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ABSTRACT
Amplitude modulated sinusoidal signals arise in a wide variety of
applications, e.g. in nuclear magnetic resonance spectroscopy [1],
Doppler radar [2], and wide-band frequency-modulated continuous-
wave radar signal processing. In some cases the type of ampli-
tude modulation, e.g. exponential or polynomial, is known a priori,
whereas in most practical cases such detailed information is not
available. In this paper we derive estimators for the frequency, phase,
and the modulation when only prior knowledge about the worst-case
variation/smoothness of the modulation is available. No assumption
on the type of modulation in terms of a parametric model is made.
The estimators are compared to the best possible performance given
by the Cramér-Rao lower bound (CRB) derived in [3]. Furthermore,
they are shown to outperform the well-known “squaring loop” es-
timator [4, pp. 186], [5] that does not incorporate the smoothness
of the modulation in terms of variance, threshold level (i.e. mini-
mum necessary SNR for reliable operation), and restriction of the
allowable range of signal frequencies in comparison to the sampling
frequency. The presented method to incorporate constraints e.g. on
the smoothness of the linear parameters in a parameter estimation
problems with linear and nonlinear parameters is suitable to be ap-
plied in general constrained parameter estimation problems.

1. INTRODUCTION AND SIGNAL MODEL

In lots of applications, sinusoidal signals with a smooth deterministic
amplitude modulation in noise are studied. Often, the only prior
information available about the modulation is some knowledge of
the minimum smoothness, obtained e.g. from simulation results or
physical considerations. This prior information can be conveniently
expressed e.g. through the worst-case (i.e. largest in magnitude) gra-
dient and/or curvature of the modulation. To estimate the frequency
and phase of the signal as accurately as possible, it is natural to try
to incorporate the smoothness of the modulation into the estimators
of the unknown parameters. In this paper it will be shown how this
can be achieved and the benefit of doing so will be discussed.

Let the sampled complex data be

x[n] = s[n;θ]+w[n] = a[n]exp(j(2πψ1n+φ1))+w[n] , (1)

with the vector of unknown parameters

θ = [ a[0] a[1] · · · a[N−1] φ1 ψ1 ]T ,

and n=0,1, . . . ,N−1 (N is the number of samples), phase
−π≤φ1<π , normalized frequency −1

/
2≤ψ1<1

/
2. w[n] denotes

complex white Gaussian noise with variance σ2. Nonlinear least
squares (NLS) estimators for the case that a[n]∈R is an arbitrary
real-valued envelope are known and given by ([4, pp. 186], [5])
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Re{·} and Im{·} are the operators for taking the real and the imagi-
nary part, respectively, and argmaxx f (x) is the value of x that max-
imizes f (x). Eq. (2) is often used in communications engineering
e.g. for carrier recovery and is termed squaring loop (estimator). All
results for the squaring loop estimators will be marked with a super-
script (s), whereas all results for the newly derived estimator will
be marked with a superscript (r). For the application of (2)-(4), it is
necessary to restrict the normalized frequency to −1

/
4≤ψ1<1

/
4

due to the squaring operation. In [3], the authors derived the CRBs
for the model (1). Regarding the frequency, it has been found that

CRBψ1 = var{ψ̂1} ≥
σ2

8π2
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∑
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a[n]2 n

)2

(5)
is asymptotically achieved for high signal-to-noise ratio (SNR) by
(2). In this paper, we concentrate on the case where the continuous-
time modulation a(t) has a bounded variation and/or smoothness,
i.e.

∣∣∂a(t)
/

∂ t
∣∣ and/or

∣∣∂ 2a(t)
/

∂ t2
∣∣ exist and are smaller than a

priori known constants. To incorporate this prior information, we
use a Tikhonov regularization approach together with the principle
of separable least squares (LS), as shown next.

2. DERIVATIONS

2.1 Estimator
First, the model (1) can be written in matrix form as

x = s+w = H(φ1,ψ1)a+w,

where a=[ a[0] a[1] · · · a[N−1] ]T, ξ [n]=j(2πψ1n+φ1), and

H(φ1,ψ1) = diag{ exp(ξ [0]) exp(ξ [1]) · · · exp(ξ [N−1]) } ,

where diag{· · ·} denotes a diagonal matrix with entries {· · ·} in its
main diagonal. Note the nonlinear dependence of s on φ1 and ψ1 but
the linear dependence on a. Such a problem is called a separable LS
problem in the literature [6], [7, pp. 256]. One possibility to incor-
porate the assumed prior knowledge on a is to use a (higher-order)
Tikhonov regularization approach [8], [9, pp. 306], [10, pp. 89],
where the following cost function is minimized:

J(a,φ1,ψ1) = ‖x−H(φ1,ψ1)a‖2
2 +β‖∆a‖2

2 + γ‖Γa‖2
2 . (6)
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In (6),

∆ =
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. . .
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are approximate (scaled) differentiation and second-order differ-
entiation operators, respectively, and ‖·‖2 denotes the Euclidean
norm. The real-valued regularization parameters 0≤β<∞ and
0≤γ<∞ are used to trade-off the objective ‖x−Ha‖2

2 and the vari-
ation/smoothness of the solution. For notational simplicity, we sup-
press the arguments of H from here on. Rewriting (6) as

J = (x−Ha)H (x−Ha)+aT
(

β∆
T

∆+ γΓ
T

Γ

)
a (7)

and assuming that φ1 and ψ1 are known, it is straight forward to
show that the minimizing solution for the modulation is

â(r) =
(
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T
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T
Γ

)−1
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{
HHx

}
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{
HHx

}
. (8)

I denotes the identity matrix, and we used the fact that HHH=I,
where the superscript H denotes transposition followed by complex
conjugation. Note that â still depends on φ1 and ψ1 through H. To
apply the principle of separable LS, we have to insert (8) back into
(7), yielding the concentrated cost function
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Expanding above equation yields, after some straight forward ma-
nipulations,

J′(φ1,ψ1) = xHx−2Re
{
xHH

}
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}
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We used the facts that HHH=I, GT=G, and
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Grouping common terms leads to

J′(φ1,ψ1) = xHx−Re
{
xHH

}
G[2I−G−KG]Re

{
HHx

}
= xHx−Re

{
xHH

}
G[2I− (I+K)G]Re

{
HHx
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.

With I+K=G−1 we obtain

J′(φ1,ψ1) = xHx−Re
{
xHH

}
GRe

{
HHx

}
.

To minimize above cost function, we can equivalently maximize

J′′(φ1,ψ1) = Re
{
xHH

}
GRe

{
HHx

}
=

N−1

∑
k=0

N−1

∑
n=0

g[n,k]Re
{

x[k]∗ exp(j2πψ1k + jφ1)
}

× Re{x[n]exp(−j2πψ1n− jφ1)} ,

where g[n,k]=[G]nk, i.e. g[n,k] is the nkth element of G, and the
superscript ∗ denotes complex conjugation. After applying some
standard trigonometric identities and further simplification, we fi-
nally obtain the following estimators:

ψ̂1
(r) = argmax

ψ1

∣∣∣∣∣N−1

∑
k=0

N−1

∑
n=0

g[n,k]x[n]x[k]exp(−j2πψ1(n+ k))

∣∣∣∣∣ (9)

φ̂1
(r) =

1
2

arg
N−1

∑
k=0

N−1

∑
n=0

g[n,k]x[n]x[k]exp(−j2πψ̂1(n+ k)) .(10)

arg{·} denotes the argument operator. Using (9) and (10), (8) can be
rewritten to

â[n](r) =
N−1

∑
k=0

g[n,k]Re
{

x[k]exp
(
−j2πψ̂

(r)
1 k− jφ̂ (r)

1

)}
. (11)

As a first verification, consider the case of no prior knowledge, i.e.
β→0, γ→0. In this case, G=I, or g[n,k]=0 for all n6=k and 1
otherwise. Hence, (9) can be rewritten as

ψ̂1
(r)

∣∣∣β→0
γ→0

= argmax
ψ1

∣∣∣∣∣N−1

∑
n=0

x[n]2 exp(−j4πψ1n)

∣∣∣∣∣ .
But this is exactly (2), and hence the derived estimator (9) coinci-
dences with the squaring loop estimator in case of no prior knowl-
edge, as expected.

It should be noted that the used approach to incorporate prior
knowledge in NLS problems is not limited to solve the here pre-
sented problem, but is applicable in a quite wide variety of appli-
cations. Also, the principle is by no means restricted to Tikhonov
regularization only. In fact, constrained estimation is an active topic
of research, and significant advances have been achieved in recent
years, see e.g. the papers of Eldar [11,12] and Benavoli et al. [13,14].
These methods can be used alternatively. Also other types of prior
information can be incorporated. However, the presented approach
significantly improves the performance of the estimators compared
to the non-regularized case, as we will show. Furthermore, it can be
efficiently implemented, as G can be computed offline, so that no
matrix inversion etc. is required. Before proceeding by presenting
some expressions for the large-sample variances of the derived esti-
mators in comparison to the squaring loop estimator and discussing
how to choose β and γ , it is advisable to point out some facts about
the matrix G. As ∆ is bidiagonal and Γ is tridiagonal with equal
elements in each diagonal, we can expect G to be highly structured.
In fact, it is found additionally to the symmetry of G that all ele-
ments of a diagonal of G are nearly equal. Only the first and last few
elements in every diagonal are slightly different due to “edge effects”
when applying the derivative operations. Furthermore, it is found
that—depending on the choice of β and γ—the first few sub- and
superdiagonals are significantly larger than the remaining sub- and
superdiagonals. This will be exploited in Subsection 2.3 to derive a
computationally efficient implementation of (9).

2.2 Bias and Variance Expressions, CRB
First, an expression for the bias and variance of the squaring loop
estimator (2) should be derived. In principle, a standard Taylor-series
expansion approach can be used to assess expressions for the bias
and variance of (2) for large N. However, we can greatly simplify the
derivation and gain further insight by expanding (2) in the following
way

ψ̂
(s)
1 = argmax

ψ1

∣∣∣∣∣N−1

∑
n=0

x[n]2 exp(−j4πψ1n)

∣∣∣∣∣
= argmax

ψ1

∣∣∣∣∣N−1

∑
n=0

(
s[n]2 +2w[n]s[n]+w[n]2

)
exp(−j4πψ1n)

∣∣∣∣∣ .
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The idea is now to express x[n]2 =x′[n], i.e.
s[n]2 +2w[n]s[n]+w[n]2 =s′[n]+w′[n]. Thus, we represent
the squared data through a modified mean and additive noise with a
certain covariance matrix. Proceeding this way, we can rewrite (2) to

ψ̂ ′(s)
1 = argmax

ψ ′
1

∣∣∣∣∣N−1

∑
n=0

x′[n]exp
(
−j2πψ

′
1n

)∣∣∣∣∣ ,
where ψ ′

1=2ψ1, φ ′1=2φ1, and s′[n]=a[n]2 exp
(
j2πψ ′

1n
)

exp
(
jφ ′1

)
.

Above equation is equivalent to a standard discrete Fourier transform
(DFT) magnitude spectrum frequency estimator, but with modified
data x′[n]. It can be easily shown that w′[n]=2w[n]s[n]+w[n]2 has
zero mean and its covariance matrix is given by

Cw′w′ = 4σ
2diag

{
σ2

2
+a[0]2

σ2

2
+a[1]2 · · · σ2

2
+a[N−1]2

}
.

Due to the squaring operation, the covariance matrix is both a func-
tion of σ2 and σ4. The reason is that the squaring loop estimator has
a built-in estimator for a[n] to weight the data according to the SNR
of each individual sample, as noted in [3], with variance σ2/2. We
can now directly apply the results presented in [3] for the standard
DFT frequency estimator in case of amplitude modulated data and
obtain bias

{
ψ̂

(s)
1

}
≈0 and

var
{

ψ̂
(s)
1

}
=

1
4

var
{

ψ̂ ′(s)
1

}

≈ σ2

8π2

N−1
∑

m=0

(
σ2

2
+a[m]2

)(
N−1
∑

n=0
a[n]2n−m

N−1
∑
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a[n]2

)2

[(
N−1
∑

n=0
a[n]2n

)2

−
(

N−1
∑

n=0
a[n]2n2

)(
N−1
∑

n=0
a[n]2

)]2 . (12)

It is interesting to examine the high SNR case σ2/2�a[m]2. By
expanding the numerator of (12), simplification and comparison with
(5) it follows that

var
{

ψ̂
(s)
1

}∣∣∣
σ 2

/
2�a[m]2

→ CRBψ1 .

This result is not surprising, as at high SNR the squaring loop esti-
mator should attain the derived CRB whereas at moderate and low
SNR the built-in estimate of the modulation effectively introduces a
further increase in estimation variance.

For the regularized estimator, we first discuss the estimator of the
modulation. It is straightforward to show that bias{â}≈(G− I)a
and Cââ≈σ 2

2 G2,where Cââ is the covariance matrix of â. Written
for each individual element of â, we have

bias
{

â[n](r)
}
≈

N−1

∑
r=0

g[n,r]a[r]−a[n] (13)

and

var
{

â[n](r)
}
≈ σ2

2
ḡn (14)

where ḡn=∑
N−1
r=0 g[n,r]2. We found that bias

{
ψ̂

(r)
1

}
≈0 and

var
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(r)
1

}
≈

σ2

8π2
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∑
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(
σ 2

2 ḡn +a[m]2
)(

N−1
∑

n=0
a[n]2n−m

N−1
∑

n=0
a[n]2

)2

[(
N−1
∑

n=0
a[n]2n

)2

−
(

N−1
∑

n=0
a[n]2n2

)(
N−1
∑

n=0
a[n]2

)]2 (15)

for suitable choices of β and γ as discussed later. This sheds light
on the operational principle of the estimator. By comparing (12)
with (15) we see that the only difference is that ḡn appears in the
numerator of (15). Thus, the prior knowledge is incorporated in (15)
simply by an improved estimate of the modulation. In fact, if β and
γ are suitably chosen, mse

{
â[n](r)

}
≈var

{
â[n](r)

}
≈σ 2

2 ḡn for low

and moderate SNRs, i.e. high σ2, mse{·} denotes the mean-square
error (MSE). Hence, the variance of the estimate will be decreased
compared to the squaring loop estimator, because ḡn<1 for all β>0
and/or γ>0. On the other hand, for high SNR, the variance of
the estimates should be nearly equal. Similar results for the phase
estimator (10) can be obtained.

2.3 Computationally Efficient Implementation
As already stated and depending on the choice of β and γ , most
sub- and superdiagonals of G are significantly smaller than a few
diagonals located near the main diagonal, i.e g[n,k]≈0 for |n− k|>d.
This enables us to rewrite (9) in the approximate form

ψ̂1
(r) ≈ argmax

ψ1

∣∣∣∣∣N−1

∑
n=0

g[n,n]x[n]2 exp(−j4πψ1n)+

d

∑
k=1

[
exp(−j2πψ1k)

N−1−k

∑
n=0

g[n,n+ k]x[n]x[n+ k]exp(−j4πψ1n)+

exp(+j2πψ1k)
N−1

∑
n=k

g[n,n− k]x[n]x[n− k]exp(−j4πψ1n)

]∣∣∣∣∣. (16)

Note that every sum in (16) can be efficiently implemented using a
fast Fourier transform (FFT) algorithm and zeropadding. Hence the
overall computational complexity of the algorithm is reduced from
O

(
N2 log(N)

)
to O(dN log(N)), O denoting the Landau symbol. In

most practical cases, d�N can be used depending on the choice of
β and γ , resulting in a significantly reduced computational burden
of the overall algorithm. More precise expressions how to choose d
as a function of β , γ , and N and the associated increase in variance
of the estimates are subject of future work. However, in most cases
even without this approximate realization, (9) should be competitive
from a computational complexity point of view to estimators that are
based on a parametric model of the envelope. Furthermore, above
representation also reveals another feature of (9). As the estimator
now not only acts on the squared data, but also uses products of
samples which are lagged to each other as long as β>0 and/or γ>0,
the restriction of the allowable range of frequencies for the squaring
loop estimator −1

/
4≤ψ1<1

/
4 can be changed to the usual range

−1
/

2≤ψ1<1
/

2. In Section 3 an example is shown that illustrates
this behavior.

2.4 Choice of Regularization Parameters
For application of above described algorithm, a method for choosing
β and γ is necessary.

First we discuss the case that a prototype signal with the worst-
case modulation a[n] is available, e.g. from a simulation result. Now,
because the estimator utilizes a built-in estimate of the modulation, it
is natural to choose β and γ in such a way so that the estimator of the
modulation—evaluated at the true frequency and phase—performs
well in terms of MSE for the SNRs of interest. Several methods for
choosing the desired parameters for this linear parameter estimation
problem are known, e.g. the L-Curve method or generalized cross
validation, see e.g. [10].

On the other hand, if only the worst-case gradient and/or curva-
ture is known, another approach is necessary. We found empirically
that

β =
1

fs max
t

{∣∣∣∣∂a(t)
∂ t

∣∣∣∣} γ =
1

f 2
s max

t

{∣∣∣∣∂ 2a(t)
∂ t2

∣∣∣∣} (17)
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should be chosen for a good performance, with fs the sampling fre-
quency. Further improvement might be obtained by incorporating the
SNR in above formulas. However, this prevents the algorithm from
being applicable for −1

/
2≤ψ1<1

/
2 instead of −1

/
4≤ψ1<1

/
4,

because for increasing SNR the regularization would be more and
more suppressed, and for σ2→0, no regularization will be present,
leading to the squaring loop estimator with its restricted range for
the signal’s frequency.

3. SIMULATION RESULTS

To validate the presented algorithms and formulas, we performed
Monte Carlo simulations with 104 trials for each SNR for a complex
sinusoidal signal with N=128, ψ1=0.125, φ1=π/2, sampling fre-
quency fs=1 and various envelopes as shown in Fig. 1. For brevity,
we concentrate on the frequency only. As our worst-case scenario in
terms of variation and smoothness, we defined maxt

∣∣∂a(t)
/

∂ t
∣∣=0.1

and maxt
∣∣∂ 2a(t)

/
∂ t2

∣∣=0.01. Using the approach described in Sub-
section 2.4, we found β=10 and γ=100 from (17), which have been
subsequently used for all simulations to compare the performance
of the algorithms also if some of the signals under test have in fact
much lower gradient and curvature values. In all simulations, we
used the efficient implementation (16) of the regularized estimator
with d=15 and sufficient zero-padding to avoid discretization ef-
fects of the frequency axis. For this choice of d only a negligible
increase of the MSE in comparison to the full solution (9) has been
observed. The SNR has been defined as η=10log10

(
1
/

σ2). In
Fig. 2, a simulation for a relatively moderate exponential modula-
tion a(t)=exp(−0.03t) (“modulation 1” in Fig. 1) is shown. The
frequency estimates obtained from the regularized estimator have
lower root mean square error (RMSE) than the estimates obtained
from the squaring loop estimator, especially for low and moderate
SNRs. At high SNR, both estimators perform equally. Furthermore,
the threshold level, i.e. the level of minimum necessary SNR for
reliable operation, is much lower for the regularized estimator. Also
the derived RMSE predictions (12) and (15) are in good agreement
with the simulation results above threshold. For comparison pur-
poses, we also show results for the maximum likelihood estimator
(MLE) derived in [3] when the modulation is known, together with
the corresponding CRLB (5). The latter can be considered as a
benchmark for all other estimators. Also results when applying the
standard DFT magnitude spectrum frequency estimator are shown,
underlining the good performance of the regularized estimator. Note
that the difference in RMSE between the squaring loop estimator
and the other estimators at very low SNR results from the different
restrictions of the allowable ranges of frequencies. In Fig. 3, the
exponential envelope a(t)=exp(−0.1t) (“modulation 2” in Fig. 1) is
used, which is an example for the worst-case scenario defined. Also
here, the regularized estimator significantly outperforms both the
squaring loop estimator and the standard DFT magnitude spectrum
based estimator, and its RMSE is near to the RMSE of the MLE for
known modulation. The absolute levels of the threshold change from
“modulation 1” to “modulation 2” because the energy ∑

N−1
n=0 a[n]2 is

different for different modulations, which has intentionally not been
incorporated in the used SNR definition to show the effect.

All estimators except the MLE for known modulation show
an interesting RMSE behavior for moderate SNRs, which is not
predicted by the expressions developed in Subsection 2.2. The
reason for this behavior is that for strong modulations and low SNRs,
the cost functions become non-quadratically near the true value of
the parameters, making the used Taylor-series expansion approaches
for deriving the RMSE predictions invalid. In Fig. 4, results for a
bell-shaped modulation (“modulation 3” in Fig. 1) are shown, with
worst-case derivative and curvature in between “modulation 1” and
“modulation 2”. The results once again show the good performance
of the regularized estimator. Fig. 5 shows results if no modulation is
present. The decreased threshold level of the regularized estimator
can clearly be seen.

Finally, in Fig. 6 a comparison between the cost function maxi-

mized by the squaring loop estimator, by the regularized estimator,
and by the approximate realization of the latter for a(t)=exp(−0.1t)
and high SNR is depicted. Clearly, the regularized estimator has
only one global maximum in the range −1

/
2≤ψ1<1

/
2 in contrast

to the squaring loop estimator, as discussed. Also the effect of re-
taining only the first d diagonals in the approximate realization as a
slight increase of the cost function especially near the second global
maximum of the squaring loop estimator can be observed.
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Figure 1: Different modulations used in the Monte Carlo simulations.
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Figure 2: Simulation results for “modulation 1” (a weak exponential
modulation). The results clearly show the decreased threshold level
and decreased MSE of the regularized estimator in comparison to
the squaring loop estimator.
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Figure 3: Simulation results for “modulation 2” (a strong exponential
modulation).
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Figure 4: Simulation results for “modulation 3” (a bell-shaped mod-
ulation).
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Figure 5: Simulation results if no modulation is present. Also here,
the regularized estimator performs better than the squaring loop
estimator in terms of a decreased threshold level.
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Figure 6: Plot of the cost functions for the squaring loop, the reg-
ularized, and the efficiently implemented regularized estimator at
high SNR. The true frequency is marked. It can be clearly seen
that in contrast to the squaring loop estimator the (efficiently imple-
mented) regularized estimator does not suffer from a second global
maximum if −1

/
2≤ψ1<1

/
2 is chosen as the valid range for signal

frequencies.

4. CONCLUSION

We presented new algorithms for estimating the phase, frequency,
and modulation of a sinusoidal waveform with deterministic ampli-
tude modulation. One strength of the presented algorithm is that
the prior knowledge of worst-case smoothness/variation is incorpo-
rated in a computationally efficient manner, without the necessity of
specifying any parametric model of the envelope. This renders the
algorithm useful in a wide variety of applications without modifica-
tion. In contrast, commonly used algorithms that rely on a particular
model of the envelope may perform poorly if the true modulation
does not match the assumed one. Furthermore, it has been shown
that the algorithms outperform an existing set of squaring loop al-
gorithms both in terms of estimation variance and threshold level.
For the application of the squaring loop algorithms the frequency
of the sinusoidal signal needs to be restricted to one quarter of the
sampling frequency, instead of the usual one half of the sampling
frequency. This restriction is not necessary for the application of the
presented algorithm.
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