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ABSTRACT 
 
We present a novel frequency-domain motion estimation 
technique, which employs hypercomplex correlation in the 
wavelet domain. Our method involves wavelet 
decomposition followed by cross-correlation in the 
frequency domain using the discrete quaternion Fourier 
transform. Experiments using both artificially induced 
motion and actual scene motion demonstrate that the 
proposed method outperforms the state-of-the-art in 
frequency-domain motion estimation, in the shape of phase 
correlation, in terms of sub-pixel accuracy for a range of test 
material and motion scenarios. 
 

1. INTRODUCTION 
 
Motion estimation is a critical component of various video 
analysis and processing systems including compression 
where it allows redundancy reduction in the temporal 
domain. International standards for video communications 
such as MPEG-1/2/4 and H.261/3/4 employ the well-
established hybrid two-component architecture, which relies 
on motion estimation and compensation as well as on the 
lossy compression of the motion-compensated prediction 
error. Motion compensated prediction in such algorithms is 
based on regular block-based partitions of source frames 
while the emerging H.264 standard provides additional 
flexibility in that respect.  
One of the main motivations for this work has been the 
recent interest in motion estimation techniques operating in 
the frequency domain. These are commonly based on the 
principle of cyclic correlation and offer well-documented 
advantages in terms of computational efficiency due to the 
employment of fast algorithms [1]. Perhaps the best known 
method in this class is phase correlation [2] which has 
become one of the motion estimation methods of choice for 
a wide range of professional studio and broadcasting 
applications [3]. In addition to computational efficiency, 
phase correlation offers key advantages in terms of its 
strong response to edges and salient picture features, its 
immunity to illumination changes and moving shadows and 

its ability to measure large displacements without sacrificing 
sub-pixel accuracy [3].  On the other hand, image analysis 
in the wavelet domain has emerged as a key tool in various 
applications such as compression, offering improved 
efficiency as well as useful functionalities such as 
scalability. Our work provides a natural point of 
convergence for the above two key concepts combining the 
implementation efficiency of correlation operations carried 
out in the frequency domain with the good signal 
decomposition properties that have made the wavelet 
transform one of the methods of choice for many image 
analysis problems.         
Motion estimation in the wavelet domain is attractive for a 
number of reasons; it is less sensitive to photometric 
distortions; the directional nature of information inherent in 
certain wavelet decompositions can provide useful 
references for measuring motion; the multi-resolution nature 
of the wavelet decomposition facilitates the hierarchical 
estimation of motion [4]. Furthermore, the extraction of 
high-pass features such as edges which emerge in the detail 
subbands of the wavelet transform and the related fact that 
motion prediction residuals depend on the gradient 
magnitude [5] are likely to enhance the potential for high 
motion measurement accuracy.  
For those reasons motion estimation based on the wavelet 
transform is by no means a novel concept and a significant 
amount of relevant work can be found in the literature. It is 
worth mentioning work by Magarey and Kingsbury [6], Cai 
and Adjouadi [7], Li [4], Zhen et al. [8], Mujica et al. [9], 
Cheong et al. [10] and Yu-Te Wu [11] to name but a few. 
Nevertheless none of the schemes reported in the literature 
operates in the wavelet domain using hyper-complex 
correlation, which is one of the key features of our work.  
In this paper we propose a wavelet based motion estimation 
method for obtaining sub-pixel estimates of translational 
interframe motion using hyper-complex cross correlation. 
Our method includes two stages, wavelet decomposition 
and quaternion correlation. The wavelet decomposition 
stages provides a multi-band description of a frame 
extracting useful features for motion estimation purposes. In 
the proposed technique, we apply discrete wavelet 
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decomposition (DWT) to transform the successive frames 
into multi-band representation, and then we apply 
quaternion correlation filters to perform multi-band 
processing jointly. 
This paper is organised as follows. In Section 3 we briefly 
review the principles underlying sub-pixel motion 
estimation using phase correlation. In Section 4 a short 
summary of quaternion algebra is presented and in Section 5 
image decomposition in the wavelet domain is briefly 
reviewed. In Section 6 we formulate our wavelet approach, 
which is based on quaternion correlation. In Section 7 we 
present experimental results while in Section 8 we draw 
conclusions arising from this work.  
 

2. MOTION ESTIMATION USING PHASE 
CORRELATION 

 
Baseline phase correlation (PC) operates on a pair of images 
(or co-sited blocks) ft and ft+1 of identical dimensions 
belonging to consecutive frames or fields of a moving 
sequence sampled at t, t+1. The estimation of motion relies 
on the detection of the maximum of the cross-correlation 
function between ft and ft+1. Since all functions involved are 
discrete, cross-correlation is circular and can be carried out 
as a multiplication in the frequency domain using fast 
implementations. The correlation surface is defined as 
 

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

+

+
+

1*
1*

)(
tFtF
tFtF1-F=lk,1t,tc   (1) 

 
where Ft and Ft+1 are respectively the two-dimensional 
discrete Fourier transforms of ft and ft+1, F-1 denotes the 
inverse Fourier transform and * denotes complex conjugate. 
The co-ordinates  of the maximum of the real-
valued array c

),( mlmk
t,t+1 can be used as an estimate of the 

horizontal and vertical components of motion at integer-
pixel precision between ft and ft+1 as follows: 
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Sub-pixel accuracy of motion measurements is obtained by 
separable-variable fitting performed in the neighbourhood 
of the maximum using one-dimensional quadratic functions 
[3]. Using the notation in (2) above, prototype functions are 
fitted to the triplets: 
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The location of the maximum of the fitted function provides 
the required sub-pixel motion estimate (dx, dy). For example 
fitting a parabolic function horizontally to (3) yields a 

closed-form solution for the horizontal component of the 
motion estimate dx as follows: 
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The fractional part dy of the vertical component can be 
obtained in a similar way using (4). 
 

3. QUATERNION ALGEBRA 
 
The quaternions (also referred as hypercomplex numbers) 
were introduced by Hamilton in 1843 [12] and provide a 
generalization of complex number notation. While a 
complex number has two components (the real and the 
imaginary part) the quaternion has four components, one 
real and three imaginary parts: 

kqjqiqqq kjir ⋅+⋅+⋅+=  where qr, qi, qj, and qk are 

real and i, j, and k are complex operators which obey the 
following rules , , 1222 −=== kji kjiij =−= ikjjk =−=  
and jikki =−=  
Based on the concept of quaternion, the quaternion Fourier 
transform (QFT) has been introduced recently. There are 
many different types of QFT. The earliest definition of QFT 
is the two-side form as follows 
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where w and u are quaternion frequencies and µ1 and µ2 are 
two unit pure quaternions that are orthogonal to each other. 
Except for (6) there are also other types of QFT. Recently, 
the left and the right side forms of QFT were introduced 
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where µ1 is any unit pure quaternion. Also, there are at least 
three types of discrete quaternion Fourier transform (DQFT) 
and the two-side DQFT is below. 
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The cross-correlation of two images f(m,n) and g(m,n) was 
defined in [13]: 
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where g  denotes complex conjugate and the shift 
operation on g(m,n) is carried out cyclically using modulo 
arithmetic for the subtractions. If the mean value of each 
image is first subtracted, the cross-covariance is obtained.  
A hypercomplex generalization of the Wiener-Khintchine 
theorem is as follows: 
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where v and u are quaternion frequencies, G  denotes 
quaternion conjugate and  and )},({),( nmgFuvG =

µ||),(|| uvG  and µ⊥⊥ ),( uvG  and 

. ),(),(),( || uvGuvGuvG ⊥+=
For example using the right side quaternion Fourier 
transform 
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the cross-correlation is as follows: 
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where FR (GR) and F-R denote the right side forward and 
inverse Fourier transform respectively. 
 

4. WAVELET DECOMPOSITION  
 
The wavelet transform decomposes the original signal into 
different scales and resolutions, providing more insight of 
the joint space-frequency characteristics of the original 
signal. More formally the wavelet transform is written as:  
 

∑∑ −−=
j k
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This equation shows how a function f is decomposed into a 
set of basis functions ψs,τ called the wavelets.  The discrete 
wavelet decomposition (DWT) can be viewed in a tree 
structure, where the original signal is passed through a low-
pass filter and a high-pass filter, and then downsampled by a 
factor of 2 to obtain respectively the low-frequency and 
high-frequency components of the original signal. The 
decomposition can be iteratively applied to the low-
frequency band to generate a wavelet decomposition tree. 
For 2-D signals such as images a 4-quadrant decomposition 
can be similarly obtained corresponding to LL, HL, LH and 

HH frequency bands respectively, (Figure 1). Finally it 
should be noted that in our work best results were obtained 
using the well-known Daubechies family of wavelets [14]. 
 

 

 
Figure 1. Original image and 1-level wavelet transform 
without downsampling.  
 

5. WAVELET CROSS-CORRELATION 
 
In this paper we introduce a method that combines wavelet 
decomposition and quaternion correlation filters for fast and 
low complexity motion estimation. The proposed algorithm 
consists of two main stages.  
In the first stage two successive frames f and g of a video 
sequence are selected and a conventional wavelet 
decomposition to four quadrants (LL, HL, LH and HH) is 
applied to both of them. We do not perform downsampling 
to avoid aliasing whose presence reduces the motion 
estimation accuracy. The resulting quadrants are encoded 
into two 2-D quaternion arrays as follows: 
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In the second stage the resulting hypercomplex images qf 
and qg are segmented into non-overlapping blocks. For each 
pair of blocks quaternion cross-correlation is performed 
using (13) or using the left side Fourier transform [15] 
followed by hypercomplex inverse right side Fourier 
transform 
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is the correlation of the images f(m,n) and g(m,n). The real 
(scalar) part of the resulting 2-D quaternion array cfg is 
selected. At the resulting correlation surface (scalar part), 
the location of the maximum corresponds to the motion 
parameters between the corresponding blocks. In order to 
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obtain subpixel accuracy the method suggested in Section 2 
is be used in combination with the equation (5). 
 

6. EXPERIMENTAL RESULTS 
 
To illustrate the efficiency of the proposed scheme we 
compare its performance with the phase correlation 
technique. In our experiments we used the well-known 
broadcast resolution MPEG test sequences ‘Mobcal’, 
‘Basketball’ and ‘Foreman’. Only the luminance component 
was considered and to avoid complications due to 
interlacing only even-parity field data were retained. Both 
global and local (block-based) motion estimation 
performance was assessed. In the first case the estimation 
area was limited to the central 256x256 pixels of the 
retained field while in the second case the central 320x256 
pixel area was retained and then further partitioned to 
blocks. 
 

 
Figure 2. Error performance comparison for manually 
induced motion for a frame of sequence ‘Mobcal’. 
 
Global Motion 
First, estimation accuracy was assessed when global motion 
was manually induced and hence known a priori. Sub-pixel 
motion was simulated using bi-linear interpolation to 
displace test images ‘Mobcal’ and ‘Basketball’ at desired 
positions. Various positive as well as negative sub-pixel 
shifts were used whose accuracy was limited to 1/8 of a 
pixel, (Figure 2). Table I summarises the results obtained 
for the two sequences, by calculating the average MSE of 
the estimated motion vectors over all tested field pairs. 
 

 
Figure 3. PSNR versus frame number for local (block-
based) motion compensated prediction. 
 

Local Motion 
To measure local motion, the image is typically partitioned 
into non-overlapping blocks and one set of motion 
parameters (i.e. a motion vector) is obtained for all pixels in 
the same block. Both phase correlation and the proposed 
technique, were applied to 32x32 pixel blocks of two 
successive even-parity fields of the ‘Mobcal’ sequence. 
MSE differences between the two competing algorithms as 
a function of block number are shown in Figure 3 (upper).  
Similar experiments were performed for the ‘Basketball’ 
and ‘Foreman’ sequences. The results are shown in Figure 3 
and further confirm that the proposed algorithm consistently 
outperforms phase correlation. Tables I summarizes the 
results obtained for the three sequences, by calculating the 
average MSE over all tested field pairs. A more 
comprehensive performance assessment in terms of rate-
distortion characteristics is shown in Figure 4. Here the 
motion-compensated prediction MSE is plotted as a 
function of zero-order two-dimensional vector field entropy.  
 

TABLE I 
Manually induced motion and corresponding squared error in 
pixels and Average MSE over all measured even-parity field 

pairs for phase correlation and the proposed method. 
 

Artificial Motion Real Motion 
 

Mobcal Basket Mobcal Basket Foreman
PC 0.1565 0.1577 157.294 204.525 116.786 

HCWC 0.0826 0.0916 142.293 185.764 93.4392
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Figure 4. Rate-distortion plots for ‘Mobcal’ and 
‘Basketball’. 
 

Furthermore, we perform a short computational complexity 
comparison based on [15] and [16] in terms of the number 
of real multiplications required by each scheme. For PC and 
HCWC MxN is the block size (or the frame size). 
Consequently, the total amount of real number 
multiplications required is MNlog2MN and 3MNlog2MN for 
phase correlation and wavelet-based hypercomplex cross-
correlation, respectively. It should be noted that for block-
based methods that operate in the pixel domain (e.g. full 
search block matching) with block size MxN and search area 
size 2Mx2N, the amount of real number multiplications 
required is 4M2N2 suggesting that the computational 
complexity is significantly higher and hence not attractive 
for real time applications.   
Finally, it should be noted that we have not carried out any 
comparisons with other wavelet-based motion estimation 
methods (such as those mentioned in the Introduction) due 
to the fact that these either operate in the pixel domain and 
involve significantly higher computational costs or are 
engineered to yield dense motion vector fields and hence are 
not directly comparable to the proposed method. 
 

7. CONCLUSIONS 
 

In this paper a wavelet-based hypercomplex cross-
correlation technique for sub-pixel motion estimation in the 
frequency domain was presented. The proposed method 
takes full account of all the subimages obtained by a 
wavelet decomposition ensuring the selection of useful and 
reliable image features. Wavelet cross-correlation yields 
very accurate sub-pixel motion estimates for a variety of test 
material and motion scenarios and outperforms phase 
correlation, which is the current motion estimation method 
of choice in the frequency domain. One of the most 
attractive features of the proposed scheme is that it enjoys a 

high degree of computational efficiency and can be 
implemented by fast transformation algorithms. 
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