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ABSTRACT the design of biorthogonalilter banks was to ensure
the smoothness of the constructed wavelets.

In this paper, a simple method is described for the
construction of a biorthognal basis for any specific
application. Next, the lifting scheme mathematically
described in [7-8], has been used to design a
biorthogonal perfect constructioriltér banks. In this
respect, for a specific low pass analysis filter bank
that meets certain design specifications, the
dcorresponding high pass bank that satisfies the
biorthogondity requirements is hardly agood high
pass. Next, the lifting scheme is applied to make the
high pass analysis filter approximates the required
ideal high pass specifications, without impairing the
overall PR property, the linear phase property of
each of the analysis/synthesis filter banks, or the low
pass analysis filter bank. lllustrative example is
given to show the effectiveness of this approach..

In this paper, a simple design method is proposed for
the construction of biorthogonaliltér banks with
perfect reconstruction property. Starting from an
analysis filter bank that meets certain design
specifications  regarding bandwidth and energy
concentration, a complete biorthogonalltef bank
system is constructed. Then, through applying the
lifting scheme to the other analysis filter bank, its
response can be greatly improved to meet the desire
design specifications without impairing either the
perfect construction property or the other analysis
filter bank. |lllustrative example is given to
demonstrate the simplicity and efficiency of the
proposed design approach.

1. Introduction:

Recently [1-3], interest has been given to the use of

biorthogonal wavelets in signal processing. In 2, Biorthogonal System:

orthogonal  wavelet decomgtien, the  single _ ] _
orthogonal wavelet function @(t) plays two very  Let the scaling function @(t)has a dual scaling

important roles in signal analysis. First, it is used t0 f,nction @(t) and the associated wavelet function

construct orthonormal basigl ; |(t) that is used as ~
¥k (t)has the corresponding dual functioty(t).

Then, to have a biorthogonal system, the following
conditions must be satisfied

analyzing wavelets to provide certain time-frequency
resolution. Second, it is used to construct the
waveform at various octaves of the signal. This
means that the analysis and synthesis wavelets are  _ _
the same. Furthermore, it is known that orthonormal fef)¢ft—K dt=dK) [YO ¢t K dt=0
scaling functions and wavelets have poor time scale - _—
localization. Most of available QMF designs [4], are MOUE-KAE=AR  [e)t-Kdi=0
based on orthogonal wavelets with its drawback of In terms of the two scale relations of the scaling and
having a single scaling function to meet the perfect wavelet functions and their dual, defined as

)

construction property as well as selective linear N - N ~
phase response for each of the analysis filter bank to @)= Sh(K)@2-K) @1)= 3 go(K)P(Z ~k)
meet energy concentration in these banks. The use of k=0 k=0 (2)

biorthogonal systems rather than orthogonal system t) = N NAZX-K) d)= N Ko —K
gives us a lot of freedom. Here, we have a pair of Yo kZO“( gt ) 40 kéogl( 4 )

wavelets (/(t),fi(t), (called duals of each other), where the order ofHy(z), G(z), Hi(z), G(2)) , is
that are used to share the load; one as an analyzingaken to be equal td. Eq.(1) is equivalent to

wavelet and the other as synthesizing wavelet. Ho(z)Ci)(z'l) +|-|0(—z)eb(—z‘1): 1 (a)

In [5], a method was proposed to design biorthogonal 4 4

filter banks. However, it was shown that its overall Ho(2)G(Z7)*H(=2)G(z")=0 (b) 3)
response is not an exact PR one. In [6], as interest Hl(z)Q(z_l) +H1(—Z)G1(—Z_l):1 (©

was focused on image compression, the criterion for

Hi(2)G(Z ) +Hi(2)G(Z 1) = 0 (d)



where

N N
Hy(2) =5 3 () 7, Go(D) = 3 go(l0Z
k=0 2 k=0

4

N N '9
Hy(2) = %kgohl(k) 7%, Hy(z)= %éogﬁk)z'k 2=e 2

At this point, it is worth noting that orthogonal
wavelet is a special case of biorthogonal system in
that the dual functionsg(t),@(t) lie in the same
plane as that of the functiong(t),@(t) . As a result,

in orthogonal wavelets, Eq.(2) is satisfied with the
conditionsgo(n)= ho(n), au(n)=hy(n).

To relate the biorthogonalilter banks to the perfect

reconstruction filter banks [4], it is well known that
to have PR system, the following relations must be
satisfied

Ho(2) Fo(2)+Hy(29) Fi(2) €z " (5
Ho(-2) R (2 +Hi(-2)R(9)= O
where {Ho(z), H(z)} and {Fo(z), R(z)} are the low

- -K

and high pass decomposition and reconstruction
filter banks, respectively. Comparison with the
biorthogonal relations of eq.(3), yields

Fo(d =2 Go(z) , Fu(2) =Ho(-2) (6)
3. The Lifting Principle:
Investigation of eq.(3), reveals the following
remarks:

1. If in the biorthogonal system{H,(z), Hy(z),

Go(z), G(z)}, the functions [H(z),&(z)] are
kept unchanged while one modifies the other

parameters to {Ho(z),Gl(z)} in accordance
with

Ny — -2

Ho(2) = Ho(2) + W(Z %) Hy(29) e

G2 = G2 - W(Z*) Go(2)
then, the system {Hg(z),Hl(z),Go(z),Q[‘(z)}
is still biorthogonal for any arbitrary W(z)
Direct substitution of H{(z) , G{'(2)in place of
Ho(2),Gi(2)in  EQq.(3), reveals that the

biorthogonal relations are satisfied as long as the

original system Hy(z), H(z), G(z). G(2)} is
biorthogonal. Alternatively, if in the

biorthogonal system{H,(z), H(z), G(z), G(2)},
[Ho(z),Gi(2)] are kept unchanged while the other

parameters tqH{' (z),GJ (z)[ are modified to
H{(z) = Hy(z) + W(Z?)Ho(2)
GP(z) = Go(z) ~ W(Z%) Gy(2)

Then, the syster&Ho(z), Hln(z),GQ(z),Gl(z)} is still
biorthogona for any arbitrary choice \&(z)

®

2. As a result of modifying the biorthogonal system
{Ho(2), Hi(2), G(2), G(2)}, to the modified system

{H,2.H'®2.5@,G(@}, the new scaling and
wavelet functions and their duals are

¢(t)=k§ ho(K) @2t —K)

Fold) = 3 95(K) P2~ K)
N (©)
Un® = 3 (k) a2t -k)

B = 3 0101 @2 -1)

It is thus clear that,

the scaling functiog(t) is
unchanged, whereas the dual scaling functmlﬁt)
and the wavelet functiony(t) has been changed as a
result  of  modifying {Hf(z),Gg(z)}, and

subsequently the dual wavelet function changes as a
result of changing the dual scaling function. This is

a very important feature of applying the lifting
principl to a biorthogonal system.

Thus, we have the following important theorem,
known as the Lifting theorem:

Theorem: The Lifting Theorem

Given a biorthogonal systen{H,(z), H(z), G(2),
Gi(2)}, then the system
{H (z),Hl(z),Go(z),Gl(z)} forms a new

biorthogonal system if {HQ(Z),G{‘(Z)} are chosen

according to Eq.(7). Alternatively, if
Hi'(z),G)(z)] are allowed to vary in accordance
of EQ.(8)., then the resulting system is still
biorthogonal , for any arbitrary choice \bf(z).

4. Generation of a Biorthogonal system for a

specified symmetricalH(2):

For a specified symmetricaHo(z),(i.e. with linear

phase) of degree N = 2m+1, scaled such that

Ho(1)=1, one can construct a biorthogonal system, as
follows:
As Ho(z) is symmetric, it turns out that the coefficients of
the biorthogonal system must be symmetric. As a result,
the coefficients of54(z) are obtained through reducing to
zero even power of, except the zero power term of
Eq.(3-a). This results in the following system (of+1)
linear equations ifm+1) unknowns:

oP)

Bgu=Y.9u =[9op J10--Gmo]", y=[00.005]"
and the matriXB can be derived from the coefficients of
Ho(z), [9]. The solution of Eq.(1)), yields the vectar. g
Consequently, g= [ g, ; flipud(g)]. Once Gy(z) is
determined,H,(z) and G,(z) that satisfy Eq.(3), can be
determined from the relations

Hi(z)=2 NGo(-z) , Gy(2z)=2 VN Ho(-z") (11)



In [9], a complete construction procedure is described for the

a generalHy(z). It remains to determin&V(z). In this

paper, these elements are determined to ensure selecti
filter banks with perfect reconstruction PR property, as is
described in the following section. 31

5. Design of Biorthogonal Filter Banks:

The proposed approach to design biorthogonal-based

filter banks, proceeds as follows:

1- Specify the linear phase functidty(z), that suits
your design specifications ftom the point of
view of energy concentration, allowed numbr of
bits,..etc.

2- Determine the rest of the biorthogonal system
Hi(z), &(z) and G(z) as described in sec.(4), as
well as the reconstruction filter bank&(z),
Fi(z) of Eq.(6).

3- Apply the lifting theorem of EQ.(8) tdd;(z)to
adjust its response to be a good high passr.f
nature Note that W(z?) in this case, must be
anti-symmetrical to maintain the linear phase as
well as the high pass ofl;"(z). Its parameters

of

are obtained through optimizing the response of 1
the resultingH,"(z).

4- As a result of optimizingW(z?), the updated
reconstruction filte banks will be 2)

Fg'(2)=Fo(2)~W(z?) Ho(-2) 12)
F'(2)=F(2) 3
It can be easily verified that, the resulting

biorthogonal ilter bank system, is indeed PR with no
aliasing, i.e.

T(D=Hy(2)F(2) +H (@ FM(z) =z7K

(13
A(2)=Ho(-2)Fg'(2) +H{ (-2 F(2)=0
This feature is to be compared with earlier
biorthogonal designs [5], where their overall(z) 6)
deviates subtantially aroung .
6. lllustrative Example: 7

Ex.: In this example, we will design a tQﬂegree FIR

filter Hq(z), using Remez exchange algorithm with
frequency edges [0 0.45 0.6 1], and magnitude [1 1 O O].
Fig.(1-a), shows the amplitude response of the
designed filter together with amplitude response of 8)
Ho(z) and the correspondingl;(z) obtained from the
biorthogondity conditions of Eq.(3). Next, we apply
the lifting principle to improveH;(z) while keeping
Ho(z) invariant. The parameters ofW(z) are
determined such that they minimize the amplitude
deviations of the resultingH,"(z) over the specified
frequency specifications Fig.(1-b), shows the effect
of applying the lifting theorem with 4,5 variables on

©

)

A simple method
construction of biorthogonalilter bank system, with
perfect construction property and zero aliasing. The
main feature of this design lies in the fact that the
liting principle can be easily incorporated
resulting design. This means that one can choose one
the analysis
binding relation to the other analysis filter bank. The
parameters of the lifting functions can be chosen to
satisfy any different design schemes,
ensure scaling function regularity,[8].

response &i{(z), while fig.(2) shows their

V%]xpanded stop and pass bands, respectivE(g). of
the resulting filter bank is exactly an ideal delay of

and 33 samples, respectively, while A(z) is

exactly zero.

7. Conclusions:

is presented for the design and

in the

filter banks freely without any

such as to
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Fig.1 a: Biorthogonal analysiditer banks before lifting
b: Optimized lifted biorthogonal analysigef banks
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Fig. 2. Expanded pass and stop band behavior of the optimizedHiftég) for
cases af/(z%) having 4 and 5 variables, respectively




