes

the system model under consideration. Section 3 discusses

the p rop osed sp atial p recoder op timiz ation algorithm and the

sp atial scheduling algorithm. Simulation results are p resented

in Section 4. Conclusions are drawn in Section 5 .

2 . SYSTEM MODEL

W e consider an SC-FDMA up link with two UEs, each hav-

ing 2 antennas and the B S also eq uip p ed with 2 antennas.
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Fig . 1 . B lock diagram of the SC-FDMA MIMO system with

two UEs under consideration
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Fig . 2 . Sp atial p recoder for MIMO up link with multip le trans-

mit antennas at each UE and multip le antennas at the B S

The block diagram of the system setup is shown in Fig. 1.

The transmitted data streams du,1, · · · , du,N of UE u is trans-

formed to the freq uency domain via an N p oint DFT and the

DFT outp ut xu,1, · · · , xu,N is linear p recoded by vu,1, · · · ,
vu,N , resp ectively. W e assume eq ual p ower of the transmit-

ted signal, i.e., E{du,nd∗u,n} = Pu/N , where Pu denotes the

p ower constraint of UE u. Note that DFT p recoding is unitary

p recoding which p reserves the signal energy and it will not

change the p ower distribution of the incoming signal, hence

E{xu,nx∗
u,n} = Pu/N (1)

The Nx2 outp uts of the linear p recoder rep resents 2 sp atial

data streams, each of which is p rocessed at one antenna by an

IFFT and cyclic p refi x is inserted (CP -O FDM). Then the re-

sulting signal is subseq uently p arallel to serial converted for

transmission. The transmitted signals of both UEs undergo

multip le p ath p rop agation and are received by the receiver

at the B S. The receiver converts the incoming data streams

from serial to p arallel, removes the cyclic p refi x, and p ro-

cesses them using an IFFT. Next, Z F-MIMO eq ualiz ation is

p erformed and the eq ualiz ed signal is converted back to the

time domain via an N p oint IDFT for detection. In Fig. 1

the block diagram without DFT p recoding at the transmitter

and IDFT at the receiver is referred to as the inner MIMO

O FDMA system.

O ur system model only considers single stream transmis-

sion on each sub-carrier for each UE. In p rincip le, it is p os-

sible for a UE to transmit multip le data streams by ap p lying

sp atial multip lexing (SM) as discussed in [8] either with or

without sp atial p recoding. H owever, on the one hand, SM for

a UE with sp atial p recoding will generally increases P A P R

with resp ect to the single antenna transmission [8]. O n the

other hand, the p erformance of SM for a UE without sp atial

p recoding will be degraded by sp atial correlation between the

antennas, which is mainly due to the limited antenna sep ara-

tion in the UE. Therefore, it is better to multip lex different

data streams from different UEs than from different anten-

nas of the same UE, since the comp ound virtual MIMO chan-

nel benefi ts from ap p rop riate user group ing and may achieve

good rank, even if the 2 antennas of each UE have high cor-

relation. Moreover, the SC-FDMA transmission structure for

each antenna can be p reserved in our model hence maintains

low P A P R if a common, say freq uency indep endent sp atial

p recoder is used for all the sub-carriers at a UE. This is es-

p ecially critical for the cell edge users to be able to bridge

the long distance. Furthermore, single stream transmission is

p referred in terms of imp lementation comp lexity since coding

and transmission can be simp ly done as in the single antenna

system [9 ] and hence multip le antennas can be easily inte-

grated into the conventional single antenna system without

having 2 baseband chains.

O n each sub-carrier, the relationship between the DFT

outp ut at the transmitter and the IDFT inp ut at the receiver

can be illustrated as in Fig. 2. Let Gu,n denote the chan-
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nel matrix between the transmit antennas of the UE u on

sub-carrier n and the receive antennas at the B S. The com-

p ound channel of UE u seen by the B S can be obtained by

hu,n = Gu,nvu,n. The multi-user MIMO channel matrix on

sub-carrier n is written as

Hn = [h1,n h2,n] = [Gu,nvu,n Gu,nvu,n]. (2)

Signals transmitted on sub-carrier n from all the UEs are col-

lected in a vector and denoted by xn = [x1,n x2,n]T . The

received signal on sub-carrier n at the B S is then given by

yn = Hnxn + nn, where nn is the white Gaussian noise

with variance E{nnnn
H} = σ2I. Denote the p ost-detection

SNR of UE u on sub-carrier n in the inner O FDMA system

by γu,n, which is

γu,n =
E{|xu,n|

2}

σ2 [(HH
n Hn)−1]u,u

(3)

the p ost-detection SNR for the nth the comp onent at the IDFT

outp uts for UE u is related with γu,n by [7]:

γ̂u,n =
N

∑N
n= 1(1/ γu,n)

(4)

which is the harmonic mean of γu,n and it is the same for

all the comp onents. Using Shannon’s formula the achiev-

able sp ectral effi ciency of the sub-channel between each in-

p ut and outp ut in SC-FDMA system for UE u is then given

by lo g 2(1 + γ̂u,n) and the system sum rate of the MIMO SC-

FDMA system is the rate sum of all the sub-carriers of all the

UEs [7], i.e.,

R =
2

∑

u= 1

N
∑

n= 1

lo g 2(1 + γ̂u,n)

=

2
∑

u= 1

N
∑

n= 1

lo g 2

(

1 +
N

∑N
n= 1(1/ γu,n)

)

(5 )

A ccording to (1), (2), (3) and (5 ) , our objective to maximiz e

the system sum rate R can be formulated as follows:

m a x
v1,1,· · · ,v2,N

2
∑

u= 1

N lo g 2

(

1 +
Pu

σ2
∑N

n= 1 Au,u

)

, with

A =

[

vH
1,nG

H
1,nG1,nv1,n vH

1,nG
H
1,nG2,nv2,n

vH
2,nG

H
2,nG1,nv1,n vH

2,nG
H
2,nG2,nv2,n

]−1

subject to ||vu,n||
2
2 = 1, u = 1, 2;n = 1, · · · , N,(6)

where op timiz ation is p erformed over all p ossible p recoding

vectors subject to the constraints that the p recoder is nor-

maliz ed as (6) according to the transmit p ower constraint.

Note that our system model also includes the sp ecial case

that only one antenna is available at each UE (conventional

virtual MIMO ), by setting vu,n to [1 0]T or [0 1]T for

u = 1, 2; n = 1, · · · , N dep ending on which antenna is

used by the UEs.

3 . SPATIAL PRECODER OPTIMIZ ATION

A direct op timiz ation of the objective function in (6) seems

very diffi cult and therefore we look for an ap p roximative so-

lution. A ccording to (5 ) a higher γu,n for both UEs on sub-

carrier n in the inner O FDMA system leads to a higher R,

therefore, to maximiz e R, it is benefi cial to maximiz e γu,n, or

eq uivalently the data rate for both UEs in the inner O FDMA

system and at the same time take the objective function (har-

monic mean of γu,n’s) into account.

3 .1 . Be a m fo r m in g Ve c t o r

If only a single UE, e.g., UE 1 is p resent in the system accord-

ing to Fig. 2, it is known that the dominant eigenbeamform-

ing transmission (DET) strategy maximiz es the single user

rate by ap p lying the left dominant eigenvector (EV ) at the

transmitter and the right dominant eigenvector at the receiver.

In the case that both UEs are p resent, if both UEs use the

dominant eigenbeamfoming strategy for transmission, maxi-

mum p ower of both UEs are coup led into the channel but the

UEs’ signal will generally interfere with each user unless their

comp ound channels hap p en to be orthogonal to each other,

i.e., < h1,n,h2,n >= 0 and for this sp ecial case Z F-MIMO

eq ualiz er reduces to a match fi lter which maximiz es the out-

p ut SNR of both data streams [10] and thus also maximiz es

the achievable system sum rate. O n the other hand, the trans-

mitted signal from both UEs can always be made interference

free to each other if one UE, i.e., UE 2, ap p lies a p recod-

ing vector in a way such that its comp ound channel h2,n is

orthogonal to that of UE 1. For convenience, this p recoder is

referred to as the orthogonal p recoder in the seq uel. H owever,

due to the limited degrees of freedom of the linear p recoder,

after p recoding the comp ound channel orthogonal to UE 1

may exhibit bad channel conditions and cause UE 2 to suf-

fer from low data rates. In this work, our p rop osal is to fi nd

an ap p rop riate trade off between comp letely eliminating the

interference (irresp ective how much energy is lost for UE 2)

and p reserve as much energy as p ossible for both UEs (at the

exp ense of p ossibly suffering from high interference between

the inter data streams interference).

The p rincip le of our p rop osal is as follows: First, we

choose a p recoder for a single UE, i.e., UE 1, to op timiz e

its achievable rate in the inner O FDMA system on one or all

the sub-carriers dep ending on the req uirements. Then can-

didate p recoders are generated on each sub-carrier for UE 2

with which its resulting transmission beam on that sub-carrier

varies from its eigenbeam to a beam orthogonal to that of

the fi rst UE. Finally, a selection p rocedure is carried out to

select the best p recoder on each sub-carrier for UE 2 from

the candidate p recoders to op timiz e the objective function. In

this work, we use the dominant eigenvector (EV ) of the aver-

age correlation matrix 1
N

∑N
n= 1(G

H
1,nG1,n) as the p recoding

vector for all sub-carriers or R B s for UE 1, in order not to de-
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stroy the single carrier structure hence maintain the low P A P R

p rop erty. The candidate p recoders for UE 2 are generated by

a linear combination of the right dominant eigenvector of its

channel matrix on sub-carrier n, termed vE V
2,n , and the orthog-

onal p recoder v⊥
2,n, i.e.,

v
E V ,⊥
2,n =

αvE V
2,n + (1 − α)v⊥

2,n

||αvE V
2,n + (1 − α)v⊥

2,n||2
(7)

where 0 ≤ α ≤ 1 is the weighting factor to be op timiz ed

to maximiz e (5 ) . W e call the resulting op timum v
E V ,⊥
2,n as

the op timum comp lementary p recoder (O CP ) in the seq uel.

In (7), the denominator is for normaliz ation p urp ose and for

the sp ecial case of α = 0 and α = 1, the candidate vector

for UE 2 corresp onds to the orthogonal p recoder and its dom-

inant EV , resp ectively. Note that seeking an op timal α for

(5 ) is still p rohibitively diffi cult because α’s have to be con-

sidered jointly for all the N used sub-carriers and hence the

comp utational comp lexity increases exp onentially with N . In

order to further reduce the comp lexity of the selection p ro-

cedure, op timiz ation can be p erformed on an arbitrary sub-

carrier fi rst to obtain the best p recoder for that sub-carrier and

then it is considered fi xed for the op timiz ation in the next sub-

carrier. A s a result, the comp utational comp lexity is linear in

the number of sub-carriers. A descrip tion of the algorithm

with two UEs can be found in A lgorithm 1. The p rincip le

of A lgorithm 1 can be straightforward extended to the sce-

nario with U > 2 UEs by constructing candidate p recoders

vE V ,⊥
u,n for UE u (2 ≤ u ≤ U ) using the linear combination of

its right dominant eigenvector vE V
u,n of the channel matrix on

sub-carrier n and its orthogonal p recoder v⊥
u,n, i.e.,

vE V ,⊥
u,n =

αuv
E V
u,n + (1 − αu)v⊥

u,n

||αuvE V
u,n + (1 − αu)v⊥

u,n||2
(8)

where vE V
u,n can be calculated by p erforming singular value

decomp osition (SV D) for the associated channel matrix and

v⊥
u,n can be obtained by using orthogonaliz ation algorithms,

e.g., the Gram-Schmidt p rocess [11]. Clearly in (8) each UE

is associated with an individual weighting factor 0 ≤ αu ≤ 1
(2 ≤ u ≤ U ) which should be jointly op timiz ed.

In the above algorithm, UE 1 always utiliz es its dominant

eigenbeam direction and then UE 2 has to transmit in a di-

rection such that the system sum rate is maximiz ed. If the

transmission directions (sp atial signatures) are viewed as sp a-

tial resources, then UE 1 actually always occup ies the best

sp atial resources but UE 2 does not. This fi xed op timiz ation

order may cause the individual rate of the UEs to differ a lot

from each other. A nother factor which may affect the indi-

vidual rate of the UEs is that the UE which uses O CP may

p roduce strong interference to the UE which uses the domi-

nant EV p recoder. This will not cause any p roblem if both

UEs have similar channel conditions. H owever, if their chan-

nel q ualities are largely unbalanced, even the weaker UE al-

ways transmits in its dominant eigenbeam direction, a small

In p u t : Channel realiz ation G1,1, · · · ,G2,N

and p ower constraint Pu for 1 ≤ u ≤ 2
In it ia liz a t io n : For all 1 ≤ u ≤ 2 and 1 ≤ n ≤ N ,

p erform SV D for Gu,n, obtain vE V
u,n , set

h1,n = G1,nvE V
1,n , calculate v⊥

2,n,

construct v
E V ,⊥
2,n according to (7), set

h2,n = G2,nv
E V ,⊥
1,n and Ou,l = 0 · I

fo r n = 1 : N d o
calculate Hn according to (2);

αn,o p t =

m a x α

∑2
u= 1 N lo g (1 + Pu/ σ 2

Ou,l + [(HH
n

Hn)−1]
u,u

);

Hn,o p t =
[

h1,n G2,n

[

αn,o p tv
E V
2,n + (1 − αn,o p t)v

⊥
2,n

]]

;

Ou,l = Ou,l +
[

(HH
n,o p tHn,o p t)

−1
]

u,u
, u = 1, 2;

e n d

Ou tp u t : vE V
1,n , αn,o p t and v

E V ,⊥
2,n according to

(7), for 1 ≤ n ≤ N

Alg o r it h m 1 : Sp atial P recoder O p timiz ation A lgorithm

amount of interference from the much stronger UE will have

a strong imp act on the rate of the weaker UE. In this situa-

tion, it is desirable to let the stronger UE transmit in the di-

rection orthogonal to that of the weaker UE. This leads to our

following simp le scheduling algorithm to mitigate the afore-

mentioned p roblems and to balance the individual rate of the

UEs.

3 .2 . Sc h e d u lin g

The scheduler works as follows. It keep s track of the aver-

age rate Ra v g ,u of each UE. In time slot t, the scheduling

algorithm assigns the dominant EV p recoder to UE u∗ with

smaller Ra v g ,u in the system, which aims to give higher p ri-

ority to the weaker UE to balance the individual user rate. In

addition, in order to avoid interfering the rate of weaker UE if

the UEs exp erience largely unbalanced channel conditions in

the system, a weighting factor β is introduced to weight the

comp ound channel orthogonal to that of the weaker UE by

setting

hũ,n =







βGũ,n(
v⊥

ũ,n

| | v⊥

ũ,n
| | 2

), α = 0;

Gũ,nv
E V ,⊥
ũ,n , α 6= 0

(9 )

in the p recoder op timiz ation algorithm, where ũ denotes the

UE with higher average rate Ra v g ,u. In (9 ) choosing a bigger

β means to virtually boost the q uality of the channel orthogo-

nal to the transmission direction of the weaker UE, so that it is

treated as a good channel and the selection p rocedure p refer-

ably p icks it up for the stronger UE. In other words, a bigger

β indicates higher imp ortance that the UE with higher aver-

age rate in the p ast should transmits in a direction which does
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not cause any interference to the UE with lower average rate

in the p ast and vice versa.

4 . SIMULATION RESULTS

To evaluate the p erformance of the p rop osed sp atial p recoders

in a 2x2 up link MIMO system with two UEs as shown in

Fig. 2, simulations are conducted in the 3GP P LTE up link

with the p arameter assump tions given in Table 1.

Ta b le 1 . P arameter assump tions for simulation

Pa r a m e t e r s As s u m p t io n

Carrier freq uency 2.0GH z

Transmission bandwidth 3MH z , 20MH z

Transmit time interval 1ms

Sub-carrier sp acing 15 KH z

Number of sub-carriers 180, 1200

Number of sub-carriers p er R B 12

Channel model 3GP P SCME ur-

ban macro [12]

Number of UEs 2

Number of B Ss 1

A ntennas p er UE 2

A ntennas p er B S 2

UE antenna sp acing 0.5 wavelength

B S antenna sp acing 10 wavelengths

UE velocity 10 m/s
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Fig . 3 . Channel p ower gain snap shot between the UEs and the

B S according to Fig. 2; gij denotes the sub-carrier freq uency

resp onse between the jth transmitter of the UE and the ith
receiver at the B S.
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Conventional, UE2
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Fig . 4 . P erformance comp arison between the conventional

virtual MIMO SC-FDMA and the p rop osed MIMO SC-

FDMA with p recoding using the channel snap shot in Fig. 3.

(Up p er: p ost-detection SNR of the inner O FDMA system;

Lower: achievable sp ectral effi ciency in the SC-FDMA sys-

tem)

A snap shot of the sub-carrier channel p ower gain between

the UEs and the B S is illustrated in Fig. 3. For simp licity, it is

further assumed that each R B exp eriences the same channel

condition and its channel freq uency resp onse is rep resented

by the middle, i.e., the 6th, sub-carrier of the R B . Under this

condition, p erformance evaluation can be conducted p er R B

basis and the concep t meant for a sub-carrier in our p revi-

ous discussion can be directly ap p lied to a R B to reduce the

comp utational comp lexity. In the following, fi rst the p erfor-

mance is evaluated using a channel snap shot of 20MH z (to-

tally 100 R B s) for illustrative p urp ose. Then we p resent re-

sults in terms of average sp ectral effi ciency for different band-

width and SNR conditions.

The up p er p art of Fig. 4 shows the p ost-detection SNR

γu,n of the inner O FDMA system using the channel snap shot

in Fig. 3. The dashed lines rep resent the results for the con-

ventional UEs with each having only a single antenna, i.e.,

setting vu,n = [1 0] for all u’s and n’s in our model. The

solid lines stand for the results obtained by the p rop osed p re-

coding scheme where UE 1 emp loys the dominant EV of the

average channel correlation matrix as p recoders for all the

sub-carriers and UE 2 uses the O CP for each sub-carrier. The

sp ectral effi ciency of each sub-channel between each inp ut

and outp ut comp onent in the SC-FDMA system is p lotted in

the lower p art of Fig. 4. It can be observed that the p rop osed

algorithm signifi cantly imp roves the sp ectral effi ciency, or in

other words the rate of the UEs in the system.

Next, the statistics of the p ost-detection SNR is studied

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 255



−30 −25 −20 −15 −10 −5 0 5 10 15 20
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

SNR (dB)

C
C
D
F
 o
f 
S
N
R

Post−detection SNR in SC−FDMA, 15RBs, SNR
UE1

=10dB, SNR
UE2

=10dB

Conventional, UE1

Conventional, UE2

Proposed, UE1, EV

Proposed, UE2, OCP

UE1

UE2

Fig . 5 . Comp lementary cumulative distribution function

(CCDF) of the p ost-detection SNR between the conventional

MIMO SC-FDMA and the p rop osed MIMO SC-FDMA with

sp atial p recoding. 15 R B s are available in the system and both

UEs have the same average received SNR of 10dB

over 5 000 channel samp les for the conventional virtual MIMO

SC-FDMA and the p rop osed MIMO SC-FDMA with sp atial

p recoding, where a setting of two UEs with the same aver-

age SNR = 10dB over 15 R B s (≈3MH z ) is assumed. The com-

p lementary cumulative distribution function (CCDF) of the

p ost-detection SNR for both schemes are comp ared in Fig. 5 ,

which gives the p robability that the p ost-detection SNR is

larger than a certain value. It can seen that with the p ro-

p osed sp atial p recoding scheme the p ost-detection SNR s of

both UEs are signifi cantly increased, where the imp rovement

for the UE using dominant EV p recoding is much larger than

that for the UE using O CP .

For the same setting, Fig. 6 shows the cumulative distribu-

tion function (CDF) of the system sp ectral effi ciency and the

individual user sp ectral effi ciency for the conventional virtual

MIMO SC-FDMA and the p rop osed MIMO SC-FDMA with

sp atial p recoding. For better illustration, the results are re-

p eated in both the left and the right p arts of Fig. 6, where

the left p art emp hasiz es the system sp ectral effi ciency and

the right p art the individual user sp ectral effi ciency. It can

be observed that in comp arison with the conventional vir-

tual MIMO SC-FDMA the 5 0 p ercentile achievable system

sp ectral effi ciency almost doubles after ap p lying the p rop osed

scheme for different fi xed op timiz ation orders. It can also

be clearly seen that with the fi xed op timiz ation orders, the

UE using the dominant EV p recoder always has higher av-

erage sp ectral effi ciency than the one using O CP . If the p ro-

p osed sp atial scheduler is used, individual sp ectral effi ciency

of the UEs are balanced and the CDF of the achievable sys-

tem sp ectral effi ciency (green) lies between those obtained by

fi xed op timiz ation orders (red and blue). For reference p ur-

p ose, the sp ectral effi ciency obtained by the virtual MIMO

O FDMA system, where each UE has only one antenna, is

also p lotted which is about 1 bit/s/H z less in the 5 0 p ercentile

achievable system sp ectral effi ciency with resp ect to the p ro-

p osed schemes. Note that the imp act that the O FDMA wave-

form req uires higher inp ut p ower backoff than the SC-FDMA

waveform is not taken into account for p erformance evalua-

tion here. Therefore, even higher gains can be exp ected from

the p rop osed p recoding schemes in reality.

Fig. 7 dep icts the p erformance comp arison assuming 100

R B s are available in the system and other p arameters remain

the same as in the p revious simulation. It can be seen that both

the conventional virtual MIMO SC-FDMA and the p rop osed

p recoding schemes have inferior p erformance to the case with

15 R B s (cf. Fig. 6). The reason is as follows: with increasing

bandwidth in the system, the p robability that a deep fade hap -

p ens in some sub-carriers and/or the p robability that both UEs

have similar sp atial signatures in some sub-carriers also in-

crease. Such deep fades and/or similar sp atial signature cause

a low p ost-detection SNR in some sub-carriers of the inner

O FDMA system, which degrades the p ost-detection SNR of

all the received comp onents in the SC-FDMA system due to

the harmonic mean p rop erty (cf. (4)) . Nevertheless, the p ro-

p osed scheme still achieves about twice as high system sp ec-

tral effi ciency as the conventional scheme. A comp arison be-

tween Fig. 7 and Fig. 6 also indicates that for the same aver-

age received SNR the achievable system sp ectral effi ciency of

a virtual MIMO -O FDMA system is not sensitive to the occu-

p ied bandwidth.

Fig. 8 comp ares the p erformance with uneq ual average

received SNR for different UEs, i.e., S N R U E 1 = 0d B and

S N R U E 2 = 10d B in the 3MH z bandwidth. More than twice

the system sp ectral effi ciency with resp ect to the conventional

scheme can be exp ected from the p rop osed sp atial p recod-

ing schemes for different fi xed op timiz ation orders. It can

be seen that our p rop osed scheduling algorithm (green) can

effectively balance the individual rate of the UEs although

they exp erience largely unbalanced channel conditions, while

the scheme always assigning dominant eigenbeam direction

to the weaker UE and O CP for the stronger UE results in sig-

nifi cant unbalance of the individual rates. This is due to the

strong amount of interference caused by the stronger UE.

5 . CONCLUSIONS

W e p rop ose to use multip le antennas and sp atial p recoding to

imp rove the system sum rate in MIMO SC-FDMA up link. A n

effi cient algorithm is develop ed to op timiz e the p recoder de-

sign which is shown to signifi cantly increases the system sum

rate in 3GP P LTE up link scenario with two UEs for different

SNR conditions and bandwidths. Furthermore, a simp le sp a-

tial scheduler is introduced to handle the user rate fairness in

the framework of the p rop osed algorithm.
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Fig . 6 . Cumulative distribution function (CDF) of the achievable spectral efficiency by using conventional virtual MIMO with

a single antenna per UE (black) and by using a spatial precoder according to Fig. 2 with fixed optimization order (red and blue)

and a spatial scheduler (green) for an SC-FDMA system (β = 1). The inner OFDMA spectral efficiency with a single antenna

per UE is plotted in magenta. 15RBs are available in the system and both UEs have the same average received SNR of 10dB.
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Fig. 7. P arameter setting is the same with Fig. 6 but 100RBs

are available in the system

0 1 2 3 4 5 6 7 8 9 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Average achievable spectral efficiency(bits/s/Hz)

C
D
F
 o
f 
a
v
e
ra
g
e
 a
c
h
ie
v
a
b
le
 s
p
e
c
tr
a
l 
e
ff
ic
ie
n
c
y

SC−FDMA, 15 RBs, SNR
UE1

=0dB, SNR
UE2

=10dB

Conventional, UE1

Conventional, UE2

Conventional, UE1 & UE2

Proposed, UE1, EV

Proposed, UE2, OCP

Proposed, UE1 EV & UE2 OCP

Proposed, UE1, OCP

Proposed, UE2, EV

Proposed, UE1 OCP & UE2 EV

Proposed scheduler, UE1

Proposed scheduler, UE2

Proposed scheduler, UE1 & UE2

OFDMA, conven., UE1 & UE2

Fig. 8 . P arameter setting is the same with Fig. 6 but with

uneq ual average received SNR for the UEs: S N R UE1 = 0 d B

and S N R UE2 = 10 d B ;β = 10
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ABSTRACT

In this paper, we address the high SNR regime of the MIMO

broadcast channel under linear filtering. For systems where

the base station is equipped with more antennas than the user

terminals have in sum, we prove that block-diagonalization is

the asymptotically optimum transmission strategy for maxi-

mizing the sum rate. For this type of transmission strategy,

the asymptotically optimum transmit covariance matrix in the

broadcast channel is derived in closed form. In addition, we

present an expression for the asymptotic sum capacity for

an instantaneous channel realization which only depends on

this particular channel realization. No precoders or singular-

value-decompositions arise as they used to do in hitherto ex-

isting sum rate expressions in the multi-antenna terminal case.

All results are deduced from the dual multiple access channel

in which the optimum transmit covariancematrices can easily

be computed. Our recent rate duality for multi-antenna sys-

tems where the individual streams of a user are not treated

as self-interference allows us then to convert the solution of

the dual uplink back to the downlink and to find the optimum

transmit and receive filters in the broadcast channel.

1. INTRODUCTION

Block-diagonalization (BD) is a multi-user MIMO chan-

nel decomposition technique that orthogonalizes the overall

MIMO broadcast channel (BC) of the different users into par-

allel single-user MIMO channels without inter-user interfer-

ence. It can thus be thought of as the generalization of zero-

forcing channel inversion algorithms for the case when the

receivers have multiple antennas. Since capacity achieving

transmission strategies do not seem to exist for the multi-user

MIMO case under linear filtering, block-diagonalization was

introduced as a constraint which leads to closed-form expres-

sions for the resulting sum rate [1]. Depending on the number

of available antennas at the base station and the number of

antennas at the terminals, standard BD (e.g. [1–3]), BD with

user selection (e.g. [4]), or generalized BD where the receive

filters are taken into account (e.g. [5]), can be applied. While

the complete suppression of inter-user interference, that was

heuristically introduced to end up with closed form expres-

sions [1], fails to reach the sum capacity in general, we will

show that in the high SNR regime, block-diagonalization is

indeed the asymptotically optimum transmission strategy in

the multi-user MIMO BC with linear filtering. In order to

prove above statement, we utilize the recently introduced rate

duality [6] for multi-antenna users under linear filtering and

investigate the sum rate maximization problem in the dual

uplink multiple access channel (MAC) instead. Despite the

simpler structure of the dual MAC (aligned channel and pre-

coder indices), the simplest multi-user setup with single an-

tenna terminals already allows for the presumption that closed

form expressions for the sum capacity will remain infeasible

even in the multiple access channel irrespective of whether

linear or nonlinear filtering is considered. Fortunately, the

high signal-to-noise ratio regime is an exception to this de-

flating circumstance, since there, asymptotic results on the

sum capacity have been discovered for dirty paper coding and

partly for linear filtering. In [7,8] for example, the single user

point-to-pointMIMO case was decomposed into a supremum

capacity term, an instantaneous SNR effect term, and an in-

stantaneous capacity degradation term due to the eigenvalue

spread. Outage capacity and throughput of a fading point-to-

point MIMO system are analyzed in [9], whereas a lower and

an upper bound on the sum rate of block-diagonalization was

derived in [10]. Nonetheless, precoder-free expressions for

the asymptotic sum capacity of a point-to-multipoint broad-

cast channel for an instantaneous channel realization did not

exist so far for linear filtering in the multi-antenna terminals

case, only sum rate expressions still containing the precoders

have been derived yet when the individual users are equipped

with several antennas, see [11, Eq. (21)] and [12, Eq. (10)].

Instead, ergodic statements can be found in the literature, see

for example [11–13]. Therein, the affine approximation of

the sum capacity introduced in [14] and elaborately discussed

in [15] was applied.

Having derived the asymptotic sum capacity of the dual

MAC, we can immediately conclude by means of the dual-

ity in [6] that the broadcast channel features the same high

SNR sum capacity. Moreover, when we convert the simple

solution for the precoders in the dual MAC that asymptoti-

cally achieve the sum capacity back to the broadcast chan-

nel, it turns out that the resulting BC system features a block-

diagonal structure. Hence, we have a formal proof that block-
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diagonalization is the asymptotically optimum transmission

strategy when linear filtering is considered what so far has

not been shown, but often been used and investigated, see

e.g. [11, 12]. Of course, the MAC to BC conversion also de-

livers the asymptotically optimum transmit and receive filters.

1.1. Contributions

The main contributions of this paper are summarized in the

following list:

1. We prove that block diagonalization is asymptotically

optimum for sum rate maximization in the broadcast

channel.

2. Optimum precoding and transmit covariance matri-

ces in the broadcast channel are derived by means

of our rate duality in [6]. In contrast to exist-

ing block-diagonalization algorithms, singular-value-

decompositions do not arise in our notation and there-

fore do not have to be computed.

3. We derive an analytic expression for the sum capac-

ity of the multi-user MIMO BC achievable with lin-

ear filtering in the high SNR regime which is the first

precoder-free closed form solution depending only on

the channel matrices and the antenna configuration.

4. A closed form solution of the covariancematrices in the

dual uplink asymptotically achieving this sum capacity.

1.2. Organization

In Section 2, the system model underlying the multi-user sce-

nario is described. The optimum signaling strategy for the

sum-rate maximization with linear filtering is derived in Sec-

tion 3 in the dual multiple access channel and afterwards con-

verted to the broadcast channel in Section 4. Section 5 con-

cludes this paper.

2. SYSTEM MODEL

We consider the communication between an N antenna base

station and K multi-antenna terminals, where user k multi-

plexes Bk data streams over his rk antennas. For a short

notation, we define r as the sum of all antennas at the ter-

minals, i.e., r =
∑K

k=1 rk, and b as the total number of trans-

mitted streams, i.e., b =
∑K

k=1 Bk. Recent results [6] on

the rate duality of the BC and the MAC under linear filter-

ing and a user-wise joint stream decoding allow us to investi-

gate the dual MAC (with its simpler structure) instead of the

BC. Afterwards, the obtained solutions can conveniently be

transformed back to the BC. In this MAC, user k applies a

precoding matrix Tk ∈ Crk×Bk generating his rk × rk trans-

mit covariance matrix Qk = TkT H
k . The precoded symbol

vector propagates over the channel described by the matrix

Hk ∈ CN×rk . At the receiver side, zero-mean noise η ∈ CN

with identity covariance matrix is added and the receive filter

for user k is denoted by Gk ∈ CBk×N . Due to the reversed

signal flow in the BC, we characterize the transmission from

the base station to terminal k by the Hermitian channel HH
k

in the BC, and the precoder dedicated to the Bk streams of

user k is denoted by Pk ∈ CN×Bk . Throughout this paper,

we assume that the base station has at least as many antennas

as the terminals have in sum, i.e., N ≥ r.

3. OPTIMUM SIGNALING IN THE DUAL MAC

Introducing the composite channel matrix H and the com-

posite block-diagonal precoder matrix T of all K users via

H = [H1, . . . , HK ] ∈ CN×r,

T = blockdiag{Tk}K
k=1 ∈ Cr×b,

(1)

the rate of user k seeing interference from all other users can

be expressed as (see [6])

Rk =log2

∣∣IN +
(
IN +

∑
ℓ 6=k

HℓQℓH
H
ℓ

)−1
HkQkHH

k

∣∣
= − log2

∣∣IBk
− T H

k HH
k X−1HkTk

∣∣, (2)

where the substitution X reads as

X = IN +
K∑

ℓ=1

HℓQℓH
H
ℓ = IN +HTT HHH.

Note that (2) in general requires all streams of a single user to

be decoded jointly. Reformulating the rate expression (2), we

get

Rk = − log2

∣∣ET
k

(
Ib − T HHHX−1HT

)
Ek

∣∣
= − log2

∣∣ET
k

(
Ib + T HHHHT

)−1
Ek

∣∣, (3)

where the transposed kth block unit matrix is defined via

ET
k = [0, . . . ,0, IBk

,0, . . . ,0] ∈ {0, 1}Bk×b

with the identity matrix at the kth block and the ith block with
i 6= k corresponds to the zero matrix of dimension Bk × Bi.

Due to the assumption that the base station has more antennas

than the terminals have in sum, all r streams can be activated

leading to square precoders Tk with Bk = rk ∀k. Raising

PTx, all r streams become active, T becomes full rank, and

all eigenvalues of T HHHHT become much larger than one.

In the asymptotic limit, we obtain

Rk
∼= − log2

∣∣T−1
k ET

k

(
HHH

)−1
EkT−H

k

∣∣
= log2

∣∣Qk

∣∣− log2

∣∣ET
k

(
HHH

)−1
Ek

∣∣, (4)

since ET
k T−1 = T−1

k ET
k . The notation x ∼= y means that

the difference x − y vanishes when the sum power PTx goes
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to infinity. Interestingly, the rate of user k depends only on

the determinant of his own transmit covariance matrix Qk,

and not on the covariance matrices of the other users! Con-

sequently, the eigenbases of all transmit covariance matrices

do not influence the rates of the users, only the powers of the

eigenmodes are relevant. Let the eigenvalue decomposition of

Qk read as Qk = VkΛkV H
k with unitary Vk and the diago-

nal nonnegative power allocation Λk. Due to the determinant

operator, Vk can be chosen arbitrarily and therefore, we set

Vk = Irk
∀k without loss of generality. Let the power alloca-

tion matrix be composed by the entries Λk = diag{λ(i)
k }rk

i=1.

As only the traces of the covariance matrices are involved in

the sum power constraint
∑K

k=1 tr(Qk) ≤ PTx, the determi-

nant |Qk| = |Λk| is maximized by setting

λ
(1)
k = . . . = λ

(rk)
k := λk, (5)

i.e., by evenly distributing the power allocated to that user

onto his individual modes, so Qk = λkIrk
∀k. Inserting (5)

into the asymptotic rate equation of user k in (4) leads to the

asymptotic sum rate expression

K∑
k=1

Rk
∼=

K∑
k=1

(
rk log2λk−log2

∣∣ET
k

(
HHH

)−1
Ek

∣∣). (6)

Subject to the sum power constraint
∑K

k=1 rkλk ≤ PTx, the

sum rate in (6) is maximized for

λk =
PTx

r
, (7)

so power is evenly allocated to the users (similar to the single-

antenna case proven in [11]), and every user evenly distributes

his fraction of power onto his modes. Finally, the asymptotic

sum rate at high SNR reads as

K∑
k=1

Rk
∼=r log2 PTx−r log2 r−

K∑
k=1

log2

∣∣ET
k

(
HHH

)−1
Ek

∣∣,
(8)

and is interestingly achieved with the transmit covariancema-

trices Qk = PTx/r · Irk
∀k. Using (8), we are able to quan-

tify the asymptotic sum rate that can be achieved by means

of linear filtering for every single channel realization and an-

tenna/user profile in terms of the transmit power PTx and the

channel itself as long as N ≥ r holds. Note that no precoders

arise in (8) in contrast to [12, Eq. (10)] and [11, Eq. (21)].

In principle, the ergodic rate can be obtained by averaging

corresponding to any distribution of the channel. In [12],

results on the ergodic rate were presented for the specific

case of Rayleigh fading only, where the channel entries of

H1, . . . , HK all have the same distribution. More compli-

cated fading models cannot be captured due to this restricting

assumption. Moreover, the instantaneous rate expression is

given by means of bases representing null spaces of shortened

channel matrices taken from [1] and not as a function of the

channel purely as we do in (8). Concerning the asymptotic

rate expression, we have created a smooth transition from the

r single-antenna-users system configuration in [13] where no

cooperation exists between the antenna elements at the ter-

minals, to the single-user point-to-point MIMO link where

all r antennas fully cooperate, see [16] for example. In be-

tween, we can now specify any antenna/user profile we want

and compute the feasible rate in the asymptotic limit under

linear filtering.

4. OPTIMUM SIGNALING IN THE BC

Using our recent rate duality in [6], we can convert the simple

solution for the covariance matrices Q1, . . . , QK in the dual

MAC to covariance matrices S1, . . . , SK in the BC, where

the Hermitian channels are applied. Since this duality explic-

itly uses the receive filters in the MAC as scaled transmit ma-

trices in the BC, we first compute the MMSE receivers in the

dual MAC, as they are optimum and generate sufficient statis-

tics. This MMSE receive filter Gk for user k in the dual MAC

reads as

Gk = ET
k T HHH

(
IN + HTT HHH

)−1
.

Using asymptotically optimum precoders Tk =
√

PTx/rIrk
,

above expression asymptotically converges to

Gk
∼=

√
r/PTx ·ET

k

(
HHH

)−1
HH. (9)

Let Pk denote the precoder of user k in the BC, then the ith
column pk,i of Pk follows from the conjugate ith row g′Tk,i of

the matrix G′
k = W H

k Gk via (see [6])

pk,i = αk,ig
′∗
k,i =

αk,i√
PTx/r

·H(
HHH

)−1
EkWkei, (10)

where the scaling factor αk,i is obtained by the duality trans-

formation and Wk is a unitary decorrelation matrix. This ma-

trix Wk finally ensures that the individual streams of every

user can be decoded separately instead of jointly without hav-

ing to face the rate loss that usually has to be taken into ac-

count when streams are decoded separately rather than jointly,

see [6]. Since we convert only the asymptotically optimum

transmit precoders and receive filters, the duality transforma-

tion from the MAC to the BC in [6] drastically simplifies and

can even be computed in closed form. In particular, the matri-

ces Ma,b in [6, Eq. (23)] vanish for a 6= b yielding a diagonal
matrix M from which the scaling factors are derived. Those

scalars now compute to

αk,i =

√
PTx/r

‖g′k,i‖2
. (11)

In combination with (10), the ith column of the precoder as-

sociated to user k reads as

pk,i =
√

PTx/r · H
(
HHH

)−1
EkWkei∥∥H

(
HHH

)−1
EkWkei

∥∥
2

,
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generating the precoder matrix

Pk =
√

PTx/r ·H(
HHH

)−1
EkWkD−1

k , (12)

where the ith diagonal element of the diagonal matrix Dk is

[Dk]i,i =
√

eT
i W H

k ET
k

(
HHH

)−1
EkWkei. (13)

We can immediately see, that the precoding filters in (12)

lead to a block diagonalization of the transmission, since

HH
ℓ Pk = 0 holds for k 6= ℓ. Next, the decorrelation ma-

trix Wk which enables the duality is usually chosen as the

eigenbasis of GkHkTk
∼= Irk

, which asymptotically coin-

cides with the identity matrix due to (9). Since all eigenval-

ues are identical to one, the decorrelation matrices Wk are

not given a priori, but can easily be computed such that the

BC features the same sum rate as the dual MAC. By means of

(12) and the block diagonalization property of the precoders,

we obtain for user k’s receive signal

yk = HH
k Pksk + ηk =

√
PTx/r ·WkD−1

k sk + ηk, (14)

where ηk ∈ Crk is the noise and sk the symbol vector of

user k both having an identity covariance matrix. From (14),

the rate of user k achieved in the BC reads as

Rk = log2

∣∣∣Irk
+ PTx/r ·WkD−2

k W H
k

∣∣∣, (15)

which asymptotically converges to

Rk
∼= rk log2 PTx − rk log2 r − log2 |D2

k|. (16)

For the asymptotic result in (16), the identity matrix Irk
in

(15) was omitted, so the true rate Rk will always converge

to the right hand side from (16) from above. It remains to

minimize the determinant of D2
k by the choice of the unitary

decorrelation filter Wk, such that the asymptotic limit of Rk

is maximized, see (16). From the definition of Dk in (13),

Hadamard’s inequality [17] tells us that Wk has to be chosen

as the unitary eigenbasis ofET
k (HHH)−1Ek. ChoosingWk

this way, D2
k contains the eigenvalues of ET

k (HHH)−1Ek,

and therefore, the elements of D2
k are as different as possible

since the eigenvalues of any positive definite matrix majorize

its diagonal elements according to Schur’s theorem [18]:

ET
k (HHH)−1Ek = WkD2

kW H
k . (17)

The optimum transmit covariance matrix Sk = PkP H
k of

user k in the BC which asymptotically achieves the same sum

rate as the dual MAC counterpart reads by means of (12) and

(17) as

Sk =
PTx

r
·H+HEk

(
ET

k (HHH)−1Ek

)−1
ET

k H+. (18)

In (18), we make use of the channel pseudo-inverse H+

which is defined via H+ = (HHH)−1HH. Note that rk

eigenvalues of Sk are PTx/r whereas the remaining N − rk

ones are zero. Thus, Sk is a weighted orthogonal projec-

tor. Furthermore, tr(Sk) = PTx · rk/r ∀k, so the power

is uniformly allocated to the individual users in the broadcast

channel as well. Comparing (18) with the simple solution of

the transmit covariance matrix Qk = PTx/r · Irk
in the dual

MAC, it becomes obvious that the optimum covariancematri-

ces are much more difficult to find directly in the BC without

using the rate duality, than in the dual MAC. Plugging the op-

timum D2
k containing the eigenvalues of ET

k (HHH)−1Ek

into (16) finally yields

Rk
∼= rk log2 PTx − rk log2 r − log2

∣∣ET
k (HHH)−1Ek

∣∣.
Hence, the maximum sum rate (8) in the dual MAC is also

achieved in the BC. While the rate expression in (15) at first

glance seems to require the joint detection of all the streams

belonging to user k, the application of the simple matched

filter receiver

Bk = D−1
k W H

k

to the receive signal yk of every user k completely decorre-

lates the individual streams of user k. As a consequence, the
individual streams of every user can be detected separately

without any loss in rate, and the SINR of the ith stream be-

longing to user k reads as

SINRk,i =
PTx

r
· 1
[D2

k]i,i

entailing the rateRk,i = log2(1+SINRk,i). Summing up the

rates of all rk streams of user k, we obtain

Rk =
rk∑

i=1

Rk,i = log2

rk∏
i=1

(
1 +

PTx

r
· 1
[D2

k]i,i

)
in accordance to (15), and the rateRk of user k asymptotically

converges to

Rk
∼= rk log2 PTx − rk log2 r − log2 |D2

k|
= rk log2 PTx − rk log2 r − log2

∣∣ET
k (HHH)−1Ek

∣∣.
Therefore, stream-wise detection achieves the same user

rates for our special choice of the decorrelation matri-

cesW1, . . . , WK . While the transmission chain consisting of

the precoder and the channel leads to a block-diagonalization,

the inclusion of the matched filter receiver even leads to a total

diagonalization of the transmission chain. Therefore, a joint

diagonalization of the transmission chain by both the transmit

filter and the matched filter receiver with appropriately cho-

sen decorrelation matrices is asymptotically optimum in the

same way as the block-diagonalization of the channel by the

sender alone is.
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5. CONCLUSION

We have shown that block-diagonalization is the asymptoti-

cally optimum transmission strategy in the broadcast channel

and derived the asymptotic sum capacity when linear filter-

ing is applied instead of dirty paper coding. Starting in the

dual multiple access channel, we have found a very simple

closed form solution for the optimum transmit covariancema-

trix which has then been converted back to the downlink by

our recent rate duality. To the best of our knowledge, we have

presented the first precoder-free asymptotic sum capacity ex-

pression of linear filtering which is only a function of the indi-

vidual users’ channel matrices, the available transmit power,

and the antenna profile of the users.
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[14] S. Shamai and S. Verdú, “The Impact of Frequency-

Flat Fading on the Spectral Efficiency of CDMA,” IEEE

Transactions on Information Theory, vol. 47, no. 4, pp.

1302–1327, May 2001.

[15] A. Lozano, A. M. Tulino, and S. Verdú, “High-SNR
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ABSTRACT

We study the joint transmitter optimization for the flat multi-
input multi-output (MIMO) channel under nonlinear distortion
from the digital-to-analog converters (DACs). Our design is
based on aminimum mean square error(MMSE) approach, tak-
ing into account the effects of the transmitter nonlinearities. The
derivation does not make use of the assumption of uncorrelated
white distortion (quantization) errors and considers the correla-
tions of the quantization error with the other signals of thesys-
tem. Through simulation, we compare the new optimized Tom-
linson Harashima precoder to previously proposed transmitter
designs when operating under DACs in terms of uncoded BER.

1. INTRODUCTION

The use of multiple antennas at both sides of the transmission
link (MIMO systems) can improve the communication perfor-
mance dramatically. If the channel state information is available
at the transmitter and the receiver(s) have to be of low com-
plexity, then transmit processing becomes advantageous. An
other application of transmit processing is the broadcast sce-
nario where no cooperation is possible between the receivers.
The transmit filter will be then designed based on the knowledge
of the a priori defined receiver (simple scalar receiver) andthe
Channel State Information (CSI). It is well known that nonlinear
processing strategies can clearly improve the performance. In
[1, 2] transmit filters combined with Tomlinson Harashima Pre-
coding (THP) [3] were derived using aminimum mean square
error (MMSE or Wiener) approach, where the receiver is re-
stricted to be a simple common weight. However, most of these
contributions on transmitter design for MIMO systems assume
that the transmitted signals do not experience any nonlinear dis-
tortion. In practice, however, the signal undergoes many non-
linearities (e.g. Digital-to-Analog Conversion (DAC), Power
Amplifier,...). For instance, the D/A-Conversion can be also re-
garded as a kind of quantization since it requires rounding the
data to a suitable level of precision to be converted into theana-
log domain. The effect of the digital-to-analog conversionon
the transmitter designs has been neglected by the research com-
munity up to now. This is due to the fact that the DAC is a

non-linear operation which complicates theoretical analysis. In
high speed applications, the DACs have to be of low resolu-
tion in order to save power and area. In this case the proposed
design do not perform well when operating under coarse quan-
tization. In fact, in order to reduce circuit complexity andsave
power and area, low resolution DACs have to be employed [4].
Therefore, the proposed designs do not necessarily have good
performance when operating under DACs in a real system. Mo-
tivated by the same approach as in our recent works [5, 6], which
concerns the linear and nonlinear MMSE receivers operatingon
quantized data under A/D conversion at the receiver side, we
modify the Wiener (or MMSE) THP transmitter from [2] for the
transmit-quantized flat MIMO channel (later denoted by WFQ-
THP), taking into account the presence of the DACs. Under the
choice of an optimally designed DAC we evaluate the resulting
MSE between the estimated and the transmitted symbols and we
minimize it subject to a Wiener THP transmitter and a common
scalar receiver. In our model we assume perfect channel state
information (CSI) at the transmitter.

2. SYSTEM MODEL

We consider a MIMO Gaussian channel where the transmitter
employsN antennas and the receiver hasB antennas (or users).
Fig. 1 shows the general form of a THP quantized MIMO sys-
tem, whereH ∈ CB×N is the channel matrix. The vector
s ∈ CB comprises theM transmitted symbols, which are un-
correlated and have zero-mean and covariance matrixRss =
E[ssH] = σ2

s1. The vectorη refers to zero-mean complex cir-
cular Gaussian noise with covarianceRηη = σ2

η1. Furthermore,
y ∈ CN is the unquantized transmit signal.

In addition to the feedforward filter denoted byP ∈ CM×B

the transmitter is extended with amodulo device M(·) and a
spatial feedback filterF , where

P = [p1 · · ·pB ] ∈ CN×B , and (1)

F =


0 0 . . . 0

f2,1 0 . . . 0
...

.. .
.. .

...
fB,1 . . . fB,B−1 0

 ∈ CB×B . (2)
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In other words,pk is thek-th column ofP andfk,j is the entry
at thek-th row andj-th column (k > j) of the feedback matrix
F .
The data streams (or users) are successively encoded with order
π, i.e. streamπk (with orderk) sees the interference caused by
the data streams (or users)πk+1 . . . πB . Then we construct the
unquantized transmit signal

y = Pu, (3)

where the outputs of themodulodevices are computed succes-
sively as

uk =
(
sπk

−
∑
j<k

fk,juj

)
mod(τ). (4)

Through the DACs, the real partsyi,R and the imaginary parts
yi,I of the transmit signalsyi, 1 ≤ i ≤ N , are each quantized
by ab-bit resolution scalar quantizer. Thus, the resulting analog
signals read as

ri,l = Q(yi,l) = yi,l + qi,l, l ∈ {R, I}, 1 ≤ i ≤ N, (5)

whereQ(·) denotes the quantization operation andqi,l is the
resulting quantization error. In the transmit processing architec-
ture of Fig. 1, the receiver is restricted to a simple signal scaling
with a common weightg. The matricesP , F and the weightg,
together, delivers each estimateŝπk as

ŝπk
=

(
ghT

πk
r + ηπk

)
mod(τ), (6)

with, r = Q(y) = y + q, (7)

wherehπk
is theπk-th row vector of the channel matrixH. Our

aim is to choose the DAC stepsizes, the matrixP , and the scalar
g, minimizing the MSE=E[‖ŝ−s‖2

2], taking into account the
quantization effect. Throughout this paper,rαβ denotesE[αβ∗]..
The operators(•)T, (•)H, (•)∗, Re(•), Im(•) stand for trans-
pose, Hermitian transpose, complex conjugate, real and imag-
inary parts of a complex number, respectively;ek is the k-th
column of theB ×B identity matrix1B .

s u

NN BBBBB

π
M(·)M(·)

−F

P y
Q(·) r H

η

g1B ŝ

Fig. 1. MIMO-Quantizer THP Transmit System

3. REVIEW OF THE SPATIAL MMSE-THP

In this section, we review the MMSE-THP (or Wiener Filter-
THP) algorithm [2], while ignoring the quantization (i.e.r ≡

y). Neglecting themodulo-loss, the error signal at thek-th en-
coding step can be approximated by

eπk
= −uk + ghT

πk
y −

∑
j<k

fk,juj + gηπk
. (8)

Then, under the assumption that the outputs of themodulode-
vicesuk are i.i.d. with varianceσ2

u, it is easy to show by the
KKT conditions that, for given orderingπ, the optimal precod-
ing and feedback matrices minimizing the sum-MSE=

∑
k E[|ek|2]

read as

fk,j = ghT
πk

pj ,

pk =
1
g

(∑
j≤k

h∗πj
hT

πj
+ ξ1N

)−1

h∗πk
,

g =

√√√√ σ2
u

Etr

∑
k

hT
πk

(∑
j≤k

h∗πj
hT

πj
+ξ1N

)−2

h∗πk
,

(9)

whereξ = tr(Rηη)
Etr

. With these optimum matrices, the summean
square errorreads as

MSE = σ2
u

[
B −

∑
k

hT
πk

(∑
j≤k

h∗πjh
T
πj + ξ1N

)−1

h∗πk

]
. (10)

Now, the problem of finding the optimal orderingπ mini-
mizing the sum-MSE is NP hard, since we must check allB!
possible permutations. To reduce the complexity, we minimize
each summand in (10) successively, i. e.,πk is chosen under the
assumption thatπk+1, . . . , πB are fixed

πk = argmax
i/∈{πk+1,...,πB}

hT
i

( ∑
j /∈{πk+1,...,πB}

h∗jh
T
j + ξ1N

)−1

h∗i .

(11)

4. DAC OPTIMIZATION AND CHARACTERIZATION

D/A-conversion can be viewed as a quantization process since
the resolution of the values ofy has to be reduced to a smaller
one, let sayb bits, to be transformed into the analog domain,
which is inevitable for high speed transmission. This operation
can be characterized by a distortion factorρ

(i,l)
q to indicate the

relative amount of quantization error generated, which is defined
as follows

ρ(i,l)
q =

E[q2
i,l]

ryi,lyi,l

, (12)

whereryi,lyi,l
= E[y2

i,l] is the variance ofyi,l and the distor-

tion factorρ(i,l)
q depends on the number of quantization bitsb,

the quantizer type (uniform or non-uniform) and the probabil-
ity density function ofyi,l. Note that the signal-to-quantization
noise ratio (SQNR) has an inverse relationship with regard to
the distortion factor

SQNR(i,l) =
1

ρ
(i,l)
q

. (13)
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Similar to our work [5], the quantizer design is based on mini-
mizing themean square error(distortion) between the inputyi,l

and the outputri,l of each quantizer. In other words, the SQNR
values are maximized. Under this optimal design of the scalar fi-
nite resolution quantizer, whether uniform or not, the following
equations hold for all0 ≤ i ≤ N , l ∈ {R, I} [7, 8]

E[qi,l] = 0 (14)

E[ri,lqi,l] = 0 (15)

E[yi,lqi,l] = −ρ(i,l)
q ryi,lyi,l

. (16)

Obviously, (16) follows from (12) and (15). For the uniform
quantizer case, (14) holds only if the probability density func-
tion of yi,l is even.
Assuming a dense matrixP and for large number of antennas,
the DAC input signalsyi,l are weighted sums of weakly depen-
dent random symbols and thus, due to central limit theorem, they
are approximately Gaussian distributed. Besides, they undergo
nearly the same distortion factorρq, i.e.,ρ(i,l)

q = ρq ∀i∀l. Fur-
thermore, the optimal parameters of the uniform as well as the
non-uniform quantizer and the resulting distortion factorρq for
Gaussian distributed signal are tabulated in [7] for different bit
resolutionsb. Recent research work on optimally quantizing the
Gaussian source can be found in [9, 10].

Now, letqi = qi,R + jqi,I be the complex quantization error.
Under the assumption of uncorrelated real and imaginary part of
yi, we easily obtain

rqiqi
= E[qiq

∗
i ] = ρqryiyi

, andryiqi
= E[yiq

∗
i ] = −ρqryiyi

.
(17)

For the uniform quantizer case, it was shown in [10], that the
optimal quantization step∆ for a Gaussian source decreases as√

b2−b and thatρq is asymptotically well approximated by∆
2

12
and decreases asb2−2b. On the other hand, the optimal non-
uniform quantizer achieves, under high-resolution assumption,
approximately the following distortion [11]

ρq ≈ π
√

3
2

2−2b. (18)

This particular choice of the (non-)uniform scalar quantizer min-
imizing the distortion betweenr andy for the DACs, combined
with the transmitter of the next section, is also optimal with re-
spect to the total MSE between the transmitted symbol vectors
and the estimated symbol vectorŝ, as we will see later.

5. NEARLY OPTIMAL QUANTIZED
THP-TRANSMITTER

In this section, we optimize the transmit matrixP and the scalar
receiverg based on the MMSE criterion, taking into account the
quantization process. To this end, we minimizes the sum-MSE
under the power constraintE

[‖r‖2
2

]
6 Etr

min
{P ,F ,g}

MSE(P ,F , g) s.t.: E
[‖r‖2

2

]
6 Etr, (19)

with
E

[‖r‖2
2

]
= tr(Rrr).

For this optimization we establish the Lagrangian functionto
find the global minimum

L(P , g, λ) = MSE(P , g)+λ
(

tr(Rrr)−Etr

)
with λ ∈ R+.

(20)
As theuis are results ofmodulo-operations, they are nearly in-
dependent and have approximately a uniform distribution inthe
complex square with sideτ . Thus we assume that the power of
ui is σ2

u = τ2

6 . Let us first consider the received symbolŝπk
of

theπk-th user

ŝπk
=

(
ghT

πk
r + gηπk

)
mod(τ).

After adding and subtracting the term
∑

j<k fk,juj we obtain1

ŝπk
=

( ∑
j>k

fk,juj + ghT
πk

r −
∑
j<k

fk,juj + gηπk

)
mod(τ)

=
(
sπk

− uk + ghT
πk

r −
∑
j<k

fk,juj + gηπk

)
mod(τ).

When we neglect the modulo-loss, the erroreπk
= ŝπk

− sπk
is

nearly given by

eπk
= −uk + ghT

πk
r −

∑
j<k

fk,juj + gηπk
. (21)

In order to compute each individualmean square errorεπk
=

E[eπk
e∗πk

], we assume that theuk have the varianceσ2
u and are

mutually uncorrelated. Furthermore, we consider the correlation
of the quantization error with the other signal of the systemby
means of (21)

επk
= |g|2hT

πk
Rrrh

∗
πk
−2Re{ghT

πk
Rruek}

−2Re{ghT
πk

Rru

∑
j<k

ejf
∗
k,j}+σ2

u(1 +
∑
j<k

|fk,j |2) +|g|2σ2
η.

(22)
with the correlation matrix

Rru = E[ruH] = E[(y + q)uH] = Ryu + Rqu, (23)

andRrr the covariance matrix of the quantized signal given by

Rrr = E[(y +q)(y +q)H] = Ryy +Ryq +RH
yq +Rqq. (24)

5.1. Derivation of the Covariance Matrices involving the Quan-
tization Error

Before investigating the MMSE optimization, we first deriveall
needed covariance matrices by using the fact that the quantiza-
tion errorqi, conditioned onyi, is statistically independent from

1Note that(sπk − uk) mod(τ) = (
P

j<k fk,juj) mod(τ) and (a +

b)mod τ = (a mod τ + b mod τ) mod τ
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all other random variables of the system.
First we calculateryiqj

= E[yiq
∗
j ] for i 6= j

E[yiq
∗
j ] = Eyj

[
E[yiq

∗
j |yj ]

]
= Eyj

[
E[yi|yj ]E[q∗j |yj ]

]
≈ Eyj

[
ryiyj

r−1
yjyj

yjE[q∗j |yj ]
]

(25)

= ryiyj
r−1
yjyj

E[yjq
∗
j ]

= −ρqryiyj
. (26)

In (25), we approximate the Bayesian estimatorE[yi|yj ] with
the linear estimatorryiyj

r−1
yjyj

yj , which holds with equality if
the vectory is jointly Gaussian distributed. Eq. (26) follows
from (17). Summarizing the results of (17) and (26), we obtain

Ryq ≈ −ρqRyy. (27)

Similarly, we evaluaterqiqj
for i 6= j to end up in

E[qiq
∗
j ] = Eyj

[
E[qiq

∗
j |yj ]

] ≈ ρ2
qr
∗
yjyi

= ρ2
qryiyj

, (28)

where we used (27) and (17). From (28) and (17) we deduce the
covariance matrix of the quantization error

Rqq ≈ ρqdiag(Ryy) + ρ2
qnondiag(Ryy)

= ρqRyy − (1− ρq)ρqnondiag(Ryy),
(29)

with diag(A) denotes a diagonal matrix containing only the di-
agonal elements ofA and nondiag(A) = A− diag(A). Insert-
ing the expressions (27) and (29) into (24), we obtain

Rrr ≈ (1− ρq)(Ryy − ρqnondiag(Ryy)).

= (1− ρq)2Ryy + ρq(1− ρq)diag(Ryy)
(30)

In a very similar way, we get the covariance matrixRqu =
E[quH] as

Rqu = E[quH] ≈ −ρqRyu. (31)

Thus, Equation (23) becomes

Rru ≈ (1− ρq)Ryu. (32)

Finally, Ryy andRuy can be easily obtained from our system
model

Ryy = σ2
uPP H, (33)

Ryu = σ2
uP . (34)

5.2. Derivation of the TxWFQ transmitter

Now, we return to our MMSE problem and insert these results
into (22) to obtain

επk
=σ2

u

[
α|g|2hT

πk
(αPP H+ρqdiag(PP H))h∗πk

−2αRe{ghT
πk

pk}

−2αRe{ghT
πk

∑
j<k

pjf
∗
k,j}+ 1 +

∑
j<k

|fk,j |2
]

+|g|2σ2
η,

(35)

with α = 1− ρq.
Afterwards, we establish the Lagrangian function for the opti-
mization (19) with the Lagrangian multiplierλ ∈ R+

L(pπk
, g, fk,j) =

B∑
j=1

επk
+ λ

(
σ2

u tr(PP H)− Etr

(1− ρq)

)
.

(36)
When differentiating this lagrangian from with respect tofk,j ,
we obtain

∂

∂fk,j
L(pπk

, g, fk,j) = ασ2
ug∗hH

πk
p∗j + σ2

uf∗k,j , (37)

which must be equal to zero in order to optimize the MSE. Thus
we obtain the optimal feedback matrix

fk,j = (1− ρq)ghT
πk

pj . (38)

This delivers the following MSE

επk
=σ2

u

[
α|g|2hT

πk

(
α

∑
j≥k

pjp
H
j + ρqdiag(PP H)

)
h∗πk

−2αRe{ghT
πk

pk}+ 1
]

+|g|2σ2
η.

(39)

Then, we formulate the KKT equations with respect tog andP

∂ L(P , g, λ)
∂g

=σ2
u

∑
k

α
[
g∗hT

πk

(
α

∑
j≥k

pjp
H
j

+ ρqdiag(PP H)
)
h∗πk

− hT
πk

pk

]
+g∗σ2

ηB
!= 0,

(40)
∂ L(P , g, λ)

∂pk
=σ2

uα
[
|g|2(α

∑
j≤k

hπj
hH

πj + ρqdiag(HTH∗))p∗k

− ghπk
+ λσ2

up∗k
]

!= 0,
(41)

where we used the following identity for two matricesA,B

tr(Adiag(B)) = tr(B diag(A)). (42)

Summing the complex conjugate of the derivative with respect
to pk (41), then multiplying it byP H from the right followed by
the trace operation, and finally comparing it with (40) multiplied
by g, we can show the following relation

λ = |g|2 Bσ2
η

ασ2
u tr(PP H)

= |g|2 tr(Rηη)
Etr

= |g|2ξ.

Considering the derivative with respect toP (41) and above ex-
pression for the Lagrangian multiplierλ, the filter can be derived
as

pk =
1
g

(
(1−ρq)

∑
j≤k

h∗πj
hT

πj
+ρq diag(HHH)+ ξ1N

)−1

h∗πk

(43)
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Note that the inverse always exists independently ofH. Due to
the transmit energy constraint we finally get

g=

√
σ2

u(1−ρq)
Etr

·√∑
k

hT
πk

(
(1−ρq)

∑
j≤k

h∗πj
hT

πj
+ρq diag(HHH)+ξ1N

)−2

h∗πk
,

(44)
Notice that, when we setρq = 0 (infinite precision DACs) in the
expressions ofP andg, we obtain exactly the same expressions
as derived in (9) for the unquantized system.
Using (39), (43) and (44), the sum-MSE resulting from the op-
timal design of the receiver filter and feedback matrix becomes
after some computations

MSE =
∑

k

εk =σ2
u

[
B − (1− ρq)

∑
k

hT
πk

(
(1− ρq)

∑
j≤k

h∗πjh
T
πj

+ ρqdiag(HHH) + ξ1N

)−1

h∗πk

]
.

(45)
Now, the problem of finding the optimal orderingπ mini-

mizing the sum-MSE (
∑

k εk) in (45) is NP hard, since we must
check allB! possible permutations. To reduce the complexity,
we minimize each summand of the sum-MSE successively, i. e.,
πk is chosen under the assumption thatπB, . . . , πk+1 are fixed

πk = argmax
i6=πk+1...πB

hT
i

(
(1−ρq)

∑
j 6=πk+1...πB

h∗jh
T
j+ρqdiag(HHH)+ξ1N

)−1

h∗i .

(46)

5.3. Effects of Quantization on the MSE

In order to verify whether the chosen quantizer minimizes the
MSE of our system, we examine the first derivative of theMSE
in (45) with respect toρq

∂MSE
∂ρq

=g2σ2
u

∑
k

pH
k (diag(HHH) +

tr(Rηη)
Etr

1N)pk,

where we used (45). Obviously, the derivative of the MSE with
respect to the distortion is positive. Therefore, theMSEWFQ−THP

achieved by THP transmit processing is monotonically increas-
ing with respect toρq. Since we chose the quantizer to minimize
the distortion factorρq, our receiver quantizer designs are jointly
optimum with respect to the total MSE.

Now, we expand the MSE expression (45) into a Taylor se-
ries aroundρq = 0 up to the order one, to get an approximation
of the MSE

MSEWFQ-THP≈ MSEWF-THP+

ρqg
2σ2

u tr(P H(diag(HHH)+
tr(Rηη)

Etr
1N )P ),

(47)

where MSEWF-THP = MSEWFQ-THP|ρq=0 is the achievable MSE
without quantization given in (10). The second term gives the
increase in theMSE due to the quantization as a function ofρq

and the channel parameters. It reveals also the residual error at
infinite SNR.

6. SIMULATION RESULTS

The performance of the modified THP transmitter for a 4-bit
quantized output MIMO system (WFQ-THP), in terms of BER
averaged over106 channel realizations, is shown in Fig. 2 for
a 10×10 MIMO system (QPSK), compared with the conven-
tional Tomlinson Harashima Precoder (WF-THP) from [2]. The
symbols and the noise are assumed to be uncorrelated, that is
Rss = σ2

s1 andRηη = σ2
η1. Besides, the BER curve of the

modified linear MMSE transmitter from [12] is shown. Thereby,
the entries ofH are complex-valued realization of indepen-
dent zero-mean Gaussian random variables with unit variance.
Clearly, the modified transmitter outperforms the conventional
ones at high SNR. This is because the effect of quantization er-
ror is more pronounced at higher SNR values when compared
to the additive Gaussian noise variance. Since the conventional
THP-precoder looses its regularized structure at high SNR val-
ues, its performance degrades asymptotically, when operating
under DACs. For comparison, we also plotted the BER curve
for the THP-precoder transmitter, if no quantization is applied
(infinite precision DAC).
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Fig. 2. WFQ-THP vs. WFQ, WF-THP with quantization and
WF-THP without quantization; 4QAM modulation withB =
10, N = 10, 4-bit (ρq = 0.01154) uniform quantizer.

In Fig. 3, we consider a 4-bit quantized 4×4 MIMO config-
uration. In addition to the BER curve of the proposed design,
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it shows the simulated BER with a THP transmitter considering
the quantization errorq as an additive white noise, which is un-
correlated with the other signals of the system. For the additive
quantization noise model, we take as effective noise covariance
matrix (see first equality of (17))

R̄ηη = Rηη + HR̄qqH
H = Rηη + ρqσ

2
uHdiag(PP H)HH.

(48)
Thus the well-known solution (9) can be adjusted to the follow-
ing effective noise power

tr(R̄ηη) ≈ Bσ2
η +

ρq

1− ρq

Etr

N
tr(HHH). (49)

Obviously, this model, which has been commonly used in the
literature is also outperformed by the presented design at any
SNR level and independently of the resolution.
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Fig. 3. THP proposed vs. the conventional THP [2] adjusted
to an additive quantization noise term; 4QAM modulation with
B = 10, N = 10, 3-bit (ρq = 0.03744) uniform quantizer.

7. CONCLUSION

We addressed the problem of designing a THP transmitter for
MIMO channels under DAC nonlinearity. We provided an ap-
proximation for the mean squared error for each data stream,
where the quantizer is optimized for a Gaussian input. Then,
we proposed an optimized THP transmitter in terms of the MSE
criteria that takes into account the quantization effects.The pro-
posed precoder operating for quantized transmit signals shows
better performance in terms of BER than simply applying the
WF-THP (as well-known in literature [1, 2]) designed for an
unquantized MIMO system. It also outperforms the most obvi-
ous approach of simply adjusting this WF-THP to an effective
noise power ofBσ2

η + ρq

1−ρq

Etr
N tr(HHH). An essential aspect

of our derivation is that we do not make the assumption of un-
correlated white quantization error. Moreover, our transmitter
does not present any extra complexity from the implementation
point of view.
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ABSTRACT

This paper investigates adaptive modulation and coding
(AMC) in 2-Tx multiple-input and multiple output (MIMO)-
orthogonal frequency division multiplexing (OFDM) spatial
multiplexing systems using non-iterative maximum like-
lihood detector (MLD). We derive an approximate post-
processing signal to interference-plus-noise ratio (SINR) for
MLD, which is computed as post minimum mean-squared
error (MMSE) SINR plus gain value, where the gain value
is calculated by symbol error rate of the interfering stream.
The post-MLD SINR is then applied to perform link adapta-
tion for AMC. Simulation results show that the proposed link
adaptation strategy achieves throughput performance close to
that of the optimum approach.

1. INTRODUCTION

Multiple-input and multiple-output (MIMO)-orthogonal fre-
quency division multiplexing (OFDM) spatial multiplexing is
now an essential technology for future high data rate wire-
less communication systems. In the third generation partner-
ship project (3GPP) long term evolution (LTE) system [1],
2-Tx MIMO is considered as a baseline configuration. Max-
imum likelihood detector (MLD) [2] is a promising receiver
structure for MIMO-OFDM spatial multiplexing. Especially,
MLD with no detection-and-decoding iteration would be a
good option in initial deployments to achieve low decoding
latency.

One practical issue to use MLD in MIMO systems is com-
plexity reduction. There are significant amount of literatures
that investigate this problem and provide various solutions
that uses techniques, such as the sphere decoding and M-
algorithm, e.g., [3–5].

Another practical issue regarding MLD, which has not
yet been investigated as extensively as the complexity is-
sue, is link adaptation for adaptive modulation and coding
(AMC). In link adaptation, the receiver chooses the most
preferable modulation and coding scheme (MCS) which is
fed back to the transmitter. When the linear minimum mean-
squared error (LMMSE) receiver is used, link adaptation

is simple because the post-MMSE signal to interference-
plus-noise ratio (SINR) can be explicitly computed for each
spatial stream using channel estimates. However, when MLD
is used, link adaptation is not straightforward because the
exact post-processing SINR cannot be explicitly computed.
One solution would be to use the pair-wise error probability
(PEP) bound to estimate frame error rate (FER) [6]. How-
ever, in MIMO spatial multiplexing, link adaptation using
PEP requires searching for multi-dimensional constellation
points for multiple MCS combinations, which would become
computationally expensive. Since AMC is an essential tech-
nology for modern wireless systems, such as LTE, alternative
solutions could be investigated.

In this paper, we develop a suboptimum link adaptation
scheme for 2-Tx MIMO-OFDM spatial multiplexing systems
using non-iterative MLD. We derive an approximate post-
MLD SINR for each spatial stream, which is then utilized to
perform link adaptation for adaptive modulation and coding.
The effectiveness of the proposed approach will be shown via
computer simulations.

2. SYSTEM MODEL

Figure 1 shows the system model. This paper focuses on
two transmit and N receive antenna (N ≥ 2) MIMO-OFDM
systems with K subcarriers where two independent spatial
streams are transmitted simultaneously at each subcarrier.
At the transmitter, independent coding and modulation is
assumed for each spatial stream, and a common modulation
and coding is applied for all subcarriers within a stream [1].
The receiver uses MLD for spatial signal separation followed
by stream-wise channel decoders. We assume no iterative de-
tection and decoding between MLD and channel decoders for
low decoding latency. The received signal vector rk ∈ CN at
the k-th subcarrier (k = 1 . . .K) is defined as

rk = hk1sk1 + hk2sk2 + nk (1)
= Hksk + nk (2)

where hkl ∈ CN (l = 1, 2) is the spatial channel vector of
the l-th stream. nk is the AWGN vector of which covariance
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Fig. 1. 2Tx-antenna MIMO-OFDM spatial multiplexing systems using MLD

matrix is defined as E[nknH
k ] = σ2IN . IN is an N × N

indentity matrix. sk is the transmitted symbol vector which
satisfies E[sksH

k ] = I2.
Adaptive modulation and coding is applied, where the

receiver performs link adaptation based on the instantaneous
channel hkl and σ2 to select one modulation and coding
scheme (MCS) providing the highest throughput for each
stream. Selected modulation order Ml and coding rate Rl for
the l-th stream are fed back to the transmitter.

3. LINK ADAPTATION FOR MIMO-OFDM
SPATIAL MULTIPLEXING SYSTEMS

3.1. LMMSE receiver

When the LMMSE receiver is used, the post-MMSE SINR
for the l-th stream at the k-th subcarrier can be computed as,

γmmse
kl =

hH
klR

−1
k hkl

1− hH
klR

−1
k hkl

, (3)

where Rk = HkHH
k + σ2IN . Once the stream-wise post-

MMSE SINR value for each subcarrier is computed, the re-
ceiver chooses a single MCS matched to all subcarriers. Sev-
eral techniques have been studied to select a single MCS from
multiple SINR values. This paper employs the average mu-
tual information (MI) scheme [7] that computes an average
MI from multiple SINR values, then use it to estimate FER
for each MCS with look-up-table, and select one MCS pro-
viding the highest throughput.

3.2. MLD

3.2.1. Post Processing SINR computation

We first assume without loss of generality that the first stream
is the desired stream and second stream is the interfering
stream. Since MLD performs joint detection by evaluating
MIMO channel metric − 1

σ2 ‖rk −Hksk‖2 for multiple hy-
pothesis on sk, the exact post-processing SINR cannot be
derived. Thus, we derive an approximate post-processing

SINR. For this aim, the post-MLD SINR of the first stream is
first lower-and-upper bounded as

γmmse
k1 ≤ γmld

k1 ≤ γif
k1, (4)

where γif
k1 ≡ ||hk1||2

σ2 is the interference-free SNR of the first
stream. An important observation here is as follows. When
the second (interfering) stream becomes more detectable by
MLD, the post processing SINR of the first stream becomes
larger, i.e., γmld

k1 → γif
k1. This happens, for example, when

the modulation order of the second stream is decreased while
the channel condition is fixed. On the other hand, when the
second stream becomes less detectable, the post processing
SINR of the first stream becomes smaller, i.e., γmld

k1 → γmmse
k1 .

This occurs, for example, when the modulation order of the
second stream is increased. Based on (4), we compute the
post-MLD SINR of the first stream as

γmld
k1 = γmmse

k1 + αk1(γif
k1 − γmmse

k1 ), (5)

where the second term in the right hand side of (5) is the gain
factor obtained by MLD compared with the LMMSE detec-
tor. According to the observation above, the coefficient αk1

(0 ≤ αk1 ≤ 1.0) is adaptively chosen according to the de-
tectability of the second (interfering) stream. To measure the
detectability of the second stream, symbol-error-rate (SER)
can be employed. The SER upper-bound of the second stream
can be computed by using its post-MMSE SINR value as [8],

P ser
k2 = 1−

{
1− 2

(
1− 1√

2M2

)
Q

(√
3γmmse

k2

2M2 − 1

)}2

, (6)

where M2 is the modulation order of the second stream, and
Q(x) ≡ 1√

2π

∫∞
x

e−t2/2dt. Note that in actual implementa-
tions, Q(x) is realized by using a look-up-table.

The observation above also suggests that α1k be a de-
creasing function of P ser

k2 . In this paper, we define α1k as,

α1k =


0 P ser

k2 > 0.3
0.3 0.1 ≤ P ser

k2 ≤ 0.3
0.7 0.05 < P ser

k2 ≤ 0.1
1.0 P ser

k2 ≤ 0.05

, (7)
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Table 1. Link Adaptation Algorithm for MLD

Step 1. Compute γmmse
kl and γif

kl (k = 1 . . .K and l = 1, 2)
Step 2. Select a set of Q candidate modulation pairs:

(M11,M21). . . (M1Q,M2Q)
Step 3. Find optimum MCS

Thmax = 0.0
for q=1:Q

(a) Compute the post-MLD SINR (k = 1 . . .K):
γmld

kl = γmmse
kl + αkl(γif

kl − γmmse
kl ) (l =1,2)

αk1 = f(γmmse
k2 ,M2q), αk2 = f(γmmse

k1 ,M1q)
(b) Coding rate selection and FER estimation

using average MI scheme [7]:
(R1q,R2q) and (P fer

1q ,P fer
2q )

(c) Throughput estimation and comparison
Thq =

∑2
l=1 MlqRlq(1− P fer

lq )
if Thq > Thmax

(Ml, Rl) = (Mlq, Rlq) (l =1,2)
Thmax = Thq

end
end

which was optimized by off-line simulations. The optimum
αk1 function could be different for different channel models,
but in this paper we apply the common αk1 function to all
channel models for simple implementation. Finally, (6) and
(7) are integrated into a single function,

αk1 = f(γmmse
k2 ,M2). (8)

In the same way as above, the post-MLD SINR value of the
second stream is computed by regarding the first stream as
interference,

γmld
k2 = γmmse

k2 + αk2(γif
k2 − γmmse

k2 ) (9)

with

αk2 = f(γmmse
k1 ,M1). (10)

3.2.2. Link adaptation algorithm

As shown in (8) and (10), computing the post-MLD SINR
value of each stream requires the modulation order of the in-
terfering stream. Thus, in applying the post-MLD SINR to
link adaptation, we first determine a set of candidate modu-
lation pairs, and then compute the post-MLD SINR for each
pair and select the one providing highest throughput. Table
I summarizes the link adaptation algorithm. Our proposed
post-MLD-SINR calculation is used in Step 3 (a). Steps 3 (b)

and 3 (c) are standard procedures. Different techniques could
be applied in Step 3(b). Regarding the choice of candidate
modulation pairs in Step 2, we evaluate the two alternatives
as follows:

Option 1: All possible modulation pairs.
Option 2: A modulation pair optimum for the

LMMSE receiver plus two surrounding
pairs.

In option 1, there will be nine pairs if QPSK, 16QAM and
64QAM are used. In option 2, we first select one modulation
pair matched to the post-LMMSE SINR, and then we form
additional candidate pairs by incrementing the modulation or-
der of the first (second) stream by one level and decrementing
the modulation order of the second (first) stream by one level.
For example, if the modulation pair selected from the post-
LMMSE SINR is (16QAM, 16QAM), the surrounding pairs
are (QPSK, 64QAM) and (64QAM, QPSK).

4. SIMULATION RESULTS

Simulations were conducted assuming 2-by-2 MIMO-OFDM
spatial multiplexing systems, 1.0-msec transmission frame
length with 14 OFDM symbols, 1.8 MHz bandwidth with
120 subcarriers and 15 kHz subcarrier spacing. For adaptive
modulation and coding, the following 15 level MCS were
used: QPSK with coding rate R=1/16, 1/8, 1/6, 1/3, 4/9,
3/5, 16QAM with R=2/5, 1/2, 3/5, 64QAM with R=4/9, 5/9,
2/3, 3/4, 6/7, 12/13. The turbo code with memory three and
mother code rate 1/3 was used. Maximum Doppler frequency
was 5.55 Hz. Ideal channel estimation was assumed.

As a performance reference, we evaluated the throughput
performance of MLD with optimum link adaptation, where
the receiver simulates FER (without using a look-up-table)
for all possible MCS combinations of the two streams for
each channel realization to find the MCS combination which
would provide the highest throughput. This exhaustive ap-
proach would yields optimum performance when MCS feed-
back delay is negligible. In addition, the throughput perfor-
mance of LMMSE was evaluated.

We first evaluate throughput performances with a small
MCS feedback delay of 1.0 msec. Figures 2 (a) and 2 (b) show
the throughput performance in uncorrelated MIMO channels
with 1-path, and the 6-path typical urban (TU) [9] multi-path
delay profiles, respectively. Figures 3 (a) and 3 (b) show the
throughput performance in correlated MIMO channels with
TU and SCM-C [10] channel models, respectively, where cor-
relation factor 0.5 was assumed between adjacent transmit an-
tennas for the TU channel model. The figures show that MLD
with the proposed link adaptation can achieve about 2.0 dB
gain over the LMMSE receiver in mid-to-high SNR regions.
Option 1 and 2 achieve almost same throughput. The small
performance loss of the proposed scheme compared with the
optimum scheme is due to use of the SER lower-bound by
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Figure 2 : Uncorrelated channel, Small FB delay
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Fig. 2. Throughput performance: 2-by-2 MIMO, uncorrelated channel, 1.0 msec feedback delay

using the post-MMSE SINR value (6), which might underes-
timate MCS.

We next evaluate the performance with a practical MCS
feedback delay of 4.0 msec. Figures 4 shows the throughput
performance in the correlated MIMO channels with TU delay
profile. The figure show that in the presence of 4.0 msec chan-
nel ambiguity, the throughput performance of the proposed
approach becomes closer to that of the optimum approach.
This is because the proposed approach is more robust to the
channel variation due to the MCS underestimation effect.

The results above also show that the throughput gain of
MLD compared with LMMSE becomes smaller in lower
SNR regions. To examine this, Figure 5 shows FER perfor-
mance after decoding for various MCS without link adapta-
tion, where the same MCS was assumed for both streams.
Inter-stream symbol interleaving was applied to eliminate
the performance loss due to use of common MCS format
for both streams. The figure shows that when lower cod-
ing rates are used, the FER performance gain by MLD over
LMMSE becomes smaller. This is because in lower coding
rates, decoding is the dominant part that determines the over-
all FER performance especially when strong codes such as
the turbo code is used. Therefore, in lower-SNR regions, the
throughput performance gain of MLD over LMMSE detector
becomes smaller because MCS with relatively lower coding
rates are selected by link adaptation.

5. CONCLUSION

This paper developed a link adaptation technique for 2-Tx
MIMO-OFDM systems using non-iterative MLD. We derived

an approximate post-MLD SINR, which is computed by using
post-MMSE SINR value plus gain factor, where the gain fac-
tor is compute by SER of the interfering stream. The through-
put performance of MLD with the proposed link adaptation is
close to that with the optimum approach, and about 2.0 dB
better than the throughput performance of the LMMSE re-
ceiver. Extension of the proposed post-MLD SINR deriva-
tion to the MIMO channel with more than two spatial streams
would be a future study.
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ABSTRACT

An improved channel estimation using a turbo decoder feed-
back and a time domain minimum mean square error (MMSE)
filtering is considered in this paper. By using orthogonal
preambles, the matrix inversion in the least-squares (LS)
multiple-input multiple-output (MIMO) channel estimation
can be avoided. The LS estimates can be further improved
by the time domain MMSE filtering that exploits the time
correlation of the channel. The MMSE filter is approxi-
mated by using pre-calculated filters stored in the memory.
It is shown by analytical means and by simulations that only
few pre-calculated filters are required resulting in tremen-
dous decrease in complexity. The turbo decoder feedback
can be used to obtain the channel estimates not only on pi-
lot symbol positions but also on data symbol positions. The
space-alternating generalized expectation-maximization
(SAGE) algorithm is used to calculate the LS estimates it-
eratively to reduce the size or even to avoid the matrix in-
version required in the LS estimation for data symbol posi-
tions. The performance evaluations using the LS estimation
and the SAGE estimation together with the MMSE filtering
are provided.

1. INTRODUCTION

Multiple-input multiple-output (MIMO) processing (see [1],
[2], and the references therein), combined with orthogo-
nal frequency-division multiplexing (OFDM) [3], is the key
enabling technology for several current and future broad-
band wireless access systems and standards. Accurate chan-
nel state information is required in the detection when us-
ing MIMO channels. The least-squares (LS) method is the
best linear unbiased channel estimator in Gaussian noise
[3]. The preamble-based LS channel estimation can be fur-
ther improved by post-processing the LS estimates with the
minimum mean square error (MMSE) filter [4]. The MMSE
filter exploits the time correlation of the channel taps to cal-
culate the channel estimates for the data symbol positions

This research was financially supported in part by Tekes, the Finnish
Funding Agency for technology and Innovation, Nokia, Texas Instruments,
Nokia Siemens Networks and Elektrobit.

as well.
A preamble-based channel estimation fails to exploit the

channel information contained in the detected and decoded
data symbols. To achieve better spectral efficiency under
fast-fading channel conditions, the decision directed (DD)
channel estimation algorithms (see, e.g., [5, Chapt. 15])
which take advantage of the detected and decoded data sym-
bols in channel estimation, are a promising approach. With
the DD LS channel estimation, calculation of a matrix in-
verse is required. The size of the matrix to be inverted de-
pends on the number of transmit antennas and the length of
the channel impulse response. The space-alternating expec-
tation-maximization (SAGE) [6] channel estimator reduces
the size of the matrix to be inverted or even completely
avoids the matrix inversion due to dividing the MIMO chan-
nel estimation problem into multiple SISO channel estima-
tion problems. Error propagation is the frailty of the DD
channel estimation methods.

In this paper, we compare the performance of the pream-
ble-based LS channel estimation to that of the DD SAGE
channel estimator using pilot density comparable to the one
used in mobile commucation system standards nowadays.
Both estimators are studied together with the MMSE post-
processing [4] as well. We show how the complexity of
the MMSE filtering can be reduced by using only few pre-
calculated filters with insignificant loss in the performance.

2. SYSTEM MODEL

2.1. OFDM Signal Model

Let us consider a MIMO-OFDM system with P subcarri-
ers, MT transmit, and MR receive antennas. The received
signal is the superposition of MT distorted transmitted sig-
nals. Consequently, the received signal in the receive an-
tenna mR over sub-carriers at time n after performing a dis-
crete Fourier transform (DFT) can be expressed as

y
mR

(n) = X(n)FhmR
(n) + ηmR(n), (1)

where y
mR

= [ymR,1, ..., ymR,p, ..., ymR,P ]T ∈ CP , X =
[X1, ...,XMT ] ∈ CP×MtP consists of transmitted symbols,
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XmT ∈CP×P is a diagonal matrix with XmT [p, p] = xmT,p,
F = IMT ⊗ F ∈ CMTP×MTL is DFT matrix, with [F]u,s =

1√
P
e−j2πus/P , and u = 0, 1, ..., P − 1; s = 0, 1, ..., L −

1, hmR
= [hT

1,mR
, ...,hT

MT,mR
]T ∈ CMtL is time domain

channel vector, with hmT,mR
= [hmT,mR,0

, ..., hmT,mR,l
, ...,

hmT,mR,L−1]T ∈CL, and hmT,mR,l
is the lth multipath com-

ponent between the mTth transmit and the mRth receive an-
tenna, L is the length of the channel impulse response for
all channels, and ηmR is an P × 1 noise vector containing
samples from a complex zero-mean white Gaussian noise
process with covariance σ2

ηIP .

2.2. Channel Model

A wideband stochastic MIMO channel model [7,8] is adopted.
It is assumed that the amplitude of hmT,mR,l is Rayleigh dis-
tributed, and the fading gains are uncorrelated over the de-
lay domain or 〈hmT,mR,l1

, hmT,mR,l2
〉 = 0 for l1 6= l2. The

spatial correlation coefficient between the transmit anten-
nas mT and m′T is given by ρt

mT,m′
T

= 〈hmT,mR,l
, hm′

T,mR,l
〉,

where 〈a, b〉 = E[ab∗]/
√
E[|a|2]E[|b|2] denotes the nor-

malized correlation coefficient between the random vari-
ables a and b. The spatial correlation function at the trans-
mitter is assumed to be independent of the receive antenna
index mR. The correlation coefficient between the receive
antennas is correspondingly denoted by ρr

mT,m′
T
. The overall

spatial correlation model is assumed to obey the Kronecker
product model Ctr = Ct ⊗ Cr ∈ IRMTMR×MTMR , where Ct
and Cr are the transmit and receive correlation matrices with
elements ρt

mT,m′
T

and ρr
mR,m′

R
, respectively [8].

3. RECEIVER ALGORITHMS

3.1. Receiver Structure

The receiver structure is shown in Fig. 1. The feedback from
the decoder to the channel estimator is required only when
the SAGE estimator is applied. In the core of the receiver,
iterative detection and decoding is performed by the soft
MIMO detector and the turbo decoder. The iterations be-
tween the detector and the decoder are referred to as global
iterations. Let us assume that one frame includes multiple
OFDM symbols and the channel coding is over one OFDM
symbol. In each frame, the preamble symbol index set is
SP = {1, Nsymb/2 + 1}, where Nsymb is the number of
OFDM symbols in the frame. The cardinality of SP is de-
noted by NP . In the preamble based LS estimation, the

estimate given by the first preamble is used in the detec-
tion of the symbols with indices 2...Nsymb/2 − 1 and the
estimate given by the second preamble is used in the de-
tection of the symbols with indices Nsymb/2 + 2...Nsymb.
In the preamble based LS estimation with the MMSE post-
processing, the two LS estimates given by the preambles are
filtered and as an output a channel estimate for each OFDM
symbol is given. In the DD SAGE channel estimation, the
LS estimate is used as an initial guess in the beginning of
the frame and after the second OFDM symbol the previ-
ous estimate is used to initialize the SAGE algorithm. It is
also possible to initialize the SAGE algorithm by predicting
the channel state by filtering the previous channel estimates
with the MMSE filter. The SAGE algorithm is performed
after global iterations.

Let us consider coding over the whole frame. The LS
estimation with the MMSE post-processing is performed
as explained above in the case of coding over one OFDM
symbol. However, the DD SAGE estimation is now ap-
plied within the global iterations. The initial channel es-
timate for the whole frame is given by the LS estimation
with the MMSE post processing and after a certain number
of global iterations the channel is re-estimated by the SAGE
algorithm which is followed by a certain number of global
iterations.

3.2. LS Algorithm

The LS method is the best linear unbiased channel estima-
tor in Gaussian noise [3]. The LS channel estimate for the
system model in [4] is expressed as

ĥmR
(n) =

FHXH(n)X(n)F︸ ︷︷ ︸
CHC


−1

FHXH(n)y
mR

(n). (2)

In the preamble based channel estimation, the preambles
can be designed to diagonalize the matrix to be inverted.
However, if the LS method is used with turbo feedback
(in the decision directed (DD) mode), the inversion of a
MTL×MTL matrix is inevitable.

3.3. SAGE Algorithm

The SAGE channel estimator [6] calculates iteratively the
LS solution as in (2) resulting in lower complexity with im-
perceptible loss in the performance in the DD channel es-
timation. With the iterative processing, the size of the re-
quired matrix inversion is MT times smaller per dimension
in the case of non-constant envelope modulation and with
a constant envelope modulation the matrix inversion can be
avoided. In the SAGE channel estimator, the received signal
y
mR

is viewed as the “incomplete” data and the “complete”
data is defined as zmT,mR , which is the component of the
received signal at the mRth receive antenna transmitted by
the mTth transmit antenna. The SAGE channel estimator is
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initialized by

ẑ(0)mT,mR
(n) = XmT(n)Fĥ

(0)

mT,mR
(n), (3)

where mT = 1, 2, ...,MT and mR = 1, 2, ...,MR. The
SAGE algorithms, as expectation-maximization (EM) based
methods in general, require and are sensitive to an initial
guess of the parameters to be estimated. This is well ad-
dressed in the literature [9]. The channel estimate of the
previous OFDM symbol can be used as the initial time do-

main channel estimate ĥ
(0)

mT,mR
(n). After the initialization,

the estimates of the channel impulse responses between the
transmit antennas and the receive antennamR are refined by
the following iterations (for notational simplicity the time
index n is omitted)

ẑ(i)mT,mR
= ẑ(i)mT,mR

+

y
mR
−

MT∑
m′

T=1

ẑ(i)m′
T,mR

 (4)

ĥ
(i+1)

mT,mR
= (FHXH

mT
XmT F)−1FHXH

mT
ẑ(i)mT,mR

(5)

ẑ(i+1)
mT,mR

= XmT Fĥ
(i+1)

mT,mR
(6)

ẑ(i+1)
m′′

T ,mR
= ẑ(i)m′′

T ,mR
, (7)

where mT = 1 + (imodMT), (i = 0, 1, 2, ...), and in (7)
1 ≤ m′′T ≤ MT but m′′T 6= mT. With one iteration in the
case of the SAGE channel estimator, we refer to the cycles
during which every link is updated once. The above algo-
rithm transforms the LS channel estimation problem of a
system with multiple transmit antennas as in (2) back to
the multiple separate single transmit antenna LS channel
estimation problems performed serially. Consequently, the
matrix inversion needed is MT times smaller per dimension
than the one required with the LS estimation. Furthermore,
with constant envelope constellation (5) can be simplified

to ĥ
(i+1)

mT,mR
(n) = FHX−1

mT
(n)ẑ(i)mT,mR

(n) leading to the trivial
inversion of the diagonal matrix XmT(n).

3.4. MMSE Filtering

The LS and SAGE algorithms do not exploit the time do-
main correlation of the channel in the estimation. Thus, the
estimation performance can be further improved by post-
processing the LS and SAGE channel estimates with a filter
based on the MMSE criterion [4], which takes advantage of
the temporal correlation of channel impulse response (CIR)
taps between consecutive OFDM symbols. The autocorre-
lation of the CIR taps can be expressed as

ΣhmT,mR,l[n],hmT,mR,l[n′] = ρmT,mR [n− n′]σ2
hmT,mR,l

(8)

where ρmT,mR,l[n−n′] denotes the temporal correlation be-
tween the channel taps at times n and n′ and σ2

hmT,mR,l
=

h∗mT,mR,l
hmT,mR,l. The temporal correlation depends on the

Doppler spectrum and it is distributed according to the Jakes’
model. Thus, the temporal correlation can be written as

ρmT,mR,l[n− n′] = J0(2πfd(n′ − n)TB) (9)

where J0(·) denotes the zeroth-order Bessel function of the
first kind, fd is the Doppler frequency, and TB is the duration
of OFDM symbol. In order to obtain the MMSE estimates,
we define an LS channel estimate vector as

ĥ<LS>
mT,mR,l

= (ĥ<LS>
mT,mR,l

[n1] . . . ĥ<LS>
mT,mR,l

[nNP ])
T ∈ CNP ,

n ∈ SP . (10)

The MMSE CIR estimate for the link between the mTth
transmit antenna and the mRth receive antenna at time n
can now be expressed as

ĥ<MMSE>
mT,mR,l

[n] = wmT,mR,l[n]ĥ<LS>
mT,mR,l

∈ C, (11)

where the Wiener filtering vector wmT,mR,l[n] is defined as

wmT,mR,l[n] = ΣhmT,mR,l[n],ĥ<LS>
mT,mR,l

Σ−1

ĥ<LS>
mT,mR,l

. (12)

The cross-covariance vector ΣhmT,mR,l[n],ĥ<LS>
mT,mR,l

∈ CNP

and the autocovariance matrix Σĥ<LS>
mT,mR,l

∈ CNP×NP in (12)

are defined as

ΣhmT,mR,l[n],ĥ<LS>
mT,mR,l

= (ρ[n−n1] . . . ρ[n−nNP ])σ
2
hmT,mR,l

Σĥ<LS>
mT,mR,l

=

 ρ[n1 − n1] . . . ρ[n1 − nNP ]
...

. . .
...

ρ[nNP − n1] . . . ρ[nNP − nNP ]

σ2
hmT,mR,l

+Ση,

where the noise covariance matrix is Ση = σ2
N[CHC]u,sINP ,

u = (mT − 1)MT + l, and s = (mT − 1)MT + l. To keep
the complexity increment due to the filtering to a minimum,
only a small set of filters are pre-calculated and stored in the
memory.

In Fig. 2, the analytical mean square error (AMSE) [4]
performance of the LS estimation with the time domain MMSE
filtering is shown in the typical urban channel and with 2×2
MIMO system. The dashed lines are with fixed pre-calculated
filters. Two pre-calculated filters are stored and the one
closer to prevailing conditions is used. One filter assumes
mobile speed of 55 km/h and signal to noise ratio (SNR)
value of 8.5 dB and the other 85 km/h and SNR value of
8.5 dB. The SNR is defined as ES/N0, where ES is symbol
energy received by a receive antenna and N0I is the covari-
ance matrix of the noise. It can be noted that based on the
analytical results, the mobile speed range from 40 to 100
km/h can be handled with two pre-calculated filters with
only minor loss in the performance. In Fig. 3, the corre-
sponding AMSE performance is shown in 4×4 MIMO sys-
tem. Two pre-calculated filters are used in this case as well.
The pre-calculated filters assume the same mobile speeds
as in the previous case and the SNR value of 12.5 dB. Two
pre-calculated filters seem to be enough also in this case.
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Fig. 2. Analytical MSE after time domain MMSE filtering in 2×2
system.

Fig. 3. Analytical MSE after time domain MMSE filtering in 4×4
system.

4. NUMERICAL EXAMPLES

Monte Carlo computer simulations were conducted to study
the performance of the channel estimation algorithms. The
entire channel bandwidth of 7.68 MHz was divided into 512
subcarriers. The symbol duration of 66.7 µs and the cyclic
prefix length of 16.68 µs were assumed. The carrier fre-
quency was 2.4 GHz. The simulations were performed with
the typical urban (TU) channel model [10]. The key param-
eters of the stochastic MIMO radio channel model are sum-
marized in [11, Table I]. The signal-to-noise ratio (SNR)
is defined as ES/N0, where ES is symbol energy received
by a receive antenna and N0I is the covariance matrix of
the noise. Turbo coding of rate 1/2 was assumed. The turbo
coding scheme is a parallel concatenated convolutional code
(PCCC) with two 8-state encoders and an internal inter-
leaver followed by puncturing, multiplexing, and bit-level
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Fig. 4. Performance of pre-calculated MMSE filters in 2× 2 and
4× 4 antenna configurations assuming QPSK.

interleaving. The constituent codes (CCs) are rate 1/2 bi-
nary recursive systematic convolutional codes [12]. The
turbo decoder consists of two component maximum a pos-
teriori (MAP) decoders [13] and 8 decoder iterations were
performed. The increasing radius (IR) list sphere detector
(LSD) [14] was operating as a soft MIMO detector.

Figs. 4 and 5 show the frame error rate (FER) perfor-
mances after the MMSE filtering in 2 × 2 and 4 × 4 an-
tenna configurations and with quaternary phase shift keying
(QPSK) and 16 quadrature amplitude modulation (16QAM),
respectively. The frame length is 6 OFDM symbols and the
channel coding is over one frame. The results with two pre-
caluculated filters (MMSE approximations) are compared
to those of given by the filters calculated using the ideal
channel parameters. Mobile speed of 85 km/h was used in
the pre-calculated filter for mobile speeds of 100 km/h and
80 km/h while mobile speed of 55 km/h was used in the
pre-calculated filter for mobile speeds of 40 km/h and 60
km/h. The fixed SNR values were 8.6 dB and 11.4 dB in
the case of QPSK in 2×2 and 4×4 antenna configurations,
respectively, while in the case of 16QAM they were 17.4
dB and 21.7 dB. The results clearly show that in the pre-
sented cases the MMSE filtering can be approximated with
two pre-calculated filters with insignificant loss and in 2×2
antenna configuration even one pre-calculated filter might
be sufficient.

In Fig. 6, FER performances of the channel estimators
are presented with preamble overheads of 33.3 % and 16.7
%. 2 × 2 antenna configuration is used. The data is coded
over one OFDM symbol and 16QAM is used. The num-
ber of global iterations is 4. The channel estimate of the
previous OFDM symbol is used as an initial guess for the
SAGE estimator. Due to error propagation, the SAGE es-
timator loses roughly 1 dB to the preamble based LS esti-
mator with the time domain MMSE post-processing when
preamble overhead is 33.3 %. With preamble overhead of
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Fig. 5. Performance of pre-calculated MMSE filters in 2× 2 and
4× 4 antenna configurations assuming 16QAM.

16.7 %, one can note that the LS estimation with time do-
main post-processing starts to suffer from lower pilot den-
sity showing a slope degradation while the SAGE estima-
tion gives almost the same performance as with preamble
overhead of 33.3 %. The LS estimator performance is insuf-
ficient in both cases. The performance of the SAGE chan-
nel estimation can be slightly improved by using the MMSE
filter to predict the initial guess. Five previous OFDM sym-
bols were used in the prediction.

In Fig. 7, the data is coded over 12 OFDM symbols and
the preamble overhead of 16.7 % is assumed. The studied
antenna configuration is 2 × 2. The number of global it-
erations is 4. The performance of the LS estimation with
the time domain MMSE post-processing is presented. In
addition, the result in which the SAGE estimator is used to
re-estimate the channel estimate after 2 global iterations is
shown. One can note that using the SAGE estimator within
the global iterations degrades the performance slightly. When
the channel coding is over multiple OFDM symbols, the re-
estimated channel estimate does not improve the symbol de-
cisions on a symbol-by-symbol basis. Thus, the erroneous
symbol decisions deteriorate the SAGE channel estimates.
To verify this, the results in which known symbols are used
in the SAGE estimation are presented. From those, one
can see that ideally the SAGE estimation could provide a
slightly improved performance.

5. CONCLUSIONS

An improved channel estimation was considered for a MIMO-
OFDM system. It was shown that the time correlation of
the channel can be exploited in the channel estimation to
improve the performance with small increase in complexity
by using only few pre-calculated filters. The performance
of the preamble-based LS estimation with the time domain
MMSE post-processing was compared to that of the DD
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Fig. 6. FER performance with coding over one OFDM symbol.
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Fig. 7. FER performance with coding over 12 OFDM symbols.

SAGE estimator. According to the results, the use of the
DD SAGE channel estimation is beneficial if the channel
coding is over one OFDM symbol and with preamble over-
heads less than 16.7 %. The SAGE estimator performance
can be slightly improved by using the MMSE filter and the
previous channel estimates to predict the initial guess.
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ABSTRACT

A primary objective of this paper is to examine the achiev-
able rate region of frequency selectiveK-user multiple ac-
cess channels (MACs) with soft-cancelling frequency domain
minimum-mean-squared-error (SC FD-MMSE) turbo equal-
ization. With the aid of the knowledge about the extrinsic in-
formation transfer (EXIT) characteristic of the equalizer, we
study the problem of determining the optimal rate allocation
(RAAL) to theK users, for which the sum rate is maximized,
and introduce a heuristic approach based on the dynamic pro-
gramming principle for solving this optimization problem.
We also propose a practical code selection algorithm for the
RAAL to theK users given the multidimensional EXIT func-
tions of the equalizer. It is shown through simulations that
with SC FD-MMSE turbo equalization, substantial through-
put gain can be achieved with the proposed RAAL technique
over automatic repeat request with fixed coding rate.

1. INTRODUCTION

Recently, iterative (turbo) techniques [1] have been recog-
nized as practical solutions to the signal detection problem
in frequency selectivechannels. In [2], the optimal detector
based on the maximum a posteriori probability (MAP) cri-
terion is replaced by simple signal processing that performs
soft canceling and minimum mean squared error (SC MMSE)
filtering. The turbo equalization technique for single carrier
signaling overfrequency-selectiveMIMO channels presented
in [3] and [4] (referred to as SC FD-MMSE in the following)
performs the equivalent processing in the frequency domain,
by which the computational complexity is reduced to a loga-
rithmic order of the frame length.

The Extrinsic Information Transfer (EXIT) chart [5] is a
powerful tool to analyze the convergence property in terms of
mutual information (MI) exchange between the soft input soft
output (SfiSfo) components of turbo systems. In [6], the au-
thors showed that the area under the decoder EXIT function

This work was supported in part by the German Research Foundation
(DFG) under grant SPP1163 and in part by the Japanese government funding
program, Grant-in-Aid for Scientific Research (B), No. 20360168.

is 1 − R with R being the rate of the code. This area prop-
erty leads to the important conclusion thatlink design prob-
lems for adaptive transmission with single user turbo equal-
ization, in general, reduce to acurve-fittingproblem of the
two-dimensional (2D) EXIT curves of the equalizer and de-
coder. It also invokes the idea to change thelink parameters
such as the code and modulation format to increase the in-
formation rates of the turbo system, depending on the equal-
izer EXIT function for a given channel realization. In [7],
the authors determine the optimal degree distributions of low
density parity check (LDPC) codes for spatially multiplexed
MIMO systems to achieve decoding thresholds very close to
information-theoretic performance limits. Based on a similar
idea, the authors of [8] investigate the optimal code designfor
bit interleaved coded modulation with iterative detection.

The convergence property analysis for thefrequency
selectiveK-user MAC with multi-user turbo equalization
is possible, in principle, withK-dimensional (KD) EXIT
charts, similar to the single user link design described above.
There are two detrimental events that dominate performance
of such systems, in general, which are: (1) the convergence
is stuck before relatively high MI between the transmitted
signal and decoder output LLR can be achieved, and (2) an
unreasonably low rate channel code is used, resulting in a
rate loss. Furthermore, unlike the optimalsingle user link
design, the equalizer EXIT function of each user depends on
the feedback MI from the multiple decoders. This indicates
that the code parameters, including code rate and generator
polynomials, used by the multiple users have to be carefully
chosen so that the two detrimental outcomes do not happen
to the users.

To fully exploit the advantage of thefrequency selective
K-user MAC with SC FD-MMSE turbo equalization, we con-
sider in this paper the problem of determining the rate alloca-
tion (RAAL) for the K users that can achieve the maximum
sum rate, while properly avoiding the convergence stuck.

This paper is organized as follows: Section 2 introduces
the system model. Section 3 examines the achievable rate re-
gion of theK-user MAC with turbo equalization. In Section
3.1.1, we formulate the optimal RAAL problem that maxi-

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 281



mizes the total sum rate, and propose a heuristic approach
solving this problem using a dynamic programming technique
[10]. In Section 3.2 we propose a practical codeselectional-
gorithm for the RAAL to theK users given the EXIT charac-
teristic of the equalizer. Section 4 presents the results ofsim-
ulations conducted to evaluate the throughput enhancement
with the proposed RAAL technique.

2. SYSTEM MODEL

We consider a symbol-synchronous single carrier CP assisted
K-user uplink wireless communication system, where a base
station havingM receive antennas receives signals fromK
active users, each equipped with a single transmit antenna.
The transmission scheme of each user is bit interleaved coded
modulation, where the information bit sequence is indepen-
dently encoded by a rate-rc,k (with k = 1, ..., K being the
user index) binary encoder, randomly bit-interleaved, binary
phase-shift keying (BPSK) modulated, and demultiplexed
into N transmit blocks, each having a lengthKQ in BPSK
symbols. In this paper, the binary encoder can be a single
convolutional code (SCC) or a serially concatenated convolu-
tional code (SCCC) [13]. Note that throughout the paper, we
use the indexk to denote thek-th user.

The MIMO channel is assumed to be frequency selec-
tive, where each of theKM links is comprised ofL statis-
tically independent path componentshk,m(l), l = 1, .., L,
m = 1, .., M , which are modeled as complex Gaussian ran-
dom variables with zero mean and unit variance. Further, it is
assumed that the channel gains are constant during the trans-
mission of one frame (comprised ofN blocks), but varying
independently frame-by-frame. We further assume that all
channel gains are perfectly known at the receiver.

Employing a cyclic prefix of sufficient length to each
transmit block, the received signals can be expressed as1

rn =
K∑

k=1

Hkbn,k + vn, n = 1, .., N, (1)

wherebn,k = [bn,k(1), ..., bn,k(Q)]T denotes the transmit-
ted vector of userk. Hk is the block-circulant channel ma-
trix associated to thek-th user, andvn is the AWGN with
covarianceσ2I. Note thatHk can be de-composed into a
block-diagonal matrixFH

KΞkF with FK = IK ⊗F, whereF
denotes the Fourier transform matrix of sizeQ×Q.

At the receiver side, iterative processing for joint equal-
ization and decoding employing an SfiSfo algorithm is per-
formed. It is assumed that the receiver consists of an SC FD-

1The transpose operator is denoted by(·)T . The symbol⊗ indicates the
Kronecker product. We use the notationE andEK to represent the closed
setsE = {x ∈ [0, 1]} andEK = {x ∈ [0, 1]K}, respectively. We denote
the two vertices given by theK-dimensional row vectors0K and1K of the
regionEK bya0 := 0K , anda1 := 1K , respectively.D1 denotes the space
of continuous and piecewise differentiable functions on the setE. Finally, we
use the notation:= to indicate ’by definition’.

MMSE equalizer andK decoders that perform APP decod-
ing. However, it should be noted that the major outcomes of
this paper are also applicable to other types of equalization
techniques.

Within the iterative processing,extrinsic log-likelihood
ratios (LLRs) of the coded bits are exchanged between the
SC FD-MMSE equalizer and theK decoders, following the
turbo principle [2].

Inputs to the SC FD-MMSE equalizer are the received sig-
nalsrn, and thea priori LLRs

ζ(n, k)(q) = ln
P (bn,k(q) = 0)
P (bn,k(q) = 0)

, ∀n, ∀k, q = 1, .., Q.

The equalizer computes the extrinsic LLR for each transmit-
ted bitbn,k(q) as

λn,k(q) = ln
P (zn,k(q)|bn,k(q) = 0)
P (zn,k(q)|bn,k(q) = 1)

, (2)

wherezn,k(q) is the FD-MMSE filter output as defined in
[4]. Note that during the first iteration of turbo equalization,
ζ(n, k)(q) is zero for alln, k, q, and later onζ(n, k)(q) is pro-
vided via thek-th interleaver by the extrinsic LLRs of thek-th
decoder.

The receiver also selects for each user the code to be used
from an available code set according to the criterion derived
in the Section 3.2, where theK users are notified of the codes
selected via separated feedback links. It is assumed that the
feedback links have no delay and are error-free.

3. RATE ALLOCATION WITH TURBO
EQUALIZATION

Let the MI between the transmitted bitsbn,k(q) and the corre-
sponding LLRsλn,k(q) provided by thek-th equalizer output
be denoted as [4]

Ie,k = lim
N→∞

1
NQ

I(bn,k(1), ..., bn,k(Q); λn,k(1), ..., λn,k(Q)),

and let the MI betweenbn,k(q) and the LLRsζn,k(q) at the
k-th equalizer input be denoted as

Id,k = lim
N→∞

1
NQ

I(bn,k(1), ..., bn,k(Q); ζn,k(1), ..., ζn,k(Q)).

In the K-user case the convergence characteristic of the
equalizer is defined byK EXIT functions, where each
function is conditioned on the channel response and the
receiver noise variance [4]. TheseK EXIT functions can
be represented by a vector-function,fe : Id → fe =(
fe,1(Id), ..., fe,K(Id)

) ∈ EK , which depends on the feed-
back MI Id = (Id,1, ..., Id,K) ∈ EK from theK decoders.
Furthermore, the convergence characteristics of theK de-
coders are defined by theK EXIT functionsfd,k : Id,k →
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fd,k(Id,k) ∈ E. In the following, we assume thatfe andfd,k,
∀k are monotonically increasing, continuous and piecewise
differentiable.

An example of the two equalizer EXIT functions in the
K = 2-user case, obtained through simulations using LLR
histogram measurements [5] and the decoder EXIT function
of user 1, is shown in Fig. 1. Also shown is a possible decod-
ing trajectory of the MI exchange, which is plotted as a pro-
jection onto the plane regionE2. Note that the decoder EXIT
function of user 2 (not shown) is drawn in theId,2-coordinate.
For the computation of the decoding trajectory, the codes of
the both users were assumed to be identical, and hence the
shapes of their EXIT functions are exactly the same.

As observed in Fig. 1, the MIId exchange between the
equalizer and the two decoders is limited to a plane region
S. This region (referred to as the convergence region in the
following) defines the set of all possibleId-vectors, for which
the equalizer EXIT function of each user is above the corre-
sponding decoder EXIT function, i.e.,

S :=
{
Id ∈ E2|fe,k(Id) > fd,k(Id,k), ∀k}

. (3)

Due to the monotonicity of the EXIT functions, the se-
quence of MIId resulting from the MI exchange between the
SfiSfo components over the iterations, converges monotoni-
cally to an achievable maximum pointI∗d = (I∗d,1, I

∗
d,2, ..., I

∗
d,K),

which is independent of the activation ordering of the equal-
izer and decoder iterations [11]. The turbo equalizer can
possibly converge to a nearly zero bit error rate (BER) if
asymptoticallyI∗d = a1 can be attained. Thus, to achieve near
zero BER, the following constraints must hold2:

S is pathwise connected anda1 ∈ S. (4)

Let AS :=
∫∫
S dId be theK-dimensional volume ofS.

Assume that each decoder EXIT functionfd,k is matched
to the corresponding equalizer EXIT functionfe,k so that
only an infinitesimally low open-tunnel area between all
EXIT functions is maintained. Note that such decoder EXIT
functions imply (1) an ideally designed channel code for
each user of infinite length to achieve infinitesimally small
BER and (2) an infinite number of performed turbo iter-
ations. Further note, it does not lead to the conclusion
that the whole transmission chain can achieve the capac-
ity region, since the use of sub-optimal (SC FD-MMSE)
equalization algorithms already incurs a loss in rate [6].
Under this assumption, the areaAS asymptotically ap-
proaches the value zero andS reduces to a simple curve.
This curve is referred in the following to as convergence
curve, which is parameterized by a classD1-vector-function,
u :=

(
u1(t), u2(t), ..., uK(t)

)
: I → S, I ⊂ R, where each

functionuk(t) is monotonically increasing in the parametert.
The monotonicity ofu is a direct result of the monotonically

2A setA is said to be pathwise-connected if every pair of points inA can
be joined by a path inA.
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Fig. 1. Equalizer EXIT functions of an 2-user turbo system a
single random channel realization and decoder EXIT function
of user 1 for a constraint length 5 rate-1/2 SCC.L = 10,
Q = 128, andEs/N0 = 0 dB.

increasing characteristic offe andfd,k, ∀k, which ensures that
the sequence of MIId does not decrease by the iterations. Let
Ak be the area underfd,k, Ak :=

∫ 1

0
fd,k(Idk,k)dId,k. In [6]

it has been shown that an APP-based decoder for a rate-Rk

code satisfies the propertyAk = Rk
3. Thus, with the above

assumptions onfd,k, the rateRk can be upper bounded by
the area under the(K + 1)-D equalizer EXIT space curve
wk(u(t)) := (u1(t), u2(t), ..., uK(t), fe,k(u(t))),

Rk <

∫
S

fe,k(Id)dId,k =
∫
I

fe,k

(
u(t)

)
u′k(t)dt, (5)

whereu′k(t) denotes the first derivative ofuk(t). Equation (5)

can be equivalently expressed asRk <
∫ 1

0
f

(u)
k (Id,k)dId,k,

wheref
(u)
k (Id,k) denotes the projection of the space curve

wk(u(t)) onto theIe,k, Id,k-plane, whereId,k = uk(t). An
example of the convergence curve for anK = 2-user system
with the corresponding equalizer EXIT space curves for the
two users and the related areas defining the achievable rates
R1 andR2 for user 1 and user 2, respectively, is shown in
Fig. 2.

Let

P :=
{
p : I → EK |p of classD1, p′k(t) ≥ 0, ∀t ∈ I, ∀k,

p(ta) = a0,p(tb) = a1

}
(6)

be the set of all admissible parametric curves in the region
EK . Each curvep ∈ P is a monotonically increasing func-

3The area property has been proved so far only for the case whenthe
a-priori LLRs are assumed to be from a binary erasure channel. Neverthe-
less, the area property appears also to work well for Gaussian likelihoods,
although it does not have a theoretical justification.
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Fig. 2. Example of the parametric convergence curveu(t)
with the two corresponding EXIT space curves and the two
areas defining the achievable rates for anK = 2-user system.

tion of t ∈ I = [ta, tb] that has the prescribed boundary val-
uesp(ta) = a0 andp(tb) = a1. With (5) and (6), the expres-
sion of the achievable rate region for the frequency selective
K-user MAC with turbo equalization can be expressed as

⋃
p∈P

{
(R1, .., RK) :

∑
l∈Y

Rl <
∑
l∈Y

∫
p

fe,l

(
Id

)
dId,l, ∀Y ⊆

{∀k}}
. (7)

Fig. 3 illustrates an example of the achievable rate region of
an 2-user system with SC FD-MMSE turbo equalization for a
single random channel realization. In the following, we study
the problem of determining the rate tuple and the correspond-
ing convergence curve, for which the sum rate is maximized.

3.1. Sum Rate Maximization

3.1.1. Problem formulation

To identify the rate tuple and the corresponding convergence
curve that maximizes the sum rate, we are interested to solve
the following optimization problem:

Rmax := max
p∈P

K∑
k=1

∫
p

fe,k

(
Id

)
dId,k. (8)

Using (5), the objective can also be written as

max
p∈P

R[p(·)] :=
∫
I

I(p(t),p′(t)) dt, (9)

whereI(p(t),p′(t)) =
∑K

k=1 fe,k(p(t))p′k(t). The integral
optimization problem (9) falls into the category of the cal-
culus of variations, where the first-order necessary condition
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Fig. 3. Approximated rate region of 2-user MAC with SC
FD-MMSE turbo equalization for a single random channel
realization (a gray dot corresponds to one curve).L = 10,
Q = 128, andEs/N0 = 3 dB.

of the optimality is given by the Euler-Lagrange differential
equations [9]:

∂I(p(t),p′(t))
∂pk

− d
dt

∂I(p(t),p′(t))
∂p′k

!= 0. (10)

However, one can easily check that, in general, the candidate
curves satisfying the optimality requirement (10) do not sat-
isfy the boundary and monotonicity condition (6). Thus, we
cannot use the direct methods of the calculus of variations [9]
to solve (9).

3.1.2. An approximate solution using dynamic programming

An approximate solution to (8) can be obtained by trans-
forming the continuous problem into an equivalent dis-
crete dynamic programming problem [10]. In particular,
we can discretize the regionEK into a finiteK-dimensional
grid of points, which allows us to formulate the variational
problem (8) by a path-search problem over a finite weighted
graph. Each edge of the graph has its own specific cost and
corresponds to a linear curve segment in the regionEK . The
admissible curves in this model are assumed to be piecewise
linear functions, constrained by the grid points that have to
be passed through.

For the ease of notation, we consider in the following only
theK = 2-user case. But, note that the proposed algorithm
can easily be extended toK > 2.

Let us denote byT an uniform 2D grid ofE2,

T := {ih, jh, 0 ≤ i ≤ B, 0 ≤ j ≤ B} ⊂ E2, (11)

where the constanth ∈ R+ determines the grid spacing in the
respective coordinate, andi, j take integer values. We next
define adirectedgraphG = (V ,N ) for the discrete problem
with V denoting a set of(B+1)2 vertices,N denoting a finite
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set of directed edges connecting neighboring pairs of vertices,
andc : N → E being a cost function over the edges. Each
vertex(i, j) ∈ V of G is an ordered 2-tuple and corresponds
to a point(ih, jh) in the cartesian 2D gridT as defined above.
Moreover, we define, for any vertex(i, j) ∈ V of G, the set
Neighb[(i, j)] of its neighbors by:

Neighb[(i, j)] =
{
(i′, j′) ∈ V|(i′, j′) = (i− 1, j),

(i, j − 1), (i− 1, j − 1)
}

. (12)

An edge of this graph is therefore of the form
(
(i′, j′), (i, j)

) ∈
N with (i, j) ∈ V , and(i′, j′) ∈ Neighb[(i, j)].

Having defined the vertices and edges ofG, we can now
specify the costc for each edge. According to (9), a rea-
sonable cost-definition is the sum rate increment that may be
approximated for a small step-widthτ between neighboring
vertices(i′, j′) and(i, j) as

∫ t′+τ

t′
I(p(t),p′(t))dt ≈ τfe,1

(
p
(i′,i)
1 , p

(j′,j)
2

)
∆p

(i′,i)
1

+ τfe,2

(
p
(i′,i)
1 , p

(j′,j)
2

)
∆p

(j′,j)
2 =: c[((i′, j′), (i, j))],

(13)

where the termsp(l′,l)
k and∆p

(l′,l)
k are defined as

p
(l′,l)
k :=

(l′ + l)h
2

, ∆p
(l′,l)
k :=

(l − l′)h
τ

. (14)

With the above definition of Neighb[(i, j)], any discrete
convergencecurve through the 2D gridT from the bottom left
corner (vertex(0, 0)) to the top right corner (vertex(B, B)) is
restricted to the direct neighboring grid points, as illustrated
in Fig. 4. The neighbors of a pointr ∈ T are the three nearest
grid points from which the pointr is accessible in one step.
Thus, given two neighboring grid points, their relative path

angleϕ = arctan(∆p
(j′,j)
2 /∆p

(i′,i)
1 ) is restricted to a multi-

ple of π/4. Furthermore, any admissible path onG satisfies
the monotonicity condition (6), since

∆p
(i′,i)
1 ≥ 0 and∆p

(j′,j)
2 ≥ 0, ∀((i′, j′), (i, j)) ∈ N . (15)

The specified neighborhood structure may be further ex-
tended beyond the nearest grid points by extending the def-
inition of the set Neighb[(i, j)]. Naturally, this extended
definition will increase the path angular resolution, but also
reduce the accuracy of approximation (13). However, the
optimal choice of the destination grid is out of the scope of
this paper.

Based on the above description of the graphG, we next
propose a simple recursive dynamic programming algorithm
that provides an efficient solution to the problem of finding
the path with maximum cost from vertex(0, 0) to (B, B) on

G. A pseudo-code implementation of the algorithm is shown
in Algorithm 1.

For each vertex(i, j) ∈ V , the algorithm stores the total
costd[(i, j)] of the maximum-cost path found so far between
vertex(i, j) and(0, 0). Initially, d[(i, j)] = 0 for all (i, j) ∈
V . The computation ofd[(i, j)] is performed by evaluating the
edge costs of all neighboring vertices(i′, j′) ∈ Neighb[(i, j)]
to vertex(i, j), and selecting the one yielding the highest edge
cost, i.e.,d[(i, j)] = d[(i∗, j∗)] + c[(i∗, j∗), (i, j)]. Addition-
ally, a predecessor label is stored for each vertex(i, j), which
represents the previous vertex(i∗, j∗) in the maximum-cost
path to the current vertex(i, j). When the algorithm ter-
minates, the valued[(B, B)] at vertex (B, B) represents
the maximum cost corresponding to the optimal path onG.
Based on the stored predecessor information, back-tracingis
then performed to construct the maximum-cost path to vertex
(0, 0).

Algorithm 1 Pseudo-code for graph-based path-search

1: Initialize d[(i, j)] = 0, 0 ≤ i ≤ B, 0 ≤ j ≤ B.
2: Initialize pre[(i, j)] = none,0 ≤ i ≤ B, 0 ≤ j ≤ B.
3: for i = 0 to Bdo
4: for j = 0 to Bdo
5: if Neighb[(i, j)] 6= ∅ then
6: Find the predecessor to vertex(i, j) with the high-

est cost value:

(i∗, j∗) = arg max
(i′,j′)∈Neighb[(i,j)]

{
d[(i′, j′)]

+ c[((i′, j′), (i, j))]
}

7: Save the predecessor to vertex(i, j):

pre[(i, j)] = (i∗, j∗)

8: Update the costd[(i, j)] of vertex(i, j):

d[(i, j)] = d[(i∗, j∗)] + c[((i∗, j∗), (i, j))]

9: end if
10: end for
11: end for
12: Initialize the sequencēp = {(Bh, Bh)}.
13: (i, j)← (B, B)
14: while (i, j) 6= (0, 0) do
15: (i, j) = pre[(i, j)]
16: Insert the grid point(ih, jh) at the beginning of̄p.
17: end while
18: Use linear interpolation between the grid points inp̄ and

output the corresponding convergence curve as result.

To estimate the computational complexity of Algorithm 1,
let us denote bys the maximal number of neighbors of each
vertexv ∈ V . For the specified neighborhood structure (12),
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Fig. 4. Discretization of the plane regionE2. Each vertex
(i, j) ∈ V (corresponding to grid point(ih, jh) ∈ T ) has the
three (feasible) neighbors(i−1, j), (i, j−1) and(i−1, j−1).

s ≤ 3. At each vertexv, the edge cost-values of thes possible
neighbors tov have to be computed and compared, which
results inO(s) computations. With a total number of(B+1)2

vertices, we can conclude that Algorithm 1 needsO(sB2)
computations to solve the maximum-cost path search problem
onG.

3.2. Rate Allocation using EXIT charts

With Algorithm 1, we can calculate for any particular realiza-
tion of fe the convergence curvēp ∈ P that approximately
solves (8). The maximal achievable rate of thek-th user, cor-
responding tōp, is then given by the area under the projected
equalizer EXIT functionf (p̄)

k . To closely approach this rate,
the decoder EXIT functionfd,k of thek-th user should be as

close as possible tof (p̄)
k . Furthermore, a narrow tunnel be-

tween the both functions for allk = 1, .., K should be open
so that the conditions for convergence, as stated in (4), are
satisfied. In practice, however, optimizingfd,k by adjusting
the available code parameters such that the code optimality
in a strict sense is always guaranteed is not possible, since
the code parameters are presumably limited. Thus, a practical
approach for rate allocation is toselect, for eachk, the code
Cn ∈ C with the highest possible rate from a finite code set
C = {C1, ..., Cm}, with m being the number of the codes in
the set, with which convergence is achieved, while its decoder
EXIT functionf

(Cn)
d,k best fits tof (p̄)

k .
Now, we propose a simple scheme for rate allocation to

theK users, which is summarized as follows.

1. Determinefe for given (H1,..,HK , σ2).

2. Calculate the convergence curvep̄ ∈ P that solves (8)
using Algorithm 1.

3. Project the corresponding EXIT space curvewk(p̄(t)),

for eachk, onto theIe,k-Id,k-plane: f
(p̄)
k (Id,k) =

fe,k(p̄), Id,k = p̄k(t), ∀t ∈ I.

4. To obtain a high code rate, select the channel code that
satisfies:

rc,k = max
Cn∈C

{
r(Cn)

∣∣∣f (p̄)
k (Id,k) > f

(Cn)
d,k (Id,k) ,

∀Id,k ∈ [0, 1)
}
, (16)

wherer(Cn) denotes the code rate ofCn.

5. If rc,k is null, select the code with the lowest possible
rate inC, rc,k = minCn∈C r(Cn).

6. Output the selected code rates{rc,1, ..., rc,K}.

The above scheme requires the computation of the equalizer
EXIT vector-functionfe (step 1)for each channel realization,
which is not feasible, in practice, because of the high compu-
tational effort [12]. Therefore, we use in this paper the semi-
analytical technique proposed in [4] to computefe. For more
details, please refer to [4].

4. NUMERICAL RESULTS

In this section, results of the simulations conducted to evalu-
ate the throughput enhancement of the proposed RAAL tech-
nique are presented. We consider an 2-user single-carrier
block-cyclic transmission system with each transmit block
havingQ = 128 coded BPSK symbols over Rayleigh fad-
ing channels withL = 5 andL = 32 path components and
equal average power delay profile.

4.1. Comparison with Capacity

Fig. 5 shows the average (maximal) sum rate of the 2-user
turbo system when ideally designed channel codes are allo-
cated to the both users with respect to Algorithm 1. The
rate of each user has been calculated by averagingRk =∫ 1

0 f
(p̄)
k (Id,k)dId,k over a large number of channel realiza-

tions. For comparison, the ergodic capacity with i.i.d Gaus-
sian inputs and the ergodic constellation constrained capac-
ity with binary-input distribution are also shown. The con-
strained capacity result has been obtained by Monte Carlo
simulations, as described in [14]. Comparing the numerical
results in Fig 5, we find that the maximal sum rate achieved
with the proposed RAAL technique is only slightly worse
than the constrained capacity at moderate to highEs/N0-
values. In addition, we observe that there is almost no differ-
ence between the unconstrained capacity and the constrained
capacity as well as the maximal sum rate of the 2-user system
in the lowEs/N0 region.
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Fig. 5. Comparison of ergodic unconstrained capacity and
constrained capacity with binary-input distribution to the
maximal achievable rate of an 2-user system with turbo SC
FD-MMSE equalization over frequency selective (L = 5)
Rayleigh channels.

4.2. RAAL with practical codes

The rate-compatible punctured SCCCs proposed in [13], con-
sisting of a rate-rc outer encoder and a recursive rate-1 inner
encoder with polynomials(gr, g0) = (3, 2) (gr denotes the
feedback polynomial) in octal notation, were assumed for the
RAAL to the both users. The outer encoder of the SCCC
was selected from a set ofm = 17 subcodes with rates of
rc = 0.05(1 + n), n = 1, .., m. The 17 subcodes are con-
structed from a systematic, rate-1/2 mother code with poly-
nomials(gr, g1) = (23, 35), where higher rate codes are ob-
tained through puncturing, and lower rate codes are obtained
by adding more generators and using puncturing, as specified
in [13]. We generated the EXIT functions of the SCCCs us-
ing Monte Carlo simulations, where30 iterations between the
inner and outer decoder were assumed. The block length of
the input sequence to the outer encoder was16384. Thus, the
channel gains of the four links were assumed to be static over
a frame ofN = 128 transmitted blocks. The turbo equalizer
performed20 iterations between the equalizer and the both
SCCC decoders. The grid spacing parameter in Algorithm 1
is set ath = 0.02 (B = 50), which is sufficiently small,
yielding a fine grid of(B + 1)2 = 2601 points. Note that
in generalh is a design parameter to be chosen appropriately
depending on the particular realization of the equalizer EXIT
vector functionfe. Optimizing the grid spacing parameterh,
given the particular realization offe, is an interesting research
topic, but beyond the primary scope of this paper.

When evaluating the throughput efficiency, a selective-
repeat ARQ system with infinite buffer size [12] was as-
sumed. Fig. 6 shows the average total throughput (in bpc)
of the 2-user system versus the averageEs/N0 per receive

−6 −4 −2 0 2 4 6 8 10 12
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Es/N0 [dB]

A
ve

ra
ge

 th
ro

ug
hp

ut
 [b

pc
]

 

 
proposed RAAL
Max-Sum-Rate

Fig. 6. Average total throughput of the both users versus
Es/N0 for the proposed RAAL scheme and for ARQ with
fixed coding ratesrc,1/2 = 0.1(n) with n = 1, .., 9 (dashed
curves, from bottom to top).L = 32, Q = 128.

antenna. For comparison, the maximal rate with respect to
Algorithm 1 (ideally designed channel codes are allocated to
the both users) is shown. Also shown is the average through-
put performance for an ARQ scheme with fixed coding rates
rc,1/2 = 0.1(n), n = 1, .., 9 of the both users. As observed
in Fig. 6, substantial throughput gain is obtained with the
proposed RAAL technique over the fixed rate ARQ. Further,
we find that the throughput performance is only1.4 dB away
(in the highEs/N0 region) from the maximal information-
rate achieved with ideally designed codes for each channel
realization. Notably, however, there is still a gap of2.3 dB
in the lowEs/N0 region between the throughput achieved by
the proposed RAAL scheme and the maximal rate. By using
more flexible coding techniques, such as irregular SCCCs
that allow a code design which is optimal for the correspond-
ing channel realization, the loss inEs/N0, or equivalently in
throughput, can be further reduced.

5. CONCLUSION

We have examined the achievable rate region of frequency
selectiveK-user MACs with SC FD-MMSE turbo equaliza-
tion. It has been shown that with the aid of the equalizer
EXIT functions the optimal RAAL to theK users can be
formulated as an integral optimization problem. Further, we
have proposed a heuristic approach based on the dynamic pro-
gramming principle for solving this problem. In addition, we
have also proposed a practical RAAL scheme based on a code
selectionalgorithm. Numerical results for the 2-user MAC
with SC FD-MMSE turbo equalization show that substantial
throughput gain can be observed with the proposed RAAL
technique over the fixed rate ARQ. Further, we have found
that the spectral efficiency of the proposed practical RAAL
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technique using rate-compatible punctured SCCCs for each
user, is only1.4 dB away from the maximal rate achieved
with ideally designed codes for each channel realization in
the highEs/N0 region.
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[13] M. Tüchler, ”Design of serially concatenated systemsdepend-
ing on the block length,”IEEE Trans. Comm., vol. 52, pp. 209-
218, Feb. 2004.

[14] Z. Zhang et al., ”Achievable information rates and coding for
MIMO systems over ISI channels and frequency-selective fad-
ing channels,”IEEE Trans. Comm., vol. 52, pp. 1698-1710,
Oct. 2004.

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 288



Cooperative Regions For Coded Cooperation

Over Time-Varying Fading Channels
P. Castiglione1, M. Nicoli2, S. Savazzi2 and Thomas Zemen1

1 Forschungszentrum Telekommunikation Wien, Donau-City-Strasse 1, A-1220 Vienna, Austria
2 Dip. di Elettronica e Informazione, Politecnico di Milano, Piazza L. da Vinci 32, I-20133 Milano, Italy

e-mail: {castiglione, thomas.zemen}@ftw.at, {nicoli,savazzi}@elet.polimi.it

Abstract—The performance analysis of coded cooperation has
been mainly focused on two extreme cases of channel variability,
i.e. the block-fading (BF) and the fast-fading (FF) model. In
more practical propagation environments the fading correlation
across time depends on the level of user mobility. This paper
analyzes the effects of time-selective fading on the performance
of coded cooperation by providing an analytical framework
for the error rate evaluation as a function of the mobility
degree of the mobile station (MS) and of the quality of the
inter-MS channel. The purpose is to evaluate the conditions
on the propagation settings where the additional exploitation
of spatial diversity (when time-diversity is available) provided
by cooperative transmission is able to enhance substantially the
performance of the non-cooperative transmission. We show that
coded cooperation can outperform the non-cooperative (coded
and bit-interleaved) transmission only up to a certain degree
of mobility. The cooperative region is defined as the collection of
mobility settings for which coded cooperation can be regarded as
a competitive strategy compared to non-cooperative transmission.
Contrary to what has been previously shown for BF channels,
we demonstrate that the inter-MS channel quality plays a key
role in the definition of the cooperative region.

I. INTRODUCTION

Cooperative communication [1] was originally motivated

as a method to bring spatial diversity gain in networks of

single antenna terminals through redundant transmissions from

multiple mobile stations (MSs). The integration of the user

cooperation idea with channel coding was then proposed in [2]

to further improve the cooperative link performance. Forward

error correcting (FEC) codes are used by two or more mobile

stations that cooperate by transmitting to the base station

(BS) incremental redundancy for the partners. This approach

was shown to provide significant performance enhancements,

compared to conventional non-cooperative transmission, pri-

marily in networks with fixed or nomadic terminals: in such

a situation time diversity cannot be exploited, while spatial

diversity is beneficial as it reduces the fading impairments.

In the literature the performance analysis of coded coopera-

tion has been mainly focused on two extreme cases of channel

variability, i.e. the block-fading (BF) and the fast-fading (FF)

model. However, more practical propagation environments,

e.g. in vehicular networks, experience fading variations across

time with a degree of correlation depending on the level of MS

mobility. In these cases, temporal diversity can be exploited

to improve the link reliability by the joint use of channel

coding and bit-interleaved modulation [3]. Hence, it is crucial

to investigate to what extent the additional exploitation of

MS-1

BS

MS-2

p
,γ velocity  TBP ∝

MS-1

BS

MS-2

p
,γ velocity  TBP ∝

Fig. 1. System setting: the average signal-to-noise ratio (SNR) γ̄ and
the time-bandwidth product (TBP) of the uplink channels; the block error
probability p of the inter-MS channels.

spatial diversity through collaborative transmission is able to

provide substantial performance enhancements compared to

non-cooperative transmission.

The contribution of this paper is twofold. Firstly, the effects

of MS mobility on the performance of coded cooperation

are analyzed by providing an analytical framework for the

error rate evaluation as a function of the degree of fading

variations. The variation degree is here measured in terms

of the time-bandwidth product (TPB), that is the product of
the codeword duration (for bit interleaved coded modulation)

and the Doppler bandwidth. Our performance analysis is

carried out in closed form and extends the results obtained

by simulations in [4]. The analysis takes into account the

reliability of the communication link between the cooperating

MSs, by considering the block error probability p over the

inter-MS link as a penalty factor that limits the cooperation

performance (an overview of the system setting is shown in

Fig. 1).

The above analysis is then used to evaluate the performance

gain provided by coded cooperation with respect to a non-

cooperative system for varying degree of MS mobility and

for different channel state conditions. We show that coded

cooperation can outperform the non-cooperative (coded and

bit-interleaved) transmission only up to a certain degree of

mobility. Beyond this limiting threshold, the temporal diversity

gain, which is made available by channel coding and bit-

interleaving, dominates the performances, while the spatial

diversity gain offered by collaborative transmissions provides

only marginal improvements. Analytical and numerical results

show that the mobility degree threshold, beyond which coded

cooperation is no more advantageous, decreases with the
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Fig. 2. Possible configurations of the coded cooperation scheme.

quality of the inter-MS channel and strongly depends on the

quality of the relayed links (the uplink signal-to-noise ratio γ̄
- SNR) from the cooperating MSs towards the common BS.

To better highlight these results, we evaluate the cooperative

region [5] as the collection of mobility and channel settings

for which coded cooperation can be regarded as a competitive

option compared to non-cooperative transmission.

The paper is organized as follows. In Section II we give a

brief description of the system and the channel model. Section

III presents the derivation of the analytical upperbound on the

bit error rate (BER). We derive the statistical distribution of the

SNR at the decision variable (here referred to as effective SNR)

[6], based on the knowledge of the fading channel autocorre-

lation over the transmitted data block (a similar approach has

been used for performance evaluation in frequency-selective

OFDM systems [7], [8]). Section IV contains both numerical

and analytical results, for the validation of the analytical BER

and the investigation of the MSs’ mobility effects on coded

cooperation. Conclusions are drawn in Section V.

II. SYSTEM MODEL

We consider the transmission of rate-R coded data from

two mobile stations, MS-1 and MS-2, towards a common

BS through two orthogonal channels by frequency division

multiple access (FDMA). The two channels are assumed to

be subject to independent time-selective (due to MS mobil-

ity) frequency-flat fading. Coded cooperation is carried out

according to the scheme introduced in [2], by sending portions

of each MS data over the two independent channels so that

a diversity gain is provided, as briefly summarized below.

Each MS encodes its data block of K information bits by

means of a rate-compatible punctured convolutional (RCPC)

code [9] that yields an overall codeword of N = K/R bits.

This codeword is divided through puncturing into two sub-

codewords of length N1 and N2, with N = N1 + N2: the

first subset is the punctured codeword of rate R1 = K/N1,

the second one is the set of removed parity bits. The sub-

codewords are then transmitted into two subsequent time

frames. In the first frame each MS broadcasts the first sub-

codeword, that is received by the cooperating partner and the

BS. If the partner successfully decodes the first sub-codeword

(this is determined by a cyclic redundancy check - CRC - code

or any other error detection code), then it will compute and

transmit the N2 additional parity bits in the second frame. At

the BS this incremental redundancy is used for de-puncturing

the rate-R1 codeword received in the first frame, thus obtaining
the initial rate-R codeword. Hence, the level of cooperation

is quantified by α = N2

N
. If the partner cannot successfully

decode the MS’ first-frame data, it will transmit its own N2

code bits during the second frame. The latter rule avoids error

propagation: each MS is forced to stop cooperating if the

inter-MS transmission fails due to various possible reasons

related to the inter-MS channel conditions (e.g. a deep fade,

channel estimation and/or synchronization errors, etc.). Notice

that even if the MSs are close and no obstacle stands on

their line of sight (e.g. two vehicles running adjacently on

the motorway), the media access control (MAC) protocol at

one MS could anyhow decide to stop the ongoing cooperation

with the partner.

Characterizing the different causes of no cooperation goes

beyond the scope of the present work. Here we assume that no

cooperation occurs only due to a block error event in the inter-

MS transmission, with block error probability p being the same
for both MSs. Furthermore, we assume, as worst case, that the

inter-MS channels are independent (which is true in FDMA).

Under these assumptions, four different configurations of

coded cooperation can occur [2] with probability depending

on the inter-MS block error rate p, as specified below (see

also Fig. 2)1:

• Full cooperation (Θ = 1). Both MSs successfully decode
each other during the first frame and can transmit the

partner’s code bits during the second frame. Probability:

Pr(Θ = 1) = (1− p)2.
• No-cooperation (Θ = 2). Both MSs fail to decode the

partner’s first frame and transmit their own code bits

during the second frame. Probability: Pr(Θ = 2) = p2.
• Partial cooperation - advantageous for MS-1 (Θ = 3).
MS-1 cannot decode MS-2’s data during the first frame,

while MS-2 successfully decodes MS-1’s data. During

the second frame both MSs transmit the N2 parity bits

for MS-1. Probability: Pr(Θ = 3) = p(1− p).
• Partial cooperation - disadvantageous for MS-1 (Θ =
4). The same as the previous case, with switched MSs.

1To simplify the reasoning, the cases of partial cooperation are described
from the point of view of MS-1, while MS-2 is the partner.

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 290



QPSK

demapp.

QPSK

mapping
1N

bits K

[ ]mz

punctured

convolutional

encoder

h[m]Π

2N

Previous frame

Parity bits encoded 

for the partner (MS-2)

[ ]ms

Viterbi 

decoder

Viterbi 

decoder

equalizer

register

MS-1 transmitter

N M N

Subsequent frame

register

BS receiver

MS-2 bits

MS-1 parity bits received 

from MS-2

bits K

1N

2N

2N

1N

M
Π-1

Fig. 3. Uplink system model for MS-1 successfully cooperating with MS-2.

Probability: Pr(Θ = 4) = Pr(Θ = 3) = p(1− p).

Notice that the transmission of one codeword is temporally

concatenated with the transmission of the previous one (see

Fig. 2). Therefore, splitting the codeword transmission into

two frames does not generally modify the overall code rate

R, apart from the case of partial cooperation in which the

code-rate raises to R1 for the disadvantaged MS and lowers

to R2 = K/(N +N2) for the advantaged MS.
The complete system model is depicted in Fig. 3 for

each MS-BS link (only the case Θ = 1 is represented

for simplicity). Bit-interleaved quadrature phase shift keying

(QPSK) modulation is assumed [11] with symbol rate 1/TS.
The baseband-equivalent discrete-time signal transmitted by

MS-i, with i ∈ {1, 2}, is si[m] =
√
ESqi[m], m = 1, . . . ,M ,

where M = N/2 is the number of symbols per frame, ES is
the transmitted energy per symbol, and qi[m] = (±1± j)/

√
2

is the QPSK symbol at time mTS. The corresponding signal
received at the BS is then

yi[m] = hi[m]si[m] + z[m], (1)

where z[m] ∼ CN (0, σ2n) denotes the complex additive white
Gaussian noise (AWGN) at all receivers, with variance σ2n.
The time-variant Rayleigh-fading channel for the link between

MS-i and the BS is hi[m] ∼ CN (0,Ωi) with variance Ωi.
The fading process is assumed to be wide-sense stationary (up

to the second-order statistics) with Clarke’s auto-correlation

function given by [10]

Ri[k] = E{hi[m]h∗i [m+ k]} = ΩiJ0(2πkνDi), (2)

where J0 is the zeroth-order Bessel function of the first

kind, νDi is the one-sided normalized Doppler bandwidth

νDi = vifC
c0

TS, vi is the MS-i velocity, fC the carrier

frequency and c0 the speed of light. The parameter νDi is

a measure of the temporal variability of the channel. A more

meaningful parameter for coded transmissions is the time-

bandwidth product, here defined as

TBPi = 2MνDi, (3)

where 2M is the temporal duration of the codeword expressed

in symbol times (two frames), i.e. the time interval in which

the interleaved code can exploit the temporal diversity. By

definition (3), TBP represents the velocity of MS-i in terms
of number of wavelengths travelled during the transmission of

two frames.

According to the Rayleigh fading assumption, the instanta-

neous SNR, defined as

γi[m] = |hi[m]|2ES
σ2n

, (4)

exhibits an exponential distribution with mean γi = Ωi
ES
σ2
n

[6].

At the receiver side, coherent equalization is carried out

using perfect knowledge for the channel hi[m], followed by
de-mapping, de-interleaving and decoding, as illustrated in

Fig. 3.

III. PERFORMANCE ANALYSIS

In the following, the derivation of the analytical upperbound

on the average BER is presented. We first assume that the MSs

are always cooperating, as for an error-free inter-MS channel

with p = 0 (Sect. III-A). Then in Sect. III-B the analysis is

extended to include the other cases of coded cooperation.

A. Analysis for ideal (error-free) inter-MS channel

According to the union bound approach [11], the average

bit error probability, for the full cooperation case (Θ = 1), Pb
at the Viterbi decoder output is:

Pb ≤
1

k

∑

d≥dfree

∑

c∈E(d)

β(c)P (c), (5)

where k is the number of input bits for each branch of the

convolutional code trellis, dfree is the free distance, E(d) is the
set of error events c at a certain Hamming distance d, β(c) is
the Hamming weight of the input sequence corresponding to c

and P (c) is the average pairwise error probability (PEP). The
average PEP P (c) is the probability of detecting the codeword
c instead of the transmitted all-zero codeword.

Let Tc = {τc,1, . . . , τc,d} be the set of time in-

stants associated with the d error bits in c, and h̃ =√
Es [h(τc,1) · · ·h(τc,d)]T /σn be the vector that gathers the

corresponding channel gains scaled by
√
Es/σn. The average

PEP P (c) can be calculated as [3]:

P (c) =

∫ ∞

0

Q
(√

2γeff

)
p (γeff) dγeff , (6)

where γeff (effective SNR) is the sum of the SNR variates that

are experienced over the time instants Tc [7], or, equivalently,
the sum of the squared magnitudes of the vector h̃’s entries:

γeff =
∑

k∈Tc

γ(k) =
∥∥∥h̃
∥∥∥
2

. (7)
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Fig. 4. Example of the correlated fading observed along the error event in
the case of full cooperation (Θ = 1).

Its probability density function (pdf), p (γeff), clearly depends
on the correlation of the channel gains contained in h̃. We

observe that h̃ is a zero-mean complex Gaussian random

vector, h̃ ∼ CN (0,Rc), with covariance Rc = E[h̃ · h̃H]
whose entries are samples of the auto-correlation function (2).

The distribution of the effective SNR is here derived based on

the knowledge of the correlation matrix Rc, by extending the

approach in [8] to the cooperative scenario with time-selective

fading channels.

Recalling that the codeword is partitioned into two frames

due to the coded cooperation scheme, it should be ob-

served that, for the case of full cooperation (Θ = 1), the
d error bits in c are split into two groups of bits com-

ing from the MS’s and the partner’s uplink channels (see

Fig. 4). Let us consider for instance the codeword of MS-

1, the time instants associated with the first and the sec-

ond groups are here indicated as Tc;1 (d1 elements) and

Tc;2 (d2 elements), respectively, with Tc = Tc;1
⋃Tc;2.

Accordingly, the channel vector is h̃ = [h̃T1,d1 , h̃
T
2,d2

]T,

where h̃1,d1 =
√
Es [h1(τc,1) · · ·h1(τc,d1)]T /σn and h̃2,d2 =√

Es [h2(τc,d1+1) · · ·h2(τc,d1+d2)]T /σn gather the channel

coefficients for, respectively, the MS-1 and MS-2 uplink

channels, at time instants Tc;1 and Tc;2. In order to derive

the effective SNR’s statistical distribution, we introduce the

eigenvalue decomposition (EVD) of the covariance matrices

of the two channel vectors:

[Rc,1]d1×d1 = E[h̃1,d1 · h̃H1,d1 ] =U1Λ1U
H
1 , (8)

[Rc,2]d2×d2 = E[h̃2,d2 · h̃H2,d2 ] =U2Λ2U
H
2 . (9)

The matrices Λ1 = diag [λ1,1, . . . , λ1,r1 ] and Λ2 =
diag [λ1,1, . . . , λ1,r2 ] contain the non-zero eigenvalues, with

r1 = rank [Rc,1]d1×d1 ≤ d1 and r2 = rank [Rc,2]d2×d2 ≤ d2.
U1 and U2 gather the corresponding eigenvectors. We recall

that the two MSs’ channels are assumed to be independent,

hence it is E[h̃1,d1 · h̃H2,d2 ] = 0 and the correlation matrix can

be written as

Rc =

[
[Rc,1]d1×d1 0

0 [Rc,2]d2×d2

]
(10)

=

[
U1 0

0 U2

]

︸ ︷︷ ︸
U

[
Λ1 0

0 Λ2

]

︸ ︷︷ ︸
Λ

[
U1 0

0 U2

]H

︸ ︷︷ ︸
UH

,

where Λ = diag [λ1,1, . . . , λ1,r1 , λ2,1, . . . , λ2,r2 ] collects the
eigenvalues of Rc and U the corresponding eigenvectors.

Notice that it is r = rank[Rc] = r1 + r2.
Using the EVD (10), the effective SNR can now be rewritten

as γeff = ‖b‖2 =
∑r
i=1 b

2
i , in terms of the projection

of the channel onto the r-dimensional column-space of Rc:
b = U

H
h̃ = [b1 · · · br]T. Notice that b ∼ CN (0,Λ), thus

the effective SNR is the sum of r independent exponentially
distributed variates having as mean values the eigenvalues

of Rc. It follows that the pdf of γeff exhibits the moment-

generating function (MGF) [6], [12] :

Mγ
eff
(s) =

r1∏

i=1

1

1− λ1,is

r2∏

j=1

1

1− λ2,js
. (11)

The integral over γeff in (6) can now be derived using the

alternate integral form of the Q-function [13] and the well

known MGF method [12]. We get the average PEP

P (c) =
1

π

π

2∫

0

r1∏

i=1

(
1 +

λ1,i

sin2 ϑ

)−1 r2∏

j=1

(
1 +

λ2,j

sin2 ϑ

)−1
dϑ (12)

≤ 1

2

r1∏

i=1

1

1 + λ1,i

r2∏

j=1

1

1 + λ2,j
, (13)

upperbounded in (13) using sin2 ϑ ≤ 1.
We observe that each MS interleaves its own bits and the

parity bits computed for the other MS before mapping them

into symbols. It follows that the d = d1 + d2 non-zero bits
of the error event c can appear within the two time frames

in several possible configurations, each corresponding to a

different shift of c at the input of the Viterbi decoder. To

get an upperbound, we will select for each error event c the

most probable configuration among all these possible shifts by

finding the one that maximizes (12).

B. Extension to imperfect inter-MS channel

In Sect. III-A, the average BER performance (for MS-1) has

been analyzed only for the full cooperation case (Θ = 1). The
average BER over all the possible cooperation configurations

Θ = {1, 2, 3, 4} can be evaluated as:

Pb ≤
1

k

∑

d≧dfree

∑

c∈E(d)

β(c)

[
4∑

Θ=1

Pr(Θ)P (c |Θ)
]

. (14)

The conditioned PEP P (c |Θ = 1) for the full cooperation
case is evaluated as in (12) - (13) based on the eigenvalue

decomposition of the matrix (10). For the other cases Θ =
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Fig. 5. Performance of full cooperation (Θ = 1). Code-rate R = 1/4.

{2, 3, 4}, the conditioned PEP can be obtained similarly using
the eigenvalues of the following matrices:

Rc (Θ = 2) =

[
[Rc,1]d1×d1 [Rc,1]d1×d2[
[Rc,1]d1×d2

]H
[Rc,1]d2×d2

]

, (15)

Rc (Θ = 3) =

[
Rc(Θ = 2) 0

0 0

]
+

[
0 0

0 [Rc,2]d2×d2

]
, (16)

Rc (Θ = 4) =
[
Rc,1

]
d1×d1

, (17)

where [Rc,1]d2×d2 = E[h̃1,d2h̃
H
1,d2

] is the auto-

correlation of the MS-1 uplink channel gains

associated to the d2 second-frame error bits:

h̃1,d2=
√
Es [h1(τc,d1+1) · · ·h1(τc,d1+d2)]T /σn. The matrix

[Rc,1]d1×d2 = E[h̃1,d1 h̃
H
1,d2

] denotes the cross-correlation

between h̃1,d1 and h̃1,d2 . Notice that the sum in (16) is

due to the assumption that the two sets of N2 bits received

from MS-1 and MS-2 during the second frame are optimally

combined at the receiver using a maximum ratio combiner

(MRC).

IV. SIMULATION RESULTS

In this Section we provide both numerical and analytical re-

sults on the performance of coded cooperation. The numerical

results are obtained by Monte-Carlo simulations, BER results

are obtained by averaging over a large number of frames.

In Sect. IV-A, we validate the exact derivation (12) and the

upperbound (13) on the average PEP by evaluating the average

BER performance of coded cooperation for ideal inter-MS

channel (Θ = 1). Next, by removing the assumption of error-
free inter-MS channel, more insight is given on the conditions

for which coded cooperation can be regarded as competitive

in terms of perfomance compared to non-cooperative (direct)

transmission (Sect. IV-B): the cooperative regions for coded

cooperation over time-varying channels are defined through

examples.
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Fig. 6. Performance of no-cooperation (Θ = 2). Code-rate R = 1/4.

A. Performance limits of coded cooperation

The results presented here refer to the case of ideal inter-

MS channel, the best case for coded cooperation. The aim is

to show the mobility conditions for which coded cooperation

gains significantly. We employ a rate R = 1/4 RCPC mother-

code [9], with octal generators (23, 35, 27, 33) and free

distance dfree = 15. The mother-code is punctured, obtaining
a rate R1 = 1/2 sub-codeword for the first frame transmission
(α = 50%). A soft-input hard-output Viterbi decoder is

implemented at the receiver-side [11] and the error events c

are found via computer-enumeration. The coded-block length

is N = 512 bits, resulting inM = 256 QPSK symbols. Before

symbol mapping, the coded bits are interleaved by a block bit-

interleaver, which writes the input codeword row by row in a

(128×4) matrix, and then reads it column by column. The two
MSs transmit on independent time-varying flat-fading channels

with average SNR γ̄i and time-bandwidth product TBPi, with
i ∈ {1, 2}. In Fig. 5, 6 and 7 the fading statistics are the same
for both uplink channels, i.e. γ̄ = γ̄i and TBP = TBPi,
which is almost true if the two MSs are moving at the same

speed and are close to each other with respect to the location

of the BS. The Clarke’s model is implemented as in [14], [15,

App. A].

In Fig. 5 and 6, the average BER performance of cooperative

and non-cooperative systems is plotted versus the average

SNR γ̄ for different values of TBP. A vehicle-to-vehicle

communication system is considered with carrier frequency

fC = 5.2GHz. The symbol duration is set to TS = 10µs, this
ensure that the channel’ spectrum is flat2. The time-bandwidth

product TBP is chosen as perfomance metric to assess the

degree of temporal variability of the channel (compared to

the length of the codeword), as an example, when the MSs

exhibit velocities up to v = 160km/h, the time-bandwidth

product TBP goes proportionally up to 4. The analytical BER

2Recent channel measurements presented in [16] show that the delay spread
at fC = 5.2GHz is around 1µs.
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Fig. 7. Full cooperation (Θ = 1) and no-cooperation (Θ = 2) performance
comparison. Code-rate R = 1/4.

bounds are computed by truncating the first summation in (5)

at d = 23, or at values that are smaller but sufficient to upper
bound the simulation results. The average PEP is computed

both according to (12) and (13), (for the latter we truncate (5)

at dfree = 15). We observe that the performance for increasing
TBP moves to the one obtained for FF.

In Fig. 7 the bounds on the average BER are plotted

versus the TBP. Coded cooperation and no-cooperation are

compared at different average SNR values γ̄. Up to TBP ≈ 3
(v = 120km/h), the performance gain of coded cooperation
increases with increasing average SNR. At higher velocities

the gain is almost negligible, which means that benefits of

coded cooperation vanish for TBP � 3.
We analyze now the case where the uplink channels are

unbalanced (thus showing different values of average SNR

and/or velocity). In Fig. 8 MS-1 moves at TBP1 = 1 and

transmits on a channel with average SNR γ̄1 = 10dB. On
the other hand, average SNR for MS-2 varies from 5dB to

10dB, and time-bandwidth product TBP2 = {0, 0.5, 1}. The
performance results suggest that coded cooperation outper-

forms remarkably no-cooperation only if the MSs are moving

approximately at the same speed. The larger is the difference

between MSs’ velocities, the less advantageous it is for the

fastest MS to cooperate. This result can be useful in case

partner selection can be allowed [4].

We argue that the conclusions drawn in this Section are

valid for every good RCPC code, because the diversity gain

is carried by the cooperation scheme (space-diversity) and

the bit-interleaving (time-diversity), independently from the

specific code.

B. Cooperative regions

We now consider the more realistic case of imperfect inter-

MS channel. We also adopt a RCPC code with higher rate

than the one in Sect. IV-A to allow for a reasonable simula-

tion complexity. The adopted RCPC mother-code, with octal
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Fig. 8. Performance of MS-1 for asymmetric uplink channel conditions: MS-
1 moves with TBP1 = 1 and γ̄1 = 10dB; MS-2 moves at different velocities
with varying γ̄2. Full coded cooperation and no-cooperation are compared.
Code-rate R = 1/4.
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Fig. 9. Performance of the four cases of coded cooperation at γ̄ = 7.5dB:
truncated bounds and simulation results. Partial cooperation is adavantageous
or disadvantageous from the point of view of one MS. Code-rate R = 1/3.

generators (15, 17, 13), has rate R = 1/3 and free distance
dfree = 10. The coded-block length is N = 384 bits, resulting
in M = 192 QPSK symbols. The punctured code has rate

R1 = 1/2, with code-length N1 =
2N
3 (α ≃ 33%). The coded

bits are interleaved by a block bit-interleaver (96×4). Average
BER performance for the four cases of coded cooperation

(see Sect. II) are depicted in Fig. 9 for an average SNR

of both uplink channels γ̄ = 7.5dB and varying degree of

temporal variability TBP. In accordance with the results in

Sect. IV-A, the coded cooperation (for the case Θ = 1)
does not provide any significant gain with respect to non-

cooperative case for TBP ≥ 3. The upperbound (5), with PEP
computed as in (12) and error event autocorrelation matrices

according to (10) and (15) - (17), are truncated at d = 14,
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Fig. 10. Performance of coded cooperation at different inter-MS block error
probability p compared to no-cooperation at γ̄ = 7.5dB. Code-rate R = 1/3.

or at smaller values, in order to get tighter bounds for the

subsequent analysis. These bounds are weighted as in (14)

for different values of the inter-MS block error probability

p and compared to no-cooperation in Fig. 10. As far as

the mobility degree becomes large enough, the average BER

performance of coded cooperation with non-ideal inter-MS

channel is increasingly dominated by the worst case partial

cooperation (Θ = 4), as expected. The comparison between
cooperative and non-cooperative transmission in terms of BER

performances shows that the mobility degree threshold (cross

markers in Fig. 10), beyond which coded cooperation is no

more advantageous, decreases with decreasing quality of the

inter-MS channel. For instance, coded cooperation with inter-

MS block error probability p = 10−3 is advantageous only up
to TBP ≃ 2.5 for the considered code and channel settings.
Furthermore, analytical and numerical results reveal that this

threshold strongly depends on the quality of the relayed links

(γ̄).

The cooperative region is the collection of mobility (TBPs)
and channel (γ̄, p) settings for which coded cooperation is

beneficial in providing enhanced average BER performance

with respect to the non-cooperative case. The cooperative

regions are illustrated as shaded areas delimited by solid lines

in Fig. 11. For different values of the average SNR γ̄, shaded
areas contain the collection of values (TBP, p) for which coded
cooperation provides superior performances compared to non-

cooperative transmission. Interestingly, we observe that, for

γ̄ < 10dB, the cooperative region spans the entire TBP range

considered: the most promising opportunities to exploit the

benefits of coded cooperation (in time-varying fading) arise for

those applications where energy efficiency (for low SNR) is

a key issue. Reasonably, the cooperative region size increases

(decreases) with decreasing (increasing) average SNR γ̄. In
Fig. 12, the cooperative region for MS-1 is depicted by

assuming the uplink channels with average SNR γ̄ = 10dB,
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Fig. 11. Cooperative regions for coded cooperation at different γ̄. Coded
cooperation outperforms no-cooperation in the region below the analytical
boundary. Code-rate R = 1/3.
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Fig. 12. Cooperative regions for MS-1. Uplink channels are both at γ̄ =
10dB, but MS-2 velocity is β times smaller than MS-1 velocity. Code-rate
R = 1/3.

while the degree of mobility of MS-2 is lower compared to

MS-1 as TBP2 = β × TBP1 with β < 1. As expected from
the analysis in Sect. IV-A, the cooperative region for MS-

1 becomes smaller if the partner moves at lower velocities

(TBP2 < TBP1).

V. CONCLUSIONS

We have provided an analytical method to evaluate the

average BER performance of coded cooperation over time-

varying flat fading channels. The key idea lies in recognizing

the algebraic structure of the fading channel autocorrelation

matrix associated to the decision variable. The theoretical

results have been corroborated and validated by simulation

results. The present work has focused on a generic single-

carrier transmission system with narrowband channels, but
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the methodology can be transposed to broadband frequency-

selective OFDM systems taking into account the correlation

of the fading channel over the subcarriers. The analysis has at

first encompassed the widest range of temporal variability of

the fading process, from the BF to the FF model. However,

the temporal variability strictly depends on the velocity of the

mobile stations, which is necessarily limited. This physical

limitation has been taken into account by circumscribing the

performance evaluations to a more realistic range of temporal

variability of the channel.

Analytical results, validated by simulations, have shown

that coded cooperation, in the best case of error-free inter-

MS channel, outperforms significantly a comparable non-

cooperative transmission only up to a certain degree of mobil-

ity, approximately when the time-bandwidth product TBP � 3
(corresponding to the speed v = 120km/h in a system with

carrier frequency fC = 5.2GHz, symbol duration TS = 10µs
and code block length M = 256 symbols). Beyond this limit,
coded cooperation and non-cooperative transmissions perform

similarly, since the gain offered by the time diversity is now

dominant.

We have also investigated how the MSs’ speed difference

and the degradation of the inter-MS channel quality affect the

BER performance. As expected, the larger is the speed dif-

ference the less advantageous it is to cooperate for the fastest

MS. However, it has been shown that, for the MS moving at

twice the velocity of the partner, coded cooperation improves

significantly the performance with respect to no-cooperation

up to TBP ≃ 1.5 (v = 60km/h). Furthermore, the increase
of the inter-MS block error probability has been proven to

be a penalty factor for coded cooperation performance. For

instance, coded cooperation in symmetric uplink channels’

conditions performs better than no-cooperation at TBP = 2.5,
average SNR γ̄ = 10dB and inter-MS block error probability

p = 10−4, while performing worse as the inter-MS block error
probability raises to p = 10−3. The cooperative region have

been derived in order to provide more insight to the analysis

by defining the mobility and channel settings for which coded

cooperation provides better performance than no-cooperation.

The proposed approach can be used in network design in order

to define algorithms for the selection of the cooperating MSs

and the optimization of the cooperation level [4].

We believe that the present work contributes to build the

base for future evaluations of coded cooperation in real mobile

communication systems, with the support of detailed channel

and mobility models.
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Abstract—Here we study the performance ofSp(n) codes as
distributed space-time codes for two-way relaying systems. The
Sp(n) codes are space-time codes based on theSp(n) group.
The performance is evaluated in the Amplify-and-Forward and
Decode-and-Forward scenario, with protocols requiring 4,3 and
2 time slots for information exchange between the terminals.
The analysis shows that these codes are appropriate for the
two-way relaying scenario, since they achieve the performance
(throughput) gain promised by two-way relaying.

I. I NTRODUCTION

In this work we focus on a two-way relaying system where
two wireless terminals want to exchange their information with
the assistance of relays. Each terminal acts as a transmitter and
a receiver, and works in a half-duplex mode. The terminals
may, in general, be equipped with more antennas. The two-
way channel was first studied by Shannon [1], where he found
inner and outer bounds on the capacity.

With the increased interest in ad-hoc networks, several
cooperation based methods which exploit spatial diversity
provided by antennas of different users have been devel-
oped, e.g. [2]–[5]. The improvement is called cooperative
diversity and is achieved by having different users in the
network cooperate in some way. Among the first cooperative
strategies are amplify-and-forward [4], [5] and decode-and-
forward [2]–[4]. An enhanced cooperative strategy, based on
distributed space-time coding was introduced in [6]. These
schemes assume half-duplex communication, i.e. the nodes
in the network do not transmit and receive simultaneously.
Additionally, the communication takes place in one direction
(one-way relaying), from the transmitter to the receiver, in two
stages.

The one-way relaying protocols suffer from a loss in spectral
efficiency due to the half-duplex constraint of the terminals. In
order to increase the spectral efficiency of such relay network,
a bi-directional (two-way) communication between two termi-
nals where the relay assists in the two-way communication was
introduced in [7]. The connection between two-way relaying
and network coding was established in [8], where protocols for
two-way (bi-directional) relaying based on network codingon
symbol level were introduced. The main idea is that the relays
combine the information from the terminals and broadcast
it in the next stage. Each terminal then subtracts its own
contribution and decides about the signal transmitted from
the other terminal. The two-way relaying schemes promise
throughput gain compared to one-way relaying, by saving time

slots in the broadcast stage.
Here, we will analyze the performance ofSp(n) codes

in the context of two-way relaying. TheSp(n) codes are
based on the symplectic Lie groupSp(n) and were first
introduced in [9] as space-time codes for MIMO systems
and later in the distributed space-time coding scenario for
one-way relaying [6]. We will compare distributed space-time
codes performance in the context of Amplify-and-Forward
(AF) as well as Decode-and-Forward (DF) scenarios. We will
consider the cases where the communication takes place in
4, 3, and 2 time slots respectively, aiming at showing the
throughput/performance gain of relaying when less than 4 time
slots are used.

The rest of the paper is organized as follows. In Section
II, we describe the two-way relaying system model along
with the different exchange protocols. In Section III, we show
how can codes be built from theSp(n) group, and present
the Sp(2) space-time code. In Section IV we describe the
deployment of distributed space-time codes in Amplify-and-
Forward (AF) and Decode-and-Forward (DF) scenarios and
show their system equations. In Section V, we present worked-
out examples withSp(2) codes implemented in wireless relay
networks. Simulation results are given in Section VI. Section
VII concludes the paper.

The following notation is used. Vectors are denoted by bold
face lower case letters. Matrices are denoted by normal upper
case letters. Sets are denoted by caligraphic letters.(·)H is the
hermitian operator,(·)∗ is complex conjugation and(·)T is
matrix transpose.exp(·) is the matrix exponential and‖ · ‖F

is the Frobenius norm of a matrix.

II. T WO-WAY RELAYING

A. System Model

We consider a wireless network withR+2 nodes, whereR
nodes act as relays (in parallel). The communication scheme
is half-duplex, meaning that the nodes do not transmit and
receive simultaneously. We assume block Rayleigh fading
model where the channel is constant in a certain time block.
The terminals are equipped withM antennas. Each terminal
sends a time sequence (vector) of duration ofT symbols
(channel uses). With this, the signal transmitted from terminal
1 (T1) is a T × M matrix S. We normalize the transmitted
signal such thatE{tr(SHS)} = M . Similarly, terminal 2
(T2) sends aT ×M transmit matrixD, normalized such that
E{tr(DHD)} = M . We denote byP1 and P2 the average
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transmit power for one transmission ofT1 andT2 respectively.
The T1’s transmit signal is

√
P1T/MS and theT2’s transmit

signal is
√

P2T/MD. Further, we denote the average power
for one transmission for each relay asP3 which gives a total
power ofP3R for the R relays.

Fig. 1. Two-Way Relaying Networks

We concentrate on a distributed space-time coding scenario,
where the space-time codes are distributively built at the the
relays. The usual requirement for space-time block coding is
that the channel is constant for at leastT time instants (channel
uses), which in the literature is also denoted as ”time slot”, for
example when 2, 3 and 4 time slots protocols are compared.
Here we use both ”time slot” and ”stage” to denote the period
of duration ofT time instants.

In the following, we consider three exchange protocols,
which use 4, 3 and 2 time slots for the data exchange,
respectively. In the first protocol (Fig. 2(a)),T1 sends in time
slot 1 to the relays, which forward their signals toT2 during
time slot 2. The other way communication takes part in time
slots 3 and 4. In the 3 time slots protocol (Fig. 2(b)), Terminal
1 transmits its signal during time slot 1 to the relays. In
time slot 2, Terminal 2 transmits its signal to the relays. In
time slot 3 the relays broadcast their transmit signals to both
terminals which, knowing what they have sent, can decide on
the received data from the other terminal. In the 2 time slots
protocol (Fig. 2(c)), both terminals transmit simultaneously in
the first time slot. In the second time slot, the relays broadcast
the information to both terminals where the decision is made
similarly to the case of 3 time slots.

Fig. 2. Two-Way Relaying Protocols

The channel coefficient between them-th antenna of Ter-

minal 1 (T1) and thei-th relay during time slotτ is denoted
asf

(τ)
mi and the channel coefficient between them-th antenna

of Terminal 2 (T2) and thei-th relay is denoted asg(τ)
mi .

The multicast and the broadcast stage save time slots
compared to the case where the information exchange between
the terminals requires four stages, two for each direction.
This leads to increased throughput in the wireless network.
If instead of throughput we like to gain reliability, we can
fix the throughput to be the same in both protocols. In the
two and three time slots protocols, this will allow for using
alphabets of lower cardinality at the terminals compared tothe
four-stage protocol.

III. C ODES FORTWO-WAY RELAYING BASED ON THE

Sp(n) L IE GROUP

Basically, distributed space-time codes designed for one-
way relaying systems are also appropriate for tow-way re-
laying. An extensive analysis of distributed space-time codes
in two-way wireless relay networks was performed in [10].
Here we concentrate on the codes obtained from theSp(n)
Lie group as promising candidates for two-way relaying, due
to their diversity advantages and the possibility for simplified
decoding. The application in the two-way relaying scenario
is not straightforward and therefore the usual Amplify-and-
Forward and Decode-and-Forward schemes should be modi-
fied in order to accomodate these codes. We will start with the
codes from theSp(2) group introduced first for point-to-point
MIMO block Rayleigh fading channels. Later in this section
we discuss on the possible extension to codes from the more
generalSp(n) (n > 2) group.

A. Sp(2) codes

The Sp(2) codes were first introduced by in [6], [11] as
space-time codes for coherent block Rayleigh channels. Due
to their properties they can also be used as distributed space-
time codes in wireless networks with relays. Here we extend
the construction to distributed codes for two-way relaying
and evaluate their performance in AF and DF scenarios,
with protocols using 4, 3 and 2 time slots for information
exchange between the terminals.Sp(2) codes are based on
the symplectic Lie groupSp(2). They can be used in a system
with transceivers having one transmit antenna and four relays,
or a system with transceivers with two antennas and two relays
assisting the communication. TheSp(2) code is given as

U =
{

1√
2

[
UV UV ∗

−U∗V U∗V ∗

]}
(1)

where

U =
1√
2

[
ej 2πk

P ej 2πl
P

−e−j 2πl
P e−j 2πk

P

]

V =
1√
2

[
ej( 2πm

Q +θ) ej( 2πn
Q +θ)

−e−j( 2πn
Q +θ) e−j( 2πm

Q +θ)

]
(2)

and 0 ≤ k, m < P, 0 ≤ l, n < Q. When P and Q do not
have common divisors, it can be shown that the codes achieve
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full diversity for all values ofθ. If we define the symbols in
U andV as

U =
1√
2

[
a1 a2

−a∗2 a∗1

]
, V =

1√
2

[
b1 b2

−b∗2 b∗1

]
, (3)

and if we set

u1 =
1

2
√

2
(a1b1 − a2b

∗
2) u2 =

1
2
√

2
(a∗2b1 + a∗1b

∗
2)

u3 = − 1
2
√

2
(a∗1b1 − a∗2b

∗
2) u4 =

1
2
√

2
(a2b1 + a1b

∗
2), (4)

the code in (1) becomes a unitary STBC defined as

U =


u1 −u∗2 −u∗3 u4

u2 u∗1 −u∗4 −u3

u3 −u∗4 u∗1 −u2

u4 u∗3 u∗2 u1

 . (5)

In order to distributively build theSp(2) code, the relays
transmit signals are designed to be linear functions of their
received signals and their conjugate in AF mode, and a
linear function of the decoded symbols and their conjugate
in DF mode. For that, we define specially designed unitary
matrices at each relay that provide different combinationsof
the symbols, and lead to a distributed space-time code. For
the DF mode, we use a model in which the transmit signal
is defined to resemble the received signal but without noise.
This can be achieved by weighting the decoded symbols at the
relays by the channel coefficients that affected their decoding.

B. Extension to codes from the Sp(n) Lie group

If we want to extend the construction to codes which
are appropriate to networks with different number of relays,
we have to look at the symplectic Lie groupSp(n). The
Sp(n) group is the same as the quaternionic unitary group
U(n, H). This group is a Lie group and can be equivalently
be represented as the group of2n×2n matricesS which satisfy
the unitary conditionSSH = SHS = I2n and the symplectic

conditionSTJ2nS = J2n, whereJ2n =
[

0 In

−In 0

]
.

Every Lie group is also a differentiable manifold, meaning
that a tangent space can be constructed at every element of
the group (manifold). The tangent space at the identity element
of a Lie group has the structure of a Lie algebra1. The Lie
algebra of theSp(n) group,sp(n), containsn×n quaternionic
matrices of the typeX = −XH. An n×n matrix with entries
from the quaternions can be equivalently represented by an
2n × 2n matrix with complex entries by using the matrix
representation of quaternions

a + bi + cj + dk ≡
[

a + bi c + di
−c + di a− bi

]
. (6)

This means that theSp(n) group can be parameterized with
the tangent space at the identity element consisting of the
quaternionic matrices fulfillingX = −XH. The connection

1Lie algebra is a nonassociative algebra, i.e. a vector spaceg over a field
F with the Lie bracket as binary operation

between the Lie groupSp(n) and the Lie algebrasp(n)
is given by the exponential map, which for matrix Lie
groups (such asSp(n)) is the matrix exponentialexp(X) =∑∞

k=0
Xk

k! .
The tangent space at the identity element ofSp(n) is a

vector space of real dimensionn(2n + 1) which, of course,
coincides with the dimension of the groupSp(n). Therefore, it
can be embedded in the Euclidean spaceRn(2n+1). Therefore,
elements of the tangent space can be obtained by sampling
a lattice in Rn(2n+1), as in [12] for example. In order to
maximize the diversity of the code obtained after the mapping
to the groupSp(n), lattice rotation can be used [13]. Finally,
the constellation in the tangent space is scaled by a factor
which controls the distance profile of the code after the
mapping to the Lie group (manifold).

IV. RELAY COOPERATIVE STRATEGIES

A. Amplify-and-Forward (AF)

In the AF scenario, the relays act as simple signal repeaters
that amplify and apply simple operations on the received sig-
nals, such as addition, multiplication, and conjugation. Using
the AF cooperative strategy, we present next the three data
exchange protocols, using 4, 3, and 2 time slots, respectively.

1) 4 Time Slots Protocols: The conventional way of data
exchange betweenT1 andT2 is to use 4 time slots, as shown
in Fig. 2(a). At time slot 1,T1 transmits

√
P1T/MS to the

relays, each receiving the following vector

r(1)
i =

√
P1T/M

M∑
m=1

f
(1)
mi sm + v(1)

i , i = 1 · · ·R (7)

wherer(τ)
i denotes the received vector at thei-th relay, at time

slot τ , andv(τ)
i denotes the additive noise at thei-th relay, at

time slot τ . Using the idea of distributed space-time coding
[14], each relay transmit signal is designed as a linear function
of its received signal or its conjugate as

ti =
√

P3

P1 + 1
Air̂i, (8)

whereAi is a precodingT ×T unitary matrix, and̂ri is even
ri or r∗i , depending on the relay. The normalization factor is
such that the average transmit power isP3T at each relay.

At time slot 2, the relays forward their signals toT2. The
received vector at them-th antenna ofT2 is given by

ym =
R∑

i=1

g
(2)
imti + wm, (9)

wherewm is the additive noise at them-th receive antenna of
T2. If we denotefi = [f̂ (1)

1i , · · · , f̂
(1)
Mi]

T , wheref̂
(1)
mi is equal to

f
(1)
mi when thei-th relay doesn’t conjugate the received signal,

and equal tof (1)
mi

∗
when thei-th relay conjugates its received

signal, equation (9) can then be rewritten as

ym = ρ1[A1Ŝ · · · ARŜ]

 f1g
(2)
m1

. . .

fRg
(2)
mR

+ρ2

R∑
i=1

g
(2)
miAiv̂

(1)
i +wm,

(10)
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where thehat means a conjugate when a relay conjugates

its received signal,ρ1 =
√

P1P3T
(P1+1)M , and ρ2 =

√
P3

P1+1 .

By defining YT2 = [y1, · · · ,yM ], Φ = [A1Ŝ · · · ARŜ],
gi = [g(2)

1i , · · · , g
(2)
Mi], H = [f1g1, · · · , fRgR]T , and W =[

ρ2

∑R
i=1 g

(2)
1i Aiv̂

(1)
i + w1, · · · , ρ2

∑R
i=1 g

(2)
MiAiv̂

(1)
i + wM

]
,

we get the general system model atT2 as

YT2 =

√
P1P3T

(P1 + 1)M
ΦH + W, (11)

whereΦ is a T × MR distributively built space-time code,
andYT2 is theT ×M received matrix atT2.

The ML decoding atT2 is given by

s̃i = argmin
si

∥∥∥YT2 −
√

P1P3T
(P1+1)M ΦiH

∥∥∥2

F
. (12)

During time slots 3 and 4, the data transfer fromT2 to T1

is done similarly. Due to the symmetry of the network, we do
not show the equations of the other way system, knowing that
they can be easily derived.

2) 3 Time Slots Protocol: In this section, we consider
the three-time slots protocol shown in Fig. 2(b). Here, the
relays combine the data they receive from the terminals, and
broadcast the designed transmit signals to both terminals.At
time slot 1, T1 transmits

√
P1T/MS to the relays, and in

time slot 2,T2 transmits
√

P2T/ND. Consequently, the relay
received signals at the first and second time slots are given
respectively as

r(1)
i =

√
P1T/M

M∑
m=1

f
(1)
mi sm + v(1)

i , i = 1 · · ·R (13)

r(2)
i =

√
P2T/M

M∑
m=1

g
(2)
midm + v(2)

i . i = 1 · · ·R (14)

The relay transmit vectors are designed as a linear functionof
the sum or the conjugate of the sum of both received signals,
and obtained as

ti =
√

P3

P1 + P2 + 2
Ai(r̂

(1)
i + r̂(2)

i ), (15)

where the power normalization factor ensures an average
transmit power ofP3T at each relay.

At time slot 3, the relays broadcast their signals to both
terminals, and looking atT1, the received signal at them-th
antenna is given as

ym = ρ1[A1Ŝ · · ·ARŜ]

 f1f
(3)
m1

. . .

fRf
(3)
mR

+ ρ2

R∑
i=1

f
(3)
mi Aiv̂

(1)
i +

ρ3[A1D̂ · · ·ARD̂]

 g1f
(3)
m1

. . .

gRf
(3)
mR

+ ρ4

R∑
i=1

f
(3)
mi Aiv̂

(2)
i + wm,

(16)

where fi = [f̂ (1)
1i , · · · , f̂

(1)
Mi]

T , gi = [ĝ(2)
1i , · · · , ĝ

(2)
Mi]

T , ρ1 =√
P1P3T

(P1+P2+2)M , ρ2 =
√

P3
P1+P2+2 , ρ3 =

√
P2P3T

(P1+P2+2)M , and

ρ4 =
√

P3
P1+P2+2 .

Consequently, the overall system equation atT1 can be
written as

YT1 = ρ1ΦH + ρ3ΨG + W, (17)

where YT1 = [y1, · · · ,yM ], Φ = [A1Ŝ · · · ARŜ],
Ψ = [A1D̂ · · · ARD̂], f ′i = [f (3)

1i , · · · , f
(3)
Mi],

H = [f1f ′1, · · · , fRf ′R]T , G = [g1f ′1, · · · ,gRf ′R]T

and W = [ρ2

∑R
i=1 f

(3)
1i Aiv̂

(1)
i + ρ4

∑R
i=1 f

(3)
1i Aiv̂

(3)
i +

w1, · · · , ρ2

∑R
i=1 f

(3)
MiAiv̂

(1)
i + ρ4

∑R
i=1 f

(3)
MiAiv̂

(2)
i + wM ].

Φ andΨ are two distributively built space-time codes with
symbol data fromT1 and T2, respectively. From the overall
system equation, and having in mind thatT1 knows its sent
data and the channel coeficients, the ML decoding atT1 can
be written as follows

d̃ = argmin
di

‖YT1 − ρ1ΦH − ρ3ΨiG‖2
F . (18)

One advantage of 3 time slots protocols is that each terminal
can exploit the weak direct path between the other terminal
and itself to improve the decoding. For example, in time slot1,
T1 transmits to the relays, andT2 also receives a weak signal,
which can help in the decoding later. More on this issue can
be found in [10].

3) 2 Time Slots Protocol: In the 2 time slots protocol, both
terminals transmit simultaneously during time slot 1. Hence,
the relays receive an additive interference signal given by

r(1)
i =

√
P1T/M

M∑
m=1

f
(1)
mi sm+

√
P2T/M

M∑
m=1

g
(1)
midm+v(1)

i .

(19)
The relays then apply the same operations as in the previous
cases. Therefore, the relay transmit vectors are designed as

ti =
√

P3

P1 + P2 + 1
Air̂

(1)
i , (20)

where again, the power normalization factor ensures an aver-
age transmit power ofP3T at each relay.

At time slot 2, the relays broadcast their signals to both
terminals. The received signal at them-th antenna ofT1 is
given by

ym =ρ1[A1Ŝ · · ·ARŜ]

 f1f
(2)
m1

. . .

fRf
(2)
mR

+ ρ2

R∑
i=1

f
(2)
mi Aiv̂

(1)
i +

ρ3[A1D̂ · · ·ARD̂]

 g1f
(2)
m1

. . .

gRf
(2)
mR

+ wm, (21)

where fi = [f̂ (1)
1i , · · · , f̂

(1)
Mi]

T , gi = [ĝ(1)
1i , · · · , ĝ

(1)
Mi]

T , ρ1 =√
P1P3T

(P1+P2+1)M , ρ2 =
√

P3
P1+P2+1 , andρ3 =

√
P2P3T

(P1+P2+1)M .

By defining YT1 = [y1, · · · ,yM ], Φ = [A1Ŝ · · · ARŜ],
Ψ = [A1D̂ · · · ARD̂], f ′i = [f (2)

1i , · · · , f
(2)
Mi], H =
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[f1f ′1, · · · , fRf ′R]T , G = [g1f ′1, · · · ,gRf ′R]T and W =
[ρ2

∑R
i=1 f

(2)
1i Aiv̂

(1)
i + w1, · · · , ρ2

∑R
i=1 f

(2)
MiAiv̂

(1)
i + wM ],

we can write the general system equation as

YT1 = ρ1ΦH + ρ3ΨG + W, (22)

whereΦ andΨ are two distributively built space-time codes.
The ML decoding atT1 can be obtained as

d̃ = argmin
di

‖YT1 − ρ1ΦH − ρ3ΨiG‖2
F . (23)

By looking at the accumulated noise at the terminal, we can
see that the power of this noise when using the 2 time slots
protocol is less than that of the 3 time slots protocol, which
shows up as a performance advantage in the simulations.

B. Decode-and-Forward (DF)

In the Decode-and-Forward strategy, the relays decode the
signals received from the terminals, then encode them again,
and forward the generated signals to the terminals. Further-
more, in this section, we use thePartial-Decode-and-Forward
(PDF) strategy introduced in [10], where the relays weight the
decision on the decoded symbols with the channel coefficients
of the terminal-relay link. By this, more value is given to the
decisions when the link is more reliable (the channel is good).
As for the AF case, we also present here the four exchange
protocols, using 4, 3 and 2 time slots.

1) 4 Time Slots Protocol: During time slot 1,T1 sends it
data to the relays, which receive the signal given in equation
(7). The vectors containing the data fromT1 is then decoded
using the ML decoder

s̃i = argmin
sl

∥∥∥∥ri −
√

P1T
M

∑M
m=1 f

(1)
mi s

l
m

∥∥∥∥2

F

, (24)

where the search is done over all possible sent vectorssl.
After decoding, the relays set the following transmit vectors

ti =

√
P3T

M
Ai

M∑
m=1

f̂
(1)
mi

ˆ̃sm, (25)

where thehat denotes a conjugation when the relay conjugates,
and thetilde denotes a decoded symbol (estimated). As it can
be seen, the built transmit vector resembles the received one
but without noise, which allows to assume the used scheme
as a denoising process.

At time slot 2, the relays forward their signals toT2.
Assuming correct decoding at the relays (so we can remove
the estimation), the received vector at them-th antenna ofT2

is given by

ym = ρ1[A1Ŝ · · · ARŜ]

 f1g
(2)
m1

. . .

fRg
(2)
mR

+ wm, (26)

whereρ1 =
√

P3T
M and fi = [f̂ (1)

1i , · · · , f̂
(1)
Mi]

T .
Consequently, the overall system equation atT2 can be

written as

YT2 =

√
P3T

M
ΦH + W, (27)

where Φ = [A1Ŝ · · · ARŜ], gi = [g(2)
1i , · · · , g

(2)
Mi], H =

[f1g1, · · · , fRgR]T , andW = [w1, · · · ,wM ].
T2 can then use the following ML decoder to decode the

symbols sent fromT1

s̃ = argmin
si

∥∥∥∥YT2 −
√

P3T
M ΦiH

∥∥∥∥2

F

. (28)

During time slot 3 and 4, the data transmission fromT2 to T1

is performed similarly.
2) 3 Time Slots Protocol: During time slots 1 and 2, the

relays receive both terminals’ data separated, as in equations
(13) and (14). The relays then decode the symbols using the
decoder in (24) and build the following transmit vectors

ti =

√
P3T

2M
Ai

(
M∑

m=1

f̂
(1)
mi

ˆ̃sm +
M∑

m=1

ĝ
(2)
mi

ˆ̃dm

)
, (29)

where again, the decoded symbols are weighted by the channel
coefficients. Assuming correct decoding at the relays, the
broadcasted signal at time slot 3 obtained at them-th antenna
of T1 is given by

ym =ρ1[A1Ŝ · · · ARŜ]

 f1f
(3)
m1

. . .

fRf
(3)
mR

+

ρ1[A1D̂ · · · ARD̂]

 g1f
(3)
m1

. . .

gRf
(3)
mR

+ wm, (30)

where ρ1 =
√

P3T
2M , fi = [f̂ (1)

1i , · · · , f̂
(1)
Mi]

T and gi =

[ĝ(2)
1i , · · · , ĝ

(2)
Mi]

T .
The overall system equation atT1 can be then written as

YT1 =
√

P3T
2M ΦH +

√
P3T
2M ΨG + W, (31)

where Φ = [A1Ŝ · · · ARŜ], Ψ = [A1D̂ · · · ARD̂],
f ′i = [f (3)

1i , · · · , f
(3)
Mi], H = [f1f ′1, · · · , fRf ′R]T , G =

[g1f ′1, · · · ,gRf ′R]T , andW = [w1, · · · ,wM ].
The decoder is very similar to that of the AF case given in

(23), with the change in the definition of the matrices.
3) 2 Time Slots Protocol: Having received an interference

of both terminals at time slot 1, the relays try to decode a pair
of symbol vectors{s̃i, d̃i} received from both terminals, via
the following decoder

{s̃i, d̃i} = argmin
sk,dl

∥∥∥∥∥ri − ρ1

M∑
m=1

f
(1)
mi s

k
m − ρ2

M∑
m=1

g
(1)
mid

l
m

∥∥∥∥∥
2

F

,

(32)

whereρ1 =
√

P1T
M andρ2 =

√
P2T
N .

Applying the PDF strategy in [10], the relay transmit vectors
are designed as follows

ti =

√
P3T

2M
Ai

(
M∑

m=1

f̂
(1)
mi

ˆ̃sm +
N∑

n=1

ĝ
(1)
ni

ˆ̃dn

)
. (33)

The received signals at the terminals are very similar to
those of the 3 time slots case, and can be easily derived.
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V. EXAMPLES USING Sp(2)

In this section, we show how can theSp(2) space-time code
be applied to a two-way relaying network. First, we consider
a network with four relays, and assume that the terminals are
equipped with just one antenna each (Fig. 1(a)). Then, in the
following section, we apply theSp(2) space-time code to a
two-way relaying network containing two relays and having
terminals with two antennas each (Fig. 1(b)).

A. Network (a): R = 4, M = N = 1
As depicted in Fig. 1(a),T1 andT2 have eachM = N =

1 antenna, and the data exchange between them is assisted
using R = 4 relays, with one antenna each.T1 sends the
vector s = [us

1, u
s
2, u

s
3, u

s
4]

T , while T2 transmits the vector
d = [ud

1, u
d
2, u

d
3, u

d
4]T , where the definition ofus

l and ud
k is

given in (4).
We would like to get theSp(2) code at the terminals. For

that, we choose the four relay matrices as follows

A1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 A2 =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0



A3 =


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 A4 =


0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

 ,

(34)

and ensure that relay 2 and 3 conjugate their transmit signals.
Consequently, the space-time codeΦ would have the following
structure

Φ = [A1s A2s∗ A3s∗ A4s]

=


us

1 −us
2
∗ −us

3
∗ us

4

us
2 us

1
∗ −us

4
∗ −us

3

us
3 −us

4
∗ us

1
∗ −us

2

us
4 us

3
∗ us

2
∗ us

1

 , (35)

which is theSp(2) space-time code defined previously (5).

B. Network (b): R = 2, M = N = 2
In this section, we assume that each terminal is equipped

with M = N = 2 antennas, and considerR = 2 relays
that help in the data exchange.T1 andT2 send the following
symbol matrices, respectively

S =


us

1 −us
2
∗

us
2 us

1
∗

us
3 −us

4
∗

us
4 us

3
∗

 D =


ud

1 −ud
2
∗

ud
2 ud

1
∗

ud
3 −ud

4
∗

ud
4 ud

3
∗

 , (36)

where each column of the matrix is sent by one antenna.
By setting the relay matrices as follows

A1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 A2 =


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 , (37)

and by ensuring that relay 2 conjugates its transmit vector,we
would distributively build theSp(2) space-time code at both
terminals.

VI. SIMULATION RESULTS

In this section, we present the simulation results of the two
examples shown in the previous section. On our generated
plots, we show the Block Error Rate (BLER) curves versus the
power used in one time slot. To fairly compare the different
schemes, we consider an equal data rate over the 4, 3, and
2 time slots protocols. Consequently, the symbols used in
the 4 time slots protocol are chosen from 5-PSK and 7-
PSK constellations, which gives a bit rate of 2.56 bit/TS. For
the 3 time slots case, the symbols are chosen from 3-PSK
and 5-PSK constellations, which results in a 2.6 bit/TS bit
rate. Similarly, the symbols for the 2 time slots protocol are
chosen from 2-PSK and 3-PSK constellations, which gives a
rate of 2.58 bit/TS. We note here that for theSp(2) code to
achieve a full diversity, the symbol constellation sizes should
be relatively prime [6], [11]. The channel coefficients are
chosen asf (τ)

mi ∼ CN (0, 1) andg
(τ)
mi ∼ CN (0, 1), ∀i, m.

In Fig. 3, we compare the performance of theSp(2) STC
with that of the Real Orthogonal STC. The symbols for the real
orthogonal STC were chosen from a PAM constellation, with
the same sizes as in theSp(2) case. Moreover, we simulate
the performance in AF, and using the 2 time slots protocol.
The results show that the performance of theSp(2) is 1-dB
better than that of the real orthogonal. Also, one can see that
the PDF strategy that we applied outperforms the AF scheme
by approximately 2-dB, but at the cost of more complexity at
the relays, which need to decode and estimate the channels. At
higher rates, theSp(2) code shows an even higher diversity
gain than that of the real orthogonal. Fig. 4 compares the
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Fig. 3. Performance comparison ofSp(2) and Real Orthogonal STCs using
the 2 time slots protocol in network (a).

performance of theSp(2) STC in network (a) and (b) when
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using the AF cooperative strategy and the 4, 3, and 2 time slots
protocols. The 2 time slots protocol is shown to be the best
among the other protocols in both networks, and outperforms
the conventional 4 time slots protocol by approximately 3-
dB. As discussed before, the 2 time slots protocol shows a
better performance than the 3 time slots protocol due to the
less accumulated noise power at the terminals. The figure also
depicts the gain when the terminals are equipped with more
than one antenna. As it can be seen, this shifts the BLER
curves by approximately 4-dB to the left.
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Fig. 4. AF performance comparison ofSp(2) in 4, 3, and 2 time slots
protocols in networks (a) and (b).

In Fig. 5, we compare the performance of theSp(2) code
using the PDF strategy and the 4, 3, and 2 time slots protocols
in the two networks (a) and (b). The simulations show that
the 3 time slots protocol in this case performs better than
the 2 time slots protocol. In fact, in the 3 time slots case,
the relays receive the symbols of the terminals separated, and
decode each one alone, while in the 2 time slots case, the relays
receive both terminals’ data combined and try to decode a pair
of symbols. This can badly affect the decoding and that’s why
the 3 time slots protocol performs better. Again, one can see
the improvement in the BLER when using network (b).

VII. C ONCLUSION

We have evaluated the performance of distributed space-
time codes for two-way relaying based on the symplectic
Lie Group Sp(n). Worked-out examples for both single an-
tenna systems with 4 relays and two antenna systems with
two relays based onSp(2) codes were presented. We have
included Amplify-and-Forward and Decode-and-Forward sce-
narios, with protocols requiring 4, 3 and 2 time slots for
information exchange between the terminals. The results show
that these codes are appropriate for two-way relaying since
they achieve the performance (throughput) gain. Further, we
elaborated on the possible extension to systems with more
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Fig. 5. PDF performance comparison ofSp(2) in 4, 3, and 2 time slots
protocols in networks (a) and (b).

relays/transmit antennas based on the geometry of the Lie
groupSp(n).
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Abstract — A novel arithmetic extended mapping technique is 
proposed in this paper for bit-interleaved coded modulation with 
iterative decoding (BICM-ID) with repetition codes as well as for 
their modifications. With the proposed mapping scheme, the 
computational complexity of BICM-ID is significantly reduced 
compared with conventional quadrature amplitude modulation 
(QAM) mapping schemes  Performances of BICM-ID using the 
proposed extended mapping rules are also verified both by the 
extrinsic information transfer (EXIT) analysis and bit error rate 
(BER) simulations. The results show that with the proposed 
BICM-ID scheme, the code rate, at which, given the channel 
signal-to-noise power ratio (SNR) bit error rate can made  
arbitrarily small, is  almost 90% of channel capacity, and such 
excellent property holds  at relatively wide range of SNR values. 

Keywords- extended mapping; repetition code; EXIT; BICM-
ID; turbo coding; channel capacity; 

I.  INTRODUCTION 
It has long been believed that when designing wireless 

communication system using high order modulation such as 16 
quadrature amplitude modulation (QAM), bit-wise separability 
from a symbol corresponding to the bit patterns allocated to the 
symbol is most important.   Gray mapping is the most widely 
used modulation rule because of the reason described above. 

Recently, a technique called bit interleaved coded 
modulation with iterative decoding (BICM-ID) [1] has been 
proposed, of which transmitter is a concatenation of an encoder 
and bit-to-symbol mapper, separated by an interleaver.  In the 
receiver side, the iterative processing for demapping and 
decoding technique takes place.  This is quite reasonable, 
because BICM-ID systems can be viewed as a serially 
concatenated turbo system, where the inner component is 
mapper and the outer component is the channel code used.  
Therefore, by iterations, bit separability can be enhanced, and 
bit error rate performance, as a whole can be significantly 
improved.  In [2], it is shown that a BICM-ID scheme 
comprised of a combination of a constraint length 2 (K=2) 
convolutional code and 8 amplitude shift keying (ASK) with 
(non-Gray) mapping rule, optimized assuming the availability 
of full a priori information, can achieve near Shannon capacity. 
Since the K=2 (memory 1) convolutional code is a very “weak” 
code, it was rarely used in practical communication systems 
that do not use the iterative detection. In [2], it is shown 
through extrinsic information transfer (EXIT) analysis [3] that 

the reason why such a simple structure can achieve excellent 
performance is because the EXIT functions of those two 
components are well-matched while the tunnel still opens until 
a posteriori mutual information reaches very close to one. 

Another simpler BICM-ID scheme has been proposed in 
[4], where encoder is a concatenation of a single parity check 
code and a repetition code. The coded sequence is interleaved, 
and mapped on to a signal point in the utilized modulation 
format, where so called extended mapping [8] is assumed; with 
extended mapping more than M bits are allocated to one 
constellation point, when 2M-QAM is used.  It is shown that the 
BICM-ID proposed in [4] can also achieve near capacity 
performance even the structure is extremely simple. However, 
since determining the optimal bit patterns allocated to the each 
constellation point for extended mapping that best matches the 
code structure belongs to the combinatorial problem, it is not 
practical to directly apply the Ref. [4]'s technique to higher 
order modulation schemes. 

This paper proposes a new BICM-ID scheme, arithmetic 
mapping BICM-ID, for the systems using higher order 
modulation.  Our proposed technique can also achieve very 
close-capacity performance.  Furthermore, our proposed 
scheme replace the symbol-level extended mapping by bit-
reduction encoding, which can be seen as alternative way of 
mapping multiple patterns to the same constellation point.   
This technique eliminates the likelihood calculations for more 
than 2M patterns, resulting in significant reduction in 
computational complexity.  This paper also proposes the use of 
per-dimension non-Gray ASK to eliminate the difficulty in 
obtaining the optimal allocation pattern, which, as noted above, 
falls into a combinatory optimization problem.   

Results of the EXIT analysis and BER simulation results, 
conducted to verify the effectiveness of the proposed technique 
are presented in this paper.  It is shown in this paper that the 
results are exactly consistent with each other. It is noted that 
this contribution forms a sister paper of another contribution 
[11] made by one of the authors of this paper. 

II. BICM-ID WITH REPETITION CODE 

A. System Model 
In this paper, BICM-ID scheme proposed in [4] is assumed. 

The schematic diagram of Ref [4]’s proposed technique is 
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shown in Fig. 1, but because of the space limitation, this paper 
only provide important properties/observations of the Ref. [4]’s 
technique.   For more details, please see [4].   

Repetition based Encoder Interleaver QAM Mapper

QAM DemapperDeinterleaverDecoder

Interleaver

Channel

Iterative Decoding

IA, DEMIE, DEC

IE, DEMIA, DEC

 
Fig. 1. System Model. 

B. Designing BICM-ID with Repetition Code 
As mentioned above, even a “weak” code can be utilized in 

BICM-ID if the EXIT curves are well matched to that of the 
demapper. The EXIT function of the repetition code is 
expressed as 

 )(1)( 1
, AvAVNDE IJdJII   

where vd denotes the repetition times, )(J  is the function 
introduced in [3] that converts the standard deviation of the log 
likelihood ratio (LLR) to mutual information in AWGN 
channels, )(1J  is its inverse function, and AI  is a priori 
mutual information between the coded bit and the decoder 
input LLR [5], [6]. Fig. 2 shows EXIT curves of repetition 
codes with, as a parameter, several different repetition times, 
referred to as variable node degree vd . It is found that the 
EXIT curves exhibit convex shape with values between the 
mutual information value being 0 and 1, of which tendency is 
common to the variable node degree vd  larger than 2, and the 
higher the repetition time is, the sharper the convexity of the 
shape. 

Optimization of QAM mapping rule for BICM-ID schemes 
are discussed in [2], [7] and [8]. The modulation schemes used 
in these references are non-Gray mappings, of which EXIT 
curves exhibits relatively sharp rising decay so that they are 
matched to the EXIT curve of short memory code decoders. 
This paper however, their decay is not sharp enough in 
convexity to better match the repetition codes.  

Fig. 3 shows EXIT curves of an non-Gray mapped 256-
QAM demepper at SNR=0, 5, 10, 15 and 20dB.  It is found that 
non-Gray mapping, in general, with per-symbol bits allocation 
larger than   two times the channel capacity has its EXIT curve 
exhibiting rising convex shape. In the case of Fig. 3, the 
mapping rule is optimized such that with full a priori 
information, the extrinsic mutual information has the largest 
value. Hence, extrinsic mutual information at the EXIT curve’s 
right most point is increased, while that the left most pint is 
decreased. However, the area below demapper’s EXIT curve is 
equal to averaged constellation constrained capacity (CCC) per 
bit, according to the area property [9]. Thus the number of bits 
assigned to one constellation point is larger than two times the 
channel capacity, EXIT curve becomes convex shape. With 

256-QAM, for example, 8 bits are assigned to one modulation 
symbol while the channel capacities are 1.00, 2.06, 3.46, 5.23 
and 6.66 bits/symbol at SNR=0, 5, 10, 15 and 20 dB, 
respectively. At SNR=0, 5 and 10 dB, number of bits assigned 
to one modulation symbol is larger than two times the capacity. 
As a result, the EXIT curves of 256-QAM optimized with a 
priori information exhibit convex shapes at SNR=10, 5 and 0 
dB, as shown in Fig. 3.  
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Fig. 2. EXIT curves of repetition codes 
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Fig. 3. EXIT curves of a 256-QAM demepper  at SNR=0, 5, 10, 15 and 20dB. 

Ref. [4] introduces two additional techniques to achieve 
flexibility in changing the shape of the EXIT curve; one is 
irregular degree allocation to the variable nodes (=repetition 
times take different values in one frame to be transmitted), and 
the other serial concatenation of the repetition code (inner 
code) and single parity check code (outer code). 

The EXIT function of variable node with irregular degree 
allocation is expressed as 

 
i

ivi

i
Aivivi

AVNDE da

IJdJda
II

,

1
,,

,

)(1
)( ,  

where ia  denotes the number of variable node of which degree 
is ivd , .  

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 305



When the serially concatenating the single parity check 
code as the outer code, parity bits are appended, according to 
the information bits. Afterwards, information bits as well as the 
parity bits are encoded by the repetition code encoder. Fig. 4 
shows effect of single parity check codes, where it is found that 
the right part of the EXIT curve is further shifted to the right.  
On the contrary, it is found from Eq. (2) that irregular degree 
allocation affects the whole portion of the curve.  
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Fig. 4. Effect of single parity check code for repetition code. 
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Fig. 5. Tanner graph of  repetition-based code in [4]. 

The whole decoder structure presented in [4] is show in Fig. 
5. The EXIT function of the decoder is expressed as 

i
ivi

i
iCNDEDECAivivi

DECADECE da

IJIJdJda
II

,

2
,,

12
,

1
,,

,,

)()()1(
)( ,  

where iCNDEI ,,  is the extrinsic mutual information output from 
the check node connected to variable node with degree ivd , , 
and  iCNDEI ,,  is the output of the check node decoder.   It is well 
known that iCNDEI ,, can be approximated by 

 )1(11 ,,
1

,, iCNDAciCNDE IJdJI ,  

where iCNDAI ,,  is a priori information input to the check node 
and cd  is degree of the check node, as described in [5], [6]. If 
each check node is connected uniformly to variable nodes the 
mutual information of the variable nodes decoder output can be 
expressed as 

 
j

j

j
DECAjvj

iCNDA a

IJdJa
I

)( ,
1

,

,, .  

If each check node is connected to only the variable nodes 
having the same degree ivd , , iCNDAI ,,  is expressed as 

 )( ,
1

,,, DECAiviCNDA IJdJI .  

As described above, Ref. [4]’s proposed coding scheme 
enables flexible design of its EXIT curve shape so as to match 
the decoder EXIT curve shape of demapper. Furthermore, local 
iteration in the decoder is not required, because each variable 
node is connected to only one check node. If not, iteration 
between variable nodes and check nodes is necessary, like in 
the LDPC codes. This significantly reduces the computational 
complexity of the decoding process. 

C. Coding rate of the Repetition Code with Single Parity 
Check Code. 
First, one single parity check bit is appended to each set of 
1cd  information bits, and thus the coding rate of the single 

parity check code is cc dd /)1( . Afterwards, ia  bits are 
repeated by repetition encoder with degree ivd , , thus the total 
number of coded bits are 

i
ivida ,  while the number of the bits 

before repetition is 
i

ia . Thus the total coding rate of the 

repetition code with single parity check code, described above, 
is shown as 

 
c

c

i
ivi

i
i

d
d

da

a
1

,

  

III. EXTENDED MAPPING DESIGN 
Even though the coding scheme proposed in [4] provides us 

with a lot of flexibility in designing EXIT curve, we need 
further degrees of freedom in designing the EXIT curve for the 
QAM mapping rule so that demapper and decoder EXIT curves 
have exact matching. To achieve this goal, QAM with per-
symbol bit number larger than twice the channel capacity, 
optimized with full a priori information, provides us with a 
good solution.   This section proposes a new, but very simple 
coding scheme that can provides further design flexibility. 

A. Demapping Operations 
If an M bit pattern ( 110 ,,, Mbbb K ) is mapped onto one of 

the M2  constellation points ( 1210 ,,, Mccc K ), the extrinsic LLR 
of the coded bit, output from the demapper, can be calculate as 

 
1)(|

0)(|

)1|()|(

)0|()|(
log)(

ikk

ikk

bcc
ikk

bcc
ikk

ie bcpcxp

bcpcxp
bL   

for the bit ib , where x  is the received sampled value of the 
symbol.  The probability density function (pdf) of x  is given 
by 

 )
2

exp(
2
1)|( 2

2
k

k

cx
cxp   
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in additive white Gaussian noise (AWGN) channel with a noise 
variance 2  and 

 
ij ja

jajk
ik bL

bLbc
bbcp

)(exp1
)()(exp

)|( ,  

where )( jk bc  is the j-th bit value (0 or 1) on the constellation 
point kc  and )( ja bL  is the a priori LLR of the bit jb . Eq. (8) 
can be simplified to 

)(

)()(
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In practice, the demapper has to calculate 

 
j

jajk
k bLbc

cx
)()(

2 2

2

  

for every kc  first, then  )( ie bL  using (11). This means that the 
complexity of demapper is in exponential order of number of 
bits assigned to one modulation symbol. Though this is 
common to any BICM-ID schemes, the BICM-ID with 
repetition code is even more complex because it requires larger 
number of bits assigned to modulation symbol. While it does 
not affect much at low SNR, it is computationally expensive at 
relatively high SNR. If SNR is 20dB, for example, 12~16 bits 
have to be allocated to one symbol because the capacity is 
more than 6 bits/symbol. Thus, demapper have to calculate the 
values of (12) 4096~65536 (212~216) times per each symbol, 
which may impose unacceptable computational burden for 
practical applications.  The complexity problem due to exp() 
and log() in (11) may well be avoided by the Max-Log-Map 
algorithm, but that for (12) still can not be avoided. 

B. Extended Mapping 
In [8], a mapping technique, “Extended Mapping,” is 

introduced, where the number of bits mapped to each 
constellation point is larger than M, withthe modulation having 
2M signal points. The bit patterns allocated to one symbol is 
determined such that the demapper EXIT function has a 
preferable shape. Ref. [4] presents a BICM-ID technique with 
extended mapping only with 4-QAM modulation. In this paper, 
it is shown that using extended mapping, BICM-ID can 
perform well even if the number of constellation size is larger. 
Fig. 6 compares EXIT curves of 256-QAM with extended 16-
QAM having 8 bits per one symbol. Both are optimized such 
that with full a priori information, the extrinsic mutual 
information takes the largest value. It is found that both curves 
are almost the same at SNR=7dB. This is because the number 
of constellation points 16 (=24) is enough to deliver ~2.6 
bits/symbol, which is the channel capacity at SNR=7dB. 
Therefore, extended mapping is a good choice because with if 
extended mapping, the total number of the first terms of (12) is 
reduced. However, the second terms are still unchanged. 
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Fig. 6. Comparison of EXIT curves of a 256-QAM and of an extended 16-

QAM (lmap=8) demapper (SNR=7dB) 

C. Arithmetic Extended Mapping 
To reduce the complexity due to the second term of (12), 

we proposed a novel extended mapping technique, named 
“Arithmetic Extended Mapping.” Our proposed scheme further 
extends the mapping rule according to an “arithmetical” rule. 
First, the number of bits to be mapped on to a symbol is 
reduced by a set of check node encoders, referred to as “bit-
reduction encoder” in this paper. The purpose of the “bit-
reduction encoding” is to reduce the number of the bits to be 
mapped onto one symbol to the number which standard (i.e. 
not extended) mapping rule allocates to each symbol. An 
example of bit-reduction encoder is shown in Fig. 7, where the 
symbol boxed-plus denotes check sum (exclusive-OR) 
operation. Eight bits (b0, b1,..., b7) are input to the bit-reduction 
encoder and four bits (m0, m1,..., m3) are output. Afterwards, the 
bits (m0, m1,..., m3) are mapped onto one 16-QAM symbol by 
the normal (non-extended) mapping rule. With this operation, 
still 8 bits (b0, b1,..., b7) can be transmitted using only 16 
combinations, with help of a priori information at the receiver. 
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+
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+m3
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Fig. 7. Exmample of bit-reduction encoder. 

In the receiver, first the demapper calculates from the 
received symbol with no a priori information the extrinsic 
information for the bits (m0, m1,..., m3). The extrinsic 
information of (b0, b1,..., b7) is then calculated using extrinsic 
information for the bits (m0, m1,..., m3) provided by the bit-
reduction decoder, as 
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which is exactly the same operation as a check node decoder of 
the LDPC codes. For example, the extrinsic output for b0 in Fig. 
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7 can be calculated by (13), using extrinsic LLR for m0 from 
the demapper and a priori information for b1 and b2. In 
decoding, the a priori information from the decoder of the 
outer code (=Ref. [4]’s proposed structure), which is provided 
via the interleaver, is used by the check node decoder to update 
the LLR, according to (13). The output of the check node 
decoder is input to demapper as a priori information. The 
demapper calculates the updated extrinsic information using 
the a priori information from the check node decoders using 
(11) and (12). 

It should be noted here that for any codeword, bit bi should 
not affect more than one modulation bit mj in the bit-reduction 
encoder. This is because (13) is correct only if the all inputs to 
the check node decoder are considered as independent. 
Because the outputs of the QAM demapper corresponding to 
the identical received signal are not independent, another 
interleaver should be placed between QAM demappers and 
check node decoders, similarly to the MIMO case, as shown in 
[5]. This requires local iterations to be performed, which 
increases computational complexity. 

In the proposed scheme, the computational complexity of 
the demapper is reduced significantly because the number of 
the second term in (12) is not affected by the length extension 
for mapping.   The number of constellation points should be 
only necessary enough to achieve near Shannon capacity 
performance. The convexity of the EXIT curve can be realized 
by bit-reduction encoder, as well as the QAM mapping rule. In 
other words, the shape of EXIT curve can be designed by both 
mapping rule of the modulator and check node degree 
allocations in the bit-reduction encoder.  

Though the flexibility of design of the proposed scheme is 
less than the extended mapping introduced in [8], still it 
preserves large degrees-of-freedom in flexibly changing the 
shape of the EXIT curve so that it is better-matched to the 
EXIT curve of the repetition code, as described later. 

The computational complexity of the demapping can 
further be greatly reduced if the mapping is performed 
independently in-phase and quadrature dimensions. In Fig. 8, 
two 8-bit codewords (each denoted by b0, b1, ..., b7 and b8, 
b9, ..., b15) are reduce to two 4-bits (m0, m1,..., m3) codewords, 
respectively by the bit-reduction encoder described above. The 
each 4-bits codeword is mapped on to a non-Gray 16-ASK 
modulation, independently between in-phase and quadrature 
dimensions (I-ch and Q-ch, respectively), which are then 
combined into a complex I+jQ symbol. This technique is very 
suitable especially when high order modulation is required at a 
relatively large SNR range, say, SNR=20dB. This is because 
the complexity for demaping of 256-QAM may still be too 
large for practical use. Therefore, splitting the complex 
modulation into two one-dimensional modulation is very 
effective in reducing the complexity.  In this case, the 
calculation of (12) for only 32 points (16 points for each 16-
ASK demapper) is needed, and the processing for check node 
decoder is easy even if 16 bits are mapped onto one modulation 
symbol. The complexity is extremely low and it is no longer 
“exponential order” of the modulation multiplicity. 
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Fig. 8. Arithmetic extended mapping 256-QAM (l=16) 

D. Designing Arithmetic Extended Mapping 
Even with the simplified scheme shown in Fig. 8, our 

proposed arithmetic extended mapper still has enough 
flexibility to the EXIT curve shape so that it is well-matched to 
the repetition code. We also preserve the flexibility in 
determining the degree allocation of check nodes in bit-
reduction encoder as well as mapping rule of ASK (or QAM). 
The extrinsic information from the decoder for arithmetic 
extended mapper, without a priori information, is expressed as 
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where )0(, imEI  and  icd ,  denotes the extrinsic output of the non-
Gray demapper without a priori information, and the degree of 
a check node connected to the modulation bit mi. The extrinsic 
information )0(, imEI  of the bit mi, to which the degree of the 
check node connected is more than 1, does not affect the 
extrinsic information output from arithmetic extended 
demapper without a priori information; this is because the 
check node decoder output is zero if one of its inputs is zero, as 
shown in (13). This means at least one check node has to have 
degrees dc=1, as shown in Fig. 7. Otherwise, the demapper 
cannot extract any information from received signal at the first 
iteration. The less number of check node decoders with dc=1, 
the less extrinsic information at the left most point. Moreover, 
the smaller the )0(, imEI  values for check node decoders with 
dc=1, the less extrinsic information at the left most point. 

However, on the contrary, the extrinsic information with 
full a priori information from the arithmetic extended 
demapper is described as 
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where )1(, imEI  is the extrinsic output of the non-Gray demapper 
with full a priori information. The outputs of non-Gray 
demapper are weighted by icd ,  in (15). This means that the 
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extrinsic information at the right most point gets larger if the 
check node decoder having higher degrees, is connected to the 
modulation bit mi of which extrinsic output )1(, imEI  from non-
Gray demapper is larger. Thus, to maximize the extrinsic 
output with full a priori information, maximum allowed 
number of the check node degree has to be assigned to, at least, 
one modulation bit, and check node degrees=1 is assigned to 
the others. Then, optimization of mapping rule, which 
maximizes (15), is completed. Any results of the optimization 
directly conducted to the extended mapping in [8], are 
supposed to be equivalent to the result of the optimization 
above, if the optimization is perfectly performed for 
maximizing extrinsic output. This optimization can be 
performed by using binary switching algorithm (BSA) 
introduced in [10]. BSA often stacks on local maximums 
especially in the case of the total number of bits assigned is 
large. However, optimization of mapping rule of non-Gray 
mapping for arithmetic extended mapping rarely stacks on 
local maxima because the number of bits of the non-Gray 
mapping is smaller than that of extended mapping. Moreover, 
optimization of the arithmetic extended mapping using BSA 
converges in much less steps than direct optimization for 
extended mapping.  

Fig. 9 shows an example of the result of the optimization. 
The optimization with weights of dc,i={5, 1, 1, 1} and dc,i={3, 2, 
2, 1} using BSA result in the same mapping rule shown in Fig. 
9. EXIT curves of the arithmetic extended mapping, which is a 
combination of non-Gray 16-ASK shown in Fig. 9 and the bit-
reduction encoders with check node degree of dc,i={5, 1, 1, 1} 
and dc,i={3, 2, 2, 1}, are shown in Fig. 10 and Fig. 11, at 
SNR=15dB and 5dB, respectively. It is found that the extrinsic 
outputs without a priori information (at left most point) are 
reduced, while they are increased with full a priori information 
(at right most point), compared with that of the demapper itself 
for 16-ASK shown in Fig. 9. It is also found that the bit-
reduction encoder with check node degrees allocation of {3, 2, 
2, 1} is better matched with the EXIT curves of the repetition 
code at SNR=15dB, while {5, 1, 1, 1} is slightly better at 
SNR=5dB. As mentioned above, the result with dc,i={5, 1, 1, 
1} is supposed to maximize the extrinsic output with full a 
priori information. However, it is not always the best solution 
for the BICM-ID with the repetition code. In the case the 
output at right most point is high enough, it is better to reduce 
the left most hand, as shown in Fig. 10. Thus, we choose the 
degree allocation of dc,i={3, 2, 2, 1} with non-Gray 16-ASK 
presented in Fig. 9 as an example in evaluations hereafter. The 
EXIT curves of the demapper for Fig. 8 with non-Gray 16-
ASK mapping in Fig. 9 at several SNR points are shown in Fig. 
12. It is shown that the EXIT curves exhibit rising convex 
shapes in a wide range of SNR. The demapper EXIT curve can 
be designed more flexibly using modulation doping technique 
proposed in our sister paper [11]. 

0000 0111 1110 10110011 1100 1001 10101111 0101 0110 11010100 0001 0010 1000

(m0, m1, m2, m3)

 
Fig. 9. Base Mapping (Optimized non-Gray 16-ASK) 

IA, DEM

I E
, D

EM

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

16ASK

16ASK with dc={3,2,2,1}

16ASK with dc={5,1,1,1}

 
Fig. 10. EXIT curve of arithmetic extended mapping at SNR=15dB 
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Fig. 11. EXIT curve of arithmetic extended mapping at SNR=5dB 
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Fig. 12. EXIT curves of a demapper of proposed mapping  at SNR=0, 5, 10, 15 

and 20dB. 

E. Design Example of the Repetition Codes for proposed 
mappings 
A block diagram of the whole structure of the proposed 

BICM-ID scheme is shown in Fig. 13. The multiplexers/ 
demultiplexers for I-ch and Q-ch in Fig. 8 are not shown 
explicitly. The code design example for each SNR in Fig. 12 
are listed in TABLE I. The EXIT curves of the codes, listed in 
TABLE I, are calculated using (3). Their shapes are well-
matched to that of the demapper in Fig. 12 at SNR=20, 15, 10, 
5 and 0dB as shown in Fig. 14~Fig. 18 respectively. The 
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combination of the arithmetic extended mapping, proposed in 
this paper, and repetition code with single parity check code, 
proposed in [4], is expected to perform near Shannon capacity 
performance, because the gap between EXIT curves of the 
decoder and demapper, which corresponds to the rate loss, is 
extremely small, as shown in Fig. 14~Fig. 18. The rate loss can 
not be reduced anymore, especially at SNR=15dB and 10dB. 
This means the bit rates achieved by the proposed BICM-ID 
almost reach the CCC of the QAM constellation. 

Variable Node
dv = dv1, dv2, …

+
Check Node

dc = dc0

+

Extended Demapper Interleaver

Check Node
Decoder

Check Node
Decoder

Check Node
Decoder

l=8M=4

Demapper
16ASK

Demapper
16ASK

Demapper
16ASK  

Fig. 13. Proposed BICM-ID scheme using arithmetic extended mapping. 

TABLE I. CODE DESIGN EXAMPLES 

Code design 
Code Type 

Variable node degrees Check node degree Coding rate 
I dv1=11 (93 %), dv2=100 (7 %) dc=8 0.0508 
II dv1=5 (93 %), dv2=50 (7 %), dv3=100 (0.1 %) dc=32 0.1175 
III dv1=3 (87 %), dv2=15 (13 %), dv3=80 (0.6 %) dc=512 0.1992 
IV dv1=2 (44 %), dv2=3 (35 %), dv3=5 (14 %), dv4=12 (7 %) dc=512 0.2876 
V dv1=2 (55 %), dv2=3 (33 %), dv3=5 (12 %) dc=1024 0.3714 
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Fig. 14. EXIT chart of proposed mapping with the 

Code V (SNR=20dB) 
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Fig. 15. EXIT chart of proposed mapping with the 

Code IV (SNR=15dB) 
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Fig. 16. EXIT chart of proposed mapping with the 

Code III (SNR=10dB) 
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Fig. 17. EXIT chart of proposed mapping with the 

Code II (SNR=5dB) 
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Fig. 18. EXIT chart of proposed mapping with the 

Code I (SNR=0dB) 
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Fig. 19. Exemplifying trajectory of the proposed 

BICM-ID 

IV. CHAIN SIMULATION RESULTS 
A series of chain simulations assuming the conditions 

summarized in TABLE II were conducted. The block size of 

about 5000 information bits is chosen in the simulations for 
practicality. The codes listed in TABLE I are used, which are 
designed to match the arithmetic extended mapping shown in 
Fig. 8 with non-Gray 16-ASK mapping presented in Fig. 9 at 
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SNR=0, 5, 10, 15 and 20dB. An example of the snapshot 
trajectory on EXIT chart is shown in Fig. 19, together with its 
corresponding EXIT chart. Since the code IV is designed at 
SNR=15dB, narrow tunnel is constantly open between the 
mutual information 0 to almost 1 at SNR=16dB. The trajectory 
shown in Fig. 19 is very well matched with the EXIT curves. 
Fig. 20 shows the BER simulation results. Sharp turbo cliffs 
appear at the targeted SNRs. If the code size is larger, the turbo 
cliffs will be even shaper. It is also shown that BER floor at 
below 10-3 appears with code I and II, which are caused only 
by the intersection points of EXIT curves, because there are no 
cycles in the decoder. The BER floor can be reduced by 
redesigning the mapping rule since the mapper used in this 
simulation is designed to match at relatively high SNRs, thus 
the gaps between EXIT curves at SNR=0dB around right most 
point is lager than with higher SNRs, as shown in Fig. 18. If an 
arithmetic extended mapper with less number of bits assigned 
is used, the curves should be better-matched with repetition 
codes at low SNRs, say, SNR=0 and 5dB. Although proposed 
BICM-ID scheme has BER floor more or less due to the 
intersection point in EXIT chart, it can be designed so as to 
reduce the floor to a smaller level than the values allowed 
practically, using both flexibilities of the repetition code and 
the mapping scheme. This is one of the significant 
advantageous points of the proposed BICM-ID scheme. 

The bit rates achieved by the proposed BICM-ID are 
shown in Fig. 21, as well as the bit rates achieved by the 
BICM-IDs presented in [2], [7] and [8] with “plus”, “cross” 
and “triangle” marks, respectively. Fig. 21 shows that our 
proposed BICM-ID outperforms the other BICM-ID schemes, 
even with its extremely simple structure. 

TABLE II. SIMULATION CONDITIONS 

Item Values 

Number of 
Information bits 

about 5000 bits 
(Minimum multiple of dc-1, which is 

greater than or equal to 5000) 

Modulation Arithmetic Extended Mapping of Fig. 8 
with 16-ASK in Fig. 9. 

Coding Code I, II, III, IV and V in TABLE I. 
Interleaver Random interleaver 

Data Random binaries 
Channel AWGN 

Number of Iterations 100 
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Fig. 20. Bit error rates simulation resuts of the proposed BICM-ID scheme. 
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Fig. 21. Bit rates achieved by the proposed BICM-ID 

V. CONCLUSION 
A novel mapping technique, named arithmetic extended 

mapping, has been proposed for BICM-ID with repetition 
codes and their modifications. The computational complexity 
in the demapper can be reduced significantly using proposed 
extended mapper. Performance of proposed BICM-ID scheme 
has been verified both by EXIT analysis and BER simulations. 
The results show that the proposed BICM-ID can achieve 
almost 90% of channel capacity even at relatively high SNRs. 
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Abstract—A new BICM-ID technique that makes efficient use of a 
mixture of standard Gray and anti-Gray extended mapping, 
combined with irregular degree-allocated repetition code with 
check nodes. It is shown that with the proposed technique, very 
low rate codes that can achieve turbo cliff at a very low Es/N0 value 
range can well be designed, and that the EXIT chart analysis and 
chain simulation results are exactly consistent with each other.   

Index terms - extended mapping; repetition code; irregular 
node allocation; EXIT analysis; turbo cliff; capacity; 

I. INTRODUCTION 
In Bit-Interleaved Coded Modulation with Iterative 

Detection/Decoding (BICM-ID) [1], transmitter is comprised 
of a concatenation of encoder and bit-to-symbol mapper 
separated by a bit interleaver, and at the receiver, iterative 
processing is invoked, according to the standard turbo 
principle.  

Performances of BICM-ID have to be evaluated by the 
convergence and asymptotic properties [2], which are 
represented by the threshold signal-to-noise power ratio 
(SNR) and bit error rate (BER) floor, respectively. In 
principle, since BICM-ID is a serially concatenated system, 
analyzing its performances can rely on the area property [3] 
of the extrinsic information transfer (EXIT) chart. Therefore, 
the transmission link design based on BICM-ID falls into the 
issue of matching between the demapper and decoder EXIT 
curves. Various efforts have been made in the seek of better 
matching between the two curves for minimizing the gap 
while still keeping the tunnel open, aiming, without requiring 
heavy detection/decoding complexity, at achieving lower 
threshold SNR and BER floor. Reference [4] introduces a 
technique that makes good matching between the detector 
and decoder EXIT curves using low density parity check 
(LDPC) code in multiple input multiple output (MIMO) 
spatial multiplexing systems. 

It has been believed that a combination of Gray mapping 
and Turbo or LDPC codes achieves the best performance 
comparing with other combinations for BICM-ID. However, 
Ref. [5] proposes another approach towards achieving good 
matching between the two curves by introducing different 
mapping rules, such as anti-Gray mapping, which allows the 
use of even simpler codes, such as convolutional codes, and 
with which still it is possible to achieve BER pinch-off 
(corresponding to the threshold SNR). Another good idea 

that can provide us with design flexibility is extended 
mapping (EM) presented by [6], [7], [8] where with 2m-
QAM, more than m bits, lmap, are allocated to one signal 
point in the constellation. With this mapping rule, the left-
most (LM) point of the demapper EXIT function has a lower 
value than with the Gray mapping, but the right-most (RM) 
point becomes higher. With this setting, the demapper EXIT 
function achieves better matching with even weaker codes 
such as small memory length convolution codes, and of the 
most practical importance is the fact that hardware 
complexity of the modulator and demodulator remains the 
same as that with the original 2m- QAM. 

In Ref [9], we proposed techniques that combine EM 
with an extremely simple code, repetition code, concatenated 
with single parity check code with irregular degree allocation. 
Even with this very simple combination, the EXIT curves of 
the demapper and decoder match well, and we can achieve 
BER pinch-off exactly at a designed SNR. The complexity 
for the Ref [9]’s proposed technique is extremely low, 
because EM does not require higher order modulation format 
and no iterations are needed in the decoder itself. Even with 
such simple structure, near-capacity performance can be 
achieved [9]. 

However, this technique is not suitable in designing 
BICM-ID with low rate codes that achieve BER pinch-off at 
very low SNR. This is because the LM point of the 
demapper EXIT function, corresponding to decoder feedback 
mutual information MI=0, is already very low, and there is 
not enough room to further lower the EXIT LM point while 
avoiding the intersection between the demapper and decoder 
curves. To solve this problem, this paper introduces 
modulation doping technique which mixes the labeling rules 
(=bit patterns allocated to each constellation point) for the 
extended anti-Gray mapping and the standard Gray mapping, 
at a certain ratio. Since the demapper EXIT function with 
Gray mapping is relatively flat, its LM point has the higher 
MI value than EM mapping rules. Therefore, with 
modulation doping the demapper EXIT LM point is lifted up 
from that without doping, and the amount depends on the 
doping ratio. 

With the modulation doping technique combined with 
repetition coded EM BICM-ID with irregular degree 
allocation, we can achieve more degrees-of-freedom in 
choosing the parameter values so that we can achieve better 
matching between the demapper and decoder EXIT curves. 

This work was supported  by the Japanese government funding program, 
Grant-in-Aid for Scientific Research (B), No. 20360168.. 
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The paper is organized as follows. The system model is 
described in Section II. The basic structures of the technique 
presented by [9] are summarized in Section II; The structures 
introduced in [9] has three forms; (A) is comprised of only 
EM and repetition code, (B) comprised of variable and check 
nodes with regular degree allocation, and (C) comprised of 
EM BICM-ID with irregular degree allocation. The notations, 
(A), (B), and (C), are commonly used to describe Sub-
section Indexes in this paper to identify the structures. Their 
convergence performances are evaluated in Section III using 
EXIT chart, and chain simulation results are shown in 
Section IV. Section V further extends the structures 
described in Section III to the case where modulation doing 
is combined. Results of the EXIT analysis and BER 
simulations are presented to verify the advantageous points 
of the combined use of EM and modulation doping. It is 
shown that the EXIT analysis and BER results are exactly 
consistent each other even with such low rate code cases 
where BER threshold happens at very low SNR range.  
Finally Section VI concludes this paper.  

 
Fig. 2. System model 

 
Fig. 1. Extended mapping 4-QAM lmap=3 and lmap=5, optimized with a priori 

information 

II. SYSTEM MODEL WITHOUT DOPING 
A schematic diagram of the BICM-ID system is shown in 

Fig. 1.  

Transmitter 
The binary bit information sequence u to be transmitted 

is encoded by (A) a simple repetition code, (B) a single 
parity check code where a single parity bit is added to every 
dc-1 information bits, followed by a repetition code. dc is 
referred to as check node degree. The structure (C) is the 
same as (B), but the repetition times dv, referred to as 
variable node degree, take different values in one whole 
block (transmission frame); if dv takes several different 
values in a block, such code is referred to as having irregular 
degree allocation. It is assumed that throughout the paper dc 
takes only one identical value as in [4].  

The coded bit sequence, encoded by the encoder (A), (B), 
or (C), is first bit-interleaved, segmented into lmap–bit 
segments, and then the each segment is mapped on to one of 
the 2m constellation points for modulation. Since lmap>m with 
the EM technique, more than one labels having different bit 
patterns in the segment are mapped on to each constellation 
point. However, there are many possible combinations of bit 
patterns to be allocated to the constellation points. This paper 
uses the labels assigned to the each constellation point, 
obtained by [7], so that, with full a priori information, the 
mutual information (MI) between the coded bit and the 
demapper output extrinsic LLR at the right most point of the 
demapper EXIT curve is maximized. Fig. 2 shows the 
optimal labeling for 4-QAM with lmap=3 and 5. The 
complex-valued signal modulated according to the mapping 
rule, referred to as Ψ, is finally transmitted to the wireless 
channel.  

 Channel 
This paper assumes frequency flat block fading additive 

white Gaussian noise (AWGN) channel. If the channel 
exhibits frequency selectivity due to the multipath 
propagation, the receiver needs an equalizer to eliminate the 

inter-symbol interference. However, combining the 
technique presented in this paper with the turbo equalization 
framework [10]-[13] is rather straightforward. 

It is assumed that transmission chain is properly 
normalized so that the received symbol energy-to-noise 
power spectral density ratio Es/N0= 1/ ; with this 
normalization, we can properly delete the channel complex 
gain term from the mathematical expression of the channel. 
The discrete time description of the received signal y(k)  is 
then expressed by 

2
nσ

y(k)=x(k)+n(k),                                      (1) 

where, with k being the symbol timing index, x(k) is the 
transmitted modulated signal with unit power, and n(k) the 
zero mean complex AWGN component with variance  
(i.e., <|x(k)|

2
nσ

2>=1, <n(k)>=0, and <|n(k)|2>= ). 2
nσ

 Receiver 
At the receiver side, the iterative processing is invoked, 

where extrinsic information is exchanged between the 
demapper and decoder. The extrinsic LLRs calculated by 
soft input soft output (SISO) decoding/demapping are fed 
back and used for demapping/decoding as a priori LLR; the 
iteration continues until no more relevant gains in extrinsic 
MI can be achieved [14]; when such convergence point is 
reached, binary decisions are made on the information bits 
based on the a posteriori LLR at the variable node. Therefore, 
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the larger the MI at the convergence point, the lower the 
BER floor, which is depending on the matching between the 
encoder and the mapping rule.  

Fig. 3. Structures of the decoders 

The demapper calculates from the received signal point 
y(k), corrupted by AWGN, the extrinsic LLR of the µth bit in 
the symbol transmitted at the kth symbol timing, by 

.
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where s denotes a signal point in the constellation, S

(2) 

0(S1) 
indicates the set of the labels having the µth bit being 0(1), 
and La(bv(s)) the a priori LLR fed back from the decoder 
corresponding to the vth position in the label allocated to the 
signal point s. 

A. Repetition Coded EM BICM-ID 
Fig. 3 (A) shows a block diagram of the decoder with the 

structure (A). The dv bits constituting one segment, output 
from the de-interleaver, are connected to one variable node, 
where the a priori LLR to be updated is calculated by 
summing up the (dv-1) LLRs, as 

∑
≠=

=
vd

jii
iaje LL

,1
,,  ,                                  (3) 

to produce the extrinsic LLR for the jth bit in the segment. 
This process is performed for all the other bits in the same 
segment as well as for all the other segments independently 
in the frame. Finally, the updated extrinsic LLRs are 
interleaved, and fed back to the demapper. With the a priori 
LLRs provided in the form of the decoder’s output extrinsic 
LLR, demapper again performs the processing of Eq. (2) to 
update the demapper output extrinsic LLRs. This process is 
repeated. Obviously, the rate of this code is 1/dv, and the 
spectrum efficiency is lmap/dv bits per symbol.  

B. Repetition Coded EM BICM-ID with Check Nodes 
Fig. 3 (B) shows a block diagram of the decoder with the 

structure (B). The dv bits constituting one segment, output 
from the de-interleaver, are connected to a variable node, and 
dc variable nodes are further segmented and connected to a 
check node decoder; those demapper output bits in one 
segment, connected to the same variable node decoder, are 
not overlapping with other segments, and so is the case of the 
variable node segmentation. Therefore, no iterations in the 
decoder are required. The extrinsic LLR update for a bit at 
the check node is exactly the same as the check node 
operation in the LDPC codes, as 

□+ La,cnd,i∑
≠=

=
cd

kii
kcndeL

,1
,,            ,                              (4) 

where ∑□+  indicates the box-sum operator [15]. 

The extrinsic LLR, calculated by the check node decoder, 
is fed back to its connected variable node decoder, where it is 
further combined with (dv-1) apriori LLRs forwarded from 
the demapper via the de-interleaver, as 

∑
≠=

+=
vd

jii
iakcndeje LLL

,1
,,,,  .                            (5) 

This process is performed for the other bits in the same 
segment, and also for all the other segments independently in 
the same transmission block. Finally, the updated extrinsic 
LLRs obtained at the each variable node are interleaved, and 
fed back to the demapper. With the a priori LLRs provided 
in the form of decoder’s output extrinsic LLR, demapper 
again performs the processing of (2) to update the demapper 
output extrinsic LLRs. This process is repeated. The rate of 
this code is )/()1( vcc ddd ⋅− , and the spectrum efficiency is 

)/()1( vccmap dddl ⋅−⋅  bits per symbol.  

C. Irregular Degree Allocations 
Fig. 3 (C) shows a block diagram of the decoder with the 

structure (C). The segment-wise structure of (C) is exactly 
the same as that of (B), but the variable node degrees dv,i may 
have different values segment-by-segment. The equations for 
the LLR update are also the same as that for (B), but the 
calculations have to reflect different values dv,i of the variable 
node degrees. The rate of the code is (dc-1)/(dc·∑ai·dv,i), and 
the spectrum efficiency is lmap·(dc-1)/(dc·∑ai·dv,i) bits per 
symbol, where ai represents the ratio of variable nodes 
having degree dv,i in a block.  

III. DESIGN BASED ON EXIT CHART 
Fig. 4 shows EXIT curves for 4-QAM demappers with 

lmap as a parameter, where the labels were determined so that 
the EXIT curve has the largest decay. Also, the EXIT curve 
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with Gray mapping is presented in the figure. It is found that 
the Gray mapping has a completely flat EXIT curve, while 
anti-Gray mapping has a decay. With lmap=m, since mapping 
rule does not change the constellation constraint capacity 
(CCC), the area under the EXIT curves has to stay almost the 
same so far as the same modulation is used (m=constant). 
With EM, the left most point is further decreased, and the 
right most point increased. However, the area under the 
curve is smaller than without EM, because even with lmap>m, 
still the spectrum efficiency of the modulation itself stays the 
same (=m).  

Fig. 4. EXIT chart: 4-QAM extended mapping lmap=2,…,5 combined 
with repetition code dv=2,…,5 

(A) Repetition Code 
With the Gaussian assumption for the LLR distribution, 

the EXIT function of the repetition code is given by  

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ ⋅−= − 2

,
1

, 1 vavve IJdJI .                        (6) 

where Ia,v is the variable node input a priori MI and Ie,v is its 
output extrinsic MI. J() and J-1() are the functions that 
convert the square-root variance σ of LLR to its 
corresponding MI, and its inverse, respectively [2]. 
Obviously, (6) is corresponding to (3) for LLR update, with 
which Ia,v= Ie,dem with Ie, dem being the demapper output 
extrinsic MI.  

 
Fig. 5. EXIT chart: 4-QAM EM lmap=5 combined with 3 kinds of 

repetition code due to structures (A), (B) and (C)

(B) Repetition Code with Check Node 
The check node EXIT function can be approximated by 

[16] 

( )( )cndaccnde IJdJI ,
1

, 111 −⋅−−= − ,                   (7) 

where 

( ) ⎟
⎠
⎞⎜

⎝
⎛ ⋅= − 2

,
1

, decavcnda IJdJI .                        (8) 

The EXIT function of the whole decoder comprised of the 
variable and check node decoders can be calculated by 
combining Eq. (6) and (7) [4], as  

( ) ( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ +⋅−= −− 2

,
12

,
1

, 1 cndedecavdece IJIJdJI ,          (9) 

with Ia,dec= Ie,dem.  

(C) Irregular Repetition Code with Check Node 
The EXIT function of the whole decoder with the 

structure (C) can be obtained by weighting the segment-wise 
EXIT functions given by (9), by ai corresponding to their 
distributions, as 

( ) ( ) ( )

∑
∑

⋅

⎟
⎠
⎞⎜

⎝
⎛ +⋅−⋅⋅

=

−−

i
ivi

i
cndedecaivivi

dece da

IJIJdJda
I

,

2
,

12
,

1
,,

,

1
.   

(10) 

Hence, the shape of the combined code EXIT function can 
be flexibly controlled so that better matching between 
demapper and decoder curves can be achieved. 

Fig. 5 shows EXIT functions of the decoders (A), (B), 
and (C) for the degree allocations presented in the box in the 

figure, where the code rates are 1, 0.99, and 1.29, 
respectively. It is found by comparing Figs. 4 and 5 that the 
EXIT functions of EM and the repetition code with check 
nodes can be well matched by changing the degree 
allocations ai, by which we can expect sharp turbo cliff to 
happen at their corresponding threshold Es/N0, even though 
the structures of (A), (B), and (C) are very simple and easy to 
implement. 

IV. NUMERICAL RESULTS 
A series of simulations was conducted with enough 

number of bits transmitted to verify the advantageous 
characteristics of the techniques proposed. As described 
above, the EM technique does not change the CCC, and 
therefore the capability of achieving near capacity 
performance even with the very simple structure, which is 
the most significant advantage of the proposed technique, is 
mostly in a low Es/N0 value range (or equivalently low rate 
code case). If the CCC is much lower than the Gaussian 
capacity at the system’s operation Es/N0 point, no significant 
merit can be expected, and obviously larger modulation 
format should be used in such case. 
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Fig. 7. BER curves optimized by irregular repetition code 

 
Fig. 6. EXIT chart: 4-QAM EM lmap=5 combined with repetition code dv=5 

With irregular degree allocation of (C), as shown by Fig. 
6, the trajectory sneaks through the narrowly tiny open 
tunnel, and finally reaches the intersection point.  With the 
structure (A), the adjustable parameters are only lmap and dv. 
We therefore have introduced the check node in (B), and 
furthermore, irregular degree allocation in (C), both to (A). 
Two BER curves with lmap=5 EM 4-QAM with structure (C) 
are shown in Fig. 7, together with lmap=5 EM 4-QAM and 
dv=5 to demonstrate the design flexibility. The degree 
allocations are shown under the figure caption. In fact, the 
allocation parameters for the rate 1.29 code, of which BER is 
indicated by “o” in the figure, are exactly the same as that 
shown in Fig. 5 for (C) with Es/N0=3.1dB. It is found that the 
EXIT and BER curves, presented in Figs. 5 and 8, are 
exactly consistent with each other (at Es/N0=3.1dB, EXIT 
tunnel opens and BER turbo cliff happens). These 
observations indicate that with the design flexibility made 
available by introducing the irregular structure, we can 
flexibly control the threshold Es/N0 and the error floor. 
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(non extended) 
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Fig. 8. Block Diagram of Modulation Doping 

V. MODULATION DOPING 
The technique described above is flexible in making 

good matching between the demapper and decoder EXIT 
curves, but is not suitable in designing BICM-ID with very 
low rate codes that achieve the BER pinch-off at very low 
SNR. This is because the LM point of the demapper EXIT 
function, corresponding to decoder feedback mutual 
information MI=0, is already very low, and there is not 
enough room to further lower the EXIT LM point while 
avoiding the intersection between the demapper and decoder 
curves. To solve this problem, this paper applies the idea of 
mixing modulation symbols having different labeling rules  
for the extended anti-Gray mapping and the standard Gray 
mapping, at a certain ratio. Since the demapper EXIT 
function with Gray mapping is relatively flat, its LM point 
has the higher MI value than EM mapping rules. Therefore, 
with modulation doping the demapper EXIT LM point is 
lifted up from that without doping, and the amount depends 
on the doping ratio. 

 

 

With EM, more than one labels having different bit 
patterns in the segment are mapped on to each constellation 
point (lmap>m), while without mapping extension, such as 
standard Gray mapping, only one bit pattern in the segment 
is mapped on to each constellation point (lmap=m). Fig. 8 
shows a block diagram of the modulation doping system.  
The spectrum efficiency of the system then becomes 

{ } cmap Rldmd •−+•= )1(η , where d and (1-d) are the 
ratios of the symbols with doped (standard) mapping and 
extended mappings, respectively, in a transmission frame. Rc 
is the code rate, given by Rc=(dc-1)/(dc·∑ai·dv,i), where ai is 
the ratio of the variable node having degree dv,i.  It has been 
assumed that the interleaver is long and random enough so 
that the repetition encoder output bits are uniformly spread 
over the whole transmission frame.  

Fig. 9 shows EXIT curves of some representative design 
examples using EM 4QAM with lmap=5: Their corresponding 
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Table 1. Degree allocations of the codes shown in Fig. 9 
 

 Es/N0 
(dB) 

dv1, 
a1

dv2, 
a2

dv3, 
a3

dc d bits/symbol

(a) -9.2 30, 
0.5 

40, 
0.5  3 0.03 0.0935 

(b) -6.3 18, 
0.5 

20, 
0.5  5 0.04 0.2055 

(c) -3.4 9, 
0.5 

10, 
0.05 

12, 
0.45 8 0.05 0.4081 

Fig. 9. EXIT chart: Low rate design case 

Fig. 10. BER Performance for the code design of Table 1 

code design parameters and their threshold Es/N0 values are 
summarized in Table 1.  A series of chain simulations for the 
code designs shown in Table 1 has been conducted to verify 
the advantageous characteristics of the techniques proposed 

in this paper. The results of the chain simulations conducted 
to obtain the trajectories for the code parameters shown in 
Table 1are also shown in Fig. 9.  It should be emphasized 
that the trajectory and EXIT curve are exactly consistent 
each other.  Fig. 10 shows the BER performance for the code 
design of Table 1.  It is found that the BER pinch-off 
happens exactly at the values indicated by the EXIT chart 
analysis. 

VI. CONCLUSIONS 
In this paper, a new BICM-ID technique that makes 

efficient use of a mixture of standard Gray and anti-Gray 
extended mapping, combined with irregular degree-allocated 
repetition code with check nodes has been proposed.  
Mathematical details as well as EXIT analysis and BER 
simulations results have been provided,.   It has been shown 
that with the proposed technique, very low rate code that can 
achieve a turbo cliff at a very low Es/N0 value range can well 
be designed, and that the EXIT chart analysis and chain 
simulation results are exactly consistent with each other. 
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ABSTRACT
Distributed multiple input multiple output (MIMO) multi-
hop networks are proven to achieve superior performance
in terms of data throughput and communication reliability.
In this paper a low-complexity adaptive relaying scheme
is considered in order to achieve robust end-to-end (e2e)
communications. For this system optimal as well as near-
optimal efficient resource allocation strategies that reduce
the total transmit power while satisfying a given e2e out-
age probability are proposed. It will be shown, that no-
table power savings can be achieved by the adaptive scheme
compared to non-adaptive distributedMIMOmulti-hop net-
works. Moreover, the proposed joint power and time al-
location in closed form allows simple implementation and
achieves near optimal power consumption.

1. INTRODUCTION

���������	�


��	� ���	� ���	�

�	����


���� ����� ���
����

������������

��������

Figure 1: Topology of adaptive distributed MIMO multi-
hop relaying systems.

Recently, the remarkable capacity improvement of multi-
hop systems by the concept of virtual antenna arrays (VAA)
was revealed [1]. The VAA allows the application of tradi-
tional MIMO techniques performed on spatially distributed
relaying nodeswith only one antenna, e.g., distributed space-
time codes. A generic realization of a distributed MIMO
multi-hop system is depicted in Fig. 1. Here, one source
communicates with one destination through several VAAs
in multiple hops. Spatially adjacent nodes in a VAA receive
data from the previous VAA and relay data to the consec-
utive VAA until the destination is reached. At each relay,
the decode-and-forward protocol [2] and space-time coding
will be applied.

In [1], Dohler derived resource allocation strategies to
maximize the e2e throughput with respect to the ergodic ca-
pacity. In contrast, we consider e2e outage probability due

to its higher practical relevance to real wireless communica-
tions [3–5]. However, these investigations are based on the
assumption that the e2e communication is determined by
the weakest link in the network in terms of either ergodic
capacity or outage probability. This strong assumption de-
grades the e2e performance drastically. In order to fully
exploit the potential of VAA assisted multi-hop networks,
a simple adaptive scheme for distributed MIMO multi-hop
networks is introduced here, where one relay stops send-
ing the data when it is in outage and other nodes from the
same virtual antenna array (VAA) adapt to a new space-time
code. Furthermore, the performance of optimal as well as
near-optimal joint power and time allocation strategies will
be investigated.

The remainder of the paper is organized as follows. In
Section 2 the system model of the adaptive transmission
scheme is introduced. The mathematical description of the
outage probability will be given in Section 3 and the joint
power and time allocation is formulated as a convex opti-
mization problem in Section 4. In order to achieve an ef-
ficient solution, a simplified problem is formulated and the
corresponding closed-form solution for this approximated
optimization problem is derived in Section 5. Finally, the
performance is investigated in Section 6 and conclusions
will be given in Section 7.

2. SYSTEM DESCRIPTION

We consider a K-hop network with tk transmit nodes and
rk receive nodes at hop k. Several relays are grouped to
a VAA at each hop to apply a distributed space-time code.
The data is then transmitted from the source to the destina-
tion through K − 1 VAAs. It is assumed that no interfer-
ence between the hop occur. Thus, the bandwidth or time
has to be divided into non-overlapping parts for each hop
such that at any time they are occupied by only one hop,
i.e., FDMA or TDMA respectively. Without loss of gener-
ality, the TDMA based adaptive scheme will be considered
here.

At the first time fraction α1 the source transmits data
to the relays of the 1. VAA. The nodes of the 1. VAA de-
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code the received signals separately in order to avoid enor-
mous information exchanges, i.e., separately decoding is
performed,which decomposes this hop to several SISO links
(or MISO links at the next hops). The t′k relays successfully
decoding the message (or being not in outage) are denoted
as active nodes and the others failing to decode the message
(or being in outage) are denoted as inactive nodes, respec-
tively. The inactive nodes will stop transmission at the next
time fraction. The t′k active nodes will adapt to transmit the
decoded message cooperatively according to a space-time
code with respect to t′k, i.e., 0 ≤ t′k ≤ tk. To this end, each
node transmits a spatial fraction of a space-time code. If
all relays within one VAA fail to decode the message, the
e2e connection is considered to be in outage, denoted by
the probability Pe2e. Otherwise, the t′k active nodes send
the data to the next VAA at the next time fraction αk+1.
This adaptive transmission continues at each VAA until the
message reaches the destination. Note that a given fixed
network topology is assumed and the task of grouping the
VAAs is beyond the scope of this paper.

It is assumed that each relay transmits signals with the
same data rate R but with individual time fraction αk, of
which

∑K
k=1 αk = 1 holds. All the hops use the total

bandwidth W that is available to the network. We define
Sk ∈ Ct′k×Lk as the space-time encoded signal with length
Lk from the t′k active nodes at the kth hop, i.e., 0 ≤ t′k ≤ tk.
The received signal yk,j ∈ C1×Lk at the jth node at the kth
VAA is given by

yk,j =
√

θkPk/tkhk,jSk + nk,j , (1)

where nk,j ∼ NC(0, N0) ∈ C1×Lk is the Gaussian noise
with power spectral density N0. Each active node from one
VAA transmits data with power Pk/tk equally. This per-
mits simple power control and hardware implementation at
each relay which is especially important for relaying nodes
with minimal processing functionality. The channel from
the t′k active nodes to the jth receive node within the kth
hop is denoted as hk,j ∈ C1×t′k , whose elements obey the
same uncorrelated Rayleigh fading statistics with unit vari-
ance. Note that the relaying nodes belonging to the same
VAA are assumed be spatially sufficiently close as to justify
a common path loss θk between two VAAs, which is known
as symmetric network. The path loss is simply described as
θk = d−ε

k , where dk is the distance between two nodes and
ε is the path loss exponent within range of 2 to 5 for most
wireless channels.

In order to meet a given Quality-of-Services (QoS) re-
quirement, the transmit power Pk and the time fraction αk

per hop need to be optimized. In the next section the e2e
outage probability is introduced as the QoS parameter and
optimum as well as near-optimum solutions to the occurring
optimization problem are proposed subsequently.

3. END-TO-END OUTAGE PROBABILITY

In order to describe the outage behavior of the adaptive
multi-hop network the varying number of active nodes t′k
per hop k has to be considered. To this end, the probabil-
ity pout,k,j(t′k) that a given MISO link with t′k active nodes
leads to an outage in the jth node in the kth hop is calcu-
lated. In combination with the probability Pr(t′k) of t′k ac-
tive nodes in hop k the effective outage probability Pout,k,j

of node j in hop k is derived.
The instantaneous achievable rate from t′k active nodes

to the receive node j at hop k is given by

Ck,j(t′k) = αkW log
(

1 +
Pk

αkWtkdε
kN0

‖hk,j‖2
)

, (2)

with ‖hk,j‖2 =
∑t′k

i=1 |hk,j,i|2. The outage probability
pout,k,j(t′k) is then given by the probability that the channel
can not support an error-free transmission at rate R

pout,k,j(t′k) = Pr(R > Ck,j(t′k)) (3)

= Pr

⎛⎝‖hk,j‖2 <

(
2

R
αkW −1

)
αkWN0d

ε
ktk

Pk

⎞⎠ .

For simplicity, the approximation log(1 + x) ≈ √x is ap-
plied to the achievable rate in (2) as assessed in [1]. Thus,
(2) can be simplified by

Ck,j(t′k) ≈
√

αkWPk

dε
kN0tk

‖hk,j‖2 (4)

and the outage probability (3) becomes

pout,k,j(t′k)≈Pr
(
‖hk,j‖2 <

R2N0d
ε
ktk

αkWPk

)
=Pr

(‖hk,j‖2 <xk

)
. (5)

For ease notation the variables xk = Qk/(αkPk) and Qk =
R2N0d

ε
ktk/W were introduced, where the parameter xk is

proportional to the inverse signal-to-noise ratio, i.e., xk ∼
1/SNRk. In (5), ‖hk,j‖2 obeys a Gamma distribution [6],
whose CDF can be described by the lower incomplete Gamma
function γ(t′k, xk) =

∫ xk

0 e−uut′k−1 du normalized byGamma
function Γ(t′k), i.e.,

pout,k,j(t′k) ≈ γ(t′k, xk)
Γ(t′k)

. (6)

In order to determine the outage probabilityPout,k,j the prob-
ability of active nodes has to be considered. This depends
itself on the success of decoding in the previous hop, which
is given by the outage probability Pout,k−1,j . Furthermore,
the outage probabilities of all nodes within one VAA are
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equal under the assumption of symmetric networks, i.e.,
Pout,k,1 = · · · = Pout,k,rk

= Pout,k,j′ where j′ indexes
an arbitrary j ∈ [1, · · · , rk]. Thus, the number of active
relaying nodes t′k follows the binomial distribution B with
parameters tk and Pout,k−1,j′ [6], i.e.,

t′k ∼ B(tk, 1− Pout,k−1,j′ ) . (7)

More general, the probability of i nodes being active at hop
k is given by the probability mass function as

Pr(t′k = i) =
(

tk
i

)
(1 − Pout,k−1,j′ )iP tk−i

out,k−1,j′ , ∀ i (8)

where
(
tk

i

)
= tk!

i!(tk−i)! is the number of combinations of i

active nodes over tk. Hence, Pr(t′k = i)·pout,k,j(i) describes
the probability that i nodes are active and lead to an outage
event. The outage probability Pout,k,j′ of node j′ in the hop
k is given by the sum of the outage probabilities over all
possible i, namely,

Pout,k,j′ =
tk∑

i=1

Pr(t′k = i) · pout,k,j(i) (9)

=
tk∑

i=1

(
tk
i

)
(1− Pout,k−1,j′)iP tk−i

out,k−1,j′
γ(i, xk)

Γ(i)
.

Clearly, an outage event occurs in one hop if all nodes of
one VAA cannot decode the message successfully. Thus,
the outage probability of hop k is given by the product of
Pout,k,j , 1 ≤ j ≤ rk,

Pout,k =
rk∏

j=1

Pout,k,j = P rk

out,k,j′ . (10)

Consequently the e2e connection is in outage if any hop is
broken and the e2e outage probability corresponds to

Pe2e = 1−
K∏

k=1

(1−Pout,k) = 1−
K∏

k=1

(
1− P rk

out,k,j′

)
. (11)

4. OPTIMUM JOINT POWER AND TIME
ALLOCATION (JPTA)

In order to minimize the total power consumptionPtotal while
satisfying a given e2e outage probability constraint e, the
optimization problem for joint power and time allocation is
formulated as

minimize Ptotal =
K∑

k=1

αkPk(1− Pout,k−1,j′) (12a)

subject to Pe2e ≤ e, (12b)
K∑

k=1

αk = 1 . (12c)

To calculate Ptotal, the inactive nodes stopping the transmis-
sion to save power with the probability Pout,k−1,j′ is taken
into account. Moreover, the duration of each time fraction
αk is also considered. The optimization problem (12) can
be shown to be convex for low outage probability require-
ments by proving the Hessian matrix of Pe2e(Pk, αk, ∀ k)
to be positive semi-definite. By using standard optimization
methods [7], the optimal solution P�

k , α�
k for (12) can be

achieved leading to considerable complexity. An approxi-
mated problem for joint power and time allocation is inves-
tigated in the following text.

5. APPROXIMATE JOINT POWER AND TIME
ALLOCATION

5.1. Problem Simplification

Following the approximationmethod given in [3,8], the out-
age probability pout,k,j(t′k) in (6) is approximated for high
SNR as

pout,k,j(t′k) =
γ(t′k, xk)

Γ(t′k)
<≈ t′−1

k x
t′k
k

Γ(t′k)
=

x
t′k
k

Γ(t′k + 1)
. (13)

Hence the outage probability per node (9) and the outage
probability per hop (10) are approximated by P̃out,k,j′ and
P̃out,k,j′ , respectively,

Pout,k,j′
<≈

tk∑
i=1

Pr(t′k = i)
xi

k

Γ(i + 1)
�
= P̃out,k,j′ (14)

P̃out,k =
rk∏

j=1

P̃out,k,j = P̃ rk

out,k,j′ . (15)

Furthermore, the e2e outage probability (11) is union bounded
by [3]

Pe2e≤
K∑

k=1

Pout,k =
K∑

k=1

P rk

out,k,j′ ≤
K∑

k=1

P̃ rk

out,k,j′
�
= P̃e2e . (16)

Finally, for small Pout,k−1,j′ the objective function of (12)
can be relaxed to Ptotal ≈

∑K
k=1 αkPk. Thus, the approxi-

mated optimization problem is obtained

minimize Ptotal ≈
K∑

k=1

αkPk (17a)

subject to P̃e2e =
K∑

k=1

P̃ rk

out,k,j′ ≤ e, (17b)

K∑
k=1

αk = 1 . (17c)

By neglecting the time fraction constraint
∑K

k=1 αk = 1 in
(17), the optimization problem depends only on the product
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αkPk, which is therefore approximately symmetric with re-
spect to αk and Pk. In other word, one of the optimal power
allocations P�

k is proportional to the optimal time fraction
α�

k, i.e., P�
k ∼ α�

k. With consideration of the constraint∑K
k=1 αk = 1, the relation between the optimal power and

time fraction can be achieved

α�
k =

P�
k∑K

k=1 P�
k

. (18)

By introducing the auxiliary variable βk = αkPk the opti-
mization problem (17) is relaxed to

minimize Ptotal ≈
K∑

k=1

βk (19a)

subject to P̃e2e ≤ e . (19b)

5.2. Closed-Form Solution (JPTA-CF)

Similar to the solution introduced in [9], (19) can be used to
derive approximative solution by the means of Lagrangian

L(βk, λ) =
K∑

k=1

βk + λ(P̃e2e − e) . (20)

To obtain the near optimal solution, the derivatives ofL(βk, λ)
with respect to βk has to be zero for all 1 ≤ k ≤ K , i.e.,

∂L(βk, λ)
∂βk

= 0, ∀ k . (21)

Furthermore, the equality of the constraint function in (19)
must be fulfilled,

P̃e2e =
K∑

k=1

P̃out,k = e . (22)

By several further approximations as outlined in the Ap-
pendix, a closed-form solution for βk can be achieved. Fur-
thermore, according to (18), βk is given by

βk = α�
kP�

k =
P�

k
2∑K

k=1 P�
k

. (23)

Rewriting this form we achieve

P�
k =

√√√√ K∑
k=1

P�
k

√
βk , (24)

K∑
k=1

P�
k =

√√√√ K∑
k=1

P�
k

K∑
k=1

√
βk , (25)

K∑
k=1

P�
k =

(
K∑

k=1

√
βk

)2

. (26)

Inserting (26) to (23), the following theorem is obtained.

Theorem 1. [Joint Power and Time Allocation in Closed
Form (JPTA-CF)] The joint power and time (or bandwidth)
allocation for outage restricted adaptive distributed MIMO
multi-hop networks in closed form is given by

P�
k =

√
βk

K∑
k=1

√
βk and α�

k =
√

βk∑K
k=1

√
βk

, (27)

with outage probability per hop P̃out,k = P̃ rk

out,k,j′≈ δk·e∑K
k=1 δk

,
where the parameters δk and βk are given by

δk =

⎛⎝2t
2

tk+1

k

(∏tk

i=1
(tk

i )(1−e
1

rk−1 )ie

tk−i
rk−1 Qi

k

Γ(i+1)

) 2
tk+1

⎞⎠
2+(tk+1)rk
(tk+1)rk

(rk(tk + 1))
2+(tk+1)rk
(tk+1)rk

,

βk =
t

2
tk+1

k

P̃
2

rk(tk+1)

out,k

⎛⎜⎝ tk∏
i=1

(
tk

i

)
(1−P̃

1
rk−1
out,k−1)

iP̃
tk−i

rk−1
out,k−1Q

i
k

Γ(i + 1)

⎞⎟⎠
2

tk(tk+1)

.

6. PERFORMANCE EVALUATION

The performance of joint power and time allocation for adap-
tive distributed MIMO multi-hop schemes is evaluated here
for various network configurations. It is assumed that the
e2e communication over W = 5 MHz should meet an e2e
outage probability constraint of e = 1% with the path loss
exponent ε = 3 and N0 = −174 dBm/Hz.

6.1. Total power: Adaptive v.s. non-adaptive.

1 2 3 4 5 6 7 8 9 10
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Rate (Mbps)→

P t
ot
al
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dB

m
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Adaptive (JPTA-CF)
Non-Adaptive

Adaptive (JPTA)

Figure 2: Ptotal in dBm for non-adaptive transmission,
closed-form and optimal resource allocation solution.

Fig. 2 shows the total power versus the data rate R
for non-adaptive and adaptive transmissions both with op-
timized resource allocations for a 3-hop system with tk = 3
nodes per VAA. The distance between the VAAs is dk =
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[1, 1, 1]km. Note that the optimal solution JPTA is solved by
means of standard optimization methods [7] and the closed-
form solution JPTA-CF is given by Theorem 1. It can be ob-
served that the proposed closed-form solution yields near-
optimum total power consumption and almost 15 dBm gain
in comparison with the non-adaptive scheme, where the e2e
connection is in outage if any node in the network is in out-
age [3, 5].

1 2 3 4 5 6

−20

−10

0

10

20

tk →

P t
ot
al
in
dB

m
→

Adaptive (JPTA-CF)
Non-Adaptive

Adaptive (JPTA)

Figure 3: Ptotal in dBm versus different number of nodes
per VAA from 1 to 6 for non-adaptive transmission, closed-
form and optimal resource allocation solution,R = 1Mbps.

Fig. 3 shows the total power consumption versus num-
ber of nodes per VAA for non-adaptive and adaptive schemes
at data rate R = 1Mbps. The number of nodes per VAA
tk varies from 1 to 6. It is observed that the performance
gap between non-adaptive and adaptive scheme grows for
increasing number of nodes tk. The optimal number of tk
for non-adaptive scheme for this case is 2. Moreover, along
with the increasing tk, the power consumption of the pro-
posed closed-form solution is slightly increased. However,
it still achieves near-optimal performance with significantly
reduced complexity.

6.2. Total power: Joint power and time allocation (JPTA)
v.s. only power allocation (αk = 1/K) (PA).

In order to reveal the benefits of joint power and time alloca-
tion, the optimal power allocation with equal time for each
hop is considered for comparison [9], i.e., αk = 1/K, ∀k
which is denoted as PA for brevity. Fig. 4 depicts the to-
tal transmission power of PA and JPTA schemes versus data
rate. The network configuration is the same as in Section
6.1. JPTA improves the communication over 5 dBm in com-
parison with PA for this case.

We consider the impact of different distance dk on the
total power of JPTA and PA at data rate R = 1Mbps. A
3-hop system with 2 VAAs each containing 2 nodes is as-
sumed. At first, the distances d2 = d3 = 1km are constant,
where the distance d1 from the source to the first VAA varies

1 2 3 4 5 6 7 8 9 10
−20

−10

0

10

20

Rate (Mbps)→

P t
ot
al
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dB

m
→

PA
JPTA-CF
JPTA

Figure 4: Ptotal for only power optimized (equal time αk =
1/K, ∀k) and joint power and time allocation for adaptive
scheme.

from 0.5km to 5km. The result is shown in Fig. 5(a). In con-
trast, for the second case, d3 varies from 0.5km to 5km and
d1, d2 are constantly 1km, shown in Fig. 5(b). Clearly, if
the distance is increased, the total power of each approach is
also enlarged due to the path loss. For the first case, i.e., in-
creasing the distance between the source and the first VAA,
the gains due to joint power and time allocation is vanished
slowly. This can be explained that in comparison with only
power optimization the additional time allocation can not
compensate the increased path loss at the first hop, which
only has diversity degree 1. In Fig. 5(b) we observe an di-
ametrically opposed phenomenon. When the distance d3

is increased, the performance gap due to JPTA is also in-
creased. Here JPTA dominates PA by flexible time alloca-
tion.
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Figure 5: Impact of distance onPtotal in dBm for only power
optimized (αk = 1/K, ∀k) and joint power and time alloca-
tion for adaptive scheme. a) d1 varies from 0.5km to 5km;
b) d3 varies from 0.5km to 5km.
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6.3. Power of each hop: Adaptive v.s. non-adaptive.
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Figure 6: PowerPk per hop for a) JPTA and b) non-adaptive
scheme.

Fig. 6 depicts the power Pk of each hop by JPTA and
non-adaptive scheme. The network configuration is the same
as in Fig. 2, i.e., tk = [1, 3, 3, 1] and dk = [1, 1, 1]km. It
is observed that the power consumed at the third hop is the
largest for JPTA. The reason for this is that there is only
one node at the destination which has to decode the data
correctly otherwise an outage event occurs. Similar at the
source, there are no nodes to transmit the data cooperatively
with high diversity degrees. The source consumes the sec-
ond most power. Due to the adaptive scheme and space-
time coding at the second hop, the second hop uses the least
power. In contrast, for non-adaptive scheme the first hop
uses the most power, which is due to the lack of diversity
degrees at the first hop.

6.4. Time fraction of each hop: JPTA v.s. JPTA-CF.

As mentioned before, the optimization problem (12) de-
pends only on the product of the variables Pk and αk. It
can be proven that this problem is not strictly convex with
respect to Pk and αk [7], i.e., the optimal solution is not
unique. There are many optimal combinations of Pk and
αk to satisfying the optimization problem. This is verified
by our simulation results shown in Fig. 7(b)(c). We choose
two different starting points for the exact optimization prob-
lem (12) which are denoted as JPTA1 and JPTA2. Different
time fractions results can be obtained which do not lead to
any increased total power consumption, as the same as that
shown in Fig. 2. In other words, these results are also opti-
mal. Fig. 7(a) shows the time fraction derived by JPTA-CF,
which is near to the optimal solution JPTA1.

Fig. 8 shows the relative power allocation per hop P ′k =
Pk∑

K
k=1 Pk

versus data rate for JPTA and JPTA-CF. Compar-
ing Fig. 8(a)(b) with Fig. 7(a)(b), they are exact the same
which verifies the the relation (18), i.e., α�

k = P�
k∑

K
k=1 P�

k

.
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Figure 7: The time fraction αk per hop for a) JPTA-CF, b)
JPTA1 and c) JPTA2.
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Figure 8: The time fraction αk per hop for a) JPTA-CF, b)
JPTA.
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Figure 9: The e2e outage probability with JPTA-CF and
JPTA.

6.5. Outage probability: JPTA v.s. JPTA-CF.

Fig. 9 shows the e2e outage probability Pe2e versus data
rate by the proposed JPTA and JPTA-CF solutions. It is
observed that both e2e outage probabilities are independent
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Figure 10: The outage probability per hop with a) JPTA-CF,
b) JPTA.

from the data rate. Moreover, the JPTA-CF solution leads
to a lower outage level as required which results in slightly
higher power consumption as dedicated in Fig. 2. Fig. 10
depicts the outage probability of each hop Pout,k versus data
rate. The most outage events happen at the third hop where
the most power is used as shown in Fig. 8.

7. CONCLUSION
In this paper, we proposed optimal as well as near-optimal
joint power and time (or bandwidth) allocation for adaptive
distributed MIMOmulti-hop networks, which is required to
support an given outage probability level with minimized
total transmission power. As shown in simulation results,
the adaptive scheme outperforms the non-adaptive scheme
significantly. Furthermore, the closed form of joint power
and time allocation JPTA-CF achieves near-optimal perfor-
mance with lower complexity comparing to the optimal so-
lution JPTA.

8. APPENDIX

[Proof of Theorem 1] The first derivative ofL(βk, λ) in (21)
with respect to βk relates to P̃out,k as well as P̃out,k+1, ex-
pressed as follows

∂L(βk, λ)
∂βk

= 1 + λ

(
∂P̃out,k

∂βk
+

∂P̃out,k+1

∂βk

)
= 0 , (28)

which is due to the dependence between P̃out,k and P̃out,k+1

indicted in (9). This makes the further analysis involved.
To simplify the analysis, we replace P̃out,k−1,j′ by e

1
rk−1

which is motivated by the fact that P̃out,k < e, ∀ k. Thus,
(14) becomes

P̃out,k,j′ ≈
tk∑

i=1

(
tk
i

)(
1−e

1
rk−1

)i

e
tk−i

rk−1
xi

k

Γ(i + 1)
. (29)

Furthermore, (29) can be approximated by its geometric
mean

P̃out,k,j′≈ tk

⎛⎝ tk∏
i=1

(
tk

i

)
(1−e

1
rk−1 )ie

tk−i

rk−1 xi
k

Γ(i + 1)

⎞⎠
1

tk

(30)

= x
tk+1

2
k tk

⎛⎝ tk∏
i=1

(
tk

i

)
(1−e

1
rk−1 )ie

tk−i

rk−1

Γ(i + 1)

⎞⎠
1

tk

=
(

Qk

βk

) tk+1
2

tk

⎛⎝ tk∏
i=1

(
tk

i

)
(1−e

1
rk−1 )ie

tk−i

rk−1

Γ(i + 1)

⎞⎠
1

tk

Hence, βk can be expressed by P̃out,k,j′ as

βk =
t

2
tk+1

k

P̃
2

tk+1

out,k,j′

⎛⎝ tk∏
i=1

(
tk

i

)
(1−e

1
rk−1 )ie

tk−i

rk−1 Qi
k

Γ(i + 1)

⎞⎠
2

tk(tk+1)

. (31)

As the dependence between P̃out,k and P̃out,k+1 has been
removed, equation (28) simplifies to

∂L(βk, λ)
∂βk

= 1 + λ
∂P̃out,k

∂βk
= 0 . (32)

Differentiating (30) along βk yields

0 = 1 + λrkP̃
rk−1

rk

out,k
∂P̃out,k,j′

∂βk
(33a)

= 1−λrk(tk + 1)P̃
rk−1

rk

out,k

2βk
P̃out,k,j′ (33b)

= 1−λrk(tk + 1)P̃
rk−1

rk

out,k

2βk
P̃

1
rk

out,k (33c)

= 1−λrk(tk + 1)P̃out,k

2βk
. (33d)

Inserting (31) in (33d), P̃out,k is given by

P̃out,k = P̃ rk

out,k,j′ =λ
− 2+(tk+1)rk

(tk+1)rk · δk , (34)

where δk is introduced to simply the notation

δk =

⎛⎝2t
2

tk+1

k

(∏tk

i=1
(tk

i )(1−e
1

rk−1 )ie

tk−i
rk−1 Qi

k

Γ(i+1)

) 2
tk+1

⎞⎠
2+(tk+1)rk
(tk+1)rk

(rk(tk + 1))
2+(tk+1)rk
(tk+1)rk

.

(35)
Since λ

− 2+(tk+1)rk
(tk+1)rk can be approximated by λ−1 for large

tk, inserting (34) in (22) yields

λ−1 ≈ e∑K
k=1 δk

. (36)
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Hence the approximated outage probability is written as

P̃out,k = P̃ rk

out,k,j′ ≈
δk∑K

k=1 δk

· e , (37)

insert it into (31), replacing e by P̃out,k−1 we finally achieve
βk given in Theorem 1. This concludes the proof.
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ABSTRACT

Scheduling in a multiantenna downlink channel based on par-
tial Channel State Information at the Transmitter (CSIT) is
carried out through a Multibeam Opportunistic Beamforming
(MOB) technique. To enable MOB implementation in real-
istic systems, a threshold is applied at the receivers side to
decrease the feedback load, so that only users with a channel
indicator above a predefined threshold are allowed to ask for
service. A closed form expression for the throughput is ob-
tained for such scenario, where an adaptive modulation strat-
egy is considered to align with the current broadband wireless
standards. A comparison with other more sophisticated but
also complex strategies is considered.

1. INTRODUCTION

One of the major transmission techniques within partial CSIT
scenarios is the MOB scheme, where random beams are gen-
erated at the Base Station (BS) to serve several users at the
same time, obtaining an additional multiplexing gain [1] [2].
Its partial channel state information is in the form of Signal-
to-Noise-Interference-Ratio (SNIR) that decreases the feed-
back load. Even this strategy is a partial CSIT one, but the
SNIR value for all active users drives a considerable feedback
load in the system, which decreased the system efficiency and
can stand as a handicap for its consideration in standards.
A possible approach to decrease such load is by using a

threshold philosophy [3] on the feedback value, where such
a scheme considerably mitigates the feedback load. The per-
formance decrease is negligible in comparison to the feed-
back load enhancement [3], which motivates this strategy to
be an attractive option for its inclusion in commercial sys-
tems, where the opportunistic systems are already included
in the UMTS-HSDPA systems, and standing as a potential
scheme for LTE. Another strategy that is already implemented
in realistic systems is the Adaptive Coding and Modulation

This work was partially supported by the Catalan Government under
grant SGR2005-00996, by the Spanish Government under project TEC2008-
06327-C03-01 (FBMC-MULAN), and by the European project ICT-2007.1.1
NEWCOM++ 216715.

(ACM) [4] where the transmitter is continuously changing the
employed modulation and channel code to match them to the
instantaneous channel conditions; where ACM is also shown
to increase the system performance.
Along this paper we focus on the MOB strategy and we

study the feedback quantization [5] as well as the application
of the feedback threshold. Closed form expressions that help
in the system design are obtained thanks to the Cumulative
Density Function (CDF) characterization that we provide for
MOB.With the consideration of ACM, the paper also presents
the closed form expression for the average system throughput
to enable the system evaluation and its performance optimiza-
tion; where up to the authors’ knowledge, no such formulation
is previously obtained in literature.
To properly evaluate theMOB performance under the pro-

posed scenario, another transmitting technique is also tackled:
the Zero Forcing Beamforming (ZFB) [6], that shows good
rate performance and low complexity implementation, but it
requires for full CSIT, which constitutes a huge amount of
feedback information in multiuser scenarios. For a fair com-
parison, we will employ the same amount of feedback load
for both techniques.
The remainder of this paper is organized as follows: while

section II deals with the system model, in section III a review
of the MOB procedure is presented, where the feedback qu-
antization and threshold application are introduced. Section
IV exposes the ZFB scheme, while the ACM strategy with its
closed form expression are tackled in section V. The numeri-
cal results and simulations are in section VI, followed by the
conclusions in section VII.

2. SYSTEMMODEL

We focus on the single cell Downlink channel where N re-
ceivers, each one of them equipped with a single receiving
antenna, are being served by a transmitter at the BS provided
with nt transmitting antennas, and supposing thatN is greater
than nt. A wireless multiantenna channel h[1×nt] is consid-
ered between each of the users and the BS, where a quasi-
static block fading model is assumed, which keeps constant
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through the coherence time, and independently changes be-
tween consecutive time intervals with independent and identi-
cally distributed (i.i.d.) complex Gaussian entries∼ CN (0, 1).
Therefore this model captures the instantaneous channel fluc-
tuations over each coherence time, where all users are as-
sumed to keep fixed during each fading block, and allowed
to move from block to block. Let x(t) be the nt× 1 transmit-
ted vector, while denote yi(t) as the ith user received signal,
given by

yi(t) = hi(t)x(t) + zi(t) (1)

where zi(t) is an additive Gaussian complex noise component
with zero mean and E{|zi|2} = σ2. The transmitted signal
x(t) encloses the independent data symbols si(t) to all the
selected users with E{|si|2} = 1. A total transmitted power
constraint Pt is considered, and for ease of notation, time in-
dex is dropped whenever possible.

3. MULTIBEAM OPPORTUNISTIC BEAMFORMING
(MOB)

One of the main transmission techniques in multiuser MIMO
scenarios is the MOB technique [1], where random beams are
generated at the BS to simultaneously serve more than one
user. The beam generation follows an orthogonal manner to
decrease the interference among the served users, where nt
beams are generated. Within the acquisition step, each one
of the users sequentially calculates the SNIR related to each
beam, and feeds back only the best value to the BS together
with an integer indicating the index of the selected beam. The
BS scheduler chooses the user with the largest SNIR value
for each one of the beams, so that it extracts the multiuser
gain from the scenario. After that, the BS enters the trans-
mission stage and simultaneously forwards every one of the
nt selected users with its intended data, where no user can
obtain more than one beam at a time.

Through this low-complexity transmitter processing and
at the same time, an opportunistic user selection based on the
instantaneous SNIR values, the MOB strategy achieves high
system sum rate by spatially multiplexing several users at the
same time, making the transmitted signal to enclose the data
symbols for the nt selected users as

x =

√
1

nt

nt∑
m=1

bm sm (2)

with bm as the unit-power beam assigned to the mth user,
where the square root term is due to a total power constraint
of Pt = 1.

This scheme is characterized by its SNIR term due to
the interference that each beam generates to its non-intended
users, representing a major drawback of this system; thus stat-
ing the SNIR formulation for the ith user through the mth

beam as

SNIRi,m =
1
nt
|hibm|2

σ2 +
nt∑

u �=m
1
nt
|hibu|2

(3)

where a uniform power allocation is considered.
Based on the MOB philosophy to deliver service to the

best users, the serving SNIR value is the maximum SNIR over
the active users in the system corresponding to each generated
beam. Using the SNIR equation in (3) with nt transmitted
beams, note that the numerator follows a Chi-square χ2(2)
distribution while the interference terms in the denominator
are modeled as χ2(2(nt − 1)), which allows to obtain the
SNIR Probability Distribution Function (PDF) as [1] [2]

f(x) =
e−(x·ntσ

2)

(1 + x)nt

(
ntσ

2(1 + x) + nt − 1
)

(4)

and the CDF is then formulated as

F (x) = 1− e−(x·ntσ
2)

(1 + x)nt−1
(5)

and since the serving SNIR is the maximum over all the users’
SNIR values, then the serving SNIR CDF is stated as

FF (x) = (F (x))N =

[
1− e−(x·ntσ

2)

(1 + x)nt−1

]N
(6)

3.1. Quantization

To allow the feedback process from each one of the users to
the BS, some quantization on the SNIR values is required in
practical systems to limit the number of feedback bits [7]. A
scalar uniform quantization scheme is the easiest and most
practical case, where the system designer must define two pa-
rameters: the maximum quantization error ε (e.g. ε = 0.01),
and the quantization range η (i.e. 95% whole range cover-
age). For the latter, it is required to define the largest SNIR
value M that is covered with η, where the relation that links
betweenM and η is through the CDF formulation as

η =

[
1− e−(M ·ntσ2)

(1 +M)nt−1

]N
(7)

With the two quantization parameters defined, the quantization
process is straightforward, as each user compares the maxi-
mum SNIR value to the quantization intervals, thus it can find
the interval where its SNIR value fits, and then it feeds back
the interval middle value.

3.2. Feedback Threshold

MOB is a partial CSIT scheme, as only the maximum SNIR
is fed back to the BS but nevertheless, such a feedback load
is large for commercial systems, motivating the seek for al-
ternative approaches to decrease the feedback, to make MOB
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being attractive for its introduction in communication stan-
dards. A smart technique to decrease the feedback load is to
allow only the users with good enough channels to enter the
feedback process [3], so that only the users with their SNIR
value above a predefined threshold are asked to feedback their
SNIR value. Based on the SNIR distribution, the feedback
load decrease can be very large, while the performance de-
crease is insignificant [3]. Moreover, this selective feedback
strategy can be also employed to meet each user’s Quality of
Service (QoS) demands.
Therefore, the system administrator can impose an SNIR

threshold γ to the feedback process, but a main problem for
the application of the feedback threshold relates to the outage
possibility Pout of no-feedback in the system, as the γ value
can be too high, so that no-user participates in the feedback
process. The probability for such phenomena is also obtained
from the CDF as follows

Pout = 1−
[
1− e−(γ·ntσ

2)

(1 + γ)nt−1

]N
(8)

where if the threshold is too low, then a high number of user
participate in the feedback process, making the Pout to be
negligible, but its price is a large feedback load. The most
suitable value is left for the system administrator to select the
one that satisfies the system demands and requirements.

3.3. Feedback Load

To calculate the feedback load is of critical importance to
evaluate any scheme probabilities to be included in any com-
mercial system, and thanks to the MOB CDF formulation, the
feedback load is now presented.
Through the quantization step, we just defined the system

maximum range of SNIR values that will be quantized. Also,
the maximum quantization error was denoted to allow the sys-
tem to adapt its processing to the received SNIR value at each
user. Therefore, the number of quantization steps Qs can be
calculated as

Qs =
η

2ε
(9)

and as each user not only has to feedback its quantized SNIR
value, but also the beam indicator for the corresponding max-
imum SNIR value, then the feedback from all users (i.e. the
system feedback load FL) is as

FL = N ·
(
�log2(Qs)�+ �log2 nt�

)
(10)

where �x� refers to the ceil of x.

4. ZERO FORCING BEAMFORMING

Amultiantenna technique that its complexity is affordable for
its implementation in practical systems is the Zero-Forcing

Beamforming (ZFB), where the cancellation of inter-user in-
terference is accomplished through a channel inversion [6]
[8]. Two main drawbacks affect this scheme: the require-
ment for full CSIT which constitutes a very large feedback
load; and its noise enhancement and low performance when
the users’ channels show some correlation, thus falling in the
rank deficiency problem. A special feature of the ZFB scheme
is that it does not consider the multiuser availability in their
performance, so that some sort of users selection techniques,
independently performed from the spatial processing, are re-
quired as an initial step before the spatial processing. Such
a user selection process helps to obtain uncorrelated users’
channels, and ZFB is shown to be optimal if an infinite num-
ber of users is available [8].
A main difference between MOB and ZFB relates to their

training step [5] where in the MOB, as the training is done
with the same transmitting beams, then each user has the
knowledge of what will be its serving rate (in case it is se-
lected for transmission), as the effect of the other serviced
users is known, all of that through the received SNIR to the
user. On the other hand in ZFB, the training is performed so
that each user knows its full channel h, but no information
at all is provided in relation to the exact rate that will be re-
ceived (actually no information about the effect of the other
serviced users is provided). This has a major effect in feed-
back quantization and the application of feedback threshold.
In MOB, it is obvious that the feedback threshold will be ap-
plied to the SNIR values, but in ZFB, the threshold can be
only applied to the user channel norm |h|2, which, as already
commented, does not provide information related to the effect
of the other serviced users.

5. ADAPTIVE CODING AND MODULATION IN
MOB

The wireless channel is continuously fluctuating, where an
adaptation to overcome the changes in the channel charac-
teristics is required in order to achieve good performance in
the wireless systems. The Adaptive Coding and Modulation
(ACM) strategy [4] is accomplished by an instantaneous cha-
nge in the employed modulation and coding kinds, to match
the BS parameters to the channel conditions subject to a pre-
defined Packet Error Rate (PER) system performance. The
introduction of ACM in commercial standards is a fact with
its presence in WLAN, WiMAX and LTE among others.
Notice that the selection for the users with the best SNIR

values for each one of the transmitting beams is actually an-
other way to adapt the transmitter processing to the channel
properties. In this aspect, it follows the same strategy as ACM
schemes [4], with both strategies looking forward improving
the wireless channel performance.
This paper concentrates on the MOB strategy as we think

it is more appropriate for its implementation, and we con-
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sider it together with ACM for the transmitter adaptation to
the channel characteristics. Then, a closed form expression
for the resultant throughput is obtained, where no previous
contribution in literature has presented the throughput mathe-
matical expression. Moreover, the proposed feedback thresh-
old can be also considered in our results.
Considering a set of modulation levels with convolutional

codes [4] as those presented in Table I, the transmitter selects
a modulation kind when the SNIR value γ is in the interval
γi−1 ≤ γ < γi, where the resulting rate ti is also shown for
the corresponding SNIR bounding values. Thanks to the user
selection process, the BPSK is not employed as almost all
the times, the scheduler can find users that have good enough
channels to support higher modulation than BPSK. There-
fore, the threshold philosophy is applied on the γ value, as
the scheduler can decide to ask users with an SNIR value en-
abling QPSK or higher modulations to participate in the feed-
back process, so that all users with γ < −4 are blocked, with
the consequent saving in the feedback load. If the threshold
is too large, there exists the possibility that no user participat-
ing in the feedback process, where this situation is previously
discussed and attached with a closed form expression to opti-
mize it according to the system demands and requirements.

Modulation, Code rate Rate ti (Mbps) SNIR γ (dB)
BPSK, 1/2 5 γ < -4
QPSK, 1/2 10 -4 ≤ γ < 0
8QAM, 3/4 22.5 0 ≤ γ < 3
16QAM, 3/4 30 3 ≤ γ < 7
32QAM, 5/6 41.6 7 ≤ γ < 10
64QAM, 5/6 50 10 ≤ γ

Table I: SNIR Thresholds
It is worth noting that the SNIR value guarantees that

the user’s decoding process is successful. In that case a unit
step function is used for the detection procedure, making the
Packet Success Rate (PSR) for the ith modulation to relate to
SNIR as

PSR =

{
1 if SNIR ≥ γi
0 if SNIR < γi

(11)

Having a look on Table I, if we can calculate the probabil-
ity of the serving SNIR to be within each modulation interval,
then we can formulate the closed form expression for the sys-
tem aggregate throughput, mainly from the obtained CDF for
the SNIR service distribution.
So that with a consideration of ACM that is defined in S

steps, with each step related to SNIR thresholds (e.g. those
presented in Table I), the throughput is directly related to the
transmission rate that is employed in each step. Considering
the CDF in (6), the probability Ui(m) to have an SNIR value
below a threshold γi and above a threshold γi−1 for the mth

served user, is

Ui(m) = FF (γi)− FF (γi−1). (12)

As the system provides service to nt simultaneous and
mutually independent users, the total probability for the kth
group of users to be served through a set of rates is

P (setk) =

nt∏
m=1

Ui(m) (13)

The resultant throughput Tk for the kth set option is ob-
tained as the sum of the rates corresponding to the m users
within that set as

Tk =

nt∑
m=1

tm (14)

but the total throughput T is formulated as the sum over all
possible combinations of sets, each set multiplied by its cor-
responding probability P (setk), as follows

T =

K∑
k=1

Tk P (setk) (15)

with K as the total number of possible sets. Even this for-
mulation seems to be straightforward, but it has not been pre-
sented in literature due to the absence of the probability for-
mulation in (12) that was obtained thanks to the CDF MOB
formulation.

6. SIMULATIONS

The performance of the discussed scheme is presented byMo-
nte Carlo simulations, where the serving policy tackles the
system sum rate maximization. We consider a Downlink sin-
gle cell wireless scenario with nt = 2 transmitting anten-
nas and a variable number of active users, each one equipped
with a single receiving antenna. The channel of each user
is assumed to be a block fading complex Gaussian channel
∼ CN (0, 1). The transmitter either runs the MOB technique
where two orthogonal beams are set up, or ZFB with beam-
forming to two users at the same time. A system bandwidth of
10MHz is considered together with a total transmitted power
Pt = 1 and a noise variance of σ2 = 1.
We start with a study of the system aggregate through-

put performance under the ACM application, and whether the
closed form expression that we provide is valid or not. Fig. 1
shows the throughput performance for a variable number of
users in the system. The performance of MOB, ZFB and the
closed form theoretical expression for MOB are shown all
together; where we notice the similar performance of MOB
and the obtained closed form expression. Obviously for a fair
comparison, the feedback load on both strategies is the same.
First of all, we fix the quantization to cover 95% of the whole
range, and a maximum quantization error of 0.01; with these
values and following the expression in (7), we obtain that 200
quantization levels are required for MOB to fulfil the above
demands. Therefore, the feedback load is obtained as 9 bits
per user. Considering that the number of users is 10 for ex-
ample, then 90 bits are required for the feedback load. We
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Fig. 1. The ACM aggregate throughput performance.

consider this total amount of bit for MOB and we notice that
to feedback the full CSIT required for ZFB, only 5 users can
feedback their information. As a maximum of two users can
be serviced (as nt = 2), then a users selection process is re-
quired for ZFB. The great performance and low complexity
strategy proposed in [8] for ZFB is tackled. From the results,
we see that the ZFB comes closer to MOB as we increase the
number of users, and we notice that for all realistic number
of users (with a maximum of 20 active users per cell), MOB
always outperforms ZFB.
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Fig. 2. The feedback load for a variable threshold.

The effect of the feedback threshold plays a major role in
the system, as it directly affects both the feedback load and
the probability of no-user, that we defined it as the probabil-
ity of outage Pout. Fig. 2 plots the decrease in the feedback
load by increasing the threshold, where this is an obvious re-
sult, so that the system administrator can fix some modulation
threshold value as the feedback threshold on the basis of the
allowed maximum feedback load.
As previously commented, the increase in the feedback

load can drive an undesired effect: the increase of the prob-
ability of no-user participating in the feedback process, thus

wasting all the multiuser diversity in the system. Fig. 3 shows
how the probability of outage is higher by an increase in the
threshold value, where the operating point depends on the sys-
tem demands and requirements.

7. CONCLUSION

This paper has presented the MOB scheme under practical
considerations for its implementation, where the feedback qu-
antization is accomplished. To further decrease the feedback
load in this scheme, a feedback threshold is proposed, where
the exact equations that control its performance are presented.
An Adaptive Coding and Modulation strategy is tackled to
align with current broadband wireless systems, and the paper
introduced a closed form expression for the average system
throughput, under the above considerations.
To evaluate the MOB performance, it is compared to the

ZFB scheme, where both of them are run under same con-
ditions and within the same feedback load. The results had
shown the higher performance of MOB in practical scenar-
ios. The simulations also considered the effect of the feed-
back threshold on both the feedback load and the probability
of outage, where a tradeoff between the two metrics appeared.
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ABSTRACT

This paper performs a study on different TDOA based lo-
calization algorithms, in dispersive radio channels. The
cross-correlation between the signals is performed under
COST259 [1] channel model conditions. The scenario is
an non-cooperative system and the spectrum of the signal is
unknown. The different methods are localization based on
intersecting hyperbolas, location on the conic axis (LOCA)
and a divide and conquer (DAC) approach.

1. INTRODUCTION

This paper is a summary of different localization methods
based on the time difference of arrival. We consider a unco-
operative system. This means there is no communication be-
tween the transmitter and the receivers or trainings sequence
of a given communication standard. This is the standard case
in localization systems using by federal authorities.

The paper is organized in six sections. In the second Sec-
tion we will show, how to get the time difference of arrival.
The next three Sections discusses different methods to esti-
mate the position of the unknown transmitter. This means
in detail the localization method with intersecting hyperbo-
las, Section three, followed by the localization based on conic
axes in Section four and finished with a divide and conquer
approach in Section five. Section 6 presented the simulation
results in detail. The last Section yields the conclusion of the
paper.

2. MEASUREMENT OF TIME DIFFERENCE OF
ARRIVAL

If a electromagnetic wave occurs at a transmitter, this will
arrive at a set of different receivers at a different times. To
make this more explicit let us define a set of receivers and
a signal source (transmitter) given by its coordinates Ri ,
[xi, yi]T for i = 1, . . . , Nr, where Nr denotes the number of
receivers, and T , [x0, y0]T for the transmitter respectively.
The range distances ri for i = 1, . . . , Nr from each receiver
to the transmitter T are given as

ri ,
√

(x0 − xi)2 + (y0 − yi)2fori = 1, . . . , Nr (1)

Now the time difference of arrival between receiver i and
receiver j can be written as

tij , rj − ri

c
fori = 1, . . . , Nrandj > i (2)

where c denotes the speed of light. Now let xi(t) and
xj(t) for t = 1 . . .K be time series measured at receivers Ri

and Rj respectively. One common method to determine tij is
given by means of the standard cross-correlation function

Rxixj (τ) = E[xi(t)x∗j (t− τ)] (3)

The argument τ that maximizes equation (3) provides an
estimate of tij . In future the tij will be described as ∆t. Note
that in literature there is a concept called generalized cross
correlation which aims at improving the accuracy of the time
delay estimate through appropriate pre-filtering of the time
series xi(t) and xj(t) before cross-correlation. For example,
one common approach is to choose the pre-filters in a way that
the signals passed to the correlator are accentuated at those
frequencies at which the signal-to-noise ratio (SNR) is high-
est. Unfortunately the generalized cross-correlation methods
require knowledge of the signal spectrum, which is not given
in case of the non-cooperative location problem considered
in this work. Therefore the signal spectrum would have to
be estimated in order to apply these methods, which in turn
would lead to a large amount of additional signal processing.
This is the reason why most practical non-cooperative loca-
tion systems rely on the standard cross-correlation procedure
as stated in (3) and we do not consider the generalized cross-
correlation further in this work. Nevertheless we refer to [2]
for a very good summary of the most important generalized
cross-correlation techniques.

3. INTERSECTING HYPERBOLAS

The first localization method based on time difference of ar-
rival we presented in this paper based on the intersecting of
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Fig. 1. Intersection of three hyperbola axis

hyperbolas. It can be easily shown that the calculated time
difference between two receivers the transmitter possible
source location is existing of a hyperbola. The sign of the
time difference leads to the hyperbola axis.

Without loss of generality we assume the receivers to be
located at x-axis with distance of a and the transmitter is lo-
cated at [x0, y0]. Then the time difference between the two
receivers is determined through

∆t =

√
(−a

2 − x0)2 + y2
0 −

√
(a
2 − x0)2 + y2

0

c
(4)

where c denotes the speed of light. After transforming this
equation this finally ends up with

1 =
x2

0

c2δt2/4
− y2

0

a2/4− c2δt2/4
(5)

which is recognized as the equation of a hyperbola. In
figure below the hyperbola is plotted for the two cases. The
first scenario is a three receiver scenario, which shows the
problem that three receivers are not enough for unambiguous
estimation. The figure () shows the solution of the problem,
while using four receivers.

4. LOCATION ON THE CONIC AXIS - LOCA

In this section we will present another localization method
based of time differences. The method is called the ”Lo-
cation on the Conic Axis (LOCA)” algorithm given in [2].
Schmidt shows that the range differences from the transmitter
to three known receivers, which can be obtained by multiply-
ing the measured TDOAs with the speed of light c, provide
a straight line of position, which is the major axis of a gen-
eral conic (conic axis). The conic axis connects the foci of
a conic. Moreover it is shown that the three receivers lie on
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Fig. 2. Intersection of four hyperbola axis
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the conic and one of the foci is the location in question, see
figures (4)and (??). Therefore his algorithm is referred to as
LOCA (Location on the Conic Axis).

No we describe the approach in more detail. Let Ri ,
[xi, yi]T for i = 1, 2, 3 and T , [x0, y0]T define the coordi-
nates of the receivers and the transmitter respectively. More-
over let ri denote the range between receiver Ri and transmit-
ter T . Then with

r2
1 , (x0 − x1)2 + (y0 − y1)2

= x2
0 + y2

0 − 2x0x1 − 2y0y1 + a2
1

(6a)

r2
2 , (x0 − x2)2 + (y0 − y2)2

= x2
0 + y2

0 − 2x0x2 − 2y0y2 + a2
2

(6b)

r3
3 , (x0 − x3)2 + (y0 − y3)2

= x2
0 + y2

0 − 2x0x3 − 2y0y3 + a2
3

(6c)

∆ij , rj − ri and a2
i , x2

i + y2
i for i = 1, 2, 3 one has
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r2
2 − r2

1 = ∆12(r1 + r2)

= 2x0(x1 − x2) + 2y0(y1 − y2) + (a2
2 − a2

1)
(7a)

r2
3 − r2

2 = ∆23(r2 + r3)

= 2x0(x2 − x3) + 2y0(y2 − y3) + (a2
3 − a2

2)
(7b)

r2
1 − r2

3 = ∆31(r3 + r1)

= 2x0(x3 − x1) + 2y0(y3 − y1) + (a2
1 − a2

3)
(7c)

Now solving for range sums one gets

r1 + r2 = 2x0
x1 − x2

∆12
+ 2y0

y1 − y2

∆12
+

a2
2 − a2

1

∆12
(8a)

r2 + r3 = 2x0
x2 − x3

∆23
+ 2y0

y2 − y3

∆23
+

a2
3 − a2

2

∆23
(8b)

r3 + r1 = 2x0
x3 − x1

∆31
+ 2y0

y3 − y1

∆31
+

a2
1 − a2

3

∆31
(8c)

which in turn leads to

(r2 + r3)− (r3 + r1) =r2 − r1

=∆12

=2x0

[
x2 − x3

∆23
− x3 − x1

∆31

]
+ 2y0

[
y2 − y3

∆23
− y3 − y1

∆31

]
+

a2
3 − a2

2

∆23
− a2

1 − a2
3

∆31

(9)

Finally, after multiplying (9) with the common denomina-
tor and rearranging one obtains

[x1∆23 + x2∆31 + x3(∆12 −Σ)]x0

+ [y1∆23 + y2∆31 + y3(∆12 −Σ)]y0

=
1
2
[∆12∆23∆31 + a2

1∆23 + a2
2∆31 + a2

3(∆12 −Σ)]

(10)

where

Σ , ∆12 + ∆23 + ∆31 (11)

Equation (9) can be written in a more compact form as
Ax0 + By0 = C, where A, B and C are constants, deter-
mined by the receiver locations Ri for i = 1, 2, 3 and the
measured range differences ∆12, ∆23 and ∆31. Thus it is es-
tablished that the transmitter T = [x0 y0]T lies on the straight
line given by Ax + By = C.
In [1] it is shown that equation Ax + By = C together with
the three receiver locations Ri for i = 1, 2, 3 uniquely define
a conic whose axis (= line, where the foci of the conic lie on)
is given by Ax + By = C. Moreover the transmitter location
T = [x0 y0]T is given as one of the two foci. This means
that once we have determined the coefficients A, B and C
from the measured range differences ∆12, ∆23, ∆31 and the
receiver locations Ri for i = 1, 2, 3 for one receiver triad (=
set of three receivers) there are two ways to proceed in order
to get a fix (= estimate of the transmitter position). If more
than three receivers are available we can determine the coef-
ficients A′, B′ and C ′ for a second receiver triad and the fix
will be given as the intersection of the two conic axes defined
by Ax + By = C and A′x + B′y = C ′.
If on the other hand only three receivers are available three
different cases have to be considered. In the first case the
conic is an ellipse. Then the focus which does not corre-
spond to the transmitter position T would produce the neg-
ative range differences −∆12,−∆23 and −∆31, if the trans-
mitter had its location there, see figure 8. In the second case
the conic is an hyperbola. Then a transmitter being located at
either of the foci would produce the same range differences,
see figure 6. This means that in the case of the conic being
a hyperbola, an ambiguity arises and it is not possible to de-
cide mathematically which of the two foci corresponds to the
transmitter position T . In the third case one of the foci has
moved to infinity and the conic is a parabola [2].

Overall, only the case of the conic being a hyperbola leads
to an ambiguity in determining the transmitter location T .

5. DIVIDE AND CONQUER APPROACH - DAC

So far we have considered two cases. In the first case only
three receivers are available and the fix can be estimated by
determining the foci of a conic (LOCA). In the second case
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Fig. 5. The solution conic is an ellipse
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Fig. 6. The solution conic is an hyperbola

more than three receivers are available and the fix can be es-
timated through cutting the conic axes corresponding to the
different receiver triads.

Another approach for the case that N > 3 receivers are
available would be to determine a fix for each receiver triad
by applying LOCA which leads to a set of

(
N
3

)
fixes. In the

next step these
(
N
3

)
fixes should be combined in an optimal

way in order to produce a reliable estimate of the source loca-
tion. In this section we will show how the so called divide and
conquer approach proposed in [3] can be applied to obtain a
maximum likelihood (ML) estimate of the source location by
optimally combining the

(
N
3

)
appropriately weighted fixes.

For the mathematical background we refer to [3].

5.1. Formation of the DAC estimate

In order to form the DAC estimate one has to divide the data
vector x in m possibly overlapping sub vectors xi for i =
1, . . . , m. We have to make sure that each element of x is
represented in at least one xi. In the next step for each sub
vector xi an estimate θ̂i is determined via maximum likeli-
hood, for example through solving (??). In general θi can be
a sub vector of θ given as

θi = Siθ (12)

where Si is a selection matrix. Si can be obtained from an
identity matrix by deleting the rows j corresponding to the
elements j of θ that one does not want to estimate via xi.
The DAC estimate θ̂DAC can then be obtained by linearly
combining the estimates θi according to [4,5]

θ̂DAC = (ST WS)−1ST Wϑ̂ (13)

where S and ϑ̂ are constructed through concatenating the θ̂i

and Si as

ϑ̂ ,

 θ̂1

...
θ̂m

 , S ,

S1

...
Sm

 (14)

and W is a positive definite weighting matrix, chosen in a
way that the mean squared error of the estimate θ̂DAC is min-
imized.

5.2. Bias and Variance

In this subsection we will derive bias and covariance of the
DAC estimate in (13) for the case that the data vector x is
Gaussian distributed. Lets start with the following definitions

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 336



µi , E{xi} (15)

Ci , E{[xi − µi][xi − µi]T } (16)

Cij , E
{
[xi − µi][xj − µj ]T

}
(17)

Ji , ∂µT
i

∂θi
C−1

i

∂µi

∂θT
i

(18)

Assuming the θ̂i to be ML estimates and sufficiently large
Fisher information Ji we can apply (19) getting from [3]

θ̂ML ≈ θ + J−1(θ)
∂lnp(x, θ)

∂θ
(19)

and come up with

E{θ̂i} ≈ E

{
θi + J−1

i

∂lnp(xi, θi)
∂θi

}
(20)

= E{θi +
1

∂θi
∂(−1

2
lndet{2πCi} (21)

− 1
2
[xi − µi]T C−1

i [xi − µi])} (22)

= E

{
θi +

∂(− 1
2 [xi − µi]T C−1

i [xi − µi])
∂θi

}
(23)

= E

{
θi +

∂µT
i

∂θi
C−1

i [xi − µi]
}

(24)

= E {θi}+
∂µT

i

∂θi
C−1

i [E {xi} − µi] (25)

= θi (26)

where in the step from (21) to (23) it has been used that Ci

does not depend on θi. In order to obtain (24) from (23) we
applied the chain rule in combination with the matrix equality
in (??). Finally the linearity of the expectation operator E{.}
has been used to get (25). Thus it has been established that θ̂i

is unbiased.
Now we will proceed with the determination of the covariance
between θ̂i and θ̂j , denoted as (Cϑ̂)ij . Applying (19) once
again leads to

(Cϑ̂)ij , E
{
[θ̂i −E{θ̂i}][θ̂j −E{θ̂j}]T

}
≈ E{

[
θi + J−1

i

∂lnp(xi, θi)
∂θi

−E{θ̂i}
]

[
θj + J−1

j

∂lnp(xj , θj)
∂θj

−E{θ̂j}
]T

}

= J−1
i E

{
∂lnp(xi, θi)

∂θi

∂lnp(xj , θj)
∂θT

j

}
J−1

j

= J−1
i

∂µT
i

∂θi
C−1

i

∗E
{
[xi − µi][xj − µj ]T

}
C−1

j

∂µj

∂θT
j

J−1
j

= J−1
i

∂µT
i

∂θi
C−1

i CijC−1
j

∂µj

∂θT
j

J−1
j

(27)

Using (13) and E{ϑ̂} = Sθ the expectation of the DAC
estimate θ̂ can be computed as

E{θ̂DAC} = (ST WS)−1ST WE{θ̂}
= θ

(28)

and one finds that θ̂DAC is unbiased. Finally from (13) and
(27) the covariance Cθ̂DAC

of θ̂DAC can be determined [4]

Cθ̂DAC
= (ST WS)−1ST WCϑ̂WS(ST WS)−1

� (SC−1

ϑ̂
S)−1

(29)

with Cθ̂DAC
= (SC−1

ϑ̂
S)−1 when W = C−1

ϑ̂
. It should

be stressed that all the derivations in this section are based on
the approximation (19) and therefore require sufficiently large
Fisher information Ji for i = 1, . . . , m.
In the following we will evaluate Cθ̂DAC

for the case that
the sub vectors xi and the corresponding parameter vectors

θi have equal length. Then the matrices ∂µT
i

∂θi
are square and

since we are assuming non-singular Fisher information matri-
ces Ji we can conclude

J−1
i =

(
∂µT

i

∂θi
C−1

i

∂µi

∂θT
i

)−1

=
(

∂µi

∂θT
i

)−1

Ci

(
∂µT

i

∂θi

)−1
(30)

which shows that the matrices ∂µT
i

∂θi
are invertible. Now plug-

ging (30) in (27) we can express (Cϑ̂)ij as
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(Cϑ̂)ij = J−1
i

∂µT
i

∂θi
C−1

i CijC−1
j

∂µj

∂θT
j

J−1
j

=
(

∂µi

∂θT
i

)−1

Cij

(
∂µT

j

∂θj

)−1 (31)

Defining Λ∂ as the block diagonal matrix with ith block
∂µi

∂θT
i

(31) can be written as

Cϑ̂ = Λ−1
∂ CΛ−T

∂ (32)

where

C ,

C11 . . . C1m

...
. . .

...
Cm1 . . . Cmm

 (33)

Now let W = C−1

ϑ̂
and plug (32) into (29) to obtain

Cθ̂DAC
=
[
ST (Λ−1

∂ CΛ−T
∂ )−1S

]−1

=
[
ST ΛT

∂ C−1Λ∂S
]−1

=

[
∂µT

∂θ
C−1 ∂µ

∂θT

]−1
(34)

where

µ , E{[x1 . . .xm]T }
= [µi . . . µm]T

(35)

is the CRLB. Thus it is shown that assuming sufficiently large
Fisher information the DAC estimate approaches the CRLB if
the parameter vectors θ̂i and the sub vectors xi have the same
length.

5.3. Application of DAC to Range Difference Location

In order to apply the DAC to the range difference location
problem, at first identify x as the vector of measured range
differences

x , [∆̃12 . . . ∆̃1N . . . ∆̃k(k+1) . . . ∆̃kN . . . ∆̃(N−2)N ]T

(36)
In the next step we will divide x into M =

(
N
3

)
overlap-

ping sub vectors xi ∈ R2×1. In order to do so, at first number
the receivers arbitrarily from 1 to N . Then define sub vectors
as

x(k)
i (l, m) ,

[
∆̃kl

∆̃km

]
i

, for i = 1, . . . , M (37)

where k ∈ {1, . . . , N − 2}, l ∈ {k + 1, . . . , N − 1} and
m ∈ {l+1, . . . , N}. In order to illustrate these rather abstract
definitions lets assume the case of M = 4 receivers. Then we
have

x , [∆̃12 ∆̃13 ∆̃14 ∆̃23 ∆̃24]T (38)

and

x(1)
1 ,

[
∆̃12

∆̃13

]
,x(1)

2 ,
[
∆̃12

∆̃14

]
,x(1)

3 ,
[
∆̃13

∆̃14

]
,x(2)

4 ,
[
∆̃23

∆̃24

]
(39)

Now we can collect the vectors x(k)
i (l, m) from (37) in

the vector x

x ,
[
x(1)

1 . . .x(1)

(N−1
2 ) x(2)

(N−1
2 )+1

. . .x(2)

(N−1
2 )+(N−2

2 ) . . .x(N−2)
M

]T

(40)
and proceed with the identifications

θ , [x0 y0]T

µ , E{x}
C , E{(x− µ)(x− µ)T }

(41)

To compute the weighting matrix W in (13) according
to section (5.2) the only thing that remains to determine is
∂µ

(k)
i

∂θT , ∂E{x(k)
i }

∂θT . In order to do so, remember that

∆kl , rl − rk

=
√

(x0 − xl)2 + (y0 − yl)2

−
√

(x0 − xk)2 + (y0 − yk)2

∆km , rm − rk

=
√

(x0 − xm)2 + (y0 − ym)2

−
√

(x0 − xk)2 + (y0 − yk)2

(42)

which together with (41) yields

∂µ
(k)
i

∂θT
, ∂E{x(k)

i }
∂θT

=


∂∆kl

∂x0

∂∆kl

∂y0

∂∆km

∂x0

∂∆km

∂y0


(43)

with
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∂∆kl

∂x0
=

x0 − xl√
(x0 − xl)2 + (y0 − yl)2

− x0 − xk√
(x0 − xk)2 + (y0 − yk)2

∂∆kl

∂y0
=

y0 − yl√
(x0 − xl)2 + (y0 − yl)2

− y0 − yk√
(x0 − xk)2 + (y0 − yk)2

∂∆km

∂x0
=

x0 − xm√
(x0 − xm)2 + (y0 − ym)2

− x0 − xk√
(x0 − xk)2 + (y0 − yk)2

∂∆km

∂y0
=

y0 − ym√
(x0 − xm)2 + (y0 − ym)2

− y0 − yk√
(x0 − xk)2 + (y0 − yk)2

(44)

Finally set

Si =
[
1 0
0 1

]
, for i = 1, . . . , M (45)

such that we can devise the following algorithm for range dif-
ference location

Algorithm 1:

1. compute θ̂i based on the sub vec-
tors xi for i = 1, . . . , M using
LOCA

2. compute µi for i = 1, . . . , M ac-
cording to (43)

3. compute Cϑ̂ according to (32)

4. set W = C−1

ϑ̂

5. compute θ̂DAC = [x̂0 ŷ0]TDAC

according to (13)

Note that [x0 y0]T needed in step two for the computation
of µi for i = 1, . . . , M is unknown, therefore one should use

the estimate [x̂0 ŷ0]T , 1
M

M∑
i=1

θ̂i instead.

The performance of algorithm 1 has been simulated in section
(6).

6. SIMULATION RESULTS

In this section we will describe the simulation results. The
first and second pictures show the error contour plot of a
LOCA system. With increasing the number of receivers we
get a better overall RMS error.
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7. CONCLUSIONS

In this work we investigated different localization methods
based on the time of arrival. The time difference between two
receivers was performed by a standard cross-correlation func-
tion. The simulation was influenced by COST259 channel
model conditions. The main difference between the method
based on intersecting hyperbolas and location on the conic
axis (LOCA), is the number of necessary receivers. In the
case of an ellipse used the LOCA method, it is enough to use
three receivers for an ambiguity result. But with increasing
the number of receivers we reduce the RMS error over the
whole plane. The divide and conquer method gives a good
approach to combine fixes.
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AN EIGENFILTER APPROACH TO THE DESIGN OF FREQUENCY INVARIANT
BEAMFORMERS
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Abstract. An eigenfilter approach to the design of fre-
quency invariant beamformers (FIBs) is proposed and its so-
lution is provided by finding the minimum generalized eigen-
vector of two matrices. Several design examples are provided
with satisfactory frequency invariant property and sidelobe at-
tenuation. The proposed approach is general and can be ap-
plied to different array structures, such as linear arrays, circu-
lar arrays and rectangular arrays.

1. INTRODUCTION

Broadband beamforming has been studied extensively in the
past and amongst them is a class of beamformers with fre-
quency invariant responses [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12],
which can form beams pointing to the signal of interest with
a constant beamwidth. With the FIB technique, both adap-
tive broadband beamforming and broadband DOA (direction
of arrival) estimation can be simplified greatly [13, 4, 14, 15].
In [4, 9, 10, 11, 12], the design is achieved based on sim-
ple multi-dimensional inverse Fourier transforms by exploit-
ing the relationship between the array’s spatial and temporal
parameters and its beam pattern. More recently, a direct opti-
mization approach was adopted using the convex optimization
methods [16, 17, 18].

The least squares approach is a conventional and well-
known method for the design of both FIR filters and broad-
band beamformers [19, 20, 21, 22, 23] and its solutions are
normally obtained by matrix inversion based methods and
eigenfilter based methods. Compared with the matrix inver-
sion based methods, the eigenfilter based ones have the ad-
vantage of improved numerical stability. In this paper, we will
extend the traditional eigenfilter based methods to the design
of frequency invariant beamformers. The key to its success
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Fig. 1. A general broadband beamforming structure.

is to form a cost function enforcing the frequency invariance
requirement in the design and one novel unconstrained least
squares(ULS) formulation of the problem is proposed, with
its solution based on the eigenfilter method and obtained by
finding the minimum generalized eigenvector of two related
matrices.

This paper is organized as follows. The general broad-
band beamforming structures are reviewed briefly in Section 2.
The ULS formulation for the design of FIBs with its corre-
sponding solution is given in Section 3. Several design exam-
ples based on different array structures are provided in Sec-
tion 4. Conclusions are drawn in Section 5.

2. BROADBAND BEAMFORMING STRUCTURES

A general structure for broadband beamforming with tapped
delay-lines (TDLs) or FIR/IIR filters is shown in Fig. 1, in
which J is the number of delay elements associated with each

2009 International ITG Workshop on Smart Antennas – WSA 2009, February 16–18, Berlin, Germany

see the program 341



of the M sensor channels. The beamformer with such a struc-
ture samples the propagating wave field in both space and
time. Its response as a function of the signal angular fre-
quency ω and the direction of arrival angle θ can be expressed
as

R̃(ω, θ) =
M−1∑
m=0

J−1∑
k=0

wm,ke−jω(τm+kTs), (1)

where Ts is the delay between adjacent taps of the TDLs and
τm is the spatial propagation delay between the m−th sensor
and a reference point. We can rewrite the response in a vector
form

R̃(ω, θ) = wT s(ω, θ) (2)

where w is the coefficient vector defined as

w = [w0,0, · · ·wM−1,0 · · ·w0,J−1 · · ·wM−1,J−1]T , (3)

and s(ω, θ) is the M × J steering vector given by

s(ω, θ) = sTs(ω)⊗ sτm(ω, θ) (4)

where ⊗ denotes the Kronecker product, and

sTs(ω) = [1, e−jωTs , · · · , e−j(J−1)ωTs ]T , (5)

sτm(ω, θ) = [e−jωτ0 , e−jωτ1 , · · · , e−jτM−1ω]T . (6)

For a uniformly spaced linear array with an inter-element
spacing d, we have the spatial propagation delay τm given by
τm = mτ1 = md

c cos θ, with the first sensor position as the
phase reference point. With the normalized angular frequency
Ω = ωTs, ω(mτ1 + kTs) changes to mµΩcos θ + kΩ with
µ = d

cTs
. Then the steering vector changes to

s(Ω, θ) = sTs(Ω)⊗ sτm(Ω, θ) (7)

and
sTs(Ω) = [1, e−jΩ, · · · , e−j(J−1)Ω]T (8)

sτm(Ω, θ) = [1, e−jµΩ cos θ, · · · , e−j(M−1)µΩ cos θ]T . (9)

Then we obtain the response as a function of Ω and θ

R(Ω, θ) = wT s(Ω, θ) . (10)

For a uniform circular array with a circumferential spac-
ing of d, as shown in Fig. 2, we have the spatial delay be-
tween the center of the circular array and the m − th sensor,
τm = r cos(θ−θm)

c , where r = Md
2π is the radius of the circular

signal

θm

θ

M−1

1

d

0

r
x

y

m

Fig. 2. A uniformly spaced circular array.

θ dx

dy

y

x

z
signal

φ

Fig. 3. A uniformly spaced rectangular array, which can be
considered as a linear array with SDLs.

array and θm = m 2π
M is the angle of the m− th sensor. With

the normalized angular frequency Ω = ωTs, ω(τm + kTs)
changes to Ωβµ cos(θ − θm) + kΩ with β = M

2π . Then we
obtain sτm for the uniform circular array case

sτm(Ω, θ) = [e−jΩβµ cos(θ−θ0), e−jΩβµ cos(θ−θ1), · · · ,

e−jΩβµ cos(θ−θM−1)]T . (11)

When the TDLs in the broadband linear array system shown
in Fig. 1 are replaced by sensor delay-lines (SDLs), we will
have a rectangular array system without TDLs [24]. Such
a structure is shown in Fig. 3, which is an equally spaced
rectangular array with M × J sensors and an inter-element
spacing of dx and dy , respectively. Without loss of general-
ity, we assume dx = dy = d and the signals come from the
direction ϕ = π

2 . Since it is a broadband beamforming struc-
ture with spatial-only information, we replace kTs in (1) by
δk which represents the spatial propagation delay along the
y axis and is given by δk = kδ1 = md

c sin θ, with the first
sensor position as the phase reference point. With the nor-
malized angular frequency Ω = ωTs, ω(mτ1 + kδ1) changes
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to mµΩcos θ+kµΩsin θ. Then we obtain the steering vector
for the rectangular array as

s(Ω, θ) = sδk
(Ω)⊗ sτm

(Ω, θ) (12)

where

sδk
(Ω, θ) = [1, e−jµΩ sin θ, · · · , e−j(J−1)µΩ sin θ]T . (13)

3. THE EIGENFILTER APPROACH TO THE DESIGN
OF FIBS

In the proposed method, the cost function for the design of
FIBs consists of three parts. Firstly, the frequency invariance
property is formulated by minimizing the Euclidean distance
between the response at a fixed reference frequency Ωr and
those at all the other operating frequencies over a range of
directions in which frequency invariance is considered. The
cost function related to this property is given by

J1 =
∫

Ω

∫
ΘF I

∣∣wT s(Ω, θ)− wT s(Ωr, θ)
∣∣2 dΩdθ (14)

where ΘFI represents a direction range in which frequency
invariance is considered. It can be either the main beam di-
rection area or the whole angle range from 0◦ to 180◦ for the
linear and planar arrays and from −180◦ to 180◦ for the cir-
cular array. Here we will always consider the full angle range.

Secondly, we also need to minimize the response of the
beamformer at the reference frequency Ωr over the sidelobe
region. This part of the cost function is defined as

J2 =
∫

Θs

∣∣wT s(Ωr, θ)
∣∣2 dθ (15)

where Θs denotes the sidelobe region.
Thirdly, we need to maximize the spectrum energy at the

reference frequency Ωr over the mainlobe region.
Then, a complete formulation of the FIB design problem

is obtained by combining the three elements together

JULS=

∫
Ω

∫
ΘF I

∣∣wT s(Ω, θ)− wT s(Ωr, θ)
∣∣2 dΩdθ

+ α
∫
Θs

∣∣wT s(Ωr, θ)
∣∣2 dθ∫

Θm
|wT s(Ωr, θ)|2 dΩdθ

(16)

where α is a trade off parameter between the frequency in-
variant property and the sidelobe attenuation.

Now let (Ωn, θk) be the grid chosen from the continuous
frequency and angle ranges above. Then the least squares
formulation for the FIB design becomes

JULS =

∑N−1
n=0

∑K−1
k=0

∣∣wT s(Ωn, θk)− wT s(Ωr, θk)
∣∣2

+ α
∑

θk∈Θs

∣∣wT s(Ωr, θk)
∣∣2∑

θk∈Θm
|wT s(Ωr, θk)|2

(17)
where N and K are the number of samples chosen over the
frequency and the angle ranges considered for frequency in-
variance, respectively. Note that the spectrum energy used
here is just the summation of energy over the mainlobe at the
reference frequency θr, which leads to a much more reduced
computational complexity than the conventional methods in
the design of broadband beamformers [22]. We can rewrite
(17) as

JULS =
wT Q1w
wT Q2w

(18)

where

Q1 =
N−1∑
n=0

K−1∑
k=0

|s(Ωn, θk)− s(Ωr, θk)|2

+ α
∑

θk∈Θs

s(Ωr, θk)s(Ωr, θk)H
(19)

and
Q2 =

∑
θk∈Θm

s(Ωr, θk)s(Ωr, θk)H (20)

As Q1 and Q2 are clearly Hermitian, we can obtain wT Q1w =
wT Q1Rw and wT Q2w = wT Q2Rw, where Q1R and Q2R are
the real symmetric matrices of Q1 and Q2, respectively. Thus
Equation (18) changes to

JULS =
wT Q1Rw
wT Q2Rw

(21)

Thus the optimal w can be obtained by finding the gener-
alized eigenvector corresponding to the minimum eigenvalue
of Q1R and Q2R. Note that the optimum weight vector ob-
tained in this way will not necessarily have a unity response
at the look direction θr. To have the desired unity response,
we need to normalize the resultant weight vector w. To avoid
this normalisation and also have a direct control of the ar-
ray response to some specific directions, such as a unity re-
sponse to the desired signal direction, we can follow the to-
tal least squares (TLS) approach in the design of broadband
beamformers [22] and obtain the following formulation of the
problem

JCTLS =
wT Q1Rw

wT Q2Rw + 1
subject to CT w = f, (22)
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where CT w = f provides the desired constraints on the array
coefficients. This formulation can be transformed to

JCTLS =
ŵT Q̂1ŵ
ŵT Q̂2ŵ

subject to Ĉŵ = 0 (23)

with ŵ, Q̂1, Q̂2 and Ĉ defined as

ŵ = [wT ,−1]T , Q̂1 =

[
Q1R 0
0 0

]
,

Q̂2 =

[
Q2R 0
0 1

]
, Ĉ = [CT , f]

(24)

The solution can be derived in a similar way as in [22].
A problem with this formulation is its high computational

complexity and in the design examples, we will only use the
formulation given in (21).

4. DESIGN EXAMPLES

To show the effectiveness of the proposed method, we pro-
vide several design examples based on a uniformly spaced lin-
ear array, a uniformly spaced circular array, and a uniformly
spaced rectangular array, respectively.

4.1. Uniformly Spaced Linear Array

We apply the proposed method to a uniformly spaced linear
array to design FIBs with a broadside main beam, i.e., a look
direction θr = 90◦. The design is based on a linear array
with 14 sensors and each followed by an 18-tap FIR filter.
The array spacing is assumed to be half the wavelength corre-
sponding to the maximum normalized signal frequency π so
that µ = 1. The frequency range of interest in the design is
[0.3π, 0.9π] and the mainlobe region is [75◦, 105◦]. The fixed
reference frequency point is Ωr = 0.7π and α is set to be
0.05.

The resultant beam pattern with the ULS formulation is
shown in Fig. 4 which exhibits a good frequency invariant
property over the frequency range [0.3π, 0.9π] with a satis-
factory sidelobe attenuation.

4.2. Uniformly Spaced Circular Array

The proposed least squares approach is general and can be
applied to other array structures too. In the following we give
an example based on a uniformly spaced circular array with

Fig. 4. The resultant beam pattern using the ULS formulation
for a main beam direction at θ = 90◦.

Fig. 5. The resultant beam pattern using the ULS formulation
for the uniform circular array.
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Fig. 6. The resultant beam pattern using the ULS formulation
for the uniform rectangular array with a main beam direction
at θ = 90◦ .

14 sensors and each followed by a 20−tap FIR filter. The look
direction is θr = 0◦ and the mainlobe region is [−30◦, 30◦].
All of the other parameters are the same as in the linear array
case except that α is set to be 0.1.

The resultant beam pattern is shown in Fig. 5. Again a
good frequency invariant property is achieved over the fre-
quency range of interest.

4.3. Uniformly Spaced Rectangular Array

Finally, we apply the proposed method to a uniformly spaced
rectangular array without TDLs to design a broadside main
beam. Except for the operating frequency range which changes
to [0.35π, 0.95π], all of the other parameters are the same as
in the linear array case. The resultant beam pattern is shown
in Fig. 6, with a good frequency invariance property and a
satisfactory sidelobe performance.

5. CONCLUSION

A novel least squares formulation to the design of frequency
invariant beamformers with an eigenfilter based solution has
been proposed, which leads to satisfactory design results as
demonstrated by the provided design examples. The proposed
approach is general and can be applied to different array struc-
tures, such as linear arrays, circular arrays and rectangular ar-
rays.
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