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ABSTRACT
In sensor array processing, beamforming techniques are ap-
plied in order to form a directivity characteristic, the so-
called beam pattern, allowing the sensor array to distinguish
signals depending on their impinging direction. A common
problem is that directivity is usually achieved only above
a certain minimum frequency determined by the array size,
such that effective beamforming at low frequencies requires
large array dimensions. In this paper, a method is shown to
build a desired beam pattern using compact, superdirecti-
ve multipole sensor arrays which are sized far below the re-
garded wavelengths and at the same time produce an almost
frequency-invariant beam pattern.

1. INTRODUCTION

Depending on the main lobe width and SNR ratio desired,
a microphone array needs to be sized a multiple of the wa-
velength of the lowest frequency regarded [1]. This means
that, e.g. in acoustical applications targeting frequencies be-
low 300Hz, array sizes of several meters are required. The
approach presented here overcomes this problem insofar as
it uses very small arrays of pressure sensors to achieve di-
rectivity. First, a couple of multipole sensor arrays small in
size is discussed, each of which exhibits a beam pattern equi-
valent to a sinusoidal angular function. From these angular
modes, the desired overall beam pattern is constructed.

2. BEAMFORMING

Let us consider a sound field built up by planar waves having
the wave vectors k∈K, with K being the wave number vector
space. Given a source amplitude distribution S(k), we can
write the sound pressure at the location r and time t as

p(r, t) =
∫∫∫

K
S(k) · ei(ω(k)t−k·r)d3k, (1)

with ω(k)= ‖k‖·c and c being the sound velocity. The output
signal y(t) of a general filter-and-sum beamformer having N
sensors at the positions rn can then be written as

y(t) =
∫∫∫

K

N

∑
n=1

S(k) ·Hn(ω(k)) · ei(ω(k)t−k·rn)d3k

=
∫∫∫

K
S(k) ·B(k) · eiω(k)td3k, (2)

where the Hn(ω) are the transfer functions of the individual
weighting filters for each sensor and

B(k) =
N

∑
n=1

Hn(ω(k)) · e−ik·rn (3)

is the so-called beam pattern function describing the sensiti-
vity of the beamformer as a function of angle and frequency.
In this paper, we restrict the geometry to the two-dimensional
case: With

k =−k ·
(

cosϕ
sinϕ

)

and r =

(

x
y

)

= r ·
(

cosθ
sinθ

)

(see fig. 1 (a)), equations (1), (2) and (3) take the form

p(r,θ , t) =
∫ π

−π

∫ k2

k1

S(k,ϕ) · eik(ct+r cos(θ−ϕ)) k dk dϕ

y(t) =
∫ π

−π

∫ k2

k1

S(k,ϕ) ·B(k,ϕ) · eikct k dk dϕ

B(k,ϕ) =
N

∑
n=1

Hn(kc) · eikrn cos(θn−ϕ).

3. EXPANSION OF THE DESIRED BEAM PATTERN

Given a set of functions {Ψl(k,ϕ)} forming a complete or-
thonormal base for functions over [k1,k2]× [−π,π] such that
〈Ψl ,Ψl′〉= δll′ holds for the inner product

〈a,b〉=
∫ π

−π

∫ k2

k1

a∗(k,ϕ) ·b(k,ϕ) k dk dϕ, (4)

any beam pattern B(k,ϕ) can be expressed as

B(k,ϕ) =
∞

∑
l=0

cl ·Ψl(k,ϕ) (5)

with the coefficients cl = 〈Ψl ,B〉. Restricting the considera-
tion here to constant directivity beamforming, we postulate
the desired beam pattern to be Bdes(k) = Bdes(ϕ); further, we
assume that Ψl(k) = Al(ϕ) ·Fl(k) with Fl(k) being constant
over the design frequency range k1 ≤ k ≤ k2. Substituting
these assumptions into (5), we obtain

B(ϕ) =
∞

∑
l=0

cl ·Al(ϕ) with cl = 〈Al ,B〉 , (6)

where the inner product 〈Al ,B〉 is calculated according to

〈a,b〉 =
∫ π

−π
a∗(ϕ) ·b(ϕ) dϕ, (7)

because the integral over k in (4) reduces to a constant fac-
tor which we may set to 1 without loss of generality. In the
following sections, we will construct a set of sensor arrays
which fulfill the above assumptions and serve to generate a
set of approximately constant-directivity, orthonormal beam
pattern functions {Ψl(k)}.
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Figure 1: Geometries of the discussed multipole arrays. (a) Definition of r and k; (b) monopole; (c) dipole; (d) rectangular
quadrupole; (e) rhombic quadrupole; (f) hexapole; (g) heptapole. All sensor positions shown are relative to the center position
r0; the +/− symbols indicate the weight of each sensor. The example geometry used in section 6.2 is shown in (h).

4. ANGULAR MODES

For the following functions, it is well known that they form
a complete orthonormal base of the Hilbert space L2(−π,π)
of 2π-periodic functions (n = 1,2, . . . ):

A0(ϕ) =
1√
2π

A2n(ϕ) =
1√
π

cosnϕ (8)

A2n−1(ϕ) =
1√
π

sinnϕ,

which means that with the inner product (7) it holds that
〈Al ,Al′〉= δll′ (δ denoting the Kronecker delta), and any 2π-
periodic function can be expressed in the form (6), using the
{Al} as orthonormal base. We will refer to the functions (8)
as the angular modes.

5. MULTIPOLE SENSOR ARRAYS

In this section, we show how to construct a set of sensor ar-
rays which realize the angular modes described in section 4.
Let us assume we have a number of N sensors with spherical
characteristics at the locations rn (n = 1, . . . ,N) relative to a
center location r0. All sensor signals are summed, alternately

weighting the nth signal by Hn(ω) = (−1)n−1 = const. (see
fig. 2). Using (3), the beam pattern then will take the form

M(k) =
N

∑
n=1

(−1)n−1 · pn =
N

∑
n=1

(−1)n−1 · e−ik·(r0+rn), (9)

where pn = e−ik·(r0+rn) represents the dimensionless sound
pressure at sensor n. If the impinging direction of a wave is
such that its wave fronts hit one positively and one negatively
weighted sensor at a time, the output signal will be zero (see
fig. 2 (a)). This will not happen for other directions (fig. 2
(b)). Thus, an array of N sensors arranged in a regular poly-
gon will have N equidistant zeros distributed over the range

(a) (b)

kk

Figure 2: Construction principle for multipole sensor arrays.
(a) Wave producing zero output; (b) wave producing non-
zero output.

of 360◦. When combining such arrays, the center location r0

of each one is important as it causes a relative phase offset
which affects the overall beam pattern (see example in secti-
on 5.2). In the following, we will examine the beam patterns
M (eq. (9)) of some multipole arrays and will transform these
into approximately frequency-invariant beam patterns Ψ(k)
which correspond to certain angular mode functions Al(ϕ).

5.1 Monopole

For the monopole, we use one single sensor p1 located at r0

such that r1 = 0 (see fig. 1 (b)). Its beam pattern is

Mmono(k) = p1 = e−ik·r0 ,

which is, in terms of magnitude, constant for all frequencies
and directions (see fig. 3 (a)), with zero phase if the monopo-
le itself is located at r0 = 0. We can thus define the monopo-
le function Ψmono corresponding to the angular mode A0(ϕ)
(see section 4) as follows:

Ψmono(k) =
p1√
2π

=
e−ik·r0

√
2π

←→ A0(ϕ). (10)

The factor 1/
√

2π is introduced for magnitude normalizati-
on.
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Figure 3: Monopoles, d = 1cm. (a) Ψmono (eq. (10)); (b)
Pseudo Monopole Ψp (eq. (16)).

5.2 Dipole

For the dipole, two sensors are placed on the y axis, each at
distance d from the origin (see fig. 1 (c)). Using the respecti-
ve weigths, its beam pattern evaluates to

Mdip(k) = p1− p2

=
{

eikd sinϕ − e−ikd sinϕ
}

· e−ik·r0

kd≪1≈ 2d
iω

c
sinϕ · e−ik·r0 . (11)

For the last transformation, the exponential function inside
the braces was expanded to ex ≈ 1 + x assuming kd ≪ 1,
which corresponds to the condition d≪ λ/2π . Clearly, (11)
is frequency-dependent. This can be compensated by apply-
ing a factor c/iω; further, multiplying by 1/(2d

√
π), we ob-

tain a frequency-independent, normalized beam pattern cor-
responding to A1(ϕ):

Ψdip(k) =
p1− p2

2d
√

π
· c

iω
(12)

kd≪1≈ e−ik·r0

√
π
· sinϕ ←→ A1(ϕ).

Fig. 4 shows the beam pattern Ψdip of the dipole. It is appro-
ximately frequency invariant. Noticeable deviations appear
from 5kHz (fig. 4 (a)) and 10kHz (fig. 4 (b)) upwards, re-
spectively. With further increasing frequency, a decrease in
magnitude and the formation of sidelobes can be observed.

A rotated version of the dipole, corresponding to A2(ϕ),
can be created by rotating the sensors by 90◦ about the origin.
By combining the two orthogonal dipoles, a dipole beam pat-
tern with arbitrary orientation can be obtained. However, the
relative position of the two dipoles is crucial for their overall
behaviour at higher frequencies. Fig. 5 shows two possible
constellations: (a) two dipoles, each with one sensor at the
origin; (b) two dipoles, centered at the origin, and thus on top

of each other. Clearly, the phase factor e−ik·r0 causes strong
phase fluctuations and lobe deformations in the case of (a). It
is hence preferable to use centered dipoles and multipoles in
linear combinations. An array comprising two dipoles is also
discussed in [2].

5.3 Rectangular Quadrupole

For the quadrupole, we mention two symmetric cases: The
rectangular quadrupole (see fig. 1 (d)), and the rhombic one
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Figure 4: Dipole Ψdip (eq. (12)). (a) d = 1cm; (b) d = 5mm.
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Figure 5: 1:1 linear combination of two orthogonal dipoles
Ψdip (eq. (12)), d = 1cm. (a) Non-centered; (b) centered.

(fig. 1 (e)), which is discussed in section 5.4. The beam
pattern is Mquad(k) = p1− p2 + p3− p4, for which the ex-
ponential function ex now needs to be expanded to 2nd-
order terms, yielding a 2nd-order frequency-dependent term
(iω/c)2. Compensating the frequency dependency and nor-
malizing yields

Ψquad(k) =
p1− p2 + p3− p4

2d1d2

√
π

·
( c

iω

)2

(13)

kd1,2≪1

≈ e−ik·r0

√
π
· sin2ϕ ←→ A3(ϕ).

Fig. 6 shows the two cases of a square-shaped (d1 = d2) and
a rectangular quadrupole (d1 6= d2). For the latter, the lobes
are centered between the zeros for low frequencies, but bend
away for high frequencies. Due to symmetry, this behaviour
is not observed in the square case.

5.4 Rhombic Quadrupole (Pentupole)

Another symmetric quadrupole is the rhombic quadrupole
(fig. 1 (e)). However, it only works with a fifth sensor p0

at the center position which is needed to balance the four lo-
bes if d1 6= d2, which can make it unfavorable in practice. Its
beam pattern is (see also fig. 7 (a)):

Ψrhomb(k) = 2 · p1− p2 + p3− p4

(d2
1 +d2

2)
√

π
·
( c

iω

)2

· · ·

· · ·− d2
1 −d2

2

(d2
1 +d2

2)
√

π
· e−ik · r0
︸ ︷︷ ︸

p0

(14)

kd1,2≪1

≈ e−ik·r0

√
π
· cos2ϕ ←→ A4(ϕ).
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Figure 6: Quadrupole Ψquad (eq. (13)). (a) Square case (d1 =

d2 = 1cm); (b) rectangular case (d1 = 5
√

3mm, d2 = 5mm).
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Figure 7: Beam pattern of (a) the rhombic quadrupole Ψrhomb

(eq. (14)), d1 = 5
√

3mm, d2 = 5mm, and (b) the hexapole
Ψhex (eq. (15)), d = 1cm.

5.5 Hexapole

Evaluating the regular hexapole (fig. 1 (f)) from Mhex(k) =
p1− p2 + p3− p4 + p5− p6 leads to the beam pattern

Ψhex(k) = 4 · p1− p2 + p3− p4 + p5− p6

d3
√

π
·
( c

iω

)3

kd≪1≈ e−ik·r0

√
π
· cos3ϕ ←→ A6(ϕ). (15)

This time, ex is expanded to the 3rd order terms, yielding a
(iω/c)3 factor. The beam pattern is shown in fig. 7 (b).

5.6 Heptapole (Pseudo Monopole)

The geometry of the heptapole is depicted in fig. 1 (g). The
center sensor is weighted by −6 while all other sensors are
weighted by +1. With the beam pattern Mp(k) = −6p0 +
p1 + p2 + p3 + p4 + p5 + p6, we get

Ψp(k) = 2·−6p0 + p1 + p2 + p3 + p4 + p5 + p6

3d2
√

2π
·
( c

iω

)2

kd≪1≈ e−ik·r0

√
2π

←→ A0(ϕ). (16)

The magnitude is independent from the angle (see fig. 3 (b)),
such that the heptapole behaves like a monopole in the x-y-
plane. However, unlike the ordinary monopole, it has a zero
in positive and negative z direction, as have all the even mul-
tipoles discussed in sections 5.2, 5.3 and 5.5. Thus, any line-
ar combination of the heptapole (or pseudo monopole) with
these multipoles will be insensitive to waves in z direction.

5.7 Magnitude Compensation

The factor 1/(iω)n appearing in most of the above beam pat-
terns Ψ causes an approximately frequency-invariant beha-
viour. It represents an n-fold integration over time and can
be realized as an analog or digital filter. In case of the latter,
attention has to be paid to the group delay: Discrete-time in-
tegrators such as H(z) = ∆t/(z− 1) cause a group delay of
τ = 1/2 samples which gradually destroys the beam pattern
with increasing frequency. To avoid this, fractional delay fil-
ters can be used for compensation [3, 4]. However, due to its
singularity at ω = 0, the factor 1/(iω)n introduces noise at
very low frequencies, thus limiting the multipole bandwidth.
Since this effect grows with increasing n, the multipole order
cannot be increased arbitrarily without bandwidth loss.

6. MULTIPOLE SUPERPOSITION

A given beam pattern can now be realized as follows.

6.1 Algorithm Summary

1. Provide a set of L + 1 sensor multipoles Ψ0 . . .ΨL, cor-
responding to the angular modes A0 . . .AL defined in (8).

2. Given a desired beam pattern Bdes(ϕ), calculate the coef-
ficients c0 . . .cL using (7) by cl = 〈Al ,Bdes〉.

3. Assemble the overall beam pattern B(k) by linear combi-
nation of the multipole outputs using

B(k) =
L

∑
l=0

cl ·Ψl(k).

6.2 Example: Heptapole Geometry and Sensor Subsets

We have seen in section 5.2 that small spatial dimensions
will result in a high bandwidth of the multipole beamformer.
Therefore, we show an example how a single, compact sen-
sor arrangement can be used to generate the complete set of
required multipoles, simply by selecting appropriate sensor
subsets. Let us consider the heptapole geometry depicted in
fig. 1 (h) with d = 1cm. It contains one monopole (sensor no.
0), three dipoles (sensor subsets 1-4, 2-5 and 6-3), three rec-
tangular quadrupoles (2-3+5-6, 3-4+6-1, 1-2+4-5), one hexa-
pole (1-2+3-4+5-6) and one pseudo-monopole (all sensors),
all centered, with the following correspondences:

Ψ0 = Ψmono(k) ↔ f0(ϕ) = 1/
√

2π
Ψ1 = Ψdip1(k) ↔ f1(ϕ) = cos(ϕ)/

√
π

Ψ2 = Ψdip2(k) ↔ f2(ϕ) = cos(ϕ−π/3)/
√

π
Ψ3 = Ψdip3(k) ↔ f3(ϕ) = cos(ϕ +π/3)/

√
π

Ψ4 = Ψquad1(k) ↔ f4(ϕ) = sin(2ϕ)/
√

π
Ψ5 = Ψquad2(k) ↔ f5(ϕ) = sin(2(ϕ−π/3))/

√
π

Ψ6 = Ψquad3(k) ↔ f6(ϕ) = sin(2(ϕ +π/3))/
√

π
Ψ7 = Ψhex(k) ↔ f7(ϕ) = cos(3ϕ)/

√
π.

(17)

Clearly, the three dipoles (Ψ1,Ψ2,Ψ3) and the three quadru-
poles (Ψ4,Ψ5,Ψ6) are linearly dependent and not orthogo-
nal. One may hence either (A) throw away Ψ3 and Ψ6 and
orthogonalize the remaining beam pattern set (e.g. using the
Gram-Schmidt process), or (B) construct orthogonal coun-
terparts to Ψ1 and Ψ4 from linear combinations of Ψ2,Ψ3

and Ψ5,Ψ6, respectively. Both methods yield, at low frequen-
cies, identical results for dipoles and quadrupoles. However,
at higher frequencies, the dipoles generated by (A) and (B)
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Figure 8: Dipole built from Ψ1,Ψ2,Ψ3 (see (17)) with
main lobe at ±90◦. (a) Orthonormalization using the Gram-
Schmidt process (A); (b) symmetric method (C) (see text).

tend to exhibit rather large and asymmetric side lobes (see
fig. 8(a) and fig. 9(a)). This effect is due to the asymmetry
of methods (A) and (B) with regard to their use of the three
dipoles. It is thus preferable (C) to keep all the beam patterns
Ψ0 . . .Ψ7 in (17) and to calculate c0 . . .c7 according to

cl =

{ 〈 fl ,Bdes〉 for l = 0,7
2
3
· 〈 fl ,Bdes〉 for l = 1,2,3,4,5,6.

It can be shown analytically that this symmetric method (C)
is equivalent to using an intrinsically orthonormal base. Mo-
reover, as the symmetry of the array geometry is fully exploi-
ted, the resulting beam patterns are far more satisfactory even
at higher frequencies and their shape is almost independent
from the main lobe direction (see fig. 8(b) and fig. 9(b)).

Fig. 10 shows an example realizing a triangular beam pat-
tern with target direction 0◦ (a) and 30◦ (b). Bdes(ϕ) is 1 at
the target direction and linearly decreases to 0 to both sides,
reaching zero at ±79◦ from the target direction. Outside this
angle, Bdes(ϕ) is zero. The above method (C) is used, and
Ψ0 is realized as pseudo-monopole according to (16). For
the 30◦ target, the resulting main lobe is slightly wider than
for 0◦, while the side lobes are slightly larger. This is because
the heptapole geometry does not possess a second hexapole
orthogonal to Ψ7 in (17). Depending on the target direction,
the array reaches an SNR of 20dB to 30dB below 5kHz.

7. SUMMARY

A technique for far-field constant directivity beamforming
has been presented that uses compact multipole sensor arrays
to build a base set of beam patterns. It is shown that symme-
tric polygons with 2n sensors can be used to build superdirec-
tive arrays having a beam pattern of the form sin(nϕ). Using
orthogonal multipole pairs of different orders, it is possible
to approximate the desired beam pattern by projecting it to
the set of corresponding sinusoidal functions and using the
resulting coefficients to weight each multipole. However, or-
thogonality of the used multipoles is not compulsory: An ex-
ample geometry is shown where the desired beam pattern is
composed using triplets of dipoles and quadrupoles which
are only pairwise linearly independent and not orthogonal.
For compactness, each multipole can be realized by a sub-
set of sensors in one compact sensor arrangement. The basic
idea of the presented method can be compared to the concept
of modal subspace decomposition [5]. Yet, it is much simpler
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Figure 9: Dipole built from Ψ1,Ψ2,Ψ3 (see (17)) with main
lobe at 15◦/195◦. (a) Orthonormalization method (B); (b)
symmetric method (C) (see text).
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Figure 10: Multipole superposition example using the seven-
sensor geometry shown in fig. 1(h). (a) Target direction 0◦;
(b) target direction 30◦ (see text).

to implement as it is fully real-valued and involves only few
filters for time integration. However, limitations in approxi-
mation accuracy exist as the order of the multipoles used can-
not be increased arbitrarily due the behaviour of the 1/(iω)n

filters at low frequencies. Also, acoustical coupling between
closely located sensors can influence the mutual phase rela-
tions and thus impair the overall directivity.
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