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ABSTRACT

We present a generic Bayesian framework for signal esti-
mation that incorporates into the cost function a perceptual
metric. We apply this framework to image denoising, con-
sidering additive noise of known density. Under certain as-
sumptions on the way local differences in visual responses
add up into a global perceptual distance, we obtain analyt-
ical solutions that exhibit interesting theoretical properties.
We demonstrate through simulations, using aninfomaxnon-
linear perceptual mapping of the input and a local Gaussian
model, that in the absence of a prior the new solutions pro-
vide a significant improvement on the visual quality of the
estimation. Furthermore, they also improve in Mean Square
Error terms w.r.t. their non-perceptual counterparts.

1. INTRODUCTION

The Bayesian approach provides a powerful framework for
signal estimation. Besides the primary source of information
(i.e., the observation itself), it considers three more sources:
(1) the degradation model; (2) the prior model; and (3) the
error-cost model. When looking at the modern literature on
non-blind image denoising, we see that most often the degra-
dation model is assumed known, and, in fact, performance
tests are typically made through simulating the degradation
of a set of originals. As such, these experiments do not mea-
sure the realism or accuracy of the degradation model. The
room for the estimation improvement, instead, is mainly left
to the second additional source of information: the prior on
the uncorrupted signal. We have observed during the last
two decades that most significant advances in image denois-
ing have been achieved by using more powerful prior statis-
tical models. And not as much by increasing the prior so-
phistication, as by using new image representations, such as
wavelets or overcomplete pyramids, that allow for a simpler
expression of key statistical features of the images [1].

Then, what has been the role of the third additional
source of information for image estimation, i.e., the error-
cost function? In the important case when the final desti-
nation of the estimation is the human visual system (HVS),
then we clearly have to consider the perceptual impact of the
estimation error in the cost function design1. Unlike in other
fields, such as image and video compression, where some
simplified perceptual models are being used for the last 10
years or more (e.g. [2]), in image estimation little attention
has been paid to perceptual issues. A significant fact is that
performance is still measured, in the overwhelming majority
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1The results presented here are also applicable to audio signals.

of cases, by the mean square error (MSE), when there is gen-
eral agreement about the inadequacy of this index as an im-
age fidelity measurement. Some more powerful alternative
measurements have been proposed (e.g. [3, 4]). However,
till this date and to the best of our knowledge, no attempt
has been made to include any perceptual measurement as an
error-cost function to be minimized within a Bayesian esti-
mation frame.

In this paper we propose a way to integrate the available
perceptual and statistical information into a single Bayesian
estimation frame. Although we will make some assumptions
that are based on mathematical convenience, the resulting
frame is general enough (1) to deal with an interesting variety
of situations; (2) to give some insight about the problem; and
(3) to produce some encouraging preliminary results. Be-
ing this our first attempt to add perceptual and statistical in-
formation into a single estimation, we have not tried to use
here a sophisticated or realistic perceptual model. Instead,
we have used theinfo-maxconcept [5] to derive simplified
models able to reproduce visual phenomena like saturation
and masking. Note that by using a statistical criterion to de-
rive a perceptual model we are implicitly following the effi-
cient encoding conjecture [6], which consists of interpreting
the low-level internal visual representation as a maximum-
entropy mapping of the visual stimuli, i.e., a non-linear mul-
tidimensional transform designed to maximize, in statistical
terms, the information capacity of the HVS (and, therefore,
to minimize the mutual information among the responses).
Although the referred conjecture is by no means accepted as
an ultimate truth (see, e.g. [7, 8]), it has consistently demon-
strated over the last years that it is a powerful approach for
deriving basic properties, both linear and non-linear, of the
early vision (see, e.g. [11, 7, 9]).

2. A UNIFIED FRAMEWORK FOR
PERCEPTUAL-STATISTICAL ESTIMATION

Consider an original vectorx subject to a degradation de-
scribed byp(y|x), wherey is the observation, and assume a
prior statistical knowledge on the original given byp(x). As-
sume also that we have a perceptual metric, i.e., a function
dp : RN ×RN −→ R∗ that gives a non-negative measurement
of how perceptually distant are two vectors. We define our
Perceptual Bayes Least Squares (PBLS) estimator as:

x̂PBLS = argmin
ξ

E{d2
p(x,ξ )|y}

= argmin
ξ

∫
x

p(x|y) d2
p(x,ξ )dx. (1)
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This estimation provides aperceptual representativeof the
posterior pdf, for a given observationy. However, in prac-
tical cases we do not completely knowdp. Instead, we may
have a model of how our perceptual system responds to the
stimuli. Ideally, such a model would provide a transforma-
tion of the original stimulus to a certainperceptual domain
in which equally distant vectors (according to the Euclidean
metric) would correspond to perceptually equidistant pairs
of stimuli (e.g., [10]). This transformation is a (non-linear)
mappingf : RN −→Df ⊂ RM, with M ≥ N, accomplishing

dp(x1,x2) = ‖f(x1)− f(x2)‖,

and Eq. 1 can be rewritten as:

x̂PBLS= argmin
ξ

∫
x

p(x|y) ‖f(x)− f(ξ )‖2dx. (2)

We also impose that iff(x1) = f(x2) then x1 = x2, i.e.,
f is invertible. Expressing‖f(x)− f(ξ )‖2 as ‖f(x)‖2 +
‖f(ξ )‖2−2f(x) ·f(ξ ), and callingC the integral of Eq. 2, we
obtain C = E{‖f(x)‖2|y}+ ‖f(ξ )‖2 − 2f(ξ ) · E{f(x)|y}.
We differentiateC w.r.t. each component ofξ , resulting:

∂C
∂ξi

= 2
∂ f(ξ )

∂ξi
· (f(ξ )−E{f(x)|y}) = 0. (3)

WhenM = N the previous equation can be expressed in terms
of the Jacobian off , Jf (x), as

Jf (x)(f(ξ )−E{f(x)|y}) = 0.

Becausef is invertible, det(Jf (x)) 6= 0, and the solution is

x̂PBLS= f−1(E{f(x)|y}). (4)

WhenM > N this latter solution would also be admissible
if E{f(x)|y} ∈ Df . We could even drop the requirement
of f being invertible, whenever, besides the latter condition,
there was a criterion for choosing among multiple solutions
of Eq. 3 (e.g., minimum L2 norm). Note that whenf(x) = x
x̂PBLSbecomes the Minimum Mean Square Error estimator.

3. ESTIMATION UNDER ADDITIVE
INDEPENDENT NOISE AND NO PRIOR

Consider now that:

y = x+w,

wherew represents noise, whose pdf,pw is known. Let’s
assume also that there is no prior knowledge onx. Then
p(x|y) = pw(y−x). Consider now a single component of
f(x), f j(x). According to Eq. 4 we can write:

f j(x̂PBLS) =
∫

RN
pw(y−x) f j(x) dx

= ( f j ∗ pw)(y), (5)

where symbol ”*” represents convolution. Then, through a
slight abuse of notation, we can gather all vector components
back intof(x̂PBLS) = (f ∗ pw)(y), and inverting:

x̂PBLS= f−1 [(f ∗ pw)(y)] . (6)

(a)

(b)

Figure 1: (a) Graphical explanation of Eq. 6. Dot line is the
noise pdfpw, solid line is f (y) and dash line is( f ∗ pw)(y).
(b) The resulting shrinkage function ˆxPBLS(y), for the func-
tion and noise pdf of panel (a).

This result is very interesting: the estimation is the input
that would give raise to a local average (through convo-
lution with the noise density) of the perceptual responses
around the observation. As shown in Fig. 1, under typical
noise pdf’s and perceptual functions (symmetric compres-
sive nonlinearities), the effect is to shrink the observations
with small amplitude, very much like for classical Bayesian
coring (e.g., [12]).

3.1 Infomax mapping

From here on we consider that the non-linear mapping aims
to achieve the maximum entropy representation of the uncor-
rupted signal, subject to a given output interval. This is re-
lated, on the one hand, with Barlow’s efficient encoding con-
jecture [6], because maximizing the joint entropy subject to
some representation constraints implies minimizing the mu-
tual information among neural responses. On the other hand,
it is related to the ”information maximization” principle pro-
posed in Ref. [5], which aims to separate the independent
components of the input. Although proposed in a different
context and for a different (though related) goal, we will also
use here the terminfomax, but now to refer to a choice of the
perceptual mapping that aims to maximize the entropy of the
internal representation of the original (uncorrupted) signals.

We consider first only marginal statistics. According to
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theinfomaxcriterion, and choosing(0,1) for the output inter-
val 2, our non-linear mappingfx(x) is the cumulative density
function of the original:

fx(x) =
∫ x

−∞
px(x′)dx′. (7)

This function forcesfx(x) to be uniformly distributed in
(0,1) whenx∼ px. Note also that, as long aspx(x) decreases
in modulus as|x| increases (something that typically happens
after having band-pass linear filtered the data),fx(x) reduces
its sensitivity (its derivative) as we increase the magnitude of
the input, until reaching a saturation level. This is a typical
behavior in biological perception.

As no prior is considered for the Bayes formula3, we
have p(x|y) = pw(y− x). For this case, and according to
Eq. 5, fx(x̂PBLS) can be computed by:

E{ fx(x)|y}= ( f ∗ pw)(y).

By defining the step functionu(x) as 0 forx < 0 and 1 for
x≥ 0, we can writefx(x) (Eq. 7) asu(x)∗ px(x). Then,

E{ fx(x)|y} = (u∗ px∗ pw)(y)
= (u∗ py)(y)

=
∫ y

−∞
py(y′)dy′,

where we have applied that, because of beingx andw inde-
pendent, the marginal pdf of the observation ispy = px ∗ pw.
Here the r.h.s. is the cumulative density function of the ob-
servationy, fy. Therefore,E{ fx(x)|y} ∼ u(0,1) and, as a
consequence,

x̂PBLS(y) = f−1
x ( fy(y))∼ px.

This estimator is a non-linear operation that transform point-
wise the observation to impose the original (uncorrupted)
marginal statistics. This is a remarkable property, because
usually the estimators have quite a different statistical distri-
bution than the uncorrupted signal.

It is interesting to note that, if we were considering a
prior also in the posterior calculation (which should increase
the estimation quality), by following thisinfomaxadaptation
paradigm the statistics of the original signal would be consid-
eredtwicein the estimation: once in computing the posterior,
and once again through the non-linear response function.

4. A LOCAL INFOMAX WIENER ESTIMATE IN AN
OVERCOMPLETE ORIENTED PYRAMID

4.1 Infomax Wiener estimate

Let’s assume now that both our signal and noise are mod-
elled marginally as zero-mean Gaussian of known variance
(σ2

x and σ2
w, respectively). As before, we consider our

2We will use here the interval (0,1) for simplicity, but a more convenient
mapping keeping the 0 to 0 correspondence (e.g. to the interval (-1,1)),
could be used as well. Both mappings provide exactly the same estimation,
because Eq. 4 is not affected by any affine transform off (x) (only its non-
linear component has an effect on the solution).

3Using the prior information for adapting the non-linearity to the data,
but not for the posterior computation may seem unusual, but it is as legit-
imate as using it for the posterior, but not for the non-linear adaptation, as
usually done.

non-linear response adapted to represent with maximum en-
tropy the uncorrupted signal. We have used the defini-
tion er f(x) =

∫ x
−∞

1√
2π

exp(−0.5(x′)2)dx′, and we use now

f (x) = er f(x/σp) for theperceptualmapping. Although we
would chooseσp = σx for an uniform response of the uncor-
rupted signal (infomaxsolution), we intentionally leaveσp
as a free parameter, so we can study how its choice affects to
the final solution.

According to Eq. 4 and to our choice forf (x) we can
write:

f (x̂PBLS) =
∫ ∞

−∞

∫ x

−∞

exp
(
− (x′)2

2σ2
p

)
√

2πσ2
p

dx′
exp

(
− (x−x̂W(y))2

2σ̂2
W

)
√

2πσ̂2
W

dx,

(8)

where the inner integral isf (x) and the factor outside the
inner integral is the Gaussian posterior given by the Wiener
solution, with mean and variance given by:

x̂W(y) =
σ2

x

σ2
x +σ2

w
y

σ̂
2
W =

σ2
wσ2

x

σ2
x +σ2

w
.

First we note that Eq. 8 can be written as a convolution of
f (x) with a Gaussian kernel. As before, we also note that
f (x) itself can be also written as the convolution of another
Gaussian kernel with the integration kernelu(x). Therefore,
we can write f (x̂PBLS) as an integral of the convolution of
two Gaussian functions, or, in other words, as the integral of
a Gaussian whose variance is the sum of the two convolved
Gaussian functions:

f (x̂PBLS) = ( f ∗gW)(x̂W(y))
= ((u∗gp)∗gW)(x̂W(y))
= (u∗ (gp∗gW))(x̂W(y))
= (u∗gs)(x̂W(y)),

wheregp, gW andgs are zero-mean Gaussian pdf’s with vari-
ancesσ2

p, σ̂2
W, andσ2

s = σ2
p + σ̂2

W, respectively. Applying
the definition of f (x) = er f(x/σp) and the previous result
we can re-express the previous equation as:

∫ x̂PBLS

−∞

exp
(
− (x′)2

2σ2
p

)
√

2πσ2
p

dx′ =
∫ x̂W

−∞

exp
(
− x2

2σ2
s

)
√

2πσ2
s

dx.

As both integrals (left and right side) are identical except for
a scale factor and the upper integration limit, it must be the
case thatx′ = (σp/σs)x, which implies in turn that

x̂PBLS= (σp/σs)x̂W(y).

Substituting the values ofσs, x̂W(y) andσ̂W, and operating,
we finally obtain:

x̂PBLS=
σ2

x√
(σ2

x +σ2
w)(σ2

x +σ2
w(1+σ2

x /σ2
p))

y. (9)

In particular, for theinfomax case we haveσp = σx and

x̂PBLS = σ2
x√

(σ2
x +σ2

w)(σ2
x +2σ2

w)
y. This new estimatorshrinks

more the signal than the classical Wiener, but is still linear.
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4.2 Local adaptation

The solution described in previous subsection has, by it-
self, a limited estimation power. First, it only deals with
marginal statistics. Recent successful results in denoising
come from using a neighborhood around each image coef-
ficient for the estimation of the central or reference coeffi-
cient (e.g. [13, 14, 15]. Secondly, Gaussian models, either
joint or marginal, are clearly insufficient for image modelling
when applied to the image globally (e.g. [1]). However,
high-performance denoising can be obtained by considering
that the uncorrupted signal (e.g., in an overcomplete pyramid
representation) islocally Gaussian. An effective procedure,
then, is to estimate the variance of the local Gaussian in a
neighborhood, and then apply the Wiener solution locally to
the central coefficient, subtracting the variance of the noise
to the local sample variance [16, 17, 18]. Underneath is the
local image modelling in the transformed domain as a Gaus-
sian Scale Mixture, i.e., as the product of a known zero-mean
Gaussian vector times a hidden positive scalar [19, 20, 15].
Following theinfomaxcriterion, we will apply an adaptive
non-linear function to maps every variable Gaussian density
to a fixed uniform density in(0,1). An approximate way to
do this is to estimate the local variance of the original first,
and then to divide (normalize) the central coefficient by the
square root of that estimate. The resulting normalized co-
efficient will be approximately Gaussian with unit variance.
Then we apply a fixeder f function to make it uniformly dis-
tributed. Note that the whole process can be seen as applying
a fixed non-linear mapping (which only depends on the noise
level) which would transform a GSM vector into an approx-
imately uniformly distributed coefficient.

It is assumed that the hidden scale factor is not really
constant for every neighborhood, but that it is a random
field which fluctuates smoothly instead [15], so it can be
approximated as constant for small neighborhoods. How-
ever, because of its (gentil) change across the neighborhood,
we will give less weight in the local variance estimation to
the outer coefficients than to the coefficients near the cen-
ter Therefore, instead of using the classical ML estimator
σ̂2

x = byTy/N−σ2
wc+ we will use σ̂2

x = bxTDhx−σ2
wc+,

whereDh is a diagonal matrix with its diagonal made by a
smoothly varying kernelh, whose samples add up to one.
Then, the non-linear transform is:

f (y;N (y)) = er f (y/σ̂x(N (y)))

= er f

 y√
b∑yi∈N (y) hiy2

i −σ2
wc+

 .(10)

Instead of using a global inversion model of the coefficients
(as in [10]), we use the simplification of keeping the local
estimated variance as an intermediate step and do the scalar
inversion ofE{ f (x;N (x))|y}, as explained in section 4.1.
Finally, it is convenient to express Eq. 9 in terms of the gain
k = σx/σp of the function f (x) w.r.t. the infomaxfunction
(σp = σx):

x̂PBLS=
σ̂2

x (N (y))√
(σ̂2

x (N (y))+σ2
w)(σ̂2

x (N (y))+σ2
w(1+k2))

y.

(11)

where we have also substituted the estimated local variance
of the uncorrupted signal,̂σx

2(N (y)) by σ2
x in Eq. 9.

5. RESULTS AND DISCUSSION

For the results shown here we have used the full steerable
pyramid [21, 15] with 5 scales and three orientations, and
the non-linearity described in Section 4.2. We have consid-
ered only spatial neighbors within the same subband around
each coefficient. For estimating the local variance we have
used an isotropic Gaussian kernelh with σh = 2. This rela-
tively big size (hand-optimized) provokes that only rarely the
denominator of Eq. 10 vanishes, thus avoiding saturation val-
ues in f (y). After estimating all the coefficients, the image is
reconstructed by inverting the pyramid.

We have carried out three experiments: (1) usingk = 0
in Eq. 11 (classical local adaptive Wiener denoising); (2) us-
ing k = 1 (infomaxlocal PBLS solution); and (3) usingk = 2
(”over-sensitive” PBLS). We have used four noise levels (σw
= 5, 15, 25, 50) and three standard gray-level 512×512 im-
ages:Lena, BoatsandBarbara. The solution proposed here
is computationally efficient. Processing a 512×512 image
takes 12 s. with our non-optimized Matlabrimplementation
using a PIV 2.0 GHz. The numerical results (in Peak Sig-
nal to Noise Ratio, defined as 10log10(2552/MSE), in deci-
bels) are shown in Table 1. These are preliminary results
with a very simple model (e.g., contrary to [15], no corre-
lation among samples or posterior density are considered).
Thus, we have not aimed here to achieve state-of-the-art per-
formance, but to demonstrate the interest of this approach for
future applications.

Some visual results are shown in Fig. 2 (contrast en-
hanced). We have used white Gaussian noise ofσw = 25.
From left to right and top to bottom, we show the noisy im-
age, the result usingk = 0, k = 1 andk = 2. We can see
how the estimation has improved with respect the classical
BLS estimation, both visually and in PSNR terms (see ta-
ble). In particular, we observe that isolated noisy artifacts
have decreased significantly their amplitude, whereas the ex-
tra shrinkage performed by the estimator has had a relative
small effect on image features such as edges, corners, etc.
Overall, there is a shift of the estimation towards removing
more noisy artifacts, at the price of a slight image feature
blurring. It seems clear that this new balance is more visu-
ally pleasant than that of the classical approach (up right).

Another point to comment is how the proposed method
has increased the quality of the resultsalso in MSE terms
(see Table 1). We think that this is because the error-cost
function in the PBLS estimation plays a similar role as the
prior in the standard Bayesian approach. I.e., it provides in-
formation about the image statistics, through the adaptation
of the error-cost function to these statistics. Furthermore, the
infomaxprinciple gives the same ”representation space” to
equiprobable events, so more typical vectors are more likely
to come out than rare vectors. Therefore, although not de-
signed to minimize the Euclidean distance of the estimation
to the original, in absence of a global prior, theinfomax-
PBLS estimation tends to reduce the error, compared to using
a purely quadratic error-cost function.

It is noteworthy that by including an extra-gain (k = 2)
in the non-linear function we have improved the results in
visual terms (less noisy artifacts), and, for high noise, also
in MSE terms (see table). Note that here, contrary to other
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Figure 2: From left to right and top to bottom: noisy, local
Wiener in the pyramid domain (k = 0), idem with infomax
adaptation (k = 1), and using ”over-adaptation” (k = 2).

works (e.g., [16, 15]) we have not included a prior on the
global image. Then, by increasing the sensitivity of theper-
ceptualtransform, we achieve a similar qualitative effect as
by using a prior in the computation ofp(x|y), because both
the saturating non-linearity and the prior cause the shrinkage
of the signal (as shown in Fig. 1). As a consequence, re-
sults improve w.r.t. using theinfomaxnon-linearity (k = 1).
This hypothesis should be tested in the future, by including
a global prior in the model and seeing if results still improve
usingk > 1. Also, considering that in the HVS there is inter-
nal noise, amplifying relatively more the low amplitude than
the high amplitude responses seems a sensible strategy (e.g.,
Dolbyr system), even when a global prior is considered.

k/σw 5 15 25 50
Lena

0 38.14 32.33 29.36 24.96
1 38.33 32.78 29.99 25.94
2 38.24 32.92 30.35 26.77

Barbara
0 37.34 30.60 27.48 23.33
1 37.53 30.86 27.80 23.90
2 37.45 30.66 27.66 24.15

Boats
0 36.79 30.76 27.98 24.00
1 36.92 31.05 28.40 24.73
2 36.72 30.98 28.48 25.21

Table 1: Denoising performance expressed as Peak Signal-
to-Noise Ratio in dB for the 3 tested models.
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