
TIME-VARYING BURG METHOD FOR SPEECH ANALYSIS 

Karl Schnell 

Institute of Applied Physics, Goethe-University Frankfurt 

Max-von-Laue-Str. 1, D-60438 Frankfurt am Main, Germany 

email: schnell@iap.uni-frankfurt.de

ABSTRACT 

The Burg method determines the reflection coefficients of the 

lattice filter under the assumption of a stationary process. In 

this contribution, a time-varying Burg method based on least 

squares estimation is proposed estimating reflection coeffi-

cients which are time-varying within the analyzed frames. 

For that purpose, the trajectory of the reflection coefficients 

is parameterized by piecewise linear basis function. To yield 

estimation results of adjacent frames which are continuously 

connected in terms of the reflection coefficients, the coeffi-

cients of the current frame are constrained in a way that the 

trajectory starts from the final coefficient vector of the last 

frame. This leads to a block-based estimation procedure 

which can be performed in an adaptive way since the esti-

mation of a frame depends only on the current frame and on 

the last frames. 

1. INTRODUCTION 

The speech production is a nonstationary process, which is 

caused by movements of the articulators and by the oscilla-

tions of the vocal folds. Since model-based speech analysis 

is usually performed by estimation procedures based on sta-

tionary processes [1], the speech signals are segmented into 

frames which are assumed to be stationary. However, this is 

only a simplification of the real conditions since the parame-

ters to be estimated are actually time-varying. One funda-

mental problem of the parameter estimation of nonstationary 

processes is that the amount of statistical data should be not 

too small for the estimation; however, more data implies 

usually longer signal segments which are less stationary. To 

consider explicitly the nonstationarity, some approaches 

exist allowing time-varying coefficients of the underlying 

model. A general approach is to use adaptive algorithms 

such as LMS or RLS methods allowing a sample-by-sample 

updating of the coefficients; furthermore, a more statistical 

approach is given with the aid of Kalman filtering [2-3]. 

One relevant issue is how the coefficient trajectories are 

described and constrained since constraints are relevant for 

obtaining realistic trajectories and to handle the estimation 

problem mathematically. For abrupt changes of coefficients 

the consideration of smoothness prior (SP) is suitable [4]. 

For analytical solutions based on least squares estimation, 

the parameterization of the trajectories by an expansion with 

basis functions is suitable [5-7]. In this case, the estimation 

task is to estimate the coefficients of the basis functions. In 

[8-9], an analytical solution of a time-varying linear predic-

tion of adjacent frames is proposed, which yields continu-

ously connected coefficient trajectories in terms of the direct 

form; the trajectories in [8] are based on linear and in [9] on 

polynomial and periodic basis functions. The drawback of 

the direct-form coefficients is that they are not directly re-

lated to the speech production process and that they are not 

appropriate concerning stability. In contrast, the reflection 

coefficients of a lattice filter are related to the tube model 

and, therefore, to a simple vocal tract model; furthermore, 

issues of stability are more convenient. In [6], the estimation 

of time-varying reflection coefficients from a single frame is 

proposed by using basis functions. Based on some funda-

mental ideas of [6], in this paper an extended estimation 

procedure is proposed allowing a successive block-based 

analysis by FIR lattice filters. In comparison to [6], a direct 

formulation for the single-frame analysis is given and, espe-

cially, a joint estimation of adjacent frames is proposed 

yielding coefficient trajectories which are continuously con-

nected between the frames. 

2. TIME-VARYING BURG METHOD 

 

2.1 Lattice Filter 
The FIR lattice filter, which is shown in Fig. 1, is used for 

inverse filtering and is the inverse system of the IIR lattice 

filter. For more conventional estimation procedures such as 

the Burg method, the coefficients are estimated on the as-

sumption that the statistics within the analyzed frames are 

stationary. The FIR lattice filter can be described by a con-

catenation of sections which contain each a time delay and 

reflection coefficient r. The i-th section has the signals 
f

ix  

and 
b

ix  as input and 1

f

ix +  and 1

b

ix +   as output. The coefficient 

γ  is constant either plus or minus one. For the prediction 

formulation, 1γ =  is valid; however, the termination 1γ = −  

describes approximately an open tube for the tube model of 

the IIR lattice filter. 

 
Figure 1 – FIR lattice filter with reflection coefficients ir . 
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2.2 Burg Method 
The Burg method [10] determines the reflection coefficients 

by minimizing the arithmetic mean of the output powers of 

each section, which is shown in Fig. 2. For compact naming 

of the variables, the designations ( ) ( )f

io n x n=  and 

( ) ( 1)b

iu n x n= −  for the input and 1( ) ( )f

iv n x n+=  and 

1( ) ( )b

iw n x n+=  for the output are used; it should be noted 

 

Figure 2 – i-th section of FIR lattice filter. 

that a delay is located between ( )u n  and ( )b

i
x n . Hence, the 

error to be minimized corresponding Burg is defined by 

               
2 2

mine v w = + → E .                  (1) 

For the stationary case, the minimization leads to 

                          
2 2

2 [ ]

[ ]

E ou
r

E o u
= −

+Burg .                                                

The reflection coefficients are determined for the tube sec-

tions 1i N= … . It is known that in this way the optimum 

coefficients can be obtained one after the other due the or-

thogonal structure of the signals b

ix  in the FIR lattice, which 

represent the backward prediction errors.  

 

2.3 Time-Varying Burg Method 
If a nonstationary process is considered explicitly, each re-

flection coefficient ( )ir n  is time-varying and depends on 

the time index n. Since in the following description a single 

section of the lattice filter is treated exemplarily, the index i 

of the section number is omitted for the coefficients. To 

handle the huge amount of possible trajectories, it is favor-

able to parameterize the trajectories of the reflection coeffi-

cients. Reasonable constraints should ensure continuous 

trajectories. This can be realized by an evolution of the tra-

jectory with continuous basis functions. Here, piecewise 

linear trajectories are assumed which consist on constant 

parts and a sloping straight line. The time-varying part of the 

trajectory is defined by the slope d of the straight line. At the 

beginning and end of the straight line a constant part is at-

tached. The trajectory starts with the value of the constant c. 

The length of each constant part is 
c

L  and the length of the 

sloping line is 
d

L . The total length of the segment is 

2
c d

L L L= + . The trajectory of a segment of length L is 

defined by 

                     ( ) ( )r n c d nφ= + ⋅                              (2) 

                             with  

  

0 for 1

( ) ( 1) /( 1) for 1

1 for 1 .

c

c d c c d

c d

n L

n n L L n L L L

n L L L

φ

 =


= − − − = + +
 = + +

…

…

…

        

The basis function ( )nφ  represents the time-varying compo-

nent containing values from zero to one which are linearly 

interpolated in the index range from 1
c

L +  to 
c d

L L+ . The 

output of a section of the FIR lattice filter can be described 

with Eq. (2) by  

                      ( ) ( ) ( ( )) ( )v n o n c d n u nφ= + + ⋅ ⋅                (3)              

                     ( ) ( ) ( ( )) ( )w n u n c d n o nφ= + + ⋅ ⋅ . 

Eq. (3) can be expressed by the definitions ( ) ( ) ( )o n n o nφ= ⋅ɶ  

and ( ) ( ) ( )u n n u nφ= ⋅ɶ  with 

                           v o c u d u= + ⋅ + ⋅ ɶ                                  (4) 

                          w u c o d o= + ⋅ + ⋅ ɶ . 

The time index is leaved out in Eq. (4). The error e corre-

sponding Burg with Eq. (1) results in 
2 2

( , ) ( ) ( ) minEe c d o c u d u u c o d o = + ⋅ + ⋅ + + ⋅ + ⋅ → ɶ ɶ . 

Here, the expected value E  is interpreted as mean due to the 

nonstationarity of the process. The minimum is given if the 

derivatives are zero, which leads to the two equations 

                 
( , )

0
e c d

c

∂
=

∂
 and  

( , )
0

e c d

d

∂
=

∂
 .                   (5) 

Solving Eq. (5) for the coefficients  c   and d  which are to 

be estimated leads to 

              
2 2

2
( ) E

d uu ou d oo
c d

u o

⋅ + + ⋅ = −  + 

ɶ ɶ
   and            (6) 

              
2 2

( ) E
uo c uu ou c oo

d c
u o

+ ⋅ + + ⋅ = −  + 

ɶ ɶ ɶ ɶ

ɶ ɶ
.            

The two equations ( )c d   and ( )d c  are coupled and can be 

substituted mutually to get two independent equations. Sub-

stituting ( )c d   for ( )d c  and vice versa result in 

     
2 2 2 2 2 2

( )( ( )) 2

( )( )
E

uu oo uo ou c uu oo ou
c

u o u o u o

 + + + +
= − + + + 

ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ
    (7) 

     
2 2 2 2 2 2

( )(2 ( ))

( )( )

uu oo ou d uu oo ou uo
d

u o u o u o

 + + + +
= − + + + 

ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ
E . 

 Equation (7) can be expressed by the structure  

                c cc cα β= ⋅ +  and d dd dα β= ⋅ + ,                  (8) 

where α  and β  are independent of c  or d .  Hence, the 

explicit form of Eq. (8) is given by 

                
1

c

c

c
β
α

=
−

     and    
1

d

d

d
β
α

=
−

.                        (9) 

From Eqs. (7) and (8) the terms α  and β  are given by 

               
2

2 2 2 2

( )

( )( )
Ec

uu oo

u o u o
α

 +
=  + + 

ɶ ɶ

ɶ ɶ
,      

               
2 2 2 2 2 2

( )( ) 2

( )( )
Ec

uu oo uo ou ou

u o u o u o
β

 + +
= − + + + 

ɶ ɶ ɶ ɶ

ɶ ɶ
, 

               
2

2 2 2 2

( )

( )( )
Ed

uu oo

u o u o
α

 +
=  + + 

ɶ ɶ

ɶ ɶ
, and 

               
2 2 2 2 2 2

( )(2 )

( )( )
Ed

uu oo ou ou uo

u o u o u o
β

 + +
= − + + + 

ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ
. 
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The expected values are determined by the least squares ap-

proach from the signal samples. For example, the expected 

value [ ]E ou  of the i-th section is calculated by the average 

of the signal values with 

                          [ ]
1

1
( ) ( )

L i

n

ou o n u n
L i

−

=

= ⋅
− ∑E .        

The other expected values are calculated analogously. The 

two important results are Eqs. (6) and (7)/(9), which provide 

the optimum coefficients either at all or depending on other 

coefficients. If the coefficients c and d are determined, the 

section output can be calculated by Eq. (4). 

 

2.4 Independent Analysis of Frames 
The frames can be analyzed independently analogously to the 

time-invariant Burg method. The analysis of a segment ( )x n  

is performed by the FIR lattice filter in a way that for the 

sections 1i N= …  the optimum parameters for the time-

varying reflection coefficients are determined by Eq. (7) suc-

cessively. For that purpose, the algorithm starts by the ini-

tialization  ( )v x n=  and ( )w x nγ= ⋅  determining output 

values v and w of the section zero. Then, each section i for 

1i N= …  has output values of its previous section i-1 which 

determines the signals f

i
x  and b

i
x  of the FIR lattice filter. 

The input values of the i-th section are given by 

( ) ( )f

i
o n x n=  and ( ) ( 1)b

i
u n x n= − , from which the values 

( ) ( ) ( )o n n o nφ= ⋅ɶ  and ( ) ( ) ( )u n n u nφ= ⋅ɶ  can be derived. 

Then, the optimum coefficients ic   and id   are determined 

by Eq. (7). After that, the filtering of the section is performed 

by Eq. (4). The resulting coefficients ic   and id   represent  

 

 

Figure 3 – Analysis of the first part of the CV transition [ga] with 

the single-frame time-varying Burg method: (a) trajectory of magni-

tude responses and (b) trajectory of corresponding logarithmic areas 

of the tube model for 1γ = − . 

 

the constant and time-varying components of the reflection 

coefficients  

                           ( ) ( )i i ir n c d nφ= + ⋅ .                

For single-frame analysis, several analyses have shown that 

c
L  should be greater than zero for φ . One reason is that the 

arbitrary statistics of the signal values, especially at the frame 

boundaries, affect the analysis results. Fig. 3 shows an exam-

ple of the time-varying Burg method obtained from a pre-

emphasized single speech segment. The magnitude responses 

which are linearly interpolated between 
i

c  and 
i i

c d+  are 

shown. The segment represents the transition from the plo-

sive /g/ to the vowel /a/ and is 512 samples long starting from 

the voice onset; the sampling rate is 16 kHz. For the basis 

function φ , the ratio / 0.1cL L =  of each constant part to the 

total length is used. The bending of the formants due to the 

velar constriction of /g/ can be seen. Additionally, the loga-

rithmic areas obtained from the corresponding reflection co-

efficients are depicted in Fig. 3(b). A constriction in the near 

of the velar position can be observed. 

 

2.5 Connected Analysis of Frames 

2.5.1 Dependent Analysis 

An independent analysis of adjacent frames, as described in 

the previous section 2.4, produces usually discontinuities of 

the reflection coefficients between the frames. This contra-

dicts continuous vocal-tract movements and is unfavorable 

for many applications. To yield a continuous trajectory of 

reflection coefficients also between frames, the frames must 

not be analyzed independently. For that purpose, the analysis 

of the frames is performed one after the other from left to 

right and, additionally, the analysis of each frame considers 

the analysis results of the last frame. Since the first frame is 

located on the left and has no previous frame, the first frame 

is analyzed independently. For the following derivation of the 

analysis of a sequence of adjacent frames, the frames and 

their related coefficients are denoted by the superscript k ; 

this is used for ( )kx n  and the coefficients k

ic , k

id , and 

( )k

ir n  corresponding to frame k. To force continuous trajec-

tories at the frame boundaries, the continuous condition 

                       1(1) ( )k k

i ir r L−=   for  2k P= …            (10)   

is defined, which couples the analyses of adjacent frames. P 

is the number of frames. For analyses which meet the con-

tinuous condition, Eq. (7) cannot be used for the analysis 

because it yields unconstrained solutions. However, formula 

( )d c  of Eq. (6) can be applied since the fixed coefficient c 

describes constraints which can be utilized to fulfill the con-

tinuous condition. Since the time-varying function ( )nφ  is 

defined in a way that it starts from zero with (0) 0φ = , the 

coefficient kc  represents the first reflection coefficient in 

time 

                                     (1)k k

i ir c=  

of the k-th frame. If this coefficient is determined by the last 

reflection coefficient of the left-side frame k-1, the continu-
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ous condition can be ensured by using 

                                    1 1k k k

i i ic c d− −= +                         (11) 

for ( )d c  of Eq. (6) as fixed coefficient c. From Eq. (2) it can 

be seen that the sum 1 1k k

i ic d− −+  represents 1( )k

ir L−  the last 

reflection coefficient in time of the previous frame since the 

time-varying function ( )nφ  is defined with ( ) 1Lφ = . The 

fulfillment of the continuous condition of Eq. (10) can be 

seen easily by  

                  1 1 1(1) ( )k k k k k

i i i i ir c r L c d− − −= = = + .                 

Since only analysis results of previous frames are considered, 

the frames can be analyzed one after the other from the sec-

ond frame to the last right-side frame by using Eq. (11) for 

determining k

ic  and using ( )d c  of Eq. (6) for calculating k

id  

with : ( )k k

i id d c= . For initialization, the first left-side frame 

is analyzed by the single-frame Burg method. Since in com-

parison to the single-frame analysis the trajectories of the 

frames are connected continuously, it is reasonable to use 

pure linear trajectories without constant parts for the frames. 

Hence, in this case 0cL =  is used for the analysis.  

2.5.2 Frame Overlapping for Smoothing 

Since the trajectory of reflection coefficients within each 

frame k is based on straight lines, the estimation is equivalent 

to a determination of the two points (1)k

ir  and ( )k

ir L  on the 

left and right side of the frame. The left point is given by the 

previous frame k-1 and the right point is to be estimated. One 

problematic issue is that the estimation of the right point 

( )k

ir L  is based only on the statistics of the current frame and 

implicitly of the left-side frames. Signal values to the right of 

point ( )k

ir L  are ignored for the analysis. Therefore, for rela-

tively small frame lengths the estimation of the right point 

implies some uncertainties, which is caused by the arbitrary 

statistical distribution of the individual frame. To enlarge the 

statistical data for the estimation, signal values 
1( ) ( )k kx L n x n++ ≡  with 1n ≥ , which are outside right of 

the frame k, are included in the estimation. Then, the ques-

tion is which assumption is defined for the coefficient trajec-

tory outside of the current frame by the basis function. A neu-

tral assumption is given by a constant function right of the 

frame, which leads to an extension of the basis function with 

                         ( ) 1L nφ + =    for  1n ≥ .                    (12) 

The incorporation of this frame overlapping can be realized 

with the formulations of the previous section if each frame 
kx  is extended with M values to the frame kx  of length 

L M+  by a concatenation of the frame kx  and the first M 

values of the frame 1kx + . Additionally, the values 1kx +  are 

weighted by the second half of the Hamming window 

(1...2 )Mυ  of length 2M  in a way that the values are de-

creasing towards the last index. The resulting enlarged and 

weighted segment is given by 

{ } ( )1 1( ) (1), , ( ), ( 1) (1), , (2 ) ( ) .k k k k kx n x x L M x M x Mυ υ+ += + ⋅ ⋅… …

If the k+1 frame contains less than M values, the values of 

the next frame or frames can be involved. The consideration 

of Eq. (12) leads to the basis function  

     
( 1) /( 1) for 1

( )
1 for 1 .

n L n L
n

n L L M
φ

− − =
= 

= + +

…

…
 

In comparison to the frames kx , the frames kx  imply an 

overlapping of M values and have the length L L M′ = + . In 

this way, the algorithm can be performed in the same manner 

as the algorithm of section 2.5.1 modified by the frame over-

lapping with regard to the modified time-varying basis func-

tion by substituting φ  for φ  and the use of kx  and L′  in-

stead of kx  and L . The difference between the analysis re-

sults of the estimation with and without overlapping is 

greater for small frame lengths. 

2.5.3 Speech Analysis 

Fig. 4 shows the results of the analysis of the German utter-

ance [laN@vaIl@] for different parameter settings of the 

time-varying Burg method concerning the lengths L and M, 

which represent the lengths of the time-varying part and the 

constant part outside. Figs. 4(b)-(d) show results for 120L =  

and Fig. 4(a) shows the analysis result for 360L = . In all 

figures every 120 samples the magnitude response is shown. 

In Figs. 4(a)-(d), the magnitude responses of the frames-

boundary coefficients k

i
c  are shown; additionally, in Fig. 4(a) 

the magnitude responses of the two interpolated coefficients 

1 3k k

i i
c d+ ⋅  and 2 3k k

i i
c d+ ⋅  are shown, too, due to the 

longer frame length. Figs. 4(b)-(d) show the effect of the 

consideration of the values outside of the frame. The more 

values are introduced into the calculation the smoother is the 

trajectory of coefficients and the corresponding magnitude 

responses. Too small values of M lead to fluctuating magni-

tude responses as depicted in Fig. 4(b) with 100M = . In 

contrast to that, too large values of M lead to over-smoothing. 

The values of 200M =  and 350M =  are in a reasonable 

region, which can be seen from Fig. 4(c)-(d). The time reso-

lution of the analysis of Fig. 4(c) is slightly better; however, 

the trajectory of Fig. 4(d) is smoother. If these two results are 

compared to the analysis result of Fig. 4(a) obtained with a 

significantly longer frame length, it can be seen that some 

errors of the resonance trajectories can occur by using long 

frame lengths. For example, the transition of the second for-

mant of /v/-/a/ is coming from a false direction which is 

marked by a dotted circle in Fig. 4(a). It is known that the 

labial constriction of /v/ bends the formants of the vowel to 

lower frequencies. Also other analysis results show that too 

long frame lengths can lead to errors of the formant trajecto-

ries. One explanation for this behavior is given by the usage 

of linear basis functions since small pieces of a nonlinear 

function can be approximated well by linear functions, which 

is getting worse for longer pieces. In comparison to that, it 

seems that other investigations using a proper number of 

nonlinear basis functions for single-frame analysis come to 

other results where longer frame lengths are appropriate [11]; 

however, these methods don’t imply an analysis of a frame 

sequence considering a continuous condition. 
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Figure 4 - Trajectory of magnitude responses by the time-varying 

analysis of utterance [laN@vaIl@] with equal distances of 120 

samples and different parameter settings: L=360 and M=200 for (a);   

L=120 for (b)-(d) with  M=100 for (b),  M=200 for (c),  and  

M=350  for (d). 

 

3. CONCLUSIONS 

A time-varying estimation procedure is presented estimating 

time-varying reflection coefficients which are continuously 

connected at the frame boundaries. The procedure can be 

performed in an adaptive way, which allows a block-wise 

processing using only the current frame and the previous 

frames, apart from a continual segment of the next frame for 

enlarging the statistical data. The investigations show that 

small frame lengths which are moderately longer than the 

expected pitch periods yield reasonable estimation results; 

additionally, the smoothness of the resulting trajectories can 

be influenced by the number of values outside of the frame. 
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