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ABSTRACT

This paper develops the tensor product expansion with abso-
lute error (TPE-AE) to remove an electrooculogram due to
eye movement (EOG artifact) from an electroencephalogram
(EEG). The saccade-related EEG signal produced by a sac-
cadic eye movement is analyzed to clear the relationship be-
tween a brain function and human activity. EOG artifacts in
EEGs yield significant problems for the EEG analysis. The
denoising of EOG artifacts is important task to extract a sac-
cade related EEG. The TPE-AE, which calculates two terms
of outer product from EEGs, was applied to reduce EOG ar-
tifacts. However, this technique has some difficulties to re-
move only EOG artifacts from EEG. In this paper, we pro-
pose the novel TPE-AE with the reference signal. We show
that the proposed method is effective to separate EOG arti-
facts and other noises.

1. INTRODUCTION

Attention is being placed on the saccade-related EEG to clear
the brain function corresponding to a saccadic eye move-
ment. A saccadic EEG is researched to achieve a Brain Com-
puter Interface (BCI) based on human’s will in EEGs[1, 2].
However, the artifact from a blinking and eye movement in-
terferes with a correct analysis of saccadic EEG.

From the typical EEG analysis using the ensemble aver-
aging, sharp changes of a potential related to a saccade and
an EOG artifact are recorded before and after the saccade,
respectively. This EOG artifact yields the difficulty of a sac-
cadic EEG analysis. The ensemble averaging requires many
EEGs measured by same trials to find characteristics of sac-
cadic EEG. Moreover, it is not suitable to extract the change
of a latent time. Therefore, the reduction of various noises
from single trial data is important task to analyze a sacaddic
EEG.

In order to extract a saccadic EEG, EEG data excluding
eye blinks and movement noises should be used. However,
the conventional denoising technique with a high pass fil-
ter reduces important components for EEG analysis since the
recorded potential during a saccadic eye movement contains
both the saccade related EEG and EOG artifact. Note that
”EOG artifact” used here means the artifact due to eye move-
ment.

Funase shows that a fast independent component analysis
with reference signal (FICAR) can extract a saccadic EEG
from single trial EEG data to realize a practical use of BCI[3,
4, 5]. The FICAR method focuses on the extraction of the
saccadic EEG explained by the ensemble averaging by using

a reference signal. Therefore, the feature extraction of other
components associated with a saccade is not considered.

EOG artifacts yield significant problems for an EEG and
its analysis. EOG artifact denoising is important task to ana-
lyze the relationship between a saccade and EEG. In order to
find a saccadic EEG, a high-pass filter which rejects from 0 to
4Hz is often employed to avoid the effect of EOG. Generally
speaking, however, this lower frequency band may include
many EEG components corresponding to a recognition and
consciousness.

The tensor product expansion with absolute error (TPE-
AE), which calculates two outer products, is applied to re-
duce EOG artifacts from the EEG signal[6]. TPE-AE is use-
ful to remove EOG components, however, it has some diffi-
culty to separate an EOG from saccade-related EEG data due
to a background noise from a spontaneous EEG activity. In
this paper, we propose a novel TPE-AE that uses a reference
signal to separate a spontaneous EEG and EOG artifacts.

2. EEG RECORDINGS

The measuring target in this research is a potential before and
after saccadic eye movements. The recording is performed in
the shielded dark room in order to reduce an electromagnetic
noise and a visual stimuli. Visual targets (LEDs) are set on
the board located 30cm away from the nasion of the subject.
One LED is placed in front of the subject, two LEDs are
located on 25 and -25 degree from the center LED (Fig.1).
One LED of three LEDs is illuminated randomly to avoid
the prediction of the subject. The EEG during the saccadic
eye movement that a subject moves his eye toward the illu-
minated LED placed on a right or left side is recorded itera-
tively.

EEG signals are collected from 19 electrodes, which are
placed at the location based on the international 10-20 system
as shown in Fig.2. To detect an eye movement and an eye
blinking, two pairs of sensors are attached to the right-left
side (HEOG) and top-bottom side (VEOG) of a right eye.
All potentials are digitally sampled at 1000Hz, and collected
for the off line signal processing. A high-pass filter (cut-off
0.53Hz) and a low-pass filter (cut-off 120Hz) is applied to the
collected EEG data, while the EOG data is recorded through
a high-pass filter (cut-off 0.1Hz) and a low-pass filter (cut-off
15Hz).

EEG signals during the eye movement are collected by
visual target tasks. The number of EEG signals used here is
25 for each saccade direction since some of signals contain
an artifact due to eye blinking and other body movement. 50
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Figure 2: International 10-20 electrode system

EEG signals composed of 25 right and 25 left saccades are
adopted to the denoising process.

3. TPE-AE

3.1 Typical TPE-AE

TPE-AE is the signal separation based on a tensor product
expansion and L1 norm minimization[7, 8, 9, 10]. Assume
that observed signals consist of two source signals, the one is
observed in most signals (a background noise) while another
is seen in just few signals (a local signal). In this case, the
latter signal can be considered as outliers. TPE-AE estimates
a background noise from observed signals as shown in Fig.3,
while the major blind source separation, i.e. an independent
component analysis, often estimates the n sources from n in-
put signals.

L1 norm is employed in TPE-AE as a criterion to calcu-
late the outer product [11, 12], since the absolute error have
little influence of outliers. Let h(l1, l2) be an input 2-D ma-
trix which consists of observed signals. The outer product
and its bias component of h(l1, l2) is given by the L1-norm
minimization as shown in (1).

J =
q1

∑
l1=1

q2

∑
l2=1

|h(l1, l2)− ( f1(l1) f2(l2)+ f3(l2))| (1)

where J is an error function, f1(l1) f2(l2) and f3(l2) are one-
dimensional vector outer product which approximates AC
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Figure 3: Model of noise reduction for TPE-AE
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Figure 4: Model of noise reduction for saccadic EEG data

and DC components, respectively. q1 and q2 is the length
of a signal and the number of signals, f1(l1) and f2(l2) is l1th
and l2th element of a vector, respectively. f1(l1), f2(l2) and
f3(l2), which yield minimum J, give us the background noise
included in the observed signal h(l1, l2).

TPE-AE can estimates the background noise generated
by one source, however, EEG signals during an eye move-
ment include two undesired signals due to the EOG and a
spontaneous EEG. We reduce the undesired signal in EEG
data by estimating two terms of outer product (Fig.4). TPE-
AE applying to EEG data does not require the estimation
term for DC component since the EEG signal is corrected
and processed through a high-pass filter. Therefore, (1) is
rewritten as (2).

J =
r

∑
R=1

q1

∑
l1=1

q2

∑
l2=1

|h(l1, l2)− f1R(l1) f2R(l2)| (2)

where R and r indicates the index and number of an estimated
term. A spontaneous EEG and EOG artifact are estimated
by TPE-AE whose the number of expansion terms is 2 [6].
We call this technique typical TPE-AE. In order to avoid the
notation confusion, the number of expansion terms for TPE-
AE is written as (r = 1 or 2).

The simple and reasonable method based onMonte Carlo
Simulation (MCS) was applied to solve a minimization prob-
lem in (2). MCS produces better solutions by extensive tri-
als using random numbers for an initial number and update.
Feasibility and separability conditions of this method for a
background noise estimation are confirmed [11].

3.2 Outer product expansion with reference signal

EEG signals during an eye movement include an EOG ar-
tifact and a spontaneous EEG. Two terms of outer product
estimated by typical TPE-AE include both of a spontaneous
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EEG and EOG. As we shown in the conventional research[6],
a spontaneous EEG represents the similar trend at almost all
positions, while EOG artifact indicates three patterns of EEG
change. Therefore, the EEG adopted to this research includes
two dominant background noises whose mixing coefficient
is significantly different. In order to separate these compo-
nents correctly, we propose a novel outer product expansion
which uses the mixture matrix of a spontaneous EEG calcu-
lated from previous EEG data.

A spontaneous EEG is recorded on electrodes placed at
an entire head. Assume that the strength of spontaneous EEG
in each measurement electrode changes slowly. The strength
of spontaneous EEG during saccade and just before the sac-
cade forms a similar mixture matrix. If the mixture matrix
of EEG just before saccade is assigned as an initial value
of TPE-AE, the spontaneous EEG appears on the initialized
term. Therefore, the spontaneous EEG and EOG artifact is
separated into two outer products, respectively. The input
vector h(l1, l2) is the EEG observed at 19 electrodes over the
period of 2 seconds whose middle time corresponds to the
starting time of saccade. h′(l1, l2) is the EEG recorded 2 sec-
onds before h(l1, l2) (Fig.7).

The denoising flow is given as following steps and Fig.6.

STEP:

1. Estimate a mixture matrix f2 by using TPE-AE (r = 1)
from the reference signal h′(l1, l2)

2. The mixture matrix ( f21) of first outer product is initial-
ized by the estimated f2 in STEP 1

3. Calculate the two terms of outer product by using TPE-
AE (r = 2) from EEG h(l1, l2)

Figure 7: Input data for proposed method (Artificial signal)
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Figure 8: EEG of ensemble averaging in right saccade

4. Subtract the outer products from EEG

STEP 1 gives us a mixture matrix of a spontaneous EEG be-
fore the saccade. The first term ( f11 f21) and the second term
( f12 f22) obtained by STEP 3 represents an EOG component
and a spontaneous EEG, respectively. We call this proposed
method an outer product expansion with reference signal.

4. EXPERIMENTAL RESULT

4.1 Typical EEG data in saccade

The typical EEG data with right-eye movement recorded on
the left and right occipital lobe (F7 and F8 in international
10-20 system) is shown in Fig.8. This figure draws the en-
semble averaging calculated from 25 trials. The horizontal
axis is the time whose 0 [sec] indicates the starting time of
an eye movement to right. The vertical axis indicates the
measured potential. The EEG signal on F7 and F8 is sharply
increased and decreased after an eye movement, respectively.
This change is the effect of the dominant undesired signal re-
lated to EOG artifacts.

4.2 Example of denoising for single trial EEG

Results of denoising for single trial EEG is described here.
Fig.9 indicates the EEG on O2 and its denoised signal when
the subject moves his eyes toward a right side. Fig.9(b),(c)
and (d),(e) are denoised signals by using the typical TPE-AE
and proposed method, respectively. The horizontal axes of
these graphs indicate the time, where 0 [sec] represents the
starting time of eye movement.

There is the sharp decrease of a potential recorded from
0 to 0.1 [sec] in Fig.9(a). From Fig.9(b),(c), the potential
change from an EOG artifact is reduced by subtracting either
the first term or second term. On the other hand, this change
remains in Fig.9(d) while this change is rejected in Fig.9(e).
This means that the both two terms of outer product esti-
mated by typical TPE-AE includes an EOG artifact. How-
ever, EOG is reduced by only subtracting the second term by
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(b):Denoised signal by typical
TPE-AE: EEG − f11(l1) f21(l2)

-1 -0.5 0 0.5 1
-40

-30

-20

-10

0

10

20

30

40

Time [sec]

E
E

G
 [

µ
V

]

O2

(c):Denoised signal by typical
TPE-AE: EEG − f12(l1) f22(l2)
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(d):Denoised signal by proposed
method: EEG − f11(l1) f21(l2)
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(e):Denoised signal by proposed
method: EEG − f12(l1) f22(l2)

Figure 9: EEG and denoisd EEGs for right saccade (1st saccade)

Table 1: Differences of the averaged amplitude spectrum be-
tween EEG and denoised EEG [dB]

(a): For right saccade

EOG Spontaneous
(0∼4Hz) (8∼13Hz)

Conventional EEG− f11(l1) f21(l2) 2.8 1.8
EEG− f12(l1) f22(l2) 3.1 1.7

Proposed EEG− f11(l1) f21(l2) 2.2 2.5
EEG− f12(l1) f22(l2) 4.2 0.9

(b): For left saccade
EOG Spontaneous

(0∼4Hz) (8∼13Hz)
Conventional EEG− f11(l1) f21(l2) 3.1 1.6

EEG− f12(l1) f22(l2) 3.1 1.7

Proposed EEG− f11(l1) f21(l2) 2.4 2.4
EEG− f12(l1) f22(l2) 3.0 1.0

using the proposed method.

4.3 Evaluation in frequency domain

In order to evaluate a denoising performance, attenuations of
an EOG artifact and spontaneous EEG are employed here.
The attenuation is the decrease of EOG and spontaneous
components. The amount of decrease is defined as the differ-
ence between an averaged amplitude spectrum of raw EEG
and its denoised EEG. EOG and spontaneous components
correspond to from 0 to 4Hz and from 8 to 13Hz, respec-
tively.

The attenuation is calculated by the following procedure.

I. 25 amplitude spectra of signals i.e. raw EEG, denoised
EEG by using typical TPE-AE and proposed method, are

calculated by using the fast Fourier transform.

II. 25 amplitude spectra are averaged.

III. Differences between the averaged amplitude spectrum of
raw EEG and its denoised EEG are extracted for each
position.

IV. Averaged differences of 19 positions calculated in III. are
averaged.

Table 1 (a) and (b) shows the attenuation corresponding to an
eye movement toward right and left side, respectively. Atten-
uations that are given by subtracting a first/second term from
EEG are represented to verify the separability.

From Table 1 (a), EOG components are decreased an av-
erage of 2.8/3.1 decibel by subtracting first/second term with
the typical TPE-AE, 2.2/4.2 decibel by the proposed method.
Spontaneous components are reduced 1.8/1.7 decibel by the
typical TPE-AE, 2.5/0.9 decibel by the proposed method.
These results indicate that EOG and a spontaneous compo-
nents appear on the first and second term by using the pro-
posed method, respectively. On the other hand, two compo-
nents are represented to both of first/second terms by using
typical TPE-AE. Table 1 (b) denotes a similar result of Table
1 (a).

4.4 Evaluation in time domain

The ensemble averaging of denoised data for typical TPE-
AE and proposed method is shown in Fig.10 and Fig.11, re-
spectively. Fig.10,11(a) plot the EEG and denoised EEG.
Results of subtracting the first and second term are shown in
Fig.10,11(b). From Fig.10,11(a), the EOG artifact recorded
from 0 to 0.1 [sec] is reduced by removing two terms of
outer product. Fig.10(b) shows that the ensemble averag-
ing of denoising which subtracts the second term from raw
EEG does not indicate the rapid decrease due to an EOG ar-
tifact. From Fig.11(b), it is difficult to separate an EOG from
a spontaneous EEG since a similar trend, which is a decrease
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Figure 10: Ensemble averaging of denoised EEGs: Proposed
method
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Figure 11: Ensemble averaging of denoised EEGs: Conven-
tional method

of potential after saccade. These results show that proposed
method estimates an EOG artifact on the second term.

As previously noted, the TPE-AE which calculates two
outer products can extract dominant background noises in
input signals. It is difficult to estimate the EOG related un-
desired signal by using typical TPE-AE since a spontaneous
EEG is extracted. Undesired EOG artifact and a spontaneous
EEG are separated successfully by using a reference signal
for an outer product expansion. These results mean that the
proposed method is effective to reduce EOG artifacts related
to the eye movement.

5. CONCLUSION

This paper presents the novel technique for reducing the
EOG artifacts corresponding to the saccadic eye movement.
We confirmed that an outer product expansion, which esti-
mates two outer products by using reference signal, is effec-
tive to reduce EOG artifacts and spontaneous EEG. Remain-
ing problems are to decrease a calculation cost and to extract
the saccade-related EEG from denoised signals.
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