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ABSTRACT

This paper investigates the application of the antenna array
Maximum Likelihood (ML) Doppler shift and code delay es-
timator to the Global Navigation Satellite Systems (GNSS)
acquisition problem, considering an unstructured channel
model and Additive White Gaussian Noise (AWGN). We
propose an acquisition test function based on the ML es-
timator and we derive the theoretical false alarm and de-
tection probabilities. Furthermore, this work analyzes the
effect of the acquisition bandwidth on the Receiver Oper-
ating Characteristic (ROC). Finally, we propose an imple-
mentation scheme including a baseband filter to improve the
acquisition ROC. The simulation results validate the theo-
retical analysis.

1. INTRODUCTION

With the increasing demand of more accurate and more ro-
bust Global Navigation Satellite Systems (GNSS) services,
the applications of antenna arrays to GNSS technology are
focusing much attention recently. The capability of the an-
tenna arrays to reject interferences or jamming signals and
the theoretical multipath mitigation potential is usually ap-
plied to the tracking operation of GNSS receivers. In this
work we investigate the application of an antenna array to
the Direct-Sequence Code Division Spread Spectrum (DS-
CDMA) acquisition operation. The acquisition process is in
charge of estimating the DS-CDMA signal synchronization
parameters, defined as the Doppler frequency and the code
delay. In the literature can be found a number of works con-
sidering the array acquisition problem with the assumption
of the receiver capability to estimate the Direction Of Ar-
rival (DOA), see, e.g., [1, 2]. In these works, the DOA is
estimated using either a pilot signal or including the DOA
in the acquisition search grid, and then using the estimated
DOA information to recombine the outputs of the correlators
or matched filters. In a GNSS receiver it is difficult to esti-
mate the DOA without acquiring the signal and the DOA-
based beamforming techniques usually need a calibrated ar-
ray. Here, the Maximum Likelihood (ML) estimator is de-
rived for the synchronization parameters assuming Additive
White Gaussian Noise (AWGN) and considering a receiver
using an unstructured antenna array. Based on the results,
a test function suitable to be used in the acquisition process
is proposed and analyzed in terms of the false alarm and de-
tection probability. This work extends the results of [3] and
extracts the Receiver Operating Characteristic (ROC).
The receiver bandwidth has an important effect on the acqui-
sition and it was analyzed in [4, 5] in terms of the correlation
losses. The second part of this work is devoted to study how
the receiver bandwidth affects the acquisition ROC for the
Galileo E1 Multiplexed Binary Offset Carrier (MBOC) mod-
ulation, and how it can improve the ROC performance. An
implementation scheme of the acquisition is also proposed.
The paper is organized as follows: Section 2 presents the an-
tenna array signal model, Section 3 derives the ML estima-

tor for the synchronization parameters. Section 4 proposes
a new acquisition test function using the resulting estima-
tor and analyzes its performance. The effect of the receiver
bandwidth is theoretically analyzed. In Section 5 we plot
theoretical results and computer simulations, comparing the
performances to the single antenna ML acquisition. Finally,
Section 6 concludes the paper.

2. SIGNAL MODEL

Considering a single GNSS satellite signal received with an
N -element antenna array, the discrete baseband signal model
is defined as:

X = hd(F, τ) + N, (1)

where

• X = [x(t0) . . .x(tK−1)] ∈ CN×K is referred to spatiotem-
poral data matrix, where x(t) = [x1(t) . . . xN (t)]T is de-
fined as the antenna array snapshot and K is the number
of captured snapshots.
• h = [h1 . . . hN ]T ∈ CN×1 is the non-structured chan-

nel model, which models both the channel and the array
response, where |hi|2 is the signal power for the i-th an-
tenna element and | · | is the modulus operator.

• d(F, τ) = [s(t0 − τ)ej2πFt0 . . . s(tK−1 − τ)ej2πFtK−1 ] ∈
C1×K is the GNSS complex baseband DS-CDMA sig-
nal with normalized power and known structure s(t), re-
ceived by the array with a propagation delay τ and a
Doppler frequency F . In this work, we consider s(t) =∑∞
k=−∞ ckpk(t − kTc), where ck are the spreading code

chips, pk is a rectangular pulse of support Tc, and Tc is
the spreading code chip rate [6].

• N = [n(t0) . . .n(tK−1)] ∈ CN×K is a complex, circularly
symmetric Gaussian vector process with a zero-mean and
temporally white.

3. MAXIMUM LIKELIHOOD ESTIMATOR FOR
THE DOPPLER SHIFT AND DELAY

The ML estimator for Doppler shift and code delay for an
antenna array receiver using signal model (1) and consider-
ing unstructured noise covariance matrix was derived in [7].
Hereafter we consider the white noise case. The negative
log-likelihood function of a complex multivariate Gaussian
[8] snapshot vector x, assuming AWGN with a diagonal co-
variance matrix Q = σ2I, neglecting the irrelevant constants
can be defined as:

Λ1(σ2,h, F, τ) = N ln(σ2) +
Tr(C)

σ2
, (2)

we define matrix C as:

C = R̂XX − r̂XdhH − hr̂HXd + hR̂−1
ddhH , (3)
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where the autocorrelation and the cross-correlation matrices
are defined as follows1:

• R̂XX = 1
K

XXH is the estimation of the autocorrelation
matrix of the array snapshots, also known as the sample
covariance matrix.
• r̂Xd = 1

K
XdH is the estimation of the cross-correlation

vector between the array snapshot matrix and the DS-
CDMA signal.

• R̂dd = 1
K

ddH is the estimation of the DS-CDMA signal
autocorrelation.

The next step is to find the ML estimate for each pa-
rameter, which is equivalent to minimize the negative log-
likelihood function:

σ̂2, ĥ, F̂ , τ̂
∣∣
ML

= arg min
σ2,h,F,τ

Λ1(σ2,h, F, τ), (4)

by applying the gradient with respect to σ2, and setting it
to zero we find:

σ̂2
ML =

Tr(C)

N

∣∣
h=ĥML,F=F̂ML,τ=τ̂ML

. (5)

Replacing σ2 with σ̂2
ML in (2) and neglecting the additive

constant term, we obtain Λ2(h, F, τ) = ln(Tr(C)), and by
applying the gradient with respect to h in Λ2 and setting it

to zero again, we find the ML estimator for ĥML:

ĥML = r̂XdR̂
−1
dd

∣∣
σ2=σ̂2

ML
,F=F̂ML,τ=τ̂ML

. (6)

By inserting (6) in (3), we obtain a new cost function to
minimize:

Λ3(F, τ) = Tr(R̂XX − r̂XdR̂
−1
dd r̂HXd). (7)

Finally, by applying the trace cyclic properties and neglect-
ing the additive and multiplicative constant terms, the ML
estimate for F and τ is:

F̂ML, τ̂ML = arg max
F,τ

(r̂HXdr̂Xd), (8)

which is equal to the maximization of the Euclidian norm of
the cross-correlation vector, formulated as ‖r̂Xd(F, τ)‖2. We

define the Euclidian norm as ‖ · ‖ =
√

uHu, where (·)H de-
notes conjugate transpose. Since it is not possible to obtain

a closed expression for F̂ML and τ̂ML, a grid based search is
suitable to find the function maximum [7]. The ML array-
based estimator is the natural extension to the single antenna
ML estimator extensively used in single antenna GNSS re-
ceivers [9].

4. PERFORMANCE OF THE ARRAY-BASED
ACQUISITION ALGORITHM BASED ON ML

ESTIMATORS

The aim of this Section is the characterization of the perfor-
mance of the array-based Doppler frequency and code delay
ML estimation when used as an acquisition algorithm. We
consider GNSS acquisition process as a grid search, evaluat-
ing a test function T (F̌ , τ̌) over a finite and discrete search
space. Each of the possible pairs of (F̌ , τ̌) form a search cell
[9]. The acquisition algorithm compares the output of the
test function to a given threshold γ, and the result decides if
there is a satellite signal present or not. As a consequence,
the performance evaluation of the acquisition algorithm is
based on the false alarm and the detection probabilities over
two hypothesis:

1For the sake of simplicity of the notation, we drop the d(F, τ)
dependency on F and τ .

• The Null Hypothesis H0 is defined as the absence of the
satellite signal, or the misalignment of the signal with the

local replica, (F̌ , τ̌)
∣∣∣
H0
6= (F, τ), which differs sufficiently

either in frequency or code delay or both, to consider the
received satellite signal d(F, τ) orthogonal to the local
replica.

• The Match Hypothesis H1 defines the case when the
searched satellite is present and the detection is per-
formed on the correct cell. In the simulations, we consider
a perfect Doppler frequency and code delay alignment

(F̌ , τ̌)
∣∣∣
H1

= (F, τ).

The false alarm and detection probabilities are defined as:

Pfa(γ) = P (T (F̌ , τ̌) > γ|H0) (9)

Pd(γ) = P (T (F̌ , τ̌) > γ|H1). (10)

4.1 ML based Test Function

The proposed test function can be considered a simplification
of the Generalized Likelihood Ratio Test (GLRT) detector
[10]. Using the ML estimator of (8) we define the test func-
tion as:

T (F̌ , τ̌) = ‖r̂XdL(F̌ , τ̌)‖2, (11)

where a non-filtered locally generated satellite signal replica
dL(F̌ , τ̌) = d(F̌ , τ̌) is used. The test function is equivalent to
perform a non-coherent ML acquisition independently over
each antenna element and adding the results, expressed as:

T (F̌ , τ̌) =

N∑
i=1

(
|hi|2|R̂ddL |

2+ (12)

+
1

K
(hiR̂ddLdNH

i + Nid
HR̂ddLh∗i +

1

K
Nid

HdNH
i )
)

︸ ︷︷ ︸
ηi

,

where hi denotes the i-th component of vector h, (·)∗ indi-

cates complex conjugate, R̂ddL = 1
K

ddL(F̌ , τ̌) is the cross-
correlation between the received satellite signal and the local
replica, and Ni = [n(t0)i . . .n(tK−1)i] is the noise input vec-
tor for the i-th antenna element. The correlation of the local
replica with the input noise can be grouped in a single noise
term ηi.

4.2 Null Hypothesis H0

In order to statistically characterize the function T (F̌ , τ̌)
∣∣∣
H0

we consider (12) as the sum of N independent random
variables with the same Probability Density Function (pdf).
When the satellite signal is present, but not correctly

aligned, E[R̂ddL ]
∣∣∣
H0
' 0 due the misalignment of the local

replica. The remaining term ηi is a central χ2
2 random vari-

able with underlying Normal distribution N (0, σ2), where
σ2 = Pn

2K
, and Pn is the noise power at the correlator input

[11]. Applying the definition of the Chi-Square distribution
[12], we found that the sum of N χ2

2 random variables is

distributed as χ2
2N . As a consequence, T (F̌ , τ̌)

∣∣∣
H0
∼ χ2

2N .

Using (9) the false alarm probability can be expressed
as Pfa(γ) = 1 − PH0(T (F̌ , τ̌) ≤ γ), where PH0(T (F̌ , τ̌) ≤
γ) is the χ2

2N Cumulative Density Function (cdf). Finally,
applying the definition of χ2

2N cdf we find:

Pfa(γ) = exp
{−γ

2σ2

}N−1∑
k=0

1

k!

( γ

2σ2

)k
. (13)
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Figure 1: Implementation scheme for the proposed ML
array-based acquisition.

4.3 Match Hypothesis H1

Considering T (F̌ , τ̌)
∣∣∣
H1

, the correlator output for the i-th

antenna element can be expressed as the sum ofN noncentral
χ2

2 random variables with the noncentrality parameter due
to the despreading gain:

λ2
i =

(
|hi||R̂ddL |

)2

' |hi|2, (14)

where we assume E[R̂ddL ]
∣∣∣
H1
' 1. Using the Chi-Square

properties, it can be shown that T (F̌ , τ̌)
∣∣∣
H1

is a noncentral

χ2
2N with the noncentrality parameter λ2 =

∑N
i=1 λ

2
i .

The presented test function is a non-coherent detector,
and it is affected by twice the noise power than the coherent
detector [13]. Assuming |hi|2 = Ps ∀ i, comparing the array
Signal-to-Noise Ratio (SNR) gain with respect to the single
coherent acquisition SNR, the array gain is defined as:

GARRAY = 10 log

(
λ2

σ2

2Ps
σ2

)
= 10 log

(N
2

)
. (15)

When a calibrated planar array with equal antenna array el-
ements gain patterns is used, the most significant differences
between the signals received by the antenna array elements
are located in the signal phase [14], thus the test function is
not affected by the DOA-dependant phase-shifts. Obviously,
the DOA affects the received signal power due to the indi-
vidual antenna array elements gain patterns.
Finally, using (10), the detection probability can be
computed as Pd(γ) = 1 − PH1(T (F̌ , τ̌) ≤ γ), where
PH1(T (F̌ , τ̌) ≤ γ) is the cdf of a noncentral Chi-square χ2

2N :

Pd(γ) = QN

(√λ2

σ
,

√
γ

σ

)
, (16)

where QN is the generalized Marcum Q-function [12] of order
N and σ was defined in Section 4.2.

4.4 The effect of the receiver bandwidth

The proposed implementation scheme can be found in Fig.
1. From left to right, the array receiver N-channel RF front-
end has a limited RF bandwidth given by the RF Band Pass

Filter (BPF), which for the sake of simplicity, is considered
an ideal BPF covering all the signal bandwidth. After the
amplification and the conversion to baseband, an N-channel
analog-to-digital converter (ADC) is in charge of digitizing
the received signal with a sampling frequency Fs = 2BRF ,
where BRF is the BPF bandwidth. At this point, the sig-
nal is sent both to the acquisition block and to the tracking
block. The acquisition block has a pre-conditioning base-
band Finite Impulse Response (FIR) Low Pass Filter (LPF)
with bandwidth Bbb which improves the SNR. The snapshot
matrix container can be implemented using a Random Ac-
cess Memory, and the operations required by the test func-
tion can be implemented using a Field Programmable Gate
Array device [15].

In order to characterize the effect of the acquisition band-
width we consider equal received signal power over all the an-
tenna array elements and we define the SNR after the LPF
as:

ρacq =
P ′s
P ′n

, (17)

where P ′s and P ′n are the satellite signal and the noise power
after the LPF. Using the convolution property x(t) ∗ y(t) =
X(f)Y (f) and the Parseval’s theorem [12], P ′s can be com-
puted:

P ′s = Ps

∫ + 1
2

− 1
2

Ss(f)|HLPF (f)|2df, (18)

where Ss(f) is the Power Spectral Density (PSD) of the
satellite signal and HLPF (f) is the Fourier transform of the
LPF impulse response hLPF [n]. Considering the Galileo E1
MBOC(6,1,1/11) [6], the analytical expression for the PSD
can be found in [16]:

Ss(f) =
10

11
GBOC(1,1) +

1

11
GBOC(6,1) (19)

GBOC(m,n)(f) =
1

Tc

(
sin(πfFsTc

NB
) sin(πfFsTc)

πfFs cos(πfFsTc
NB

)

)2

,

where NB = 2m
n

is the BOC(m,n) modulation index re-
lation. Using the same approach, the noise power can be
expressed as:

P ′n = N0BRF

∫ + 1
2

− 1
2

|HLPF (f)|2df, (20)

where N0 W-Hz is the antenna noise density.

Fig. 2 shows the theoretical and the simulated depen-
dance of the SNR with the LPF cutoff frequency.

Considering now a band-limited satellite signal d′ =
d ∗ hLPF , using the Wiener-Khinchine theorem and the
convolution properties [12, 5], we can compute the cross-
correlation between d′ and dL :

rd′dL
[n] =

∫ + 1
2

− 1
2

Ss(f)|HLPF (f)|2ej2πfndf, (21)

where the despreading gain is equal to the filtered signal
power rd′dL

[0] = P ′s. Clipping the bandwidth of the received
satellite signal makes the correlation peak wider. Fig. 3
shows the evolution of MBOC(6,1,1/11) rd′dL

[n] function
for different baseband bandwidths. We obtain the 80% of the
despreading gain using Bbb = 2 MHz, which is the minimum
usable baseband bandwidth given by Bbb ≥ 1

2Tc
according to

Nyquist-Shannon criterium [12]. Considering an acquisition
search grid size of τ = ±0.5 chips and F = ±250 Hz [9],
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Figure 2: Theoretical and simulated Galileo E1
MBOC(6,1,1/11) SNR versus the baseband bandwidth.

all the despreading gain can be contained in a single grid cell.

Recalling Section 4.2 and 4.3 the limited baseband band-
width affects both the Pfa and Pd and consequently the ROC
is affected according to the values of:

(λ2)′ = NP ′s (22)

(σ2)′ =
P ′n
2K

, (23)

where (λ2)′ and (σ2)′ are the new values of λ2 and σ2, re-
spectively. It is useful to express the dependence in terms of
the ρacq:

(λ2)′

(σ2)′
= 2KNρacq, (24)

which implies that the maximization of ρacq maximizes the
acquisition ROC performance. The usual threshold setting
criterion for a GNSS receiver is to maximize Pd for a given
Pfa, and γ should be computed using an estimation of the
filtered noise power and the Pfa equation (13).

5. SIMULATION RESULTS

In order to verify the theoretical study of the array-based
ML acquisition, the false alarm and the detection probabil-
ities of the test functions are evaluated by means of Monte
Carlo (MC) simulations. The results are valid for a single
cell acquisition and can be easily extended to multiple cell
search strategies [17]. We simulated a single Galileo satel-
lite on the E1 MBOC(6,1,1/11) carrier signal [6] impinging
on an 8-elements circular isotropic antenna array with half-
wavelength separation between elements. The channel vec-
tor h was generated with equal power |hi|2 = Ps

2
∀ i and

random DOA. The sampling frequency Fs and Tacq was set
to Fs = 50 1

Tc
= 51.150 MHz and Tacq = 4 ms, respec-

tively. The ideal RF BPF was set to have a bandwidth of
BRF = 24.552 MHz. The FIR LPF implementation was a
Butterworth type with 5 coefficients. Each of the MC simu-
lations contains 2000 realizations.

5.1 ROC evolution for different acquisition base-
band bandwidths

The effect of the acquisition bandwidth was simulated for a
constant C/N0 = 25 dB-Hz and bandwidth sweep 2 ≤ Bbb ≤
13 MHz. Using the MC results, the Pfa and Pd curves and
the ROC can be found in Fig. 4 and Fig. 5 respectively.
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The theoretical performance was calculated using the ana-
lytical expressions for the Pfa and Pd defined in (13) and
(16), respectively. Notice there are a slightly differences be-
tween the theoretical curves and the MC curves. The main
reason is the differences between the implemented LPF filter
frequency response and the theoretical LPF frequency re-
sponse used in (18) and (20). Despite this effect, the results
were aligned with the theory and the acquisition with the
minimum bandwidth obtained the best performance.

5.2 ROC evolution for different C/N0

Considering a fixed Bbb = BRF
2

MHz, we performed a sweep
of the impinging satellite signal C/N0 from 25 dB-Hz to 33
dB-Hz. Fig. 6 shows the theoretical and simulated ROC
for the array acquisition compared to a single antenna ac-
quisition. The theoretical models for false alarm and de-
tection probabilities are aligned with the simulations. The
improvement of the array based non-coherent ML acqui-
sition over the single antenna non-coherent acquisition is
Garray = 10 log(8)− 3 ' 6 dB (see Section 4.3).

6. CONCLUSIONS

In this paper, we investigated the application of the an-
tenna array ML Doppler shift and code delay estimator to
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the GNSS acquisition problem, considering an unstructured
channel model and AWGN. The proposed acquisition test
function was analyzed in terms of the detection and false
alarm probabilities, and closed-form expressions were ob-
tained. We found the theoretical improvement of the ROC
performance with respect to a single antenna acquisition,
and we also showed the dependance on the acquisition band-
width. In particular, in order to obtain the best acquisition
performance, the acquisition bandwidth needs to be reduced
to maximize the SNR. Limiting the acquisition bandwidth
we increase the detection probability and we reduce the
false alarm probability. We proposed also an implementa-
tion scheme including a baseband LPF to improve the ROC
performance according with the model. In particular, for the
Galileo E1 MBOC(6,1,1/11) signal, the receiver acquisition
baseband bandwidth should be 2 MHz to obtain the best
ROC performance.
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