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ABSTRACT

This paper is concerned with the problem of nonlinear Wiener chan-
nel identification using input-output crossmoments. The static non-
linearity is assumed to be represented by a fifth-degree polynomial.
For an i.i.d. input signal, we first derive closed-form expressions
for estimating the second-order kernel of the associated fifth-order
Volterra model. The parameters of the linear part of the fifth-order
Wiener channel are then estimated using an eigenvalue decomposi-
tion of the associated second-order Volterra kernel, while the non-
linear subsystem is estimated in the least square sense from the re-
constructed output of the linear subsystem. The proposed identifi-
cation method is illustrated by means of simulation results.

1. INTRODUCTION

Nonlinear system identification is of particular importance for a lot
of signal processing applications (see an extensive bibliography in
[1]). A great number of models can be used for representing a
nonlinear dynamical system. Among them, block-oriented models,
such as Wiener and Hammerstein models, consisting of a concate-
nation of linear dynamic subsystems and static nonlinear elements,
provide parsimonious representations.

The use of Wiener models has been considered in the litera-
ture for various applications including communications [2, 3]. For
example, they have been successfully used for representing a radio
over fiber channel which combines two media: radio and optical.
The optical part is used to interconnect a central radio processing
facility with a remote radio antenna, the latter providing coverage
to wireless broadband users. In such channels, nonlinear distor-
tion mainly occurs from the electrical to optical conversion process.
This distortion is usually modelled as a static nonlinearity in poly-
nomial form. The wireless-fiber channel can be modelled by a lin-
ear filter (the wireless channel) followed by a static nonlinearity (the
nonlinear link), i.e. a Wiener model.

Several methods have been proposed for identifying such
Wiener models. In [4], a nonparametric approach is used to identify
a Wiener system driven by a white Gaussian input. More recently,
some works have extended linear subspace identification methods
to this class of nonlinear models (see [5] and references therein). In
[6], Wiener systems are viewed as constrained Volterra series. Sin-
gular value decomposition (SVD) and Higher-order SVD are used
for parameter estimation.

Indeed, when the nonlinear subsystem is a polynomial one, the
Wiener system admits an equivalent representation under the form
of a Volterra model. Unlike representations using linear and nonlin-
ear blocks, Volterra models present the advantage of being linear in
their parameters. However, the parameter number for such a model
is huge. As a consequence, the parameter estimation is a very dif-
ficult task. Recently, it has been shown that, in fact, the diagonal
coefficients of Volterra kernels associated with Wiener and Wiener-
Hammerstein systems suffice to generate the non-diagonal coeffi-
cients [7]. This result opens new research perspectives for identi-
fying block-oriented nonlinear systems in exploiting the algebraic
structure of the associated Volterra kernels.

The input-output cross-correlation method suggested by Lee
and Schetzen [8] can be used for identifying Volterra systems when
the input signal is a zero-mean Gaussian one. Some improvements
of the above cited method have been proposed in the literature (see
[9] and references therein for example). This solution is non-trivial
and due to its sequential nature, estimation errors in one kernel
propagate to the estimation of the next ones. However, two partic-
ular cases are free of such drawbacks: homogeneous systems [10]
and linear-quadratic systems [11]. For more general i.i.d. inputs,
Tseng and Powers [12] have derived closed form expressions of the
kernels of third-order Volterra systems.

In this paper, we consider a new approach based on the i.i.d.
property of the input signal and on the algebraic structure of the
second order Volterra kernel associated with a Wiener system. The
paper is organized as follows. Section 2 gives a general problem for-
mulation. Closed form expressions of the second-order kernel of a
fifth-order Volterra system, in terms of input-output crossmoments,
are derived in Section 3. A complete procedure for estimating the
parameters of the linear and nonlinear parts of a fifth-order Wiener
system is proposed in Section 4. Some simulation results are pro-
vided to illustrate the performances of the proposed identification
method in Section 5 before concluding the paper in Section 6.

2. PROBLEM FORMULATION

Let us consider the identification of a block-structured nonlinear
channel from input-output measurements (u(.),s(.)). The channel
is modelled as a single-input single-output linear time-invariant sys-
tem with finite impulse response followed by a static nonlinearity:

z(n) =
M−1

∑
i=0

g(i)u(n− i), (1)

y(n) = N (z(n)) , (2)

y(.) being the model output and z(.) a nonmeasurable intermediate
signal. We assume that the nonlinear function N : R → R can be
approximated by means of a finite degree polynomial:

N (z(n)) =
P

∑
p=1

αpzp(n). (3)

The output of the Volterra model associated with this Wiener non-
linear system can be written as

y(n) =
P

∑
p=1

yp(n) =
P

∑
p=1

M−1

∑
i1,··· ,ip=0

hp(i1, · · · , ip)
p

∏
j=1

u(n− i j) (4)

where hp(.) denotes the pth-order Volterra kernel given by:

hp(i1, · · · , ip) = αp

p

∏
k=1

g(ik), ik = 0, · · · ,M−1, k = 1, · · · , p. (5)
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We have to notice that all the Volterra kernels associated with a
Wiener system are symmetric, i.e. for any p ≥ 2:

hp(i1, · · · , ip) = hp(π(i1), · · · ,π(ip)),

where π(.) is any permutation of the indices i1,· · · ,ip.
We denote by g and ααα the vectors containing respectively the

impulse response coefficients of the linear subsystem and the poly-
nomial coefficients:

g = (g(0) · · · g(M−1))T
, ααα = (α1 · · · αP)T

We consider systems with non vanishing second order kernel, i.e.
α2 6= 0. Taking expression (5) of the second order kernel coeffi-
cients into account, it is straightforward to verify that this kernel is
a rank-one symmetric matrix that can be factored as:

H2 =









h2(0,0) · · · h2(0,M−1)
h2(1,0) · · · h2(1,M−1)

...
. . .

...
h2(M−1,0) · · · h2(M−1,M−1)









= α2ggT
. (6)

Due to its symmetry, this matrix always admits an eigenvalue de-
composition (EVD) and g can be estimated as the eigenvector asso-
ciated with the nonzero eigenvalue. In fact, the obtained impulse re-
sponse will be a scaled version of the actual one. Such an ambiguity
is inherent to Wiener system modelling if no additional constraints
are considered. A unique model can be obtained if, for example,
at least one coefficient of the impulse response g(.) is constrained
to be equal to 1. We can also assume that the impulse response is
normalized. In such a case, it remains a sign ambiguity.

We first present a method for estimating the second-order
Volterra kernel using cross correlations of input-output signals.
Then, we propose a procedure for parameter estimation of fifth-
order Wiener systems.

3. ESTIMATION OF THE SECOND-ORDER KERNEL OF
A FIFTH-ORDER VOLTERRA MODEL

Usually, given input and output signals, the estimated Volterra ker-
nels, in the Minimum Mean Square Error (MMSE) sense, are ob-
tained by solving a system of normal equations. The main compu-
tation burden stems from the estimation of higher order moments
(up to sixth order for fifth-order Volterra systems) with various time
lags. The subsequent solution of the normal equations is obtained
by inverting a relatively dense auto-correlation matrix. In [12],
closed form expressions of Volterra kernels of cubic systems were
presented by considering a zero-mean i.i.d. input. Deriving simi-
lar expressions for higher order systems is a tough task. However,
a solution was provided for complex baseband fifth-order Volterra
systems using i.i.d. QAM and PSK signals [13]. Closed form ex-
pressions in terms of input-output crossmoments, for estimating the
second-order kernel of a fifth-order Volterra model, are derived in
this section, under stationarity and ergodicity assumptions, and in
exploiting the i.i.d. property of the input.

We assume that the input signal is i.i.d. with a symmetrical
probability density function (pdf) and we denote by µp = E [up(n)]
its pth-order moment, E [.] denoting the mathematical expectation.

We assume that the measured output signal s(.) is centered.
Therefore, we add an additional parameter h0 in the Volterra model
(4) for taking this assumption into account, i.e. the model output is
given by

y(n) = h0 +
5

∑
p=1

yp(n). (7)

Our purpose is to determine the optimal second-order Volterra ker-
nel in the MMSE sense, i.e. in minimizing the following cost func-
tion

J = E

[

ε2(n)
]

, ε(n) = s(n)− y(n). (8)

The MMSE solution is obtained in solving the orthogonality rela-
tions

E

[

ε(n)
q

∏
k=1

u(n− τk)

]

= 0, q = 0, · · · ,5, (9)

which can be equivalently written as

Cs,u,q+1(τ1, · · · ,τq) = E

[

y(n)
q

∏
k=1

u(n− τk)

]

(10)

= h0κτ1,··· ,τq
+

5

∑
p=1

Cyp,u,q+1(τ1, · · · ,τq)

where Cx,u,q(τ1, · · · ,τq−1) denotes the qth-order cross-moment

of the signal x(.) with the input signal delayed by time lags
τ1, · · · ,τq−1:

Cx,u,q(τ1, · · · ,τq−1) = E

[

x(n)
q−1

∏
k=1

u(n− τk)

]

, q > 1,

Cx,1 = E [x(n)] ,

and

κτ1,··· ,τq
= E

[

q

∏
k=1

u(n− τk)

]

. (11)

Due to the symmetry of the input signal pdf, the cross-moments
Cyp,u,q+1(.) are zero if p = 1,3,5 and q = 0,2,4. Therefore we have

the following basic relation, for q = 0,2,4:

Cs,u,q+1(τ1, · · · ,τq) = h0κτ1,··· ,τq
+Cy2,u,q+1(τ1, · · · ,τq)

+Cy4,u,q+1(τ1, · · · ,τq). (12)

In the sequel, we express the above equation in terms of the Volterra
kernel coefficients and then we solve the resulting set of equations.
We first define the following parameters:

a = µ4 −µ2
2 (13)

b = µ6 −µ2µ4 (14)

c = µ8 −µ2
4 (15)

d = µ2
4 +µ2µ6 (16)

e = µ2
4 −µ2µ6. (17)

Theorem: If the input signal is i.i.d. with a symmetrical pdf and if

its moments are such as a 6= 0, e 6= 0, and b2 −ac 6= 0, then the op-
timal coefficients of the second order kernel of a fifth-order Volterra
system are given by:

h2(τ,τ) =
bCs,u,5(τ,τ,τ,τ)− cCs,u,3(τ,τ)

b2 −ac
−6µ2G2,2(τ,τ) (18)

and

h2(τ1,τ2) =
µ2µ4Ds,u,5(τ1,τ2)−dCs,u,3(τ1,τ2)

2eµ2
2

−6µ2G2,2(τ1,τ2)

(19)
with

Ds,u,5(τ1,τ2) = Cs,u,5(τ1,τ1,τ1,τ2)+Cs,u,5(τ1,τ2,τ2,τ2), (20)

G2,2(τ,τ) = ∑
i6=τ

Cs,u,5(τ,τ, i, i)−µ2Cs,u,3(i, i)−µ2Cs,u,3(τ,τ)

6a2
,

(21)
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G2,2(τ1,τ2) = ∑
i6=τ1,i6=τ2

Cs,u,5(τ1,τ2, i, i)−µ2Cs,u,3(τ1,τ2)

12aµ2
2

(22)

Proof: By solving equations (39) and (41), derived in Appendix B,
we get:

h2(τ,τ) =
bCs,u,5(τ,τ,τ,τ)− cCs,u,3(τ,τ)

b2 −ac
−6µ2G2,2(τ,τ),

with G2,2(τ,τ) = ∑
i6=τ

h4(τ,τ, i, i). We now derive the closed-form

expression yielding h4(τ,τ, i, i). Taking (39) into account, (43)
yields:

Cs,u,5(τ,τ, i, i) = µ2Cs,u,3(τ,τ)+µ2Cs,u,3(i, i)+6a2h4(τ,τ, i, i).

From this relation, it is straightforward to deduce h4(τ,τ, i, i) and
then G2,2(τ,τ) as expressed in (21).
Now, let us determine the non-diagonal coefficients of the second
order Volterra kernel. From definition (20) and relation (42), we
obtain:

Ds,u,5(τ1,τ2) = 4µ2µ4h2(τ1,τ2)+4dg4(τ1,τ2)

+24µ2
2µ4G2,2(τ1,τ2), (23)

where g4(τ1,τ2) is defined in Appendix A. Solving (23) and (40)
leads to:

h2(τ1,τ2) =
µ2µ4Ds,u,5(τ1,τ2)−dCs,u,3(τ1,τ2)

2eµ2
2

−6µ2G2,2(τ1,τ2)

In order to complete the computation of the non-diagonal coeffi-
cients of the second-order Volterra kernel, we determine the expres-
sion of G2,2(τ1,τ2) = ∑

i6=τ1,i6=τ2

h4(τ1,τ2, i, i). From (40) and (44),

we get

Cs,u,5(τ1,τ2, i, i) = 12aµ2
2 h4(τ1,τ2, i, i)+µ2Cs,u,3(τ1,τ2).

From this relation, we deduce h4(τ1,τ2, i, i) and then expression
(22) of G2,2(τ1,τ2). ¥

4. ESTIMATION OF WIENER NONLINEAR CHANNELS

As stated in Section 2, once the second order kernel of the Volterra
model estimated by using the closed form expressions (18) and
(19), the linear subsystem is estimated by computing the eigen-
value decomposition of the matrix H2. Now we focus on the es-
timation of the polynomial subsystem. For this purpose, we recon-
struct the intermediate signal ẑ(.) as the output of the estimated lin-
ear subsystem ĝ(.) excited by the same input signal u(.) that was

used to generate the measured output s(.): ẑ(n) =
M−1

∑
i=0

ĝ(i)u(n− i).

Then, the reconstructed output signal is given by ŷ(n) = ẑ(n)Tααα ,

with ẑ(n) =
(

ẑ(n) · · · ẑP(n)
)T

. By concatenating these signals for
n = 1, · · · ,N, we get:

ŷ =







ŷ(1)
...

ŷ(N)






=







ẑT (1)
...

ẑT (N)






ααα = Ẑααα.

By minimizing the least square criterion ‖s− ŷ‖2, s containing a
block of N measured output signals, we can estimate the parameters
of the polynomial subsystem as:

α̂αα = Ẑ†s, (24)

where † denotes the matrix pseudo-inverse.
In summary, the proposed procedure for estimating a fifth-order

Wiener nonlinear channel is composed of the following steps:

1. Estimate the needed input-output cross-moments.

2. Estimate the matrix H2 associated with the second-order
Volterra kernel by using the closed-form expressions (18) and
(19);

3. Estimate the linear subsystem parameter vector ĝ as the eigen-
vector associated with the greatest eigenvalue of H2.

4. Generate the reconstructed intermediate signal ẑ(n), with

n = 1, · · · ,N, and construct the matrix Ẑ.

5. Estimate the polynomial coefficient vector α̂αα using (24).

Due to cross-moments estimation, obtaining accurate estimates
with the proposed estimation method may require a huge number of
data. To reduce this data number, we apply the input design scheme
proposed in [14]. In a noiseless case, such a scheme guarantees that
the estimated moments are exactly the same as the analytical ones
without requiring a huge amount of data.

Consider a finite alphabet Λ with cardinality Q.
Each output data s(n) depends on a sequence U (n) =
{u(n−M +1), ...,u(n−1),u(n)} of M input data belonging
to Λ, each element of Λ having an equal probability of occurrence,
and M being the channel memory. As a consequence, we can gen-

erate QM sequences U (.). By concatenating these QM sequences,

we get an MQM-length i.i.d. input sequence. The output sequence

is collected every M signaling periods to obtain QM output values,
each output resulting from a particular input combination. The
cross-moment estimator is then given by:

Cs,u,q+1(τ1, · · · ,τq) =
1

QM

QM−1

∑
n=0

s(1+nM)
q

∏
j=1

u(1+nM− τ j).

We can generalize this estimator as follows. Let W be a sequence

where each sequence U (n), n = 1, · · · ,QM randomly appears F

times. W gives rise to an FMQM-length i.i.d. input sequence. The
cross-moments are estimated as follows:

Cs,u,q+1(τ1, · · · ,τq) =
1

FQM

FQM−1

∑
n=0

s(1+nM)
q

∏
j=1

u(1+nM− τ j).

5. SIMULATION RESULTS

In this section, we present some simulation results for illustrating
the performance of the proposed identification method. An additive,
zero-mean, white Gaussian noise was added to the channel output.
The simulation results were averaged over 100 independent Monte
Carlo runs. The performances are evaluated in terms of the output
Normalized Mean Square Error (NMSE). We assume that g(0) = 1.

5.1 Example 1

We first consider a fifth-order nonlinear channel, with memory
M = 3, structured as a Wiener system. The input sequence was a
8-PAM one. The channel parameters and their estimated values are
given in tables 1 and 2 for two different SNR values and three dif-
ferent data numbers N.

Table 1: Estimates of the channel parameters (SNR=10 dB)

Actual N= 512 N=1024 N=2048

Parameters mean± St. dev. mean± St. dev. mean± St. dev.

g(1) = 0.2 0.197±0.064 0.210±0.054 0.196±0.023

g(2) = −0.3 −0.286±0.059 −0.310±0.053 −0.290±0.029

α1 = 1 1.012±0.064 1.003±0.046 0.996±0.033

α2 = 0.7 0.683±0.033 0.695±0.021 0.700±0.017

α3 = −0.1 −0.107±0.073 −0.107±0.055 −0.098±0.038

α4 = 0.01 0.019±0.029 0.007±0.022 0.013±0.014

α5 = 0.02 0.021±0.017 0.020±0.012 0.021±0.010
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Table 2: Estimates of the channel parameters (SNR=30 dB)

Actual N= 512 N=1024 N=2048

Parameters mean± St. dev. mean± St. dev. mean± St. dev.

g(1) = 0.2 0.199±0.005 0.200±0.004 0.199±0.003

g(2) = −0.3 −0.300±0.007 −0.300±0.005 −0.300±0.004

α1 = 1 0.999±0.005 1.001±0.004 1.000±0.003

α2 = 0.7 0.700±0.003 0.700±0.002 0.700±0.002

α3 = −0.1 −0.099±0.006 −0.101±0.005 −0.100±0.003

α4 = 0.01 0.010±0.003 0.010±0.002 0.010±0.002

α5 = 0.02 0.020±0.002 0.020±0.001 0.020±0.001

One can note that the mean value of the estimated parameters
are close to the actual parameters and don’t significantly vary when
the data number N is increased, unlike standard deviation that de-
creases when N increases. In Figure 1, we can see that the output
NMSE is approximately equal to the SNR. The performances are
slightly improved when increasing the data number.
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Figure 1: Output NMSE for different data sizes N

5.2 Example 2

In this example, we compare the proposed estimation method with
that of [6] which consists in first estimating the overall Volterra
model and then the linear subsystem parameters are deduced from
the SVD of a matrix constituted with all the kernels. Such a method
is much more demanding in terms of computational resources.

The simulated system is given by: y(n) = z(n)+10z2(n)+ z3(n),
z(n) = u(n)+0.5u(n−1). The input signal was a 6-PAM. Fig. 2 de-
picts the NMSE1 and NMSE2 respectively obtained with the method
in [6] and that proposed in this paper. Table 3 gives the performance
gap between the two considered methods, i.e. NMSE1 −NMSE2.
From these simulation results, we can conclude that both methods
give very close performances, our method allowing to significantly
reduce the computational cost due to the estimation of only the
second-order Volterra kernel instead of the three ones, as it is the
case with the method of [6].

6. CONCLUSION

In this paper, we have proposed a new method for estimating the
parameters of a nonlinear Wiener channel with a static nonlinearity
represented by a fifth degree polynomial. The estimation is car-
ried out in three steps: estimation of the second order kernel of the
associated Volterra model using third- and fifth-order input-output
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Proposed method (N=2048)

Figure 2: Comparison of the proposed method with that of [6]

Table 3: Gap in dB between NMSE obtained with the two compared
methods

SNR

0 dB 10 dB 30 dB

N = 512 −0.276 0.020 0.088

N = 1024 0.014 0.081 0.047

N = 1536 0.015 0.036 0.027

N = 2048 0.007 0.025 0.026

crossmoments, estimation of the linear subsystem through an EVD
of the estimated Volterra kernel, estimation of the polynomial co-
efficients in the least squares sense using the intermediate output
signal reconstructed from the estimated linear subsystem. For esti-
mating the second order Volterra kernel without requiring the esti-
mation of the overall Volterra model, we have derived closed-form
expressions based on the i.i.d. assumption on the input signal. We
have shown by means of simulations that the proposed estimation
method provides performances very close to the MMSE bound.

Appendix A: Cross-moments computation

Let us define:

H2(τ) = ∑
i6=τ

h2(i, i), H2,2(τ) = ∑
i6=τ

∑
j 6=τ, j>i

h4(i, i, j, j),

H4(τ) = ∑
i6=τ

h4(i, i, i, i), G2,2(τ1,τ2) = ∑
i6=τ1,i6=τ2

h4(τ1,τ2, i, i),

g4(τ1,τ2) = h4(τ1,τ1,τ1,τ2)+h4(τ1,τ2,τ2,τ2).

Taking the i.i.d. assumption on the input signal and the symmetry of
the Volterra kernels into account, we get the following expressions
for the cross-moments Cyp,u,q+1(τ1, · · · ,τq), with q = 0,2,4, and

p = 2,4, involved in (12):

Cy2,1 = µ2∑
i

h2(i, i)

= µ2h2(τ,τ)+µ2H2(τ) (25)

Cy2,u,3(τ,τ) = µ4h2(τ,τ)+µ2
2 H2(τ) (26)

Cy2,u,3(τ1,τ2) = 2µ2
2 h2(τ1,τ2) (27)

Cy2,u,5(τ,τ,τ,τ) = µ6h2(τ,τ)+µ2µ4H2(τ) (28)

Cy2,u,5(τ1,τ1,τ1,τ2) = 2µ2µ4h2(τ1,τ2) (29)
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Cy2,u,5(τ1,τ1,τ2,τ2) = µ2µ4h2(τ1,τ1)+aµ2h2(τ2,τ2)

+µ3
2 H2(τ1) (30)

Cy2,u,5(τ1,τ2,τ,τ) = 2µ3
2 h2(τ1,τ2) (31)

Cy4,1 = µ4∑
i

h4(i, i, i, i)+6µ2
2 ∑

i6= j
∑

j

h4(i, i, j, j)

= µ4h4(τ,τ,τ,τ)+6µ2
2 G2,2(τ,τ)

+µ4H4(τ)+6µ2
2 H2,2(τ), (32)

Cy4,u,3(τ,τ) = µ6h4(τ,τ,τ,τ)+6µ2µ4G2,2(τ,τ)

+µ2µ4H4(τ)+6µ3
2 H2,2(τ) (33)

Cy4,u,3(τ1,τ2) = 4µ2µ4g4(τ1,τ2)

+12µ3
2 G2,2(τ1,τ2) (34)

Cy4,u,5(τ,τ,τ,τ) = µ8h4(τ,τ,τ,τ)+6µ2µ6G2,2(τ,τ)

+µ2
4 H4(τ)+6µ2

2µ4H2,2(τ) (35)

Cy4,u,5(τ1,τ1,τ1,τ2) = 4µ2
4 h4(τ1,τ2,τ2,τ2)

+4µ2µ6h4(τ1,τ1,τ1,τ2)

+12µ2
2µ4G2,2(τ1,τ2) (36)

Cy4,u,5(τ1,τ1,τ2,τ2) = µ2µ6h4(τ1,τ1,τ1,τ1)

+bµ2h4(τ2,τ2,τ2,τ2)

+6a2h4(τ1,τ1,τ2,τ2)

+6µ2
2µ4G2,2(τ1,τ1)+6µ4

2 H2,2(τ1)

+6aµ2
2 G2,2(τ2,τ2)+µ2

2µ4H4(τ1) (37)

Cy4,u,5(τ1,τ2,τ,τ) = 12aµ2
2 h4(τ1,τ2,τ,τ)+4µ2

2µ4g4(τ1,τ2)

+12µ4
2 G2,2(τ1,τ2) (38)

Appendix B: Basic relationships

For q = 0, equation (12) can be written as Cs,1 = h0 +Cy2,1 +Cy4,1.

Since s(.) is centered, then h0 =−Cy2,1 −Cy4,1, with Cy2,1 and Cy4,1

respectively given in (25) and (32).

For q=2, using the definitions (11), (13), and (14), the i.i.d.
property of the input signal, the above expression of h0, and equa-
tions (26), (27), (33) and (34), equation (12) becomes:

Cs,u,3(τ,τ) = ah2(τ,τ)+bh4(τ,τ,τ,τ)

+6aµ2G2,2(τ,τ) (39)

Cs,u,3(τ1,τ2) = 2µ2
2 h2(τ1,τ2)+4µ2µ4g4(τ1,τ2)

+12µ3
2 G2,2(τ1,τ2). (40)

Similarly, for q = 4, by using definitions (14) and (15), equa-
tions (28)-(31), (35)-(38), and the expression of h0, equation (12)
yields:

Cs,u,5(τ,τ,τ,τ) = bh2(τ,τ)+ ch4(τ,τ,τ,τ)+6bµ2G2,2(τ,τ) (41)

Cs,u,5(τ1,τ1,τ1,τ2) = 2µ2µ4h2(τ1,τ2)+4µ2
4 h4(τ1,τ2,τ2,τ2)

+4µ2µ6h4(τ1,τ1,τ1,τ2)

+12µ2
2µ4G2,2(τ1,τ2) (42)

Cs,u,5(τ1,τ1,τ2,τ2) = aµ2h2(τ1,τ1)+bµ2h4(τ1,τ1,τ1,τ1)

+aµ2h2(τ2,τ2)+bµ2h4(τ2,τ2,τ2,τ2)

+6aµ2
2 G2,2(τ1,τ1)+6aµ2

2 G2,2(τ2,τ2)

+6a2h4(τ1,τ1,τ2,τ2) (43)

Cs,u,5(τ1,τ2,τ,τ) = 2µ3
2 h2(τ1,τ2)+12aµ2

2 h4(τ1,τ2,τ,τ)

+4µ2
2µ4g4(τ1,τ2)

+12µ4
2 G2,2(τ1,τ2) (44)
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