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ABSTRACT
We present an adaptive version of the greedy least squares
method for finding a sparse approximate solution, with fixed
support size, to an overdetermined linear system. The information updated at each time moment consists of a partial orthogonal triangularization of the system matrix and of partial
scalar products of its columns, among them and with the right
hand side. Since allowing arbitrary changes of the solution
support at each update leads to high computation costs, we
have adopted a neighbor permutation strategy that changes
at most a position of the support with a new one. Hence, the
number of operations is lower than that of the standard RLS.
Numerical comparisons with standard RLS in an adaptive
FIR identification problem show that the proposed greedy
RLS has faster convergence and smaller stationary error.

where u(t), d(t), η (t) are the input, output and noise signals,
respectively; the true coefficients h̃i are not available. Given
the input and output signals, the aim is to find a best fit model,
−i
i.e. the filter H(z) = ∑N−1
i=0 hi z , having at most M nonzero
coefficients, that minimizes the RLS criterion

1. INTRODUCTION

at = [u(t) u(t − 1) . . . u(t − N + 1)]T , bt = d(t).

The interest in adaptive algorithms dedicated to sparse FIR
filters started about a decade ago [6], the main application
being echo cancellation. There are at least two types of approaches. The first, illustrated by [9, 10, 12] among others,
tries to use techniques that traditionally belong to field of
adaptive filters in order to decide what filter coefficients are
nonzero and hence should be updated. The second line of attack, to which this paper belongs, uses ideas from the developing topic of sparse approximations. Before reviewing the
literature, let us first state the problem. The aim is to find recursive least-squares (RLS) solutions to the overdetermined
system
At xt ≈ bt
(1)
where t ∈ N is the current time; the matrix At ∈ Rt×N and
the vector bt are given. We want sparse solutions, namely
vectors xt with at most M nonzero elements, where M ∈ N
is given, such that, ideally, kbt − At xt k2 is minimized. In a
time-varying environment, a forgetting factor λ ≤ 1 is used
and, at each time t, the given part of (1) is built by
 √

 √

λ · At−1
λ
·
b
t−1
At =
,
bt =
, (2)
bt
atT
the vector at ∈ RN and the scalar bt depending on data available at time t.
For illustration, we consider the standard identification
problem of the FIR system (channel) defined by
N−1

d(t) =

∑ h̃i u(t − i) + η (t),

(3)

t

J(t) =

(4)

τ =1

where

N−1

e(t) = d(t) −

∑ hi u(t − i)

(5)

i=0

is the estimation error. In this context, the data appearing in
(2) are
(6)

In this paper, we present an adaptive version of the greedy
LS algorithm [3] (named also forward regression for subset
selection) for solving (1). In signal processing literature, the
algorithm is known as optimized orthogonal matching pursuit [11]. This algorithm (reviewed in section 2) selects the
nonzero elements of the solution one by one, at each step
choosing the position that mostly decreases the LS residual;
it gives typically better results than matching pursuit (MP)
and orthogonal MP (OMP), but has a higher complexity.
Adaptive versions of MP and OMP are given in [5] and [8],
respectively; however, the latter paper does not gives implementation details, simply stating that (1) is solved via OMP.
The alternative to greedy algorithms in the field of sparse
approximation is the use of a lasso criterion, in which the
(weighted) term khk1 is added to the criterion (4) in order to
force a sparse solution. This is the technique used in [1, 2].
(A similar idea is employed with an LMS criterion in [4, 7].)
The challenge of such algorithms is to have better performance (lower stationary error, shorter adaptation time) than
the standard RLS algorithm, with lower computation complexity. The difficulty is that not only the coefficients of the
filter have to be adapted, but also its support. Our algorithm
(presented in section 3) achieves low complexity by letting
the support change with at most one position at each time
t. This constraint is not likely to reduce performance, since
anyway the RLS algorithm is unable to react instantly to sudden changes in the channel. Numerical evidence presented in
section 4 confirms our claims.

i=0

2. GREEDY LS ALGORITHM
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∑ λ t−τ |e(τ )|2 ,

The greedy least squares algorithm finds a sparse approximate minimizer x ∈ RN to kb − Axk2 , with A ∈ RT ×N ,
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by selecting a subset ΦM of M columns of A (named active columns) and then minimizing kb − ΦM zk2 . The vector
z contains the nonzero elements of x, whose positions are
those of the columns from ΦM in A. The algorithm works
iteratively, starting with Φ0 = 0/ and, at each stage k, adding
to Φk−1 the column minimizing the residual kb − Φk ζ k2 ,
i.e. greedily finds the best LS solution to Φk ζ ≈ b, given
that the first k − 1 columns of Φk are those from Φk−1 . The
algorithm can be implemented using basically an orthogonal
triangularization with column pivoting, see also [3, sec. 4.3].
Algorithm Greedy LS
Input: A ∈ RT ×N , b ∈ RT , M
0. p = [1 2 . . . N]
1. for k = 1 : M
1.1. j = arg max |A(k : T, ℓ)T b(k : T )|/kA(k : T, ℓ)k
ℓ=k:N

1.2. Swap columns k and j of matrix A. Swap pk ↔ p j .
1.3. Find Householder reflector Uk that zeros the k-th
column of A below the diagonal.
1.4. Put A ← Uk A, b ← Uk b.
Output: the solution of the upper triangular system A(1 :
M, 1 : M)z = b(1 : M). The nonzero elements of the solution
are x(p(i)) = z(i), for i = 1 : M.
At iteration k, pivoting in step 1.2 ensures that the active
columns are in the first k positions, their initial indices being stored in the first k positions of the permutation vector
p; although the algorithm can be implemented without actually permuting the matrix, we use explicit permutations for
the sake of simpler presentation. Step 1.1 finds what column
should be added to the set of active columns by comparing
normalized scalar products between orthogonal projections
of the inactive columns of A on the subspace (ImΦk−1 )⊥
(the orthogonal complement of the subspace spanned by the
active columns) with the current residual (this step could be
implemented more efficiently, but the presented form helps
further explanations). Initially, the residual is equal to b. The
orthogonal triangularization process ensures that the projections of the inactive columns on (ImΦk−1 )⊥ and the current
residual are obtained by simply ignoring the first k − 1 rows
of the current A and b.
3. GREEDY RLS

We want now to give a recursive version of the greedy LS algorithm, that, at time t, uses in an efficient manner the current
information (6) to produce an updated sparse LS solution to
system (1). The challenge is that not only the coefficients
of the solution may change, but also the support. We stress
that, once a support is chosen (in a way that can never be
guaranteed to be optimal), we want to compute the exact LS
solution with that support.
Let us assume that, before the data available at time t are
considered, a greedy LS algorithm has been run on At−1 ,
bt−1 . The algorithm may differ from that presented in section 2 in the selection of the active columns, but is otherwise
identical. We denote here A and b the output of the algorithm, with




R
c }M
, b=
A=
0
F
g }t − 1 − M
(7)
|{z} |{z}
M

N−M

The (fat) upper triangular matrix R ∈ RM×N is A(1 : M, 1 :
N) and the vector c ∈ RM is b(1 : M); they correspond to

”present” information. The first M columns of R are the
active ones, while the others are inactive. We assume that a
vector p is available, containing a permutation of 1 : N, the
first M positions being the indices of the active columns. The
remaining rows of A and b represent the ”past”, which is not
stored completely. Instead of F and g, we have access (and
store) only the scalar products of columns (projected on the
current (ImΦM )⊥ ) with the residual
s = A(M + 1 : t − 1, 1 : N)T · b ∈ RN
and the scalar products between columns
Ψ = A(M + 1 : t − 1, 1 : N)T · A(M + 1 : t − 1, 1 : N).
We note that the first M elements of s are zero (the other
being equal to FT g) and that Ψ is a symmetric matrix
whose first M rows (and columns) are zero (the lower right
(N − M) × (N − M) block is FT F); we will take this into account only when computing updating costs, but not for presentation. So, these scalar products correspond to the past of
inactive columns. (The active columns have no past.)
We aim to design a greedy RLS algorithm in which the
information that is available and that will be updated at time
t consists of the variables p, R, c, s and Ψ. The nonzero
elements of the LS solution at time t are those of the solution
of the upper triangular system R(1 : M, 1 : M)z = c.
3.1 Update without permutation
Let us first discuss the case when the active set is not
changed, hence the permutation p is conserved at time t.
Similarly to (2), we append a new row to R and c by


 √
 √
λ ·R
λ
·
c
,
(8)
,
c←
R←
bt
atT (p)
where at (p) is the vector at permuted according to p, e.g.
the vector from (6) becomes [. . . u(t − pi + 1) . . .]i=1:N . Due
to the arrow structure of the matrix, the triangular form can
be restored using Givens rotations, applied to both R and
c. Finally, before retaining only the first M rows of R and
c, the last row must be used for updating the inactive scalar
products. The complete algorithm is the following.
Algorithm No permutation update
1. for k = 1 : M
1.1. Compute Givens rotation Gk that zeros R(M +1, k).
1.2. Put R ← Gk R, c ← Gk c.
2. Update s ← λ s + R(M + 1, 1 : N)T c(M + 1)
3. Ψ ← λ Ψ + R(M + 1, 1 : N)T R(M + 1, 1 : N)
4. Delete row M + 1 of R and c
The current nonzero coefficients are given by the solution
of the upper triangular system R(1 : M, 1 : M)z = c. We note
that the multiplications in step 1.2 affect only rows k and
M + 1, hence the cost of triangularization is O(MN). The
other expensive task is the update in step 3, whose cost is
3/2 · (N − M)2 operations (an operation is either an addition
or a multiplication).
3.2 Update with neighbor permutation
If, at time t, we allow all columns to compete for the first
M positions, the computational costs become very high. The
triangular form of R may be completely destroyed by permutations and its restoration (whose details are not yet clear,
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Figure 1: Matrix R during the first stage of orthogonal triangularization with permutation (M = 3, N = 5).
since when an inactive column becomes active, the ”past”
information from the scalar products s and Ψ must be taken
into account) requires at least O(M 2 N) operations. Although
not yet discussed, the update of the scalar products s and Ψ
should also be more complex than in the no permutation case.
However, it is unlikely that the changes in the system
structure are very sudden. Even if they are, the RLS algorithm cannot react instantly. So, instead of allowing the permutation p to change completely at each time t, we propose
the following strategy:
• for each position k = 1 : M − 1 we let compete only
columns k and k + 1; so, the permutations that may occur
are only between neighbors in the active set;
• for the last active position (M), we allow all columns (positions M to N) to compete; so, at most a single active
column (presumably the one with the least contribution
in decreasing the residual) may be replaced by an inactive one.
Moreover, this permutation strategy needs not be applied at
each time t, but only at multiples of a small integer τ0 ; slower
changes in the system allow a larger τ0 .
We discuss now the operations required by the neighbor permutations. For illustration, consider the case of the
first two columns, detailed in Figure 1. Diagram (a) shows
the matrix R for M = 3, N = 5, after appending the row
µ = M + 1 corresponding to the data considered at time t;
nonzero elements are represented with ×. If the first two
columns are swapped, the shape (b) is obtained (the nonzero
elements affected by the change are denoted by ∗). Triangularization in the first column implies the use of two
Givens rotations: the first zeros the element in position (2, 1)
and produces the matrix (c), while the second zeros element
(µ , 1) and produces the desired structure (d). If no permutation is necessary, then one goes directly from (a) to (d) like
in algorithm No permutation update.
The decision to permute two columns of R is based on
on their norms and on their scalar products with c (see step 1
of algorithm Greedy LS). This implies only few operations,
as only two or three nonzero elements are involved in the
computation. So, the cost of the triangularization of the first
M − 1 active columns is at most twice the cost of the triangularization part of algorithm No permutation update, i.e. still
O(MN). The following algorithm results.
Algorithm Neighbor permutations
1. for k = 1 : M − 1
1.1. Denote ρ1 = [R(k, k) 0 R(µ , k)]T
1.2. ρ2 = [R(k, k + 1) R(k + 1, k + 1) R(µ , k + 1)]T
1.3. γ = [c(k) c(k + 1) c(µ )]T
1.4. If |ρ1T γ |/kρ1k < |ρ2T γ |/kρ2k
1.4.1. Swap columns k and k + 1 of R. Swap pk ↔ pk+1 .
1.4.2. Compute Givens rot. Ĝk that zeros R(k + 1, k).
1.4.3. Put R ← Ĝk R, c ← Ĝk c.

1.5. Compute Givens rotation Gk that zeros R(µ , k).
1.6. Put R ← Gk R, c ← Gk c.
3.3 Selection of last active column
After the triangularization with neighbor permutation of the
first M − 1 columns, all remaining columns compete for the
M-th position, the last active one. The best column is that for
which the quantity
|R(M, ℓ)c(M) + R(µ , ℓ)c(µ ) + s(ℓ)|
α (ℓ) = p
R(M, ℓ)R(M, ℓ) + R(µ , ℓ)R(µ , ℓ) + Ψ(ℓ, ℓ)
(9)
is maximum (with ℓ = M : N). The numerator accounts for
the scalar product of column ℓ with the residual. Due to
the orthogonalization process in the first M − 1 columns, the
”present” contributes only with rows M and M + 1 of R,
while the ”past” part of the product is completely contained
in s. Similarly, the denominator of (9) is the squared norm of
columns, for which the past is stored on the diagonal of Ψ.
The cost of the decision is only O(N − M) operations.
After permuting the best column in position M, we have
to zero it below the diagonal with orthogonal transformations. Element R(M + 1, M) can be zeroed with a Givens
rotation, which affects only the last two rows of R and c,
as in the last iteration of algorithm No permutation update.
However, if an inactive column became active, the whole
past must be zeroed. In (7), a column of F was swapped
with column M, which was zero. To make it zero, we need a
Householder reflector. Let us first review the basic operations
associated with a Householder reflector
U = I − (uuT )/β ,

defined by the vector u ∈ Rm and the scalar β .
Given a vector y ∈ Rm , the reflector that zeros all elements of the vector excepting the first is computed by the
operations
p m
1.
σ
=
sgn(y(1))
∑i=1 y(i)2 =
p
2
T
sgn(y(1)) y(1) + y(2 : m) y(2 : m)
2. u(1) = y(1) + σ , u(i) = y(i) for i = 2 : m
3. β = u(1)σ
The first element of Uy is −σ (the norm is conserved by
an orthogonal transformation).
If the reflector U is multiplied with another vector w,
then, taking into account that
w̃ = Uw = w − (uT w/β )u,
the computation of w̃ is performed by
1. θ = uT w/β = (u(1)w(1) + u(2 : m)T w(2 : m))/β
2. for i = 1 : m
2.1. w̃(i) ← w(i) − θ u(i)
Returning to our problem, we work with (virtual) vectors of unknown size, whose first element is that on row M
of R (or c), which is known, and whose other elements are
columns of F (or g), which are not directly available. The
vector y corresponds to column M and w to any of the inactive columns (or the right hand side of the linear system). We
note from both above algorithms that the computation of the
reflector and of the value w̃(1) depend only on scalar products involving the unknown part (indices 2 : m) of the vectors
u (equal to y for these indices) and w. Hence, it is possible to compute the Householder reflector zeroing the past of
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the new M-th column and the element w̃(1) using only the
information from the scalar products Ψ and s.
Finally, we have to update these scalar products. Let
w̃1 = Uw1 , w̃2 = Uw2 . Since multiplication with an orthogonal matrix conserves the scalar products, it results that
w̃1 (2 : m)T w̃2 (2 : m) = w1 (2 : m)T w2 (2 : m)
(10)
+w1 (1)w2 (1) − w̃1(1)w̃2 (1)
and hence the update of the scalar products can be computed. Aggregating all information developed in this section,
we obtain the following algorithm.
Algorithm Last active column
1. Put s ← λ s, Ψ ← λ Ψ
2. j = arg maxℓ=M:N α (ℓ), see (9)
3. Swap columns M and j of R. Swap pM ↔ p j , s(M) ↔
s( j). Swap rows and columns M and j of Ψ.
4. Compute Givens rotation G that zeros R(µ , M).
5. Put R ← GR, c ←p
Gc.
6. σ = sgn(R(M, M)) R(M, M)2 + Ψ(M, M)
7. u(1) = R(M, M) + σ , β = u(1)σ
8. Save vT = R(M, 1 : N), γ = c(M)
9. R(M, M) ← −σ
10. for k = M + 1 : N
10.1. θ = (u(1)R(M, k) + Ψ(M, k))/β
10.2. R(M, k) ← R(M, k) − θ u(1)
11. θ = (u(1)c(M) + s(M))/β
12. c(M) ← c(M) − θ u(1)
13. s ← s + vγ − R(M, 1 : N)c(M) + R(µ , 1 : N)c(µ )
14. Ψ ← Ψ + vvT − R(M, 1 : N)R(M, 1 : N)T
+ R(µ , 1 : N)R(µ , 1 : N)T
15. Delete row µ of R and c
The most complex operation is the update of the scalar
products, requiring about 7/2(N − M)2 operations.
3.4 Initialization
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Figure 2: A priori squared estimation error for M = 12.
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Figure 3: Squared coefficient error for M = 12.
3.6 Further algorithmic developments

t khk2 to the criterion (4)
Adding a regularization term δ λ √
2
amounts to the initialization A0 = δ IN , b0 = 0N×1
√ . Hence,
we initialize the diagonal elements of R with δ and the
lower N − M diagonal elements of Ψ with δ , while c and s
are initialized with zero.

3.5 Review of the complete algorithm
The input parameters of the algorithm are the maximum degree of the filter N, the maximum number of nonzero coefficients M, the forgetting factor λ , the permutation update
lag τ0 and the regularization constant δ . The variables R, c,
Ψ and s are initialized as above and p = [1 2 . . . N]. The
operations performed at time t are the following.
First, form (8). If t is not a multiple of τ0 , no permutation
is performed and hence algorithm No permutation update
is run. If t is a multiple of τ0 , the algorithms Neighbor permutations and Last active column are run in succession.
The number of operations is


3 2
+
(N − M)2 + O(MN).
2 τ0
For comparison, the standard RLS algorithm requires about
6N 2 operations for a filter of length N.

Until now we have considered the number M of nonzero coefficients to be fixed. However, it can be easily increased
or decreased by 1 at each time t. Decreasing M can be implemented by putting column M in the inactive set, after the
permutations of the active columns; row M of R and c is
used to update the scalar products Ψ and s and then deleted.
Increasing M is done by running an algorithm in the style of
Last active column for the selection of the (M + 1)-th column, which is then added to the active set; row M + 1 is appended to R and c. However, the difficulty lies in a method
to decide when M should be changed. The decision can be
based on the norms of the residuals resulting from the different choices of M, which can be computed easily in the context of the proposed algorithm (although not detailed here).
These issues are left for further research.
4. NUMERICAL RESULTS
To test the performance of the proposed algorithm, we have
used the following setup. The input-output data from (3)
are generated with u(t) ∈ N (0, 1) and η (t) ∈ N (0, σ 2 );
we report for σ 2 = 0.01, but similar results were obtained
for other values; the filter H̃(z) has a length N = 200 and
M̃ = 6 nonzero coefficients, in randomly chosen (uniformly
distributed) positions; the coefficients are generated from
N (0, 1), then their vector normed to 1. The first 1000 out-
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cients, with kh̃k = 1, and h the estimated one, with zeros in
the inactive N − M positions for G-RLS and SI-RLS).
A second round of experiments was performed changing
only the support size to M = 6, i.e. to the true value. The
squared estimation and coefficient errors are shown in Figures 4 and 5. The squared estimation error averaged over the
last 100 samples is 1.04 · 10−2 for G-RLS and 1.03 · 10−2 for
SI-RLS. The performance of G-RLS is much closer to that
of SI-RLS, compared to the case M = 6. Occasionally, GRLS loses track of the true support, which explains the worse
steady-state behavior compared with SI-RLS. This happens
only if the filter has some small coefficients. Imposing a sufficiently large threshold on the coefficients, e.g. |h̃i | ≥ 0.05,
leads to identical steady-state responses of G-RLS and SIRLS.
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Figure 4: A priori squared estimation error for M = 6.
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