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1. ABSTRACT

In this paper, we addresstheproblemof estimatingthe in-
stantaneousfrequency (IF) of an FM modulatedsignal in
thepresenceof multiplicativeandadditivenoiseprocesses.
In particular, we considertheestimationof theIF of there-
ceivedsignalat themobileunit antenna.We show that the
existingnon-parametricmethodsbasedontheWigner-Ville
spectrum(WVS) fail to extract thedesiredsignal. Instead,
thefirst momentof theWigner-Ville distribution(WVD) of
the signalcanbe usedto estimatethe IF of the signalun-
derconsideration.Theestimatoris unbiasedandanalytical
expressionsfor thevarianceof theestimatorin theabsence
andpresenceof additivenoisearegiven.

2. INTRODUCTION

In many applicationssuchassonar, radar, andtelecommuni-
cations,the instantaneousfrequency (IF) carriesthe useful
information [1, 2]. It is, thereforeof great importanceto
haveaccurateandeffective IF estimationmethods.Most of
theexisting IF estimationtechniquesassumethatthesignal
underconsiderationhasa constantamplitude. While this
is an acceptableassumptionin many cases,in somesitua-
tions the signal is subjectedto a randomamplitudemodu-
lation which canbe modelledasmultiplicative noise. One
of suchsituationsis fadingin wirelesscommunicationsys-
temswheretheinformationbearingsignalsarefadedby the
time-varyingpropagationmedium[3, chapter6].

Existingmethodsfor estimatingtheIF of agivensignal
in thepresenceof multiplicativenoisecanbeclassifiedinto
two classes.Thefirst classconsistsof parametricmethods
which usea model for the IF of the signalandtry to esti-
matetheparametersof the model[4, 5]. Thesecondclass
consistsof non-parametricmethodswhich do not require
thefull knowledgeof thesignal.A well-known subclassof
non-parametricmethodsfor IF estimation,is basedon the

time-frequency distribution (TFD) of thesignal[1].
In [6, 7, 8, 9] the peakof the Wigner-Ville spectrum

(WVS) is proposedasanestimatorfor the IF of frequency
modulatedsignalsin the presenceof multiplicative noise.
Althoughtheestimatorsbasedon thetime-frequency spec-
trum areusefulin someapplications,we show thatthey fail
to estimatethe IF of the receivedsignalat the mobile unit
antenna. Instead,in this paper, we proposeanothernon-
parametricestimatorbasedon thefirst-ordermomentof the
Wigner-Ville distribution (WVD) of the signal. Statistical
performanceof theestimatoris evaluatedin thepresenceof
additiveandmultiplicativenoise.

Theremainderof thispaperisorganisedasfollows.Sec-
tion 3 describesthemodelof thesignalreceivedby themo-
bile unit antenna.In section4, theIF estimatorbasedonthe
WVS of thesignalis reviewedbriefly. Weshow thatthises-
timatorwouldhaveasignificanterrorin estimatingtheIF of
thereceivedsignalby themobileunit. In section5,weshow
that thefirst-ordermomentof theWigner-Ville distribution
(WVD) of thereceivedsignalcanextractthedesiredsignal.
Expressionsfor the varianceof the WVD-basedestimator
aregivenin section6. Section7 concludesthepaper.

3. SIGNAL MODEL

Thereceivedsignalat themobileunit antennacanbemod-
elled asan FM modulatedsignalwith time-varyingampli-
tudeas[3, page:272]���������
	����������������������� (1)

where 	������ is the result of a constructive anddestructive
superpositionof planewavesat the receiver input, referred
to as multi-path component,������� representsthe additive
bandpassGaussiannoisecentredat the carrier frequency,���

, with two-sidedpowerspectraldensity(PSD) ����� � � ���



�������
, and������ �"!$#&%�')( ��* � �+� �,� ��-/.�0�21 ��34�65734�98�: (2)

In (2),
��-

is the frequency deviation, and 1 ����� is the ac-
tualmessage.Themulti-pathcomponent,	;����� , canalsobe
writtenas[3, page:241]	;�������=<>�����>!$#&%,'9(7?A@������)8 (3)

where <>����� is Rayleighdistributed,and ?A@+����� is uniformly
distributedover B CED ��* � . Theaim is to recover themessage
signal 1 ����� , givenonerealisationof thereceivedsignal ������� .

TheIF of thesignal ������ is givenby [10]��F�G H �����I� ��� � ��- 1 �����I: (4)

Sincethe messagesignal is clearly in the IF of the signal������ , to beableto to recover the messagesignal 1 ����� from
thereceivedsignal ������� , weneedto solvetheproblemof es-
timatingtheIF of thesignal ������ in thepresenceof additive
andmultiplicative noise.In thenext section,we review the
currentlyexisting solutionto this problem,which is based
on theWVS.

4. WVS-BASED IF ESTIMATOR

TheWVS of ananalyticsignal J ����� is definedas[1]KML ��� D � ���ONP'RQ L ��� D � �)8 (5)

whereNP'I8 standsfor theexpectationoperatorand Q L ��� D � �
is theWVD of J ����� which is definedasQ L ��� D � ��� .2ST S J ����� 3 � � J>U ���WV 3 � �6X TEY[Z]\+^`_ 573a: (6)

It followsthatfor anon-stationaryrandomsignal J ����� which
is the productof a complex-valuedstationaryrandompro-
cessb ����� multipliedby adeterministicnon-stationarysignalc ����� , namely, J ������� b ����� c ����� (7)

theWVS is givenbyKML ��� D � ��� ��d$d � � ��e ^ Q�fg��� D � � (8)

where� dhd � � � is thePSDof b ����� , and e ^ standsfor thecon-
volution operatorwith respectto

�
. It hasbeenshown that

thepeakof the
KML ��� D � � is anoptimalestimatorfor the IF

when J ����� is a linear FM signal. In the caseof polyno-
mial phasesignals,theuseof thepolynomialWVS hasbeen
shown to giveoptimalestimationof theIF [7, 11]. Weshow
that this claim is true only when ��d$d � � � hasits maximum
at
� � C . Supposethat thesignal

c ����� in (7) is a linearFM

signal,
c �����i�j!h#>%�'9( ��* ��k��A�Ol�� Z �+� �98 . The IF of

c ����� is
givenby [10] � F ����� �"km�2l,� (9)

andbecauseQ f ��� D � ���On&� � V � F �����[� ([12]), we obtainKML ��� D � ��� ��d$d � � V ��F �������I: (10)

From(10), it is clearthat
K L ��� D � � hasa peakalongtheIF

of
c ����� , if andonly if � d$d � � � hasits maximumat

� � C .
Otherwisethepeakof theWVS cannot beusedto estimate
theIF of a linearFM signal.

Now considerthereceivedsignalat themobileunit an-
tenna. The PSDof the multiplicative noise 	������ in (3) is
givenby [3, page:246]��opo � � � � q � Z��* � Zoir � Zo V � Z (11)

where
� o �tsu (where v is thevelocity of the mobileunit

and w is thewavelengthof the receivedsignal)is themax-
imum Dopplerfrequency shift. ThePSDof 	������ is shown
in Fig. 1. Clearly, the maximum of � opo � � � occursatx � x � � o .
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Fig. 1. Power spectraldensityof themultiplicative noisey/z|{�} in
(1).

It followsthat,evenin theabsenceof additivenoise,the
peakof the WVS cannot be usedto recover the message
signal 1 ����� from thereceivedsignal ������� .

5. WVD-BASED IF ESTIMATOR

The first-ordermomentof the WVD of the signal J ����� is
definedas[1] ~ L ����� ��� ST S � Q L ��� D � ��5 �� ST S Q L ��� D � ��5 � : (12)



Basedon theabovedefinition,we canderive thefirst-order
momentof theWVD of J ������� b �����>!h#&%�'9(>�������)8 as[12]~ L ������� ���*"�������� (13)

which is exactly theIF of thesignal !h#>%�'9(>�������98 . This sug-
geststhatthefirst-ordermomentof theWVD canbeusedto
estimatetheIF of a signalin thepresenceof multiplicative
noise. In thenext section,basedon thefirst-ordermoment
of theWVD of ������� in (1), we proposeanestimatorfor the
messagesignalas �1 �����I�

~p� �����WV ���� - (14)

andevaluateits performancein theabsenceandpresenceof
additivewhiteGaussiannoise(AWGN).

6. STATISTICAL PERFORMANCE EVALUATION

6.1. In the Absence of Additive Noise

In the absenceof additive noise( ��������� C ), the first-order
momentof the WVD of the received signalat the mobile
unit is

~ � �����I� � � � � - 1 �����,� ���*��? @ �����I: (15)

Thesecondtermof eq. (15) is proportionalto themessage
signal,but thethird termis theIF of themulti-pathcompo-
nent, 	;����� , which referredto asrandomFM. Thereforeeq.
(14) canbe usedto estimatethe messagesignal 1 ����� . The
errorin estimating1 ����� usingtheestimatorin (14) isX��R����� � ���* ��- �?A@7�����I: (16)

Lee[3, page:254]hasderivedtheprobabilitydensityfunc-
tion of �?A@ as � � �?W@`��� �� � k v B � � ���k v � Z �? Z@R� (17)

where k;� Z]\u . It follows thattherandomFM signal �? @ �����
is zeromeanandits power in a frequency band � � � D � Z � is
[3, page:256]: NP' �? Z@ �����)8�� ��k v � Z� ��� � Z� � : (18)

Using(16)andthefactthat �?A@+����� is zeromean,weobtainN�'`X � �����98�� C : (19)

Thereforetheestimatorin (14) is unbiasedandits variance
is � b <>� �1 �����[��� ��7* Z � Z- NP' �? Z@ �����98� �� � � o��- � Z ��� � Z� � : (20)

For typical values:
��� ��� C+C MHz,

� ��� q C7C Hz,
� Z �q C7C+C Hz, and

��- � ��� KHz, thevarianceof theestimator
asa functionof themobileunit velocity hasbeenshown in
Fig. 2.
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Fig. 2. Estimatorvarianceasa functionof themobileunit veloc-
ity, in theabsenceof additive noise.

Whenthe mobileunit velocity is zero,the randomFM
componentin (15) disappearsand the varianceof the es-
timator becomeszero. Sincethe power in randomFM is
proportionalto v Z (eq. (18)), the varianceof the estimator
increasesasthemobileunit velocity increases.

6.2. In the Presence of AWGN

Using the envelope-phasedescription, ������� in (1) can be
writtenas�������I�
� � �����&!$#&%�'9( ��* � � � ����? � �����[�98�: (21)

Basedon the resultsin [13, section7.5], whenthe signal-
to-noiseratio at thereceiver input is morethana threshold
level ( � C dB), thefirst-ordermomentof Q

� ��� D � � in (1) can
bewrittenas~p� �����I� �+� � ��- 1 �����,�����*��?A@+���������E����� (22)

where�E����� containsbothmessageandnoise,with NP'��E�����98��C andthepower [13, page:278]NP'�� Z �����)8�� � �¡ � H � �£¢Z V �£¢� � (23)

in a frequency band � � � D � Z � , where � H is thepower of the
signal ������ . On theotherhand,in thepresenceof ������� , the
errorin estimating1 ����� using(14) isX Z �����I� ���* ��- �? @ �����,�¤���- �E������: (24)



Using the fact that both �?W@7����� and �E����� arezeromean,we
obtain N�'`X Z �����98�� C : (25)

It follows that in the presenceof AWGN the estimatorin
(14) is unbiasedandits varianceis� b <&� �1 ������� �¥�� � � o� - � Z ��� � Z� � � ���¡ � Z- � H � � ¢Z V � ¢� �I: (26)

Fig. 3 shows the varianceof the estimatoras a function
of the mobileunit velocity in the presenceof AWGN with�E¦§ �6¨�� � C dB. The valuesfor

���
,
� � , � Z , and

��-
arethe

sameasin Fig. 2.
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Fig. 3. Estimatorvarianceas a function of the velocity of the
mobileunit, in thepresenceof AWGN with z7©ª }�«a¬"9® dB .

Sincethe contribution of theadditive noiseto the vari-
anceof theestimatoris independentof themobileunit ve-
locity, Fig. 3 and2 arethesameexceptfor a verticalshift.

7. CONCLUSION

This paperconsideredthe estimationof the IF of the re-
ceivedsignalat themobileunit antennausingusingthefirst
momentof theWigner-Ville distribution (WVD) of thesig-
nal. This signalcould be modelledasa frequency modu-
latedsignalaffectedby complex-valuedmultiplicative and
additive noise.We showedthat theestimatorwasunbiased
andexpressionsfor the varianceof the estimatorwerede-
rived.
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