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ABSTRACT
A new sampling scheme for 2D images is
proposed, which is dedicated for fast pro-
cessing and storing long sequences of in-
dustrial images. It was proved that the
spectrum of non-bandlimited images can
be approximated up to a desired accuracy
when number of samples grows. A simple
reconstruction scheme is also proposed.

1. INTRODUCTION

We propose a new sampling scheme of 2D
images, which is obtained from one di-
mensional equidistributed sequences (EQD
sequences), transformed by a space-filling
curve (SFC). EQD sequences (see, e.g. [7])
are deterministic sequences t1, t2, . . . , tn,
which behave as if they were drawn from
the uniform distribution, but they behave
more regularly than random samples. Thus
image descriptors can be evaluated more
exactly (see [10] for account on descrip-
tors).

A space-filling curve is a continuous
function, Φ(t) that maps the unit interval
T = [0,1] onto the unit (hyper-)cube, but
here we confine our attention to the unit
square I2 = [0,1]2. The Hilbert, Peano
and Sierpiński curves provide examples of
SFCs (see [11]). For a selected EQD se-
quence t1, t2, . . . , tn we shall generate sam-
ple points x1, t2, . . . , xn as follows xi =
Φ(ti), i = 1, 2, . . . , n. Advantages of this
sampling scheme, considered from a view
point of processing industrial images (see
[4] for the state) are the following.
1) Gray levels at sample points remain un-
changed. This allows for the analysis of de-
fects in products, keeping storage require-
ments for archiving at a reasonable level.

2) Image descriptors can be evaluated with
a low computational burden.
3) The Fourier spectra of images can be ap-
proximated with a desired accuracy.
4) Original images can be relatively quickly
and reliably reconstructed (in fact approxi-
mated) from samples.
5) Samples are linearly ordered, preserving
closeness in the sense that points, which are
closely sampled along SFC are also close in
the underlying image.
Note that 2D and multidimensional EQD
sequences are well known (see, e.g., [7]),
the Halton and Hammersley sequences be-
ing the most popular. They are generated
directly, without using SFC. They can also
be used for sampling images, but then we
loose advantages 4) and 5).

Earlier results on applying SFCs in
image processing concentrated mainly on
their scanning properties. Here, we ad-
ditionally use their ability to preserve the
Lebesgue measure and closeness of neigh-
bor points. The Shannon’s sampling the-
orem is not applicable here, since images
are usually not band-limited. Instead, we
describe images by measurable functions,
which admit sudden changes of intensi-
ties. In recent years one can observe a re-
newed interest of researchers in studying
image sampling (see [18], where Shannon’s
theorem is generalized to non-bandlimited
functions and [1], [17], [3] for recent con-
tributions).

2. PRELIMINARIES
Let f (x) denote gray levels of an image at
x ∈ I2. We admit images f : I2 → [0, 1] to
be from the space of the Lebesgue measur-
able functions (see, e.g., [19]), which in-
clude discontinuous functions.
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Remark 2.1 By the Lusin theorem [19],
for every ε > 0 there exists set E(ε) such
that µ2(I2−E(ε)) < ε and f restricted to
this set, further denoted as f |E , is continu-
ous.
EQD sequences. A deterministic sequence
(xi)n

i=1 is called EQD (or uniformly dis-

tributed) sequence in Id
de f
= [0, 1]d if

lim
n→∞

n−1
n

∑
i=1

g(xi) =
∫

Id
g(x)dx

holds for every continuous function g on Id
(see, e.g. [7]). We shall use this definition
for d = 1 and d = 2. The well known way
of generating EQD sequences in [0, 1] is as
follows

ti = frac(iθ), i = 1,2, . . . , (1)

where the fractional part is denoted as
frac(.), θ is an irrational number.
Space-filling curves A space-filling curve
is a continuous mapping Φ : I1

onto→ Id . The
well known curves constructed by Hilbert,
Peano and Sierpiński possess the following
properties (see [11], [8], [9], [12]):
F1) for every continuous function g : I2→R∫

I2
g(x)dx =

∫ 1

0
g(Φ(t))dt, (2)

where x = [x(1),x(2)]T and T denotes the
transposition,
F2) there exists CΦ > 0 such that

||Φ(t)−Φ(t ′)|| ≤CΦ|t− t ′|1/2, (3)

where ||.|| is the Euclidean norm in R2. The
Lipschitz continuity (3) is stated above for
2D case and it reads intuitively as distance
preserving property in the sense that points
close to each other in the interval are trans-
formed by Φ onto points close together in
I2, but the converse is not necessarily true.
The reason is in that Φ does not have the
inverse (see [11]) in the usual sense (in-
tuitively, because a curve intersects itself).
For our purposes it is of interest to find at
least one t ∈ I1 such that Φ(t) = x for given
x. Consider a transformation Ψ : I2 → I1,
such that Ψ(x) ∈ Φ−1(x), where Φ−1(x)
denotes the inverse image of x, i.e., the set

{t ∈ I1 : Φ(t) = x}. Φ−1 allows to order lin-
early pixels in an image. We shall call Ψ a
quasi-inverse of Φ.
F3) Φ is the Lebesgue measure preserving
in the sense that for every Borel A ⊂ I2 we
have µ2(A) = µ1(Φ−1(A), where µ1 and µ2
denote the Lebesgue measure in R1 and R2,
respectively.
F4) One can construct a quasi-inverse Ψ in
such a way that it is also Lebesgue measure
preserving.
Remark 2.2 It is important that for the
Peano, Hilbert and Sierpiński curves there
exist algorithms for calculating their ap-
proximate value at a given point t ∈ I1 with
O
( d

ε

)
of arithmetic operations, where ε >

0 denotes the accuracy of approximation
(see [2], [16], [13]). Furthermore, also
quasi-inverses of these curves can be cal-
culated with the same computational com-
plexity (see [14], [15], [13]).

3. SAMPLING SCHEME AND ITS
PROPERTIES

The proposed sampling scheme is as fol-
lows.
Step 1) Calculate ti’s as in (1).
Step 2) Calculate xi’s as xi = Φ(ti)
Step 3) Read out samples fi = f (xi),

i = 1, 2, . . . , n.
For given n and θ it suffices to perform
Steps 1) and 2) only once.
Remark 3.1 The above version of sam-
pling should be slightly modified in prac-
tice by recalculating positions of sample
points in Step 2), which have coordinates
in I2, to coordinates of pixels in a real im-
age, which has Nh pixels width and Nv pix-
els height. Denote by (nh(i), nv(i)) the hor-
izontal and vertical coordinates, which cor-
respond to xi. Also gray levels and fi’s are
usually stored as integers from 0 to 255 in-
stead of [0, 1].
Below we state briefly selected properties
of the above sampling scheme, which are
of interest in image processing.
Uniform distribution
P1) {xi}n

i=1, is EQD sequence in I2.

For continuous g : I2→ R, n−1
∑

n
i=1 g(xi) =

n−1
∑

n
i=1 g(Φ(ti)) →

∫ 1
0 g(Φ(t))dt =∫

I2 g(x)dx, since ti ∈ I1 are EQD, Φ is
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Figure 1: The Sierpiński SFC and n = 256
EQD points.

continuous, while the last equality follows
from F1).•
Descriptors Descriptors ak with respect
to linearly independent and contin-
uous functions vk(x) are defined as
ak =

∫
I2 f (x)vk(x)dx, k = 1, 2, . . .. ak’s

are usually approximated by the sums
of gray levels located at all the pixels.
We can gain much on efficiency using
α̂

(n)
k = n−1

∑
n
i=1 fi.

P2) limn→∞ |αk− α̂
(n)
k |= 0

We omit the proof (see below).
Spectrum approximation Denote by
F (ω), ω = [ω(1), ω(2)]T the Fourier
transform of image f , i.e.,

F (ω) =
∫

I2
exp(−jω

T x) f (x)dx, (4)

where j2 =−1. We approximate F by

F̂n(ω) = n−1
n

∑
i=1

exp(−jω
T xi) fi. (5)

P3) If f is measurable in I2, then for every
ω we have

lim
n→∞

∣∣F (ω)− F̂n(ω)
∣∣= 0. (6)

Take arbitrary ε > 0. By the Lusin
thm., there exists a set E = E(ε/4) such
that f |E is continuous and µ2(E − I2) <
ε/4. Denote by FE(ω) the Fourier trans-

form of f |E . Then, for D
de f
= E − I2

|F (ω)−FE(ω)|=∣∣∣∣∫D
e−jωT x f (x)dx

∣∣∣∣< µ2(D)<
ε

4
, (7)

since both integrands do not exceed 1. Let

F̂E(ω) = n−1
∑

xi∈E
exp(−jω

T xi) fi. (8)

Define ∆n =
∣∣F̂n(ω)− F̂E(ω)

∣∣. Then

∆n =

∣∣∣∣∣n−1
∑

xi 6∈E
exp(−jω

T xi) fi

∣∣∣∣∣ . (9)

Clearly, ∆n ≤ n(I2−E)/n, where

n(I2−E)
de f
= card{i : xi ∈ (I2−E)}.

From P1) it follows that for n→ ∞

∆n≤
n(I2−E)

n
→ µ2(I2−E)< ε/4. (10)

Thus, for n sufficiently large we have ∆n <
ε/4. Define

δn =

∣∣∣∣∣
(

1
n
− 1

n(E)

)
∑

xi∈E
exp(−jω

T xi) fi

∣∣∣∣∣
where n(E)

de f
= card{i : xi ∈ E}. Clearly,∣∣∣∣∣∑xi∈E

exp(−jω
T xi) fi

∣∣∣∣∣≤ n(E).

Thus, for n large enough

δn ≤ |(n(E)/n−1|)< ε/4, (11)

since, by P1), |(n(E)/n−µ2(I2)|)→ 0 as
n→∞. We omit argument ω in he formulas
that follow. Summarizing, we obtain.∣∣F − F̂n

∣∣< ε/4 +
∣∣FE − F̂n

∣∣ , (12)

since, by (7), |F −FE | < ε/4. Analo-
gously,∣∣FE − F̂n

∣∣< ε/4 +
∣∣F̂E − F̂n

∣∣ , (13)

due to (10). Finally,∣∣FE − F̂E
∣∣≤ δn + (14)
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+

∣∣∣∣∣FE −n−1
E ∑

xi∈E
exp(−jω

T xi) fi

∣∣∣∣∣ .
The last term in (14) approaches to zero,
since f is continuous in E and P1) holds.
Hence,

∣∣FE − F̂E
∣∣ < ε/2 for n large

enough, due to (11). Using this inequality
in (13) and invoking (12) we obtain that for
n large enough we have

∣∣F − F̂n
∣∣< ε .•

A detailed discussion of the conver-
gence rate of F̂n(ω) to F (ω) is outside
the scope of this paper. We only mention
that if for f the Lipschitz condition with the
exponent 0< α ≤ 1 holds, then∣∣F (ω)− F̂n(ω)

∣∣≤C (log(n)/n)α/2 ,

where C > 0 is a constant, which may de-
pend on f , SFC and ω , but not on n.
A remark on segmentation Assume that
sample points (ti, fi), i = 1, 2, . . . , n are re-
ordered according to their first coordinates,
i.e., (t(i), f(i)), t(i) < t(i+1). Our aim is to
mark (approximately) regions such that

{x ∈ I2 : T1 < f (x)< T2}, (15)

where 0≤ T1 < T2 ≤ 1 are specified thresh-
olds. Varying T1 and T2 one can obtain ap-
proximate segmentation of the image. The
segmentation task is time consuming. We
can reduce the computational burden as fol-
lows. Suppose that for a certain cluster
of points t(p), t(p+1), . . . , t(q) we have T1 <
f( j) < T2, j = p, p + 1, . . . , q. Then, ac-
cording to F2), also points x( j) = Φ(t( j))
are close in the image and form a cluster.
Furthermore, according to F3) and F4), the
length

∣∣t(q)− t(p)
∣∣ can be used as an approx-

imation of the area of the smallest polygon
containing x( j), j = p, p + 1, . . . , q.

4. RECONSTRUCTION BY
(NEAREST) NEIGHBOR

TECHNIQUE
Our aim is to demonstrate that images
can be efficiently reconstructed from the
samples. Consider Nh × Nv image. The
coordinates of its pixels are denoted as
(k, m), while positions of sample points
are denoted as (nh(i), nv(i)), i = 1, 2, . . . , n.
Abusing the notation, we shall write f(k,m),
forgetting for a while that earlier f was de-
fined in [0, 1]2.

Figure 2: Upper left panel – an origi-
nal 103× 103 image of a defected copper
slab. Reconstruction from n = 2048 sam-
ples (upper right) and from n = 4096 sam-
ples (lower right). Lower left panel – the
difference between the original image and
its reconstruction from n = 4096 samples.

A naive algorithm of reconstructing the
underlying image would be the following.
Find the nearest neighbor (NN) of (k, m)
among (nh(i), nv(i))’s and extend the gray
level of the neighbor to (k, m) pixel. Re-
peat the above to for all Nh Nv pixels. This
approach is too time consuming, since the
search of NN among n, which is about 104,
in 2D, multiplied by an image resolution
(typically 3-8 MPix).

Assume that t(i), i = 1, 2, . . . , n are or-
dered. The proposed method is as follows.
Step 1 Normalize current pixel (k, m) to I2

as xkm
de f
= (k/Nh, m/Nv).

Step 2 Calculate tkm
de f
= Ψ(xkm)

Step 3 Find its NN among all t(i)’s. Denote
its number by i(km).

Step 4 As the approximate value of f
at pixel (k, m) (or at xkm) take f at
(nh(i(km)), nv(i(km))) (or f (xi(km)).

Step 5 Repeat Steps 1-4 for all (k, m).
The main advantage of this scheme is in
that finding NN among ordered t(i)’s has
computational complexity O(log2(n)). The
price for that is a possibility of missing the
true NN in I2, since in Step 2 we use the
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quasi-inverse of SFC. Nevertheless, a point
found in Step 3 is close to NN in I2 due to
F2). The results of reconstructing of a real
image are shown in Fig. 2.

5. CONCLUDING REMARKS
Taking into account the simplicity of the
sampling scheme and NN reconstruction,
one can hope that the proposed method,
combined with the techniques loss-less
compression provides sufficiently good
compression rates for storing samples of
long sequences of industrial images, with-
out loosing original gray levels and other
features, which are essential for detecting
defects and reasons of their occurrence.

The method applies to color images in
RGB format just by repeating it each color
separately. The search for NN is done only
once for each pixel.
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