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Abstract—Active Noise Cancellation (ANC) may complement
passive insulation of headphones by actively cancelling low
frequency components of acoustical background noise. In systems
with a single error microphone pointing towards the ear canal,
a feedback controller performs the compensation task. We are
focusing on fixed feedback controllers for broadband attenuation
of arbitrary ambient noise.

We use methods and optimization routines from control theory.
In this discipline the key element is the so-called controller, which
is in terms of signal processing a (digital) filter.

The controller is designed by an optimization approach
called the mixed-sensitivity H∞ synthesis, which requires an
accurate estimate of the secondary path between the cancelling
loudspeaker and the error microphone, and the knowledge
of the secondary path uncertainties as well as a specification
of the closed-loop sensitivity. The advantage of this method
is the convenient formulation of performance and uncertainty
requirements in the frequency domain. We describe the design
process and evaluate the controller, which is realized in state
space form, within a real-time system.

The real-time measurements show a good match with the
expected behavior. They furthermore confirm the feasibility of
broadband attenuation by fixed i.e. time invariant feedback
controllers in a digital system.

The novelty of this contribution comprises of the specific design
process of a discrete robust feedback controller for broadband
noise reduction (roughly 250Hz) and the digital real-time system
implementation.

I. INTRODUCTION

Acoustical noise pollution is a major subjective disturbance
e.g. in airplanes, at contruction sites as well as in industrial
and production plants. Headphones with a combined passive
noise attenuation and active noise cancellation (ANC) offer a
promising solution, as they complement each other very well
in their frequency dependent insulation.

The technological advances of digital signal processors and
low latency analog-to-digital converters (ADC) and digital-to-
analog converters (DAC), allow for digital ANC implemen-
tations. Within this research field, adaptive feedforward and
feedback systems dominate [1].

The system inherently incorporates a latency between the
acquisition of the noise and the radiation of a cancelling signal.
Considering this limitation, the known digital adaptive feedback
systems may only cancel deterministic and periodic signals.
Fixed feedback controllers on the other hand have shown to
be able to attenuate disturbances with a constant characteristic

in analog systems [2]. We are focusing on the investigation of
digital fixed feedback controllers.

Various methods for designing such controllers require
manual and heuristical constructions (e.g. PID, internal mode
controller, loop shaping [3]). The performance of such manually
designed feedback controllers is mostly far from optimal.
Furthermore, they offer only an unstructured handling of path
uncertainties [3]. Though the stability of the controller in
varying circumstances connected with uncertainties of the
system is one of the major objectives in ANC headphones.
Uncertainty originates e.g. from different headphone positions,
enclosed volume, material of the earpiece, etc.

A more promising approach is the so-called mixed-sensitivity
H∞ control method. It optimizes the H∞ norm of sensitivity
functions and includes frequency dependent model uncertainty.
The basic idea of theH∞ synthesis was first proposed by Zames
in 1979 [4]. In the following two decades, efficient solutions of
the mathematical H∞ problem became available (see e.g. [5],
[6]). The approach mainly originates from controller design
for analog circuits (e.g. [2] in ANC headphones).
H∞ synthesis for digital systems has already been used for

some acoustical applications. E.g. in [7], the mixed-sensitivity
H∞ synthesis was applied to a one-dimensional acoustic duct.
Narrowband noise was considered and very small attenuation
bandwidths of 10 Hz was achieved.

In contrast to the aforementioned publications, we are
aiming for a digital real-time implementation with broadband
attenuation. The novelty of this contribution is the combination
of state-of-the-art acoustic measurement techniques, the mod-
eling approaches as well as the specific mixed-sensitivity H∞
controller synthesis and implementation of a discrete controller.

II. THE PROBLEM

Fig. 1 illustrates the functional structure of an ANC head-
phone. In addition to the loudspeaker, it contains an error
microphone for capturing the acoustic signal within the ear
canal.

The ambient noise signal x′(t)1 is passively attenuated
by the headphone and perceived as d′(t)2 within the ear

1For simplicity we use the same names for discrete time k and continuous
time t variables e.g. e(t) and e(k) = e(kT ) or G(s) = L {g(t)} and
G(z) = Z {g(k)}, whereas z = esT .

2The symbol ′ indicates the acoustical representation of the signals.
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Fig. 1. Functional structure of the ANC in-ear headphone and the correspond-
ing sound signals.

canal. To cancel this disturbance the controller is creating
a cancellation signal ỹ′(t), which interferes with d′(t) and
leaves the acoustical error signal e′(t).

A system model including the so-called secondary path G(z),
the controller K(z) and the secondary path estimate Ĝ(z) is
shown in Fig. 2.

+ +

Fig. 2. Components of the secondary path G with the feedback controller K
and an optional audio signal a(k).

The secondary path G describes the transfer between the
loudspeaker output ỹ(k) and the microphone input e(k) of
the digital system. It contains the DAC, the loudspeaker
characteristic Gloud, the acoustic transmission Gacoust, the
microphone characteristic Gmic and the ADC. The secondary
path represents the path to be controlled. The controller K(z)
is creating a cancellation signal ỹ′(t), which attenuates the
disturbance d′(t). Parallel to the control loop an audio signal
a(k) can be added to the controller output yr(k). Under the
realistic assumption of a sufficiently accurate estimate Ĝ(z) of
the secondary path, this component needs not to be considered
for the ANC task.

III. MIXED-SENSITIVITY H∞ OPTIMIZATION

A common approach for designing a controller is mixed-
sensitivity H∞ synthesis, in which the closed loop sensitivity
functions are directly shaped by solving an optimization
problem [3]. It allows the incorporation of uncertainty in the
control design process. Fig. 3 illustrates the augmented plant,

+

G(s) K(s) W1(s)

W2(s)

W3(s)

d(t) e(t)

yr(t)y(t)

z(t)

Fig. 3. Feedback Control System with mixed-sensitivity weighting functions
W1 to W3 without additional audio signal.

which is the base for the optimization routine. The weighting
functions Wi with i ∈ {1, 2, 3}, contain the design goals and
can be interpreted as cost functions over frequency.

For the formulation of the objective function we are
furthermore considering the sensitivity function

S(s) =
1

1 +G(s)K(s)
, (1)

which is the transfer function from the disturbance d to the
control error e. It quantifies the sensitivity to output disturbance
and small parameter variations. The complementary sensitivity
function

T (s) =
G(s)K(s)

1 +G(s)K(s)
(2)

describes the response to measurement noise n, which assumed
to be insignificant and therefore not shown in Fig. 3. The
terminology originate from the identity

S(s) + T (s) = 1, (3)

which holds for all frequencies. The control error for a general
regulation problem is given by

E(s) = S(s)D(s)− T (s)N(s). (4)

Ideally, S should be small to reject the disturbance d and T
should be small to lower the sensitivity against measurement
noise n. As this is impossible to achieve simultaneously, Eq. (3)
is sometimes referred to as ”fundamental dilemma” of control.

The controller K presented in this paper was designed with
mixed-sensitivity H∞ optimization using the objective function

min
K
‖Tzd(s)‖∞ (5)

with

‖Tzd(s)‖∞ =

∥∥∥∥∥∥
 W1(s)S(s)
W2(s)K(s)S(s)
W3(s)T (s)

∥∥∥∥∥∥
∞

= γ (6)

where all entries are single input single output transfer functions
in the Laplace domain. The corresponding augmented plant is
illustrated in Fig. 3.

The H∞ norm is defined as the peak absolute value of the
maximum singular value as follows.

‖Tzd(s)‖∞ = sup
ω
σ̄ (Tzd(jω)) (7)
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The maximum singular value is the square root of the maximum
of the eigenvalues λi = eig(TH

zdTzd), with TH
zd being the

complex conjugate transpose of Tzd:

σ̄(Tzd) =
√

max
i

(λi). (8)

For single input, single output systems Tzd is a vector and
σ̄(Tzd) reduces to the Euclidean vector norm [3].

The control designer can affect the solution of the mixed-
sensitivity synthesis by choosing the weighting functions
Wi included in Eq. (6). They must be proper and stable.
Hence, W1 is usually a low-pass filter with approximately
the same bandwidth as the disturbance signal. The weighting
W2 penalizes control action and is of lesser importance in
signal processing applications. Therefore, it is neglected and
set to 0 in the design process. W3 is often implemented as
a high-pass filter with a cross-over frequency at the desired
closed loop bandwidth.

Unfortunately, it is not possible to shape the sensitivity func-
tions arbitrarily. One limitation is given by Bode’s sensitivity
integral [8], also known as the waterbed effect. In case the
stable open loop transfer function G ·K has a pole excess of at
least two, then for closed-loop stability the sensitivity function
has to satisfy ∫ ∞

0

ln |S(jω)|dω = 0. (9)

Eq. (9) implies that the reduction of sensitivity in one frequency
range entails a sensitivity increase in another.

Although robust control methods can not overcome the
limitations imposed by inherent path properties, the controllers
synthesized are robustly stable within these limitations. The
main benefit of mixed-sensitivity H∞ control is the possibility
to describe performance specifications directly in the frequency
domain, which is very convenient for ANC.

IV. CONTROLLER/FILTER DESIGN FOR ANC HEADPHONES

For all follorwing illustrations we are regarding the de-
pendency on the frequency ω = 2πf . We therefore evaluate
s = jω = j2πf and z = ej2πf/fs .

A. Secondary Path Modeling

We have conducted acoustic measurements with logarithmic
sweep signals [9] to measure a time-discrete secondary path
Gmeas(z) model. The real system is analog by nature. There-
fore, a representation of all paths in the Laplace domain is
adequate. Furthermore, the utilized H∞ optimization routines
use a Laplace domain representation. Therefore, we derive
a continuous model from the discrete data. It is of great
importance that the magnitude as well as the phase of the
secondary path are preserved.

In the first step we are estimating a transfer function model
in the z-domain with the prediction error minimization method
(PEM) to reduce the model order [10]. Thereafter, the contin-
uous representation in the Laplace domain, is approximated
by linear interpolation of the time discrete samples (first-order
hold method).

The magnitude and the phase responses of the measurement
and the measurement of the secondary path are shown in Fig. 4.
Apart from slight overestimation of the magnitude at higher
frequencies and a slight deviation between 300 and 1000 Hz
the characteristics are very well sustained. The final model
G(s) for the H∞ optimization is a transfer function of order
16.
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Fig. 4. The magnitude and phase response of the secondary path with both
the discrete measurement Gmeas(z) and the model G(s).

B. Modelling the Uncertainty

The system to be controlled is characterized by a certain
amount of variation in its paths manifesting in an uncertainty.
In the case of ANC headphones this includes the enclosed
volume of the ear canal, the quality of the occlusion and the
material of the ear piece.

We combine the various sources of uncertainty in the
following multiplicative form [3].

Gp(s) = G(s) · (1 +WM(s)4I (s)) with | 4I (jω)| ≤ 1∀ω
(10)

The set of perturbed path models included in Gp(s), contain
all paths that lie within the range of upper boundary WM(s)
around G(s). This is realized by 4I(s), which describes any
stable tranfer function with magnitude less than or equal 1 for
all frequencies.

The goal is to design a controller which is stable in all
practical situations. This may be expressed by the robust
stability condition [3].

|T (jω)| < 1/|WM(jω)|, ∀ω (11)

To cover all practical scenarios we measured typical use cases
as well as extreme cases. This includes different positions of
the headphone, as well as open ear use and complete covering
of the ear piece. The transfer functions acquired of the different
scenarios Gscen(jω) may be condensed into a measured upper
boundary WM(jω) by taking the maximum over all scenarios
for each frequency.

|WM(jω)| = max
Gscen

∣∣∣∣Gscen(jω)−G(jω)

G(jω)

∣∣∣∣ . (12)
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The weighting function W3 may be chosen arbitrarily but
should not decrease below WM. We increased the uncertainty
within W3 for low frequencies below 30 Hz and for frequency
above 10 kHz as shown in Fig. 5, due to the observed
typical measurement inaccuracies of small electret microphone
capsules. Furthermore, the uncertainty between 700 Hz and
10 kHz was raised in two steps as we wanted the controller to
have a wide-spread amplification in the high frequency range.

As we are mostly interested in the magnitude response, it
is suitable to assume a minimum-phase system for W3. To
accurately approximate the logarithmic magnitude response
as a state space model we are using the log-Chebyshev
magnitude design. Thereafter, this discrete model is converted
into a continuous representation with the same method as the
secondary path.

Fig. 5 illustrates the measured uncertainty bound WM(s)
as well as the continuous model of the modified uncertainty
W3(s) in the frequency domain. W3 has a model order of 20.
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Fig. 5. Measured uncertainty WM(s) and the continuous model of the modified
uncertainty W3.

C. Composition of the Sensitivity Bound

The controller shall accomplish broadband attenuation at
low frequencies to complement the passive insulation of high
frequencies of the headphone.

As described by Eq. (9), an attenuation of certain frequency
bands always comes at the price of an amplification in other
frequency bands. Therefore, we have to choose a trade-off
between high attenuation, attenuation bandwidth and amplifi-
cation. Due to Eq. (3), a high attenuation in frequency ranges
with a high uncertainty is not possible if the controller has to
remain stable.

Both limitations were considered when choosing the sensi-
tivity bound |W−11 |, which is shown in the upper plot in Fig. 6.
|W−11 | crosses 0 dB at approximately 27 and 650 Hz, with a
maximum attenuation of about 22 dB.
W1 was modelled as a band-pass filter, which can be defined

as the combination of a low- and a high-pass filter [3]. This
manual modeling of the sensitivity bound resulted in model
order of m = 6.

D. Controller Design, Model Reduction and Discretization

We use a state space approach based on the solution of
two Riccati equations (ARE) proposed in [5] for solving the
optimization problem and calculating a continuous controller.

A real world implementation of an ANC system always
incorporates the burden of limited computational capabilities.

Thus, the order of the controller K(s) play in an important
role in the design process. One method to reduce the order
with as little influence as possible is based on Hankel singular
values. The Hankel singular values of a system K(s) basically
represent the energy of each state, which corresponds to the
input-output behaviour. For a detailed explanation it is referred
to [3]. The n − k states with the smallest Hankel singular
values are neglected to create a reduced model Kred.

For the application of the controller in a real-time system
we require a discrete time version K(z). The conversion of the
continuous time controller K(s) is derived from the analytical
solution of the describing differential state space equation. The
input signal e(t) was assumed as piecewise linear between
adjacent samples e(kT ) (first-order/triangle hold equivalent)
[11].

V. EVALUATION

A. Controller Evaluation

The result of the previously described design process is a
discrete controller of order 20 in state space form. The upper
plot of Fig. 6 illustrates the sensitivity function S and thereby
the closed loop characteristic for disturbance together with the
design goal specified by 1/W1. The design specifications are
not completely met, as

|S(jω)| < 1/|W1(jω)| (13)

is not fulfilled for all frequencies. Nevertheless, an attenuation
of at least 10 dB is predicted for the frequency range from
70 to 325 Hz. Following the waterbed effect in Eq. (9) other
frequency ranges are amplified as a price for the attenuation.
We may observe an amplification of roughly 5 dB at very low
frequencies below 30 Hz and an amplification of 1− 2 dB in a
very wide frequency band above 1 kHz. This design results in
a wide-spread amplification as desired.

The complementary sensitivity T together with the design
goal 1/W3 and the measured uncertainty 1/WM is shown in
the lower plot of Fig. 6. Again the design specifications have
been a little too restrictive and

|T (jω)| < 1/|W3(jω)| (14)

was not met for all frequencies. However, for the closed-loop
stability we have to consider the robust stability. We may
observe that in the frequency range of 400 to 650 Hz the
inequality (11) is not met. In this range the controller design
is suffering from the dilemma of feedback control, presented
in Eq. (3). We sacrificed stability to improve attenuation in the
presence of uncertainty.

All requirements of the design are met by the controller
if the parameter γ < 1 (cmp. Eq. (6)) Due to the observed
deviations, the controller K achieved γ = 2.3075.

Very common performance parameters typically connected
with feedback controllers are the gain margin GM and phase
margin PM [3]. GM describes how much the gain can be
increased and PM represents how high the phase lag may get
before the closed loop system gets unstable. The controller K
achieves GM = 7.35 dB and PM = 71.2◦. Both have been
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Fig. 6. Sensitivity S and the design target, the inverse weighting function W1

(upper); Complementary sensitivity T , the design target given by the inverse
weighting function W3 and the measured uncertainty WM (lower).

determined by utilizing the Nyquist diagram of the discrete
system.

B. Real-Time Measurements

The real-time system was implemented with dSPACE hard-
ware (DS1005, dSPACE GmbH, Paderborn, Germany), with the
DS2004 AD-extension and the DS2102 DA-extension board.
The round trip delay of this system, including the DAC and the
ADC, but excluding the acoustics, is 1 sample at a sampling
rate of fs = 48 kHz. We integrated a Bose QC 20 headphone
hardware (without the Bose ANC electronics) into our system.
It contains a reference microphone for recording the outer
sound signals, as well as an error microphone, for capturing
the sound signals inside the ear canal [12]. All measurements
were performed with a dummyhead (HMS II.3 with 6460 MFE
VI amplifier, HEAD acoustics GmbH, Herzogenrath, Germany).

The fixed feedback controller shows a deterministic fre-
quency behaviour independent of the input signal. We used
a logarithmic sweep signal as the outer disturbance x(t). For
isolated consideration of the active noise cancellation part, we
relate the magnitude spectra of the remaining sound without
cancellation d(t) and the error signal e(t) with cancellation. The
measurement Smeas(z) and the predicted behaviour S(s) are
shown in Fig. 7. For acquiring the results, four measurements
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Fig. 7. Measured attenuation achieved by the fixed controller K.

of a tmeas = 10 s long logarithmic sweep have been averaged.
The final transfer function Smeas(z) has been smoothed with a
1/3-octave band average filter. Comparing the prediction and the
measurement we observe a good agreement of the sensitivity
S(s) and the actual attenuation Smeas(z). However, we also
encounter a slight deviation from the predicted behaviour. There
is an additional amplification for low frequencies below 30 Hz,
which could be due to microphone limitations. Additionally
the measurements show amplification in the range 600 Hz to
3 kHz. The slight deviations can be caused by a change of the
secondary path G(s), which occurs due to a different fitting
position of the headphone.

VI. CONCLUSION

An ANC headphone with a fixed feedback controller has
been implemented as a digital real-time system. The controller
was designed using an approach from robust control theory,
the mixed-sensitivity H∞ synthesis, incorporating direct fre-
quency domain representation of performance and stability
requirements.

The performance requirements were chosen for attenuating
frequencies in the range between 40 and 650 Hz. Within
the real-time evaluations we confirmed the characteristics of
the closed-loop sensitivity S. Due to the low delay of the
secondary path, we achieve a broadband attenuation of at
least 10 dB within the range of 70 to 325 Hz with a feedback
ANC system. This is a significantly wider bandwidth than in
previous publications with less or equal 10 Hz [7]. Furthermore,
we distributed the amplification over a wide frequency range.
The system amplifies roughly 1− 2 dB at frequencies above
1 kHz and roughly 5 dB below 30 Hz.
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