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ABSTRACT

A multiple-input multiple output (MIMO) radar system uses
multiple antennas to simultaneously transmit independent
signals to illuminate targets, and multiple antennas to re-
ceive the reflected signals. The covariance structure of the
received signals is analyzed, and the covariance matching
estimation technique (COMET) is applied to solve the prob-
lem of multiple-target localization and estimation in MIMO
radar systems. The performance of the proposed method is
validated by numerical simulations.

1. INTRODUCTION

Motivated by the recently development of multiple-input
multiple-output (MIMO) communication systems, the con-
cept of MIMO radars is proposed by Fishleret al. [1]. The
MIMO radar system has received increasing interest for its
potential capability of insensitivity to the radar cross section
(RCS) fluctuations [1, 2], high-resolution spatial spectral es-
timates [3–6], and flexible spatial transmit beam pattern de-
sign [7,8].

Roughly speaking, the MIMO radar models may be cate-
gorized into two classes [6]. In one class, the transmit and
receive antennas are closely spaced for coherent transmit-
ting and receiving [4, 7]. In the other class, the transmit
antennas are sparsely spaced to obtain spatial diversity. In
this class, the antennas in the receiver array may be either
sparsely placed to achieve receive spatial diversity [2], or
closely spaced to implement coherent processing, e.g., di-
rection finding [5].

In this proposal, we consider the recently proposedsta-
tistical MIMO radar model by Lehmannet al. [5], in which
the transmit antennas are widely separated to exploit spatial
diversity, while the receive antennas are closely spaced for
direction finding. The propagating paths from the transmit
array to the target and the scattering target are described by
the stochastic fading vector. For the single target case, the
delay-and-sum beamformer is optimal in the maximum like-
lihood (ML) sense, and has been applied to estimate the an-
gle of asingletarget in [5]. The estimation of other param-
eters, e.g., the statistics of the fading vector and the noise
parameters, is not further considered in [5]. We herein ex-
tend the model proposed in [5] to the more general multiple-
target case, and apply the covariance matching estimation
technique (COMET) [9] to obtain the angle estimates as well
as other parameters of the MIMO radar system. We demon-
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strate through numerical simulations that the algorithm per-
forms well in mild conditions.

The rest of this paper is organized as follows. In Sec-
tion 2, the multiple-target statistical MIMO radar model is
described. In Section 3, the covariance structure of the ob-
served data vector is analyzed, and the covariance matching
technique is applied to estimate the angles of multiple targets
as well as other related parameters. In Section 4, simula-
tion results are presented to illustrate the performance of the
proposed method. The main results of this proposal are con-
cluded in Section 5.

2. SIGNAL MODEL

Consider the discrete-time baseband MIMO radar model
with K transmit antennas andM receive antennas

x[n] = Hs[n]+v[n] (1)

wherex[n] ∈ CM×1 is the noisy data vector,s[n] ∈ CK×1 is
the vector of complex envelope of the narrow-band signals il-
luminating the target, andv[n] ∈ CM×1 is the additive Gaus-
sian noise vector uncorrelated with the signals[n].

TheM×K channel matrix of the MIMO radar model is
given by [5]

H = a(θ)αααT (2)

where the superscript(·)T denotes matrix/vector transposi-
tion, ααα ∈ CK×1 is the target fading vector. The components
αk, k= 1, · · · ,K of the vectorααα are zero-mean, unit-variance,
independent, identical distributed (i.i.d.) circularly symmet-
ric complex Gaussian random variables1. The RCS fluctu-
ations (accordingly,ααα) are assumed herein to vary indepen-
dently from pulse to pulse in one scan. This is the extension
of the Swerling case-II. The receiver array is assumed to be
a uniform linear array (ULA), and the steering vector of the
receiver array is given by

a(θ) =
[
1,e− j2π sin(θ)dr , · · · ,e− j2π sin(θ)(M−1)dr

]T
(3)

whereθ is the angle of the target with respect to the receiver
array, anddr is the inter-element distance of the receiver ar-
ray in wavelengths.

When there existL targets, the received signal at thenth
snapshot is the superposition of all contributions due to mul-

1A circularly symmetric complex Gaussian random variable is a random
variablez= x+ jy∼CN(0,σ2), wherex, y∼N(0,σ2/2) are i.i.d. Gaussian.
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tiple targets and can be written as

x[n] =
L

∑
l=1

Hls[n]+v[n] =
L

∑
l=1

a(θl )αααT
l s[n]+v[n],

n = 0, · · · ,N−1 (4)

whereααα l andθl are the fading vector and angle of thel th
target, respectively, andN is the total number of snapshots in
one scan. By defining the direction matrix

A ∆= A(θθθ) = [a(θ1) a(θ2) · · · a(θL)] ∈ CM×L (5)

and the fading matrix

B = [ααα1 ααα2 · · · αααL]
T ∈ CL×K (6)

the signal model (4) can be also expressed as

x[n] = ABs[n]+v[n], n = 0, · · · ,N−1. (7)

where
θθθ = [θ1 θ2 · · · θL]

T (8)

It is assumed that the number of targetsL is known a
priori . Moreover, the number of targets is assumed to be less
than the number of antennas of the receiver array, i.e.,L < M.
For the sake of brevity, it is assumed that the fading vectors
of different targets are uncorrelated, i.e.,

E
{

αααH
l αααk

}
=

{
E

{‖ααα l‖2
}

, l = k
0, l 6= k

(9)

whereE{·}, (·)H and‖ · ‖ denote mathematical expectation,
matrix conjugate transposition, and Euclidean norm, respec-
tively. The independence of the fading coefficients of differ-
ent targets is further assumed, i.e.,

E
{

α∗
l , pαk,q

}
= 0, l 6= k (10)

whereαl , p and αk,q denote thepth andqth fading coeffi-
cients of thel th andkth targets, respectively, and the super-
script(·)∗ denotes the complex conjugate operator. Note that
‖√2ααα l‖2 follows a χ2

2K chi-square distribution with2K de-
grees of freedom, and hence

ρl
∆= E

{‖ααα l‖2} = K, l = 1, · · · ,L. (11)

Note that (11) may not hold any more in the case of corre-
lated target fading, i.e., the components of the fading vector
ααα l of the l th target are correlated,l = 1, · · · ,L [5]. There-
fore, when there is unknown (correlated) fading, the estimate
of the target fading statistics may be useful for target local-
ization and classification.

The transmitted signals are assumed to be orthogonal and
the covariance matrix of the transmitted signals is given by

E
{
s[n]sH [n]

}
= σ2

s IK (12)

whereσ2
s is the average power of the transmitted signals,

and IK is the identity matrix of sizeK. The noise vector
v[n] is assumed to be temporally white with zero mean, the
covariance matrixQ(σσσ) = E

{
v[n]vH [n]

}
, whereσσσ is the

unknown parameter vector. The noisev[n] is assumed to be
uncorrelated with the probing signalss[n].

3. COVARIANCE MATCHING ESTIMATION

3.1 Covariance Matrix Analysis

As the noise{v[n]} is uncorrelated with the transmitted sig-
nals {s[n]}, the covariance matrix of the received signals
{x[n]} may be expressed as

R(θθθ ,ρρρ ,σσσ) ∆= E
{
x[n]xH [n]

}
= Rs(θθθ ,ρρρ)+Q(σσσ) (13)

where
ρρρ ∆= [ρ1 · · · ρL]

T (14)

consists of the second order statistics of the fading of allL
targets, and the columns of

Rs(θθθ ,ρρρ) = E
{
ABs[n]sH [n]BHAH} ∆= APAH (15)

span the signal subspace.
The(k, l)th entry of theeffectivesource signal covariance

matrixP = E
{
Bs[n]sH [n]BH

}
is given by

Pk, l = E
{

αααT
k s[n]sH [n]ααα∗

l

}
k, l = 1, · · · ,L (16)

where(·)∗ denotes the complex conjugate. Using the trace
identity tr{XY}= tr{YX}, (16) may be expressed as

Pk, l = E
{

tr
{

ααα∗
l αααT

k s[n]sH [n]
}}

= tr
{
E

{
ααα∗

l αααT
k s[n]sH [n]

}}
.

(17)

Since both of the fading vectorsαααk andααα l are uncorrelated
with the transmitted signalss[n], we have

Pk, l = tr
{
E

{
ααα∗

l αααT
k

}
E

{
s[n]sH [n]

}}

= σ2
s E

{
αααH

l αααk
}

.
(18)

where we have used the assumption of the orthogonal trans-
mitted signals (12). Hence, due to the independence assump-
tion (9), theoretically,P is a diagonal matrix with identical
entries on the main diagonal (cf. (11))

P = diag{ρ1, · · · ,ρL}. (19)

Note that the last equation results from the ideal assumption
of (i) the orthogonal probing signals (12), and (ii) the inde-
pendence of the fading vectors (9) and (10). In the cases
that correlated transmitted signals are used, or the compo-
nents of the fading vectorααα l of the l th target are correlated,
l = 1, · · · ,L [5], the main diagonal entries ofP may devi-
ate from the ideal values. Further, in practical engineering,
if only finite samples are available, the statistical indepen-
dence of the fading coefficients may be not satisfied strictly,
and hence the deviation of the matrixP occurs as well. The
interested readers are referred to [10] for further discussion
on this issue. For the sake of simplicity, we consider the
ideal case of (19) without loss of generality. The method de-
scribed herein can be applied in a straightforward manner for
the more practical values ofP.

Now consider vectorizing the covariance matrix
R(θθθ ,ρρρ,σσσ) (i.e., stacking the columns of a matrix on top of
one other)

r(θθθ ,ρρρ,σσσ) ∆= vec(R(θθθ ,ρρρ,σσσ))
= vec(Rs(θθθ ,ρρρ))+vec(Q(σσσ)).

(20)
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By using the identity

vec(XYZ) = (ZT ⊗X)vec(Y), (21)

we obtain

vec(Rs(θθθ ,ρρρ)) = (A∗⊗A)vec(P)
= (A∗⊗A)ΓΓΓρρρ

(22)

where⊗ denotes the Kronecker product, andΓΓΓ is a constant
matrix dependent on the dimension ofP. For example, if
P = diag{ρ1,ρ2}, then the transpose ofΓΓΓ is given by

ΓΓΓT =
[
1 0 0 0
0 0 0 1

]
.

Similar to the treatment of [9], we consider herein a struc-
tured noise covariance modelQ = ∑M

i=0 σiQi . Thus, we have

vec(Q) =
M

∑
i=0

σi vec(Qi) = ΣΣΣσσσ (23)

with

ΣΣΣ ∆= [vec(Q1) · · · vec(QM)] ∈ CM2×M,

σσσ ∆= [σ1 · · · σM]T ∈ CM×1.
(24)

Insertion of (22) and (23) into (20) yields

r(θθθ ,ρρρ,σσσ) = (A∗⊗A)ΓΓΓρρρ +ΣΣΣσσσ

=
[
(AH ⊗A)ΓΓΓ ΣΣΣ

]
︸ ︷︷ ︸

ΦΦΦ

[
ρρρ
σσσ

]

︸︷︷︸
ηηη

. (25)

Hence, with obvious notation, we have

r(θθθ ,ηηη) ∆= r(θθθ ,ρρρ ,σσσ) = ΦΦΦηηη . (26)

3.2 COMET Estimator

Now we are ready to apply the covariance matching estima-
tion techniques (COMET). First of all, let

r̂ ∆= vec(R̂) (27)

whereR̂ is the sample covariance matrix of the received sig-
nal vectorx[n]

R̂ =
1
N

N−1

∑
n=0

x[n]xH [n]. (28)

The COMET algorithm may be formulated as the weighted
least-squares problem, whereby the estimates ofθθθ andηηη can
be determined as [9]

θ̂θθ , η̂ηη = arg min
θθθ∈Dθθθ ,ηηη∈Dηηη

(r̂−r(θθθ ,ηηη))HW−1 (r̂−r(θθθ ,ηηη))

(29)
whereDθθθ andDηηη denote the admissible set of parametersθθθ
andηηη , respectively, and the weight matrixW is given by

W = E
{

(r̂−r(θθθ ,ηηη))H (r̂−r(θθθ ,ηηη))
}

=
1
N

(
RT ⊗R

)
.

SinceR̂ is a consistent estimate ofR, a large-sample
ML estimate ofθθθ and ηηη can be obtained as (29) with the
replacement ofW by Ŵ = R̂T ⊗ R̂, or equivalently,

θ̂θθ , η̂ηη = arg min
θθθ∈Dθθθ ,ηηη∈Dηηη

{
J

∆=
∥∥∥Ŵ− 1

2 (r̂−ΦΦΦηηη)
∥∥∥

2
}

(30)

Minimization ofJ with respect toηηη yields

η̂ηη =
(
ΦΦΦHŴ−1ΦΦΦ

)−1 ΦΦΦHŴ−1r̂. (31)

Hence, the estimate ofθθθ can be obtained by inserting (31)
into (30)

θ̂θθ = arg min
θθθ∈Dθθθ

r̂HŴ− 1
2 ΠΠΠ⊥

Ŵ
− 1

2 ΦΦΦ
Ŵ− 1

2 r̂ (32)

where

ΠΠΠ
Ŵ

− 1
2 ΦΦΦ

∆= Ŵ− 1
2 ΦΦΦ(ΦΦΦHŴ−1ΦΦΦ)−1ΦΦΦHŴ− 1

2

ΠΠΠ⊥
Ŵ

− 1
2 ΦΦΦ

∆= I−ΠΠΠ
Ŵ

− 1
2 ΦΦΦ

(33)

are the orthogonal projection and orthogonal complement
projection matrices ofŴ− 1

2 ΦΦΦ, respectively. By using the
identity (21), it can be shown that [9]̂W− 1

2 r̂ = vec(I) and

Ŵ− 1
2 vec(I) = vec(R̂−1). Therefore, the estimate ofθθθ can

be determined by

θ̂θθ = arg max
θθθ∈Dθθθ

vec(I)HΠΠΠ
Ŵ

− 1
2 ΦΦΦ

vec(I)

= arg max
θθθ∈Dθθθ

vec
(
R̂−1)H ΦΦΦ

(
ΦΦΦHŴ−1ΦΦΦ

)−1 ΦΦΦH vec
(
R̂−1) .

(34)

Onceθ̂θθ is obtained as (34), the large-sample ML estimate
η̂ηη can be obtained as (31), and hence the fading statistics
estimateρ̂ρρ and the noise parameter estimateσ̂σσ (cf. (25)).

3.3 Estimate Calculation

The Newton-type method is applied in [9] to perform the
minimization in (34) without explicit consideration of the
bound constraint (i.e.,θθθ ∈Dθθθ , whereDθθθ may be determined
by certain applicationsa priori) 2.

We consider here apply the pattern search methods [11]
to solve this bound constrained minimization problem. The
pattern search methods [11–13] are gradient-related, descent
methods. In the unconstrained case, the pattern search meth-
ods work much like line-search quasi-Newton methods. The
pattern search algorithms include sufficient search directions
to guarantee that if the current iterate is not a stationary point,
then at least one of the search directions is a descent direc-
tion. We apply the bound constrained pattern search algo-
rithm to solve (34) to improve the search procedure. Please
refer to [11–13] (and references therein) for more informa-
tion on the pattern search methods.

4. SIMULATION RESULTS

In this section, the performance of the proposed method is
evaluated by numerical simulations. In all the experiments, a

2Albeit this is not actually a serious problem with good initialization and
the Newton-type algorithm is applied locally, as in [9].
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Figure 1: Angle MSE of the target located atθ1. The number
of available snapshots is100.

ULA of M = 20 antennas spaced half a wavelength apart is
employed at the receiver. Two targets are located atθ1 = 7◦
and θ2 = 15◦, respectively. The additive noise is assumed
to be spatially and temporally white, and the covariance ma-
trix of the noise is given byQ = E

{
v[n]vH [n]

}
= σ2

v IM,
whereσ2

v is the average power of noise. Hence,vec(Q) =
vec(IM)σ2

v . The signal-to-noise ratio (SNR) refers to a single
snapshots. Since the transmit power of each transmit antenna

is σ2
s

K , the SNR at the receiver isE{σ2
s K−1‖α‖2}

σ2
v

= σ2
s

σ2
v

[5].

The simulated results are compared with the stochastic
Craḿer-Rao bound (CRB) given by [14]

CRB(θθθ) =
σ2

v

2N

{
ℜ

(
DHΠΠΠ⊥

AD
)
¯ (

PAHR−1AP
)T

}−1

(35)
whereℜ{·} and¯ denote the real part of a complex value
and the Hadamard-Schur product, respectively. Thel th col-

umn of theM×L matrixD is defined to bedl
∆= daaa(θl )

dθl
. The

matrixΠΠΠ⊥
A

∆= I−A
(
AHA

)−1AH is the orthogonal comple-
ment projection matrix ofA.

The empirical mean-squared error (MSE) of the angle es-
timateθ̂i is defined as

MSE(θ̂l )
∆=

1
T

T

∑
t=1

∣∣∣θ̂ (t)
l −θl

∣∣∣
2
, l = 1, · · · ,L (36)

where θ̂ (t)
l is the angle estimate of thel th target in thetth

Monte Carlo trial. The MSE of other parameter estimates
may be similarly defined. In each simulation,T = 300Monte
Carlo trials are conducted. The Genetic Algorithm and Di-
rect Search Toolbox for MATLABr is used to implement the
COMET algorithm.

The empirical angle MSEs of the target located atθ1 = 7◦
with different SNRs are shown in Fig.1. The number of
available snapshots is100. The results shown in Fig.1 indi-
cate that the performance of the COMET algorithm improves
steadily as the SNR increases. Moreover, the accuracy of
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Figure 2: Angle MSE of the target located atθ1. SNR=
−10dB.
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Figure 3: MSE of noise variance estimates.SNR=−10dB.

the algorithm improves as the number of transmitter anten-
nas increases. This may be interpreted as follows. The more
transmit antennas are used, more pronounced spatial diver-
sity gain can be obtained by the MIMO radar configuration,
and hence the estimation accuracy improves. The stochas-
tic CRB and the performance of Capon beamformer are also
plotted for comparison.

The empirical angle MSEs of the target located atθ1 = 7◦
with different available snapshots are shown in Fig.2. The
SNR is−10dB. Note that while the Capon estimator slightly
outperforms the COMET estimator in small sample size sce-
narios, both estimators approach the stochastic CRB with
similar performance as the sample size increases. This is no
surprise since the COMET algorithm is a large-sample ML
estimator.

The noise average power parameter estimation results are
shown in Fig.3 as well. The noise parameter estimate is ex-
tracted from the estimatêηηη (cf. (31) and (25)). The perfor-
mance improves as the number of snapshots increases since
the accuracy of covariance matrix estimate improves. It can
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be observed that the improvement of the noise average power
estimate due to the increase of the transmit antennas seems
to be not pronounced. The performance of the estimateρ̂ρρ is
also demonstrated by the simulation results to improve as the
number of snapshots increases, which are not plotted here.

5. CONCLUSIONS

We have considered the multiple target localization and es-
timation problem of a statistical MIMO radar system. We
have analyzed the covariance structure of the received sig-
nals and applied the covariance matching technique to the
active direction finding and parameter estimation problem.
The simulation results show that the angle estimation per-
formance improves as the transmit antennas increases. The
performance of other parameter estimates is also validated
through numerical simulations.
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