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1. INTRODUCTION
The expansive developments in micro-electronic technologies
have facilitated processing of the signals in discrete domain.
However, prior to such processes, the analog signal needs to
be converted to a discrete form. The electronic modules responsible for such a task are commonly referred to as analog
to digital converters (ADC). The samples of a signal provide a
unique representation only when the sampling rate is beyond
a given threshold, e.g., Nyquist rate. In certain applications
such as software-defined radios, the minimum sampling rate
for unique representation could be potentially very high [1].
The realization of reliable ADCs with high sampling rates is
quite challenging and usually involve considerable dissipation of power, which might not be feasible in many applications [2].
The time-interleaved ADC (TI-ADC) architecture, is a
low-cost alternative for achieving high sampling rates. In this
method, multiple sampling channels with equal interchannel
delays are combined to form a high-rate ADC (Figure 1) [3,
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A TI-ADC is a circuitry to achieve high sampling rates by
passing the signal and its shifted versions through a number of parallel ADCs with lower sampling rates. When the
time shifts between the C channels of a TI-ADC are properly tuned, the aggregate of the obtained samples is equivalent to that of a single ADC with C-times the sampling rate.
However, the performance of a TI-ADC can be seriously degraded under interchannel timing mismatch. As this nonideality cannot be avoided in practice, we need to first estimate the mismatch value, and then, compensate it. In this
paper, by adopting a stochastic bandlimited signal model we
study the signal recovery problem from the samples of a TIADC affected by timing mismatch and jitter. In particular,
we derive the Bayesian model and implement the minimum
mean square error (MMSE) estimator. The latter is achieved
by means of Gibbs sampling technique.
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Fig. 1. Time-interleaved ADC with C channels

4]. Besides the increase in the sampling rate, the TI-ADCs
have the advantage of better power efficiency. For a given efficient number of bits (ENOB), the dissipated power as a function of the sampling rate is superlinear in high-speed ADCs.
However, the power consumption scales linearly in a TI-ADC
when the number of channels increases. The main drawback
of TI-ADCs compared to high-speed ADCs is their increased
sensitivity to sampling non-idealities such as jitter and interchannel timing mismatch. The errors introduced by the interchannel synchronizing circuitry can lead to drastic performance degradations in TI-ADCs [4–6].
The structure of TI-ADCs is a special case of filter-bank
samplers introduced in the seminal work of Papoulis [7]. The
filter-bank sampling theorem demonstrates that a bandlimited
signal with the maximum frequency fc /2 can be reconstructed using multichannel samples of certain C-channel
filter-banks, in which each channel is sampled with the rate
fc /C. The TI-ADC corresponds to the simple case where
the filters are time shifters. In this case, the ideal TI-ADC
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setup is when the c-th channel has a time shift of fcc with
respect to the first channel (the first channel corresponds to
c = 0). Nevertheless, other shift values can still be acceptable. For a TI-ADC setup whose time shifts deviate from
the ideal case, [8] investigates the performance of the least
squares signal recovery method under noisy samples. The
performance is found to be similar to the ideal case when the
shift values are known. In practice, the exact value of the time
shifts is unknown and should be estimated from the samples.
An estimation method based on minimizing the rank of a
matrix generated from the samples is proposed in [9]. As
the minimization requires an exhaustive search over the set
of all possible time shifts, the method becomes impractical
for moderate to large number of channels. A Bayesian jitter
mitigation technique is presented in [10] for a single channel
ADC. The method tries to estimate the uniform samples of
the bandlimited signal given the nonuniform ADC samples
(due to unknown jitter) using the minimum mean-squared
error criterion. For the method to work well, the average
sampling rate should be strictly above the Nyquisr rate. Our
goal in this paper is to extend this method to a multichannel TI-ADC setup, where it is crucial to compensate for the
timing mismatches.
The rest of this paper is organized as follows. In Section 2, we introduce the Bayesian model for multichannel TIADC setup. The extended method for the estimation of the
unknown variables and the reconstruction of the bandlimited
signal is presented in Section 3. We investigate the performance of the proposed method in Section 4 by means of numerical simulations. Finally, Section 5 concludes the paper.
2. PROBLEM MODELING
We model the input x(t) to be a random bandlimited signal
with the maximum frequency of fc /2. From the sampling
theorem it follows that
X

t
−k ,
(1)
x(t) =
x[k] sinc
Tc
k∈Z

where Tc = 1/fc , x[k] = x(kTc ) are the discrete-time
uniform samples of x(t) at Nyquist rate, and sinc(t) =
sin(πt)/πt. The samples x[k] are assumed to be i.i.d. random
variables following a zero-mean Gaussian distribution with
variance σx2 (the independent assumption amounts to a worstcase scenario). We consider a C-channel TI-ADC setup as
depicted in Figure 1. Further, we assume that the sampling
period in each of the channels is given by Ts = Tc /M , where
M stands for the oversampling ratio. The multichannel samples are then, multiplexed to form a single sequence of signal
samples. Without loss of generality, we consider Tc = 1
throughout the paper. As explained previously, the ideal time
shift for the c-th channel (with respect to the first channel)
c
is M.C
for 0 ≤ c ≤ C − 1; in practice, however, the shift
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values deviate from these nominal values. We denote the shift
mismatch of the c-th channel by tc .
To include the effect of sampling jitter, we model the timing error for each of the samples using additive i.i.d. random
variables. In summary, for jointly modeling the jitter and interchannel timing errors, we include a timing mismatch zc [m]
for the m-th sample of the c-th channel. We model zc [m]s as
i.i.d. Gaussian random variables with mean tc and variance
σz2 . The interchannel offsets tc are also represented by i.i.d.
zero-mean Gaussian random variables with variance σt2 .
According to the explained model, the set of sampling
times for channel c is given by
o
nm
c
(2)
+
+ zc [m] m ∈ Z ,
Tc =
M
M.C
where 0 ≤ c ≤ C − 1. As explained earlier, the time shifts
are referenced relative to the first channel, thus we let t0 = 0.
To include the noise effect on the samples caused by the
thermal noise of the system and quantization of samples, we
add i.i.d. zero-mean Gaussian random variables wc [m] with
2
variance σw
to the samples. Hence, the received samples of
c-th channel, yc [m], can be expressed as:
yc [m] =

X

x[k] sinc

 mC + c
MC

k∈Z


+ zc [m] − k + wc [m], (3)

where m, k, c ∈ Z, and 0 ≤ c ≤ C − 1.
To reconstruct the x[k] samples, we apply a rectangular window of length NC to the channels output sequences
and estimate a frame of length K samples of x[k], where
NC = K M . Here, we ignore the windowing effects and the
influence of the other frames. Therefore, (3) is approximated
as:
yc [m] ∼
=

K−1
X

x[k] sinc

 mC + c

k=0

MC


+ zc [m] − k + wc [m], (4)

where 0 ≤ m ≤ NC − 1. After receiving all the C frames
of length NC , we multiplex them into a single one of length
N = C NC . Let y[n], z[n], and w[n] be unified sequences
by multiplexing {yc [m]}c , {zc [m]}c , and {wc [m]}c , respectively. Thus, y[n] = yc [m] for n = mC + c, 0 ≤ c ≤ C − 1,
and 0 ≤ m ≤ NC − 1 (similar relations hold for z and w).
Now, we rewrite (4) without using the index c:
y[n] ∼
=

K−1
X

x[k] sinc(n + z[n] − k) + w[n],

(5)

k=0

where 0 ≤ n ≤ N − 1. If we group z[n], w[n], and x[n],
respectively, into vectors z, w, and x we obtain that
z ∼ N (t, σz2 IN ),
w∼
x∼

2
N (0, σw
IN ),
2
N (0, σx IK ),

(6)
(7)
(8)
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T

T

where z = [z[0], . . . , z[N − 1]] , w = [w[0], . . . , w[N − 1]] ,
T
x = [x[0], . . . , x[K − 1]] , N (µ, Σ) denotes the multivariate normal distribution with mean µ and covariance Σ, IN is
the N × N identity matrix, and
t = 1NC ×1 ⊗ tC ,

(9)

T

with tC = [t0 , t1 , . . . , tC−1 ] , 1NC ×1 is an NC × 1 all-one
vector, and ⊗ represents the Kronecker product. Moreover,
we assume that z, w, and x are mutually independent.
For the sake of simplicity, we restate (5) in the matrix
form as
y = Hx + w,

(10)

T

where y = [y[0], . . . , y[N − 1]] , and H[n, k] = sinc(n +
z[n] − k) for 0 ≤ n ≤ N − 1 and 0 ≤ k ≤ K − 1. We reserve
the notation H[n, ·] for the n-th row of H.
3. BANDLIMITED SIGNAL ESTIMATION
In this section, we aim to reconstruct the input signal based
on the samples. Specifically, we shall estimate the input sequence/vector x by observing the samples obtained through
TI-ADC channels, y, in presence of both interchannel timing
mismatch and sampling jitter modeled by a random vector z.
With respect to Bayesian modeling introduced in the previous
section, MMSE criterion in (11) is applied for measuring the
reconstruction error:
2

MSEx = E[kx̂ − xk2 ],

(11)

where x̂ denotes the estimate of x.
In subection 3.1, we present the MMSE estimator of x
when z is known. For the general case of unknown z, we
extend the Gibbs/slice method proposed in [10] to the multichannel problem in subection 3.2. In both subsections, the
2
are assumed to be known in
values of σx2 , σz2 , σt2 , and σw
advance.
3.1. MMSE estimator with known z
First, we assume that the interchannel timing errors, z, and
thus, the H matrix are known. Then, the random vectors x
and y are jointly Gaussian, which implies that the MMSE
estimator of x given y coincides with the LMMSE estimator
for the same problem [11]. The LMMSE estimator and its
MSE are given below:
x̂ MMSE|z (y) = x̂ LMMSE|z (y) = Cxy C−1
yy y,
MSEx = trace[Cxx −

Cxy C−1
yy Cyx ],

(12)

(15)

Incorporating (14) and (15) into (12) and (13), we have
that
x̂MMSE|z (y) = HT (HHT +

2
σw
I)−1 y,
σx2

MSEx = σx2 trace[I − HT (HHT +

(16)

2
σw
I)−1 H]. (17)
σx2

3.2. General method for MMSE estimation of x
For the case of unknown z, the MMSE estimator no longer
simplifies to the LMMSE estimator. Therefore, we need to
consider the posterior-mean estimator in its general form:
x̂(y) = E [ x| y]
Z
= x p( x| y) dx
Z
1
x p( y| x) p(x)dx.
=
p(y)

(18)

Due to the non-standard form of p(y|x), calculating the latter
multivariate integral is not straightforward [12]. To overcome
this difficulty, we extend the Gibbs/slice sampling method
proposed in [10] to the multichannel framework.
Gibbs sampling is an instance of the more general Markov
chain Monte Carlo (MCMC) techniques. In this iterative
method, the expectation in (18) is approximated by the empirical mean using randomly generated samples of the posterior distribution p(x|y) [13]. In each iteration, we generate
random samples following the conditional distribution of unknown variables (individually) given known variables. By
including enough inner iterations, the distribution of these
samples converges to the posterior probability density of
p( x, z, tC | y), which is the conditional distribution of all
unknown random variables given the known variables. By assuming the validity of the generated samples, this procedure
is repeated for a number of (outer) iterations in order to collect sufficient number of valid samples to obtain the empirical
mean. In the multichannel problem, the unknown variables
are z[n], x[k], and tc , and the known variables are y[n] where
0 ≤ n ≤ N − 1, 0 ≤ k ≤ K − 1, and 0 ≤ c ≤ C − 1.
In order to find the conditional probability distribution of
z[n] we have that
p( z[n]| z[·\n], y, x, t) ∝ p(z, y, x, t)
2
∝ N (y; Hx, σw
I) N (t, σz2 I)

(13)

where Cxy is the covariance matrix and Cyy is the autocorrelation matrix,
Cxy = Cxx HT = σx2 HT = CTyx ,

2
Cyy = HCxx HT + Cww = σx2 HHT + σw
I.

(14)
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2
∝ N (y[n]; H[n, ·]x, σw
)

× N (z[n]; t[n], σz2 ),

(19)

where z[·\n] is the z vector after omitting the n-th entry.
The last equality is validated by the fact that the n-th row
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Fig. 2. Performance of the M C = 4 samplers for different values
2
of σz2 , with σw
= 0.052 and σt2 = 0.0252 . M denotes the ratio of
the sampling rate to the Nyquist rate and C is the number of channels. We only have the jitter estimation in case that the time shift
estimation is disabled.

Fig. 3. Comparison of general method between the samplers with
2
M C = 4 and M C = 16, for σw
= 0.052 and σt2 = 0.0252 .

of H (i.e. H[n, ·]) depends only on z[n]. Similar to [10], we
utilize the slice sampling to produce z[n] samples following
the probability distribution of (19). The iterative slice sampling achieves the samples of a given distribution by repetitive generation of the samples from a specific uniform distributions [14].
For the estimation of x we have the following multivariate
distribution:

In this section, we examine the performance of the multichannel sampling system for various jitter variances σz2 and interchannel time shift variances σt2 . For all scenarios, we assume
K = 10 and σx2 = 1. We represent the number of channels and the oversampling rate of each channel by C and M ,
respectively. We evaluate the performances according to the
MSE of the estimated x. The numbers of both inner and outer
iterations of the extended Gibbs/slice method are set to 500.
Figures 2 to 4 are the results of averaging 1000 independent
realizations.
In Figure 2, the performance of the method (Section 3.2)
for one, two and four channels are depicted for various val2
= 0.052 , and
ues of σz2 . Here, we have M C = 4, σw
0.1 2
2
2
σt = ( M C ) = 0.025 . For the case where neither the jitter
nor the interchannel timing mismatch are compensated, (16)
is used with z = 0. When only the jitter is compensated, the
general method is run by t = 0 (tc s are not updated within
the iterations). It can be seen that the compensation of the interchannel timing mismatch causes the time-interleaved converter to exhibit a closer performance to the single channel
sampling in the higher rate (M = 4 and C = 1). For better
clarification, the performance of the method for various cases
resulting in M C = 4 and M C = 16 are shown in Figure 3.
According to Figures 2 and 3, we confirm the improvement
in the TI-ADCs system equipped with jitter and time shift estimation.
Figure 4 illustrates the performance of the multichannel
2
sampler for various values of σt2 , with M C = 4, σw
= 0.052 ,
2
2
2
and σz = 0.05 . As it can be seen, when σt exceeds a certain limit, the difference between MSE curves of the general
method and the one in which we only compensate the jitter
is increased. Therefore, for high values of σt2 , the effect of
the interchannel timing mismatch can be sever and jitter-only-

p( x| z, t, y) ∝ p( y| z, t, x) p(z, t, x)
2
∝ N (y; Hx, σw
I) N (x; 0, σx2 I)
σ2
σ2
2
∝ N (x; 2x HT y, σw
[HT H + w2 I]−1 ). (20)
σw
σx

Finally, the conditional distribution of time shift, tc , is
obtained as follows:
p( tc | z, x, y, tC [·\c]) ∝ p( z| tC ) p(tC )
∝ N (zc ; tc 1NC ×1 , σz2 INC ) N (tc ; 0, σt2 )
PNC −1
zc [i]
σz2
∝ N (tc ; i=0 σ2 ,
), (21)
σ2
NC + σz2
NC + σz2
t

t

where tC [·\c] is the tC vector with its c-th entry removed,
and zc = [zc [0], zc [1], . . . , zc [NC − 1]]T . Again, we observe
that the posterior distribution of tc is normal.
We, sequentially generate samples according to the probability density functions (19) to (21). After including a necessary number of inner iterations that guarantee the convergence
in the distribution of the generated samples to the posterior
distribution p( x, z, tC | y), we repeat the whole procedure for
a number of outer iterations to collect samples. Finally, by
averaging the samples, we estimate the unknown variables,
x, z, and tC .
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