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ABSTRACT 

This paper introduces an estimation technique for the angle of 

arrival (AOA) of incident signal on a line of sensors from the dif-

ferences of the signal phases at different sensors. Unlike known 

techniques, the distances separating neighbouring sensors may 

exceed half the wavelength ‘lambda’ of the incident signal. The 

proposed technique assumes estimating the continuous frequency 

(in rad/sec) and the phase of the sinusoids in the signal at each 

sensor in a previous step. Knowing the continuous frequency, and 

consequently the wavelength, it becomes possible to detect the 

occurrence of multiple complete wave cycles between sensors, thus 

relaxing the half-wavelength condition. To be able to detect multi-

ple cycles, the technique assumes one of two conditions: 1- the 

signal contains at least two frequencies, and if not 2- there are at 

least three unequally spaced sensors. A maximum limit, greater 

than half the wavelength, is derived for the sensors spacing while 

still being able to resolve the ambiguity caused by the possibility of 

multiple cycles. Numerical results show good statistical behaviour 

of the technique. 

1. INTRODUCTION 

The development of smart antennas and land cellular position 

location has boosted the research in estimating the angle of arrival 

(AOA) of signals at the receivers. The angle of arrival (AOA), 

time of arrival (TOA), and time difference of arrival (TDOA) 

techniques have been proposed for providing location services in 

wireless networks. The AOA, TOA, TDOA, or a combination [1]-

[5], at two, three or more receiver sites are commonly used in 

surveillance applications to accurately locate an aircraft, vehicle, 

or stationary emitter. Measuring AOA at the base station from a 

mobile hand ser can serve to increase downlink capacity via 

beamforming. 

The simplest way to estimate the TOA or TDOA is through 

correlating the received signal at each receiving site with a local 

signal such that the largest peak represent the time of flight to 

each individual receiver. 

The AOA on a sensor of arrays is determined by measuring the 

TDOA at individual elements of the array. Sometimes the TDOA 

measurement is made by measuring the difference in received phase 

at each element. Determining the time difference from the phase 

difference mandates placing the array elements at distances less than 

half the wavelength of the incident signal. 

Subspace-based algorithms [6]-[9], known of having fine resolution, 

represent a different class of AOA estimation algorithms based on 

eigenvalue decomposition of the correlation matrix of signal sam-

ples, or the singular value decomposition of the matrix of signal 

samples to estimate the signal and noise subspaces. The data used 

are spatial samples of the signal taken at a number of sensors in an 

array. It is generally assumed that the number of sensors is greater 

than the number of impinging signals. Again the half wavelength 

rule should be observed. Of all subspace algorithms, the multiple 

signal classification (MUSIC) probably is the most popular. It esti-

mates the AOA of signals based on the orthogonal property of the 

noise subspace eigenvectors and steering vectors [10]-[12]. The 

AOAs are determined by searching for the peaks of a pseudo-

spectrum function; a problem similar to nonadaptive spectral esti-

mation. Usually a methodology that results directly in numeric val-

ues is always preferable; this is where Root-MUSIC comes in. The 

AOA estimates are obtained by solving for the roots of a polynomial 

instead of searching for maxima. Estimation of Signal Parameters 

using Rotational In-variance Technique (ESPRIT) [13] is another 

parametric estimation technique, based on the fact that the steering 

vector at the elements has a constant phase shift from the adjacent 

elements. The Matrix Pencil [14] is similar to ESPRIT but it works 

directly with the data observation matrix instead of correlation ma-

trix, thus saving some computations. 

The AOA estimation technique in this paper can be regarded as a 

member of the class of TOA, TDOA, and phase difference of arri-

val. The signal TDOA is determined from the difference in signal 

phase at different sensors spaced by large distances breaking the 

half-wavelength limit. The technique assumes that the wavelengths 

of the incident signals are known, so that it can detect the occur-

rence of complete cycles between sensors. If the wavelengths are 

not known beforehand, they can be determined from estimates of 

the continuous frequencies as in [15],[16]. The rest of the paper is 

organized as follows: The AOA estimation problem is formulated 

in section 2. The technique to detect the occurrence of whole cycles 

between sensors is presented in section 3 with a proof of the limit 

on the sensors’ maximum interspacing to guarantee the success of 

the technique. Numerical results are given in section 4. The paper 

concludes by commenting on the theoretical and numerical results 

in section 5. 

2. PROBLEM ANALYSIS 

In this work we assume a number of sensors assembled on a straight 

line receiving a signal from a far field emitter. It is required to esti-

mate the AOA given the phase of the signal measured at each sensor 

knowing the frequencies, or equivalently the wavelengths, of the 

sinusoidal components of the signal s given by 

                          .Aes(t,x)
)

x
2ft2(j 0φ+

λ
π−π

=                                 (1) 

In (1) f is the sinusoid’s frequency in Hertz, A  is its amplitude, λ  

is its wavelength, x is the distance along the direction of propaga-

tion, and 0φ is the phase at 0xt == . The information about the 

AOA of the signal at the sensors array is contained in the phases of 

the sinusoids at each sensor, as the signal arrives at each sensor at 

different phase depending on the time of arrival at that sensor, 
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which in turn is a function of the AOA. Let )x,t(Φ denotes actual 

signal phase at time t and distance x, then 

           0
x

2ft2)x,t( φ+
λ

π−π=Φ                               (2) 

From (2), the difference in the actual signal phase between a point at 

arbitrary distance x and a reference point 0x = at time 

zero, )0,0()x,0()x,0( Φ−Φ≡∆Φ , is given in terms of x as 

          x
x

2)x,0( β−=
λ

π−=∆Φ                                   (3) 

whereβ is the angular wavenumber. It would have been straight-

forward to obtain x from the phase difference in (3) if the actual 

phases of the signal could be determined from measurements. Un-

fortunately, the phase of the signal at any time instant and distance 

as estimated from the signal measurements appears inside the period 

]] ππ− , so all values of the actual phase outside that period are 

folded inside. This fact leads to the definition of what we may call 

the apparent phase )x,0(φ  

 π+<Φ≤π−π−Φ≡φ )1i2()x,0()1i2(:i2)x,0()x,0(    (4) 

A plot of the apparent versus the actual phase would be a saw-tooth 

waveform with odd symmetry, period 2π, and peak-to-peak value 

2π. Rearranging terms in the inequalities in (4) gives i as the integer 

satisfying
2

1

2

)x,0(
i

2

1

2

)x,0(
++++≤≤≤≤<<<<−−−−

π

Φ

π

Φ
, i.e. i is the floor of 

2

1

2

)x,0(
++++

π

Φ
. The relation between the apparent phase and the 

distance x is obtained by substituting for )x,0(Φ from (2) into (4): 

)
2

1

2

x
(fli:i2

x
2)x,0( 0

0 +
π

φ
+

λ
−=π−φ+

λ
π−=φ      (5) 

where fl(.) is the floor of (.). 

Defining the normalized phase nφ as the apparent phase φ  divided 

by 2π, and the normalized distance z as the distance x divided by λ, 

we may rewrite (5) after replacing i by ik −= as 

    )z(flk:kz)z,0(
2
1

n0n0n −φ−=+φ+−=φ        (6) 

where n0φ is 0φ divided by 2π. From (6) we can obtain an equation 

like (3) relating the apparent phase difference and the distance in 

normalized form as:  

)z(flk:kz)z,0()z,0(
2
1

n0n0nn −φ−=+−=φ−φ≡φ∆

which by dropping the time and distance arguments, for the sake of 

brevity, becomes 

              )z(flk:kz
2
1

n0n −φ−=+−=φ∆              (7) 

Equation (7) illustrates that for every single value of nφ∆ we have 

multiple values for z, i.e. it is not possible to determine z for a 

given nφ∆ unless we restrict z to a single period of the waveform. 

Therefore, in order to guarantee a single-valued mapping 

z:n →→→→φ∆  symmetrically around 0z = we should restrict z to 

                         
2

|x||z|
2
1 λ

<↔<                                    (8) 

To illustrate the relation between the phase difference at different 

sensors and the signal AOA at the sensors consider two sensors S0 

and S hit by a planar waveform. Let’s take 0x = at  S0, considering 

it as the reference to measuring the distance along the direction of 

propagation. The distance x is related to the distance d separating the 

sensors and the AOA ][
22
ππθ −−−−∈∈∈∈  by )sin(dx θ××××==== , therefore 

from the condition (8) we get: 
2

|)sin(|d
λ

<θ . Since 1)sin( ≤≤≤≤θ  

for ][
22
ππθ −−−−∈∈∈∈ , then the condition on d becomes 

                                
2

d
λ

<                                                         (9)          

The condition (9) is a well known fact in spatial sampling of signals. 

If d exceeds half the wavelength, the unique mapping z:n →→→→φ does 

not hold and we get many values of z, and θ , ‘spatial aliases’, cor-

responding to a single value of the phase difference. If we use large 

d violating (9) we should restrict the range of estimating the AOA to 

a smaller value: 
2

|)
d2

(sin||| 1 πλ
θ <<<<<<<<

−−−− . 

In what follows we present two anti-aliasing techniques to relax the 

spatial sampling limit (9). The first technique assumes having only 

two sensors. In this case we assume the signal contains at least two 

frequencies. The second technique works in case we have a single 

frequency, and it relies on nonuniform spatial sampling made by 

three unequally spaced sensors. Both techniques assume that the 

true continuous frequencies (not aliases) and consequently the cor-

rect wavelengths in the signal are known or estimated in a previous 

step using e.g. [15]. Under this assumption, we present two an-

tialiasing methods to determine the number of complete cycles 

possibly made by individual frequency components, thus resolving 

the ambiguity of determining z, and accordingly θ , from the ap-

parent phase difference. The antialiasing techniques are presented 

in the following section with a derivation of the maximum allowed 

sensor spacing. 

3. ANTIALIASING TECHNIQUES 

Let’s define the dependent variable z)r1('z ++++==== , where r is a posi-

tive constant less than unity: 1r0 <<<<<<<< which makes 'z > z with the 

same sign. Being a scaled value of the normalized distance z, the 

variable 'z  too can be regarded as normalized distance obtained for 

another wavelength 'λ  or another sensor at 'd . Similar to the nor-

malized phase difference in (7), the normalized phase difference 

corresponding to 'z is a saw-tooth waveform with segments of 

straight lines numbered by the integer 'k : 

  )
)r1(2

1
''z(fl'k:'k'z' n0n

+
+φ−=+−=φ∆             (10) 

Substituting for 'z in (10) in terms of z and r and rearranging we 

obtain 

  )
)r1(2

1
'rzz(fl'k:'kz)r1(' n0n

+
+φ−+=++−=φ∆    (11) 

As compared to nφ∆ , n'φ∆ differs in: period: 
r1

1

++++
< 1, slope of 

line segments: )r1( ++++−−−− , and mean value: n0'φ , but both have unity 

peak-to-peak value. Plots of nφ∆ and n'φ∆  are shown in Fig. 1 (a) 

and (b) for 
5
1r =  and normalized initial phases 1.0n0 ====φ , and 

15.0' n0 ====φ  (picked randomly). Figure 1 (c) is the phase difference 

nδφ defined as 

             )k'k(rz' nnn −+−=φ∆−φ∆≡δφ                         (12) 

The plot of nδφ shows a five-times extension of the period of sin-

gle-valued mapping z:n →δφ ; ]5.25.2]− , as compared to the 

unity period of single-valued mapping z:n →→→→φ∆ ; ]5.05.0]− . 
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Fig. 1.  Apparent normalized phase difference versus normalized 

distance for 
5

1
r ====  

It is required to establish a limit on z where the single-valued map-

ping z:n →→→→δφ  holds. This limit is given by the following state-

ment: 

The mapping z:n →δφ , the inverse of  (12), is single valued in-

side the period 
r2

1
|z| <<<< . 

Proof: 

It is sufficient to prove that the parallel straight lines mrzm ++++−−−−====l  

for any integer m do not overlap horizontally inside the specified 

period. We seek the period of z where for any integer m'm ≠≠≠≠ the 

following two conditions are met: 

   If m'm >>>>  then )min()max( 'mm ll <<<<                                  (c1) 

   If m'm <<<<  then )max()min( 'mm ll >>>>                                  (c2) 

Let ]zz[ maxmin====P , then inside P we may specify two cases: 

1- m'm >>>> :   mrz)max( minm ++++−−−−====l , 'mrz)min( max'm ++++−−−−====l . 

Then in order to satisfy (c1) we should have: 

0'mmrzrz)min()max( minmax'mm <<<<−−−−++++−−−−====−−−− ll , i.e. 

r

m'm
zz minmax

−−−−
<<<<−−−−  

but the minimum possible value of m'm −−−−  is 1, so to guarantee the 

last inequality we should have 

r

1
zz minmax <<<<−−−−                                                                       (c3) 

2- m'm <<<< : mrz)min( maxm ++++−−−−====l , 'mrz)max( min'm ++++−−−−====l . 

Then in order to satisfy (c2) we should have: 

0'mmrzrz)max()min( minmax'mm >>>>−−−−++++++++−−−−====−−−− ll , i.e. 

r

'mm
zz minmax

−−−−
<<<<−−−−   

Again the minimum possible value of 'mm −−−−  is 1, so to guarantee 

the above inequality, we should have condition (c3)  satisfied. In 

order to make P symmetrical around zero we may choose 

mminmax zzz ====−−−−==== , hence we obtain 
r2

1
zm <<<<  leading 

to
r2

1
z

r2

1
<<<<<<<<−−−−  which completes the proof. 

We have 
λ

θ

λ

)sin(dx
z ========  then the extreme values of z correspond 

to 1)sin( ±±±±====θ : 
λ

d
|z| ≤≤≤≤  leading to 

r2

1d
<<<<

λ
 so the new limit on the 

maximum sensors’ interspacing is: 

                        
r2

d
λ

<                                                    (13) 

and because 1r <<<< , this new limit is larger than the standard limit (9) 

by a factor of 
r

1
.   

The determination of the AOA θ  from the phase differences nφ∆  

and n'φ∆  takes the following steps: 

1- Determine the set 1z of all possible values of z from nφ∆ using 

(7) 

2- Determine the set 2z of all possible values of z from n'φ∆ using 

(11) 

3- Determine k and 'k  corresponding to those values from 1z  

and 2z closest to each other:  2
21

]k'[k,
))'k(z)k(z( min arg]'k̂,k̂[ −−−−====  

4- Obtain two estimates of the AOA as  )
d

)k̂(z
(sinˆ 11

1
λ

θ −−−−====  and 

)
d

)'k̂(z
(sinˆ 21

2
λ

θ −−−−====  

5- Obtain the estimate of θ as the mean value of  1θ̂  and 2θ̂ . 

The search for the minimum in step 3 requires evaluating 

2
21 )zz( −−−−  for all possible combinations of k and 'k  which are at 

least equal to k2 since k'k ≥≥≥≥ . To reduce the number of computations 

we make use of (12) to limit the number of possible 'k for a given k. 

From (12) we have rzk'k n ++++====−−−− δφ , but 22 n <<<<<<<<−−−− δφ  and 

2
1

2
1 rz <<<<<<<<−−−− , then k'k −  is limited by 

2
1

2
1 2k'k2 <<<<−−−−<<<<−−−− , i.e. 

there is only five possible values of k'k −−−− ; 2−−−− , 1−−−− , 0, 1, and 2, 

making the required number of computations 2kk5 <<<<  in case 

5k >>>> . 

4. NUMERICAL EXAMPLES 

A- Antialiasing by two frequencies: same d, different f: 

In this section we assume the distance d exceeds the spatial sam-

pling limit (9), and the signal contains two frequencies f and 'f such 

that f)r1('f += . According to (13), the positive r should be less 

than unity in order to let d exceed the standard limit of half the 

wavelength, so 'f  should satisfy f2'ff << .  

Numerical values: 

Assuming a sound wave ( sec/cm34400c = ) with the following 

parameters: 

kHz5f ==== , kHz6'f ==== , 
5
1r ==== , cm88.6====λ , so cm7333.5' ====λ . 

According to (13), the distance separating the sensors should be 

limited by λ
λ

2

5

r2
d ====<<<< , so we take λ4.2d ==== . We assume that the 

phase of each sinusoid at each sensor is estimated, and that the esti-

mate is deviated from the true phase by some error which we as-

sume to be uniformly distributed over the period ]] ππσ −−−− where 

the value of σ is chosen to reflect the confidence in the phase esti-

mate: the larger σ  the less confidence we have in the estimate. 
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Accordingly, the normalized phase error is uniformly distributed 

over the period ]5.05.0]−−−−σ .  

Case 1: Low estimation error ( 001.0====σ ) 

The estimation errors in both nφ and n'φ at this value of σ are uni-

formly distributed over the period ]69.569.5] oo−−−− , and conse-

quently the distributions of both φ∆ and 'φ∆ take triangular shape 

over twice that period: ]38.1138.11] oo−−−−  as can be seen in Fig. 

2-a. The plots in Fig. 2 are approximation of the probability density 

functions (pdf) of the random errors calculated as the relative fre-

quency of occurrence of the error over every small interval of the 

abscissa in ten thousand trials. The abscissa is divided into 21 equal 

intervals 10,,10k,k K−−−−====∆ and the number of times the error 

occurs inside k∆ is calculated and divided by the total number of 

trials (10,000). The plots correspond to three values of AOA: 

]60010[ ooo−−−−====θ : a shallow, zero, and a wide angle. In Fig. 

2-a we have two plots of the error in nφ∆ and n'φ∆ for each case of 

θ . (Note that the six plots approximate the same triangular shape). 

Plots of the approximated pdf of the error in estimating θ for the 

three cases are shown Fig. 2-b. The plots show that the estimation 

error pdf is symmetric around a peak value at zero which means that 

the estimates of θ are unbiased and the correct value is the most 

probable. The plots also show that the values of the estimation error 

variance are low (less than o1 ).  
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Fig. 2.  Relative frequency of occurrence of estimation errors for 

three different AOA (Low σ) 

 

To show the effect of the value of d on the estimates of θ, the esti-

mation program was run with all parameters kept the same except 

for the sensors’ distance which is reduced to 
2

d
λ

==== ; the standard 

antialiasing limit. In Fig. 3 the plots of the approximate pdfs of the 

estimation errors show larger estimation variances as compared to 

the case of λ4.2d ==== in Fig. 2 which means that by increasing d we 

obtain more consistent estimates. The reason behind improved esti-

mates is  that by increasing d with respect to the wavelength λ, the 

sensitivity of the phase differences φ∆ and 'φ∆ to changes in θ in-

creases as can be seen from (3) where )sin(dx θ××××==== . 
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Fig. 3. The variance of the estimates of θ increases with smaller d  

 

Case 2: large estimation error ( 1.0====σ ) 

The estimation errors in both nφ and n'φ , in this case, are uniformly 

distributed over the period ]1818] oo−−−− ; more than three times the 

period in Case 1. Hence, the distributions of both nφ∆  and 

n'φ∆ take triangular-shape over ]3636] oo−−−− and they almost 

coincide as can be seen in Fig. 4-a. 

The plot of the approximate pdf of the estimation error in θ  for 

o10====θ is in Fig. 4-b which shows that the correct value is the most 

probable estimate and the error pdf is symmetric about zero with 

small variance. However the plot reveals the possibility of estimate 

outliers which are seen on the sides of the plot. The positions of the 

outliers in the plot are determined by an error of a whole cycle in 

estimating both nφ∆  and n'φ∆ as can be seen from the following 

analysis. 

The correct value of x corresponding to  o10====θ  is given by 

λλ 4168.0)10sin(4.2)10sin(dx oo ============ . An error of a whole 

cycle in the phase difference estimate corresponds to a complete 

wavelength in the estimate of x, i.e. λ±±±±==== xx~ and 'x'x~ λ±±±±====  lead-

ing to the incorrect estimates of )sin(θ as: 

λ

λλλ
θ

4.2

4168.0

d

x
)ˆsin( 1

±±±±
====

±±±±
==== giving }14.136.18{

~ oo
1 −−−−∈∈∈∈θ  

λ

λλλ
θ

4.2

)2.1/(4168.0

d

'x
)

~
sin( 2

±±±±
====

±±±±
==== , so }0131.4{

~ oo
2 −−−−∈∈∈∈θ  

The mean values of the estimates 1θ̂  and 2θ̂  are 

}.032133.79{
~ oo −−−−∈∈∈∈θ which means that the estimation error is 

}.032223.79{ oo −−−− conforming with the plot. 
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Fig. 4. Large errors in estimating the phase difference result in out-

liers in the estimate of AOA (High σ) 
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B- Antialiasing by two distances: same f, different d: 

Here we assume having three sensors S0, S1, and S2.The distance 

between S0 and S1 is d, and the distance between S0 and S2 is 

d)r1('d ++++==== . Since r satisfies 1r0 << , then the condition on 

'd is d2'dd << .  

Numerical values: 

kHz5f = , cm88.6=λ ,
5
1r ==== , λ= 2d , so λ= 4.2'd .  

Similar to section A we study two cases with low and high phase 

estimation errors. The results obtained are quite similar to those 

obtained in section A.  

Case 1: Low estimation error ( 001.0====σ ) 

The approximate pdf of the error in estimating nφ∆  and 

n'φ∆ should be the same as in Fig. 2-a. The plots of the pdf of the 

error in estimating three cases of the AOA ]60010[ ooo−−−−====θ  

in Fig. 5 show unbiased low-variance estimates; same as in Fig. 2-b. 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0

0.05

0.1

0.15

0.2

Error in estimating θ
 o

E
rr
o
r 
re
la
ti
v
e
 f
re
q
u
e
n
c
y

 

 
θ = -10

o

θ =   0o

θ =  60
o

 
Fig. 5. Relative frequency of occurrence of estimation errors for 

three different AOA (Low σ) 

 

Case 2: large estimation error ( 1.0====σ ) 

By increasing the error levels in the estimates of nφ∆ and n'φ∆ , the 

outliers in θ estimates appear (see Fig. 6 where o10====θ ). The out-

liers are the result of an error of one wavelength error in evaluating 

x. The positions of the outliers in this case are obtained as the mean 

values of 1
~
θ  and 2

~
θ  determined by 

λ

λλλ
θ

2

4168.0

d

x
)

~
sin( 1

±±±±
====

±±±±
==== , giving }06.1418.36{

~ oo
1 −∈θ  

λ

λ±λ
=

λ±
=θ

4.2

3473..0

'd

'x
)

~
sin( 2 , giving }05.1935.42{

~ oo
2 −∈θ  

The mean values of the estimates 1θ̂  and 2θ̂  are 

}56.1626.39{
~ oo −−−−∈∈∈∈θ which means that the estimation error is 

}56.2626.29{ oo −−−− conforming with the plot. 
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Fig. 6. Large errors in estimating the phase difference result in out-

liers in the estimate of AOA (High σ) 

 

5. CONCLUSION 

A technique is introduced for estimating the AOA from the phase 

difference at sensors spaced by more than half the wavelength. The 

technique resolves the ambiguity of mapping phase difference to 

time difference by assuming multiple sinusoids in the signal, or by 

utilizing multiple unequally-spaced sensors. Better estimates are 

attained as sensors with larger interspacing exhibit higher sensitiv-

ity to the AOA for the same wavelength. Alternatively, the same 

sensor array would exhibit higher sensitivity for shorter wave-

lengths. It is shown that the mapping of the phase difference to 

time difference in order to estimate the AOA introduces no bias to 

the estimate provided that the error in the phase difference estima-

tion algorithm is itself unbiased and uniformly distributed. As the 

error in the phase difference estimates increases it becomes possi-

ble to have outliers in the estimate of the AOA corresponding to a 

complete-cycle error in the phase difference (a whole wavelength 

error in the distance). 
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