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Abstract—In a recent work, we addressed the identification
problem of bilinear forms with the Wiener filter. In this context,
a different approach was introduced, by defining the bilinear
term with respect to the impulse responses of a spatiotemporal
model, which resembles a multiple-input/single-output (MISO)
system. However, in practice, the Wiener filter may not be always
very efficient or convenient to use. Consequently, in this paper,
we further develop a normalized least-mean-square (NLMS)
adaptive filter tailored for bilinear forms. Many simulations,
which are performed from a system identification perspective,
indicate the good performance of the proposed algorithm.

I. I NTRODUCTION
In general, the bilinear forms are related to the approximation of nonlinear systems (via a finite sum of the Volterra series
expansion between the inputs and outputs of the system). In
this framework, the bilinear systems behave similarly (to some
extent) to linear models, which further simplify the analysis.
Since the bilinear models can approximate a large class of
nonlinear systems, they were involved in a wide range of
applications, e.g., [1]– [9].
In most of these works, the bilinear term is defined with
respect to the data, i.e., in terms of an input-output relation.
Recently, we focused on a different approach by defining the
bilinear term with respect to the impulse responses of a spatiotemporal model [10], in the context of multiple-input/singleoutput (MISO) systems. Similar frameworks can be found in
[4], [11], [12], in the context of particular applications, e.g.,
channel equalization and nonlinear acoustic echo cancellation.
In [10], the problem was addressed from a system identification perspective and two forms of the Wiener filter (namely
direct and iterative) were developed. Since the Wiener filter
may not be always convenient to use in practice, we propose
in this paper an adaptive filtering approach based on the
normalized least-mean-square (NLMS) algorithm. Simulation
results (in the context of system identification) indicate the
advantages of the proposed solution.
The rest of the paper is organized as follows. In Section II,
the system model is introduced. The direct and iterative Wiener
filters (developed in [10]) are summarized in Section III. Next,
Section IV is dedicated to the proposed NLMS algorithm for
bilinear forms. Simulation results are presented in Section V.
Finally, Section VI concludes this work.
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II. S IGNAL M ODEL WITH B ILINEAR F ORMS
Let us consider the following signal model:
𝑑(𝑡) = h𝑇 X(𝑡)g + 𝑤(𝑡) = 𝑦(𝑡) + 𝑤(𝑡),

(1)

where 𝑑(𝑡) is the zero-mean desired (or reference) signal at the discrete-time index 𝑡, h and g are the two
impulse responses of the system of lengths 𝐿 and 𝑀 ,
𝑇
is the ]transpose operator,
respectively,
[ the superscript
x1 (𝑡) x2 (𝑡) ⋅ ⋅ ⋅ x𝑀 (𝑡) is the zero-mean
X(𝑡) =
multiple-input signal matrix of size 𝐿 × 𝑀 , x𝑚 (𝑡) =
[
]𝑇
𝑥𝑚 (𝑡) 𝑥𝑚 (𝑡 − 1) ⋅ ⋅ ⋅ 𝑥𝑚 (𝑡 − 𝐿 + 1)
is a vector
containing the most recent 𝐿 samples of the 𝑚th (𝑚 =
1, 2, . . . , 𝑀 ) input signal, 𝑦(𝑡) = h𝑇 X(𝑡)g is the bilinear
form, and 𝑤(𝑡) is the zero-mean additive noise. It is assumed
that all the data is real valued and X(𝑡) and 𝑤(𝑡) are
uncorrelated.
The impulse responses h and g correspond to the temporal
and spatial parts of the system, respectively. It is easy to verify
that 𝑦(𝑡) is bilinear in h and g since, for every fixed h, it is a
linear function of g and for every fixed g, it is a linear function
of h [13].
Based on the vectorization operation (i.e., converting a
matrix into a vector [13]), the matrix X(𝑡) of size 𝐿 × 𝑀
can be rewritten as an input vector of length 𝑀 𝐿:
]𝑇
[
= x̃(𝑡). (2)
vec [X(𝑡)] = x𝑇1 (𝑡) x𝑇2 (𝑡) ⋅ ⋅ ⋅ x𝑇𝑀 (𝑡)
Therefore, the output signal 𝑦(𝑡) can be expressed as
[(
]
)𝑇
𝑦(𝑡) = h𝑇 X(𝑡)g = tr hg𝑇 X(𝑡)
(
)
𝑇
= vec𝑇 hg𝑇 vec [X(𝑡)] = (g ⊗ h) x̃(𝑡)
= f 𝑇 x̃(𝑡),

(3)

where tr[⋅] denotes the trace of a square matrix, ⊗ is the
Kronecker product, and f = g ⊗ h is the spatiotemporal impulse response (of length 𝑀 𝐿), which is simply the Kronecker
product between the two individual impulse responses g and
h. As a consequence, the signal model in (1) is also
𝑑(𝑡) = f 𝑇 x̃(𝑡) + 𝑤(𝑡),

(4)

which can be seen as a particular form of a MISO system.
In the general case of a MISO system, f has 𝑀 𝐿 different
elements while in this bilinear context, f = g ⊗ h is formed
with 𝑀 +𝐿 different elements only even though it is of length
𝑀 𝐿.
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In this context, the main objective is to identify the temporal
and spatial impulse responses h and g with two filters ĥ and
ĝ of lengths 𝐿 and 𝑀 , respectively, and the spatiotemporal
impulse response f = g ⊗ h with the long filter f̂ = ĝ ⊗ ĥ
of length 𝑀 𝐿. Let 𝜂 ∕= 0 be a real-valued number. It is clear
𝑇
from (1) that (𝜂h) X(𝑡) (g/𝜂) = h𝑇 X(𝑡)g = 𝑦(𝑡), so that
the pair 𝜂h and g/𝜂 is equivalent to the pair h and g in the
bilinear form. This implies that we can only identify ĥ and ĝ
up to a scaling factor. A similar discussion can be found in
[4] in the context of blind identification/equalization. However,
since f = g ⊗ h = (g/𝜂) ⊗ (𝜂h), the spatiotemporal impulse
response will be identified with no scaling ambiguity. Therefore, to evaluate the identification of the temporal and spatial
filters, we should use the normalized projection misalignment
(NPM) [14]:
⎞2
⎛
(
)
𝑇
h ĥ ⎠
 
,
(5)
NPM h, ĥ = 1 − ⎝
 
∥h∥ ĥ
( 𝑇
)2
g ĝ
,
(6)
NPM (g, ĝ) = 1 −
∥g∥ ∥ĝ∥
and the identification of the spatiotemporal filter should be
evaluated with the usual normalized misalignment (NM):
2


( ) 
f − f̂ 
NM f , f̂ =
,
(7)
2
∥f ∥
where ∥⋅∥ denotes the Euclidean norm.
III. I DENTIFICATION OF B ILINEAR F ORMS WITH THE
W IENER F ILTER
In this section, we summarize the solutions proposed in [10],
i.e., the direct and iterative Wiener filters with bilinear forms.
Given the filters ĥ and ĝ, the estimated signal is given by
𝑦ˆ(𝑡) = ĥ𝑇 X(𝑡)ĝ. As a result, the error signal between the
desired and estimated signals is defined as
𝑒(𝑡) = 𝑑(𝑡) − 𝑦ˆ(𝑡) = 𝑑(𝑡) − ĥ𝑇 X(𝑡)ĝ
(
)𝑇
= 𝑑(𝑡) − ĝ ⊗ ĥ x̃(𝑡) = 𝑑(𝑡) − f̂ 𝑇 x̃(𝑡).

(8)

In order to find the optimal spatiotemporal filter, f̂ = ĝ ⊗ ĥ,
we need to minimize a cost function that is usually constructed
from the error signal in (8). The most practical choice for this
criterion is the mean-squared error (MSE):
(
)
[
]
𝐽 ĥ, ĝ = 𝐸 𝑒2 (𝑡)
(
)𝑇
(
)𝑇 (
)
= 𝜎𝑑2 − 2 ĝ ⊗ ĥ p + ĝ ⊗ ĥ R ĝ ⊗ ĥ
( )
(9)
= 𝜎𝑑2 − 2f̂ 𝑇 p + f̂ 𝑇 Rf̂ = 𝐽 f̂ ,
[
]
where R = 𝐸 x̃(𝑡)x̃𝑇 (𝑡) is the covariance matrix of x̃(𝑡)
[with 𝐸(⋅) denoting mathematical expectation] and p =
𝐸 [x̃(𝑡)𝑑(𝑡)] is the cross-correlation vector between x̃(𝑡) and
𝑑(𝑡). From (9), we observe that the first obvious possibility
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to derive the (
Wiener
spatiotemporal filter is from the mini)
mization of 𝐽 f̂ with respect to f̂ . Thus, the straightforward
solution is
f̂W = R−1 p.

(10)

The previous expression can be rewritten as
[
]𝑇
f̂W = ĝW ⊗ ĥW = ĥ𝑇W 𝑔ˆ2,W ĥ𝑇W ⋅ ⋅ ⋅ 𝑔ˆ𝑀,W ĥ𝑇W
]𝑇
[
𝑇
𝑇
𝑇
= f̂1,W
,
(11)
⋅ ⋅ ⋅ f̂𝑀,W
f̂2,W
where 𝑔ˆ𝑚,W , 𝑚 = 1, 2, . . . , 𝑀 are the components of
ĝW and, without loss of generality, we absorb the scaling
ambiguity in the first element of ĝW by assuming it to be
equal to 1, i.e., 𝑔ˆ1,W = 1. It is clear from (11) that the
first 𝐿 elements of f̂W correspond to ĥW . Now, to find the
components
𝑔ˆ
𝑖,W , 𝑖 = 2, 3, . . . , 𝑀 , we need to minimize


2
f̂𝑖,W − 𝑔ˆ𝑖 ĥW  . Thus, the solution is
𝑔ˆ𝑖,W =

𝑇
f̂𝑖,W
ĥW

ĥ𝑇W ĥW

.

(12)

However, there is a fundamental limitation with this direct
approach. Indeed, since the covariance matrix, R, of the multiinput signal is very large (of size 𝑀 𝐿× 𝑀 𝐿 ), a large amount
of data is required in order to have a good estimate of it.
Otherwise, the estimate of R will be very ill conditioned
or will not even be full rank. As a consequence, f̂W will
be very inaccurate or even useless. This closed-form method
tries to identify 𝑀 𝐿 coefficients while we have only 𝑀 + 𝐿
coefficients to identify. Furthermore, if there is a mismatch
between the assumed model and the real one, this technique
will likely fail.
The second possibility, which is iterative in nature, is based
on much smaller covariance matrices (of sizes 𝐿 × 𝐿 and
𝑀 × 𝑀 ). In this way, we fully exploit the fact that there are
only 𝑀 + 𝐿 coefficients to identify in the bilinear model. As
a result, even with a small amount of data, we can have very
good estimates of the unknown impulse responses.
In the following, let us consider the relationships [13]:
ĝ ⊗ ĥ = (ĝ ⊗ I𝐿 ) ĥ
)
(
= I𝑀 ⊗ ĥ ĝ,

(13)
(14)

where I𝐿 and I𝑀 are the identity matrices of sizes 𝐿 × 𝐿 and
𝑀 × 𝑀 , respectively. Using (13) and (14), we can express the
MSE criterion as
(
)
𝐽 ĥ, ĝ = 𝜎𝑑2 − 2ĥ𝑇 pĝ + ĥ𝑇 Rĝ ĥ
(15)
= 𝜎𝑑2 − 2ĝ𝑇 pĥ + ĝ𝑇 Rĥ ĝ,

(16)

where
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𝑇

pĝ = (ĝ ⊗ I𝐿 ) p,
𝑇

Rĝ = (ĝ ⊗ I𝐿 ) R (ĝ ⊗ I𝐿 ) ,

(17)
(18)
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and

(
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)𝑇

pĥ = I𝑀 ⊗ ĥ p,
(
)𝑇 (
)
Rĥ = I𝑀 ⊗ ĥ R I𝑀 ⊗ ĥ .

(19)
(20)

When ĝ is fixed, we write (15) as
( )
𝐽ĝ ĥ = 𝜎𝑑2 − 2ĥ𝑇 pĝ + ĥ𝑇 Rĝ ĥ,

(21)

and when ĥ is fixed, we express (16) as
𝐽ĥ (ĝ) = 𝜎𝑑2 − 2ĝ𝑇 pĥ + ĝ𝑇 Rĥ ĝ.

(22)

Based on the previous considerations, the iterative Wiener
[10] starts with the initialization:
]𝑇
1 [
1 1 ⋅⋅⋅ 1
,
ĝ(0) =
𝑀
)𝑇
(
(0)
pĝ = ĝ(0) ⊗ I𝐿 p,
)𝑇 (
)
(
(0)
Rĝ = ĝ(0) ⊗ I𝐿 R ĝ(0) ⊗ I𝐿 .
Then, at iteration 1:
)−1
(
(0)
(0)
ĥ(1) = Rĝ
pĝ ,
)𝑇
(
(1)
p = I𝑀 ⊗ ĥ(1) p,
ĥ
)𝑇 (
)
(
(1)
R = I𝑀 ⊗ ĥ(1) R I𝑀 ⊗ ĥ(1) ,
ĥ
)−1
(
(1)
(1)
ĝ(1) = R
p .
ĥ

(𝑛−1)

Rĝ

(𝑛−1)

pĝ

and the estimate of the spatial impulse response:
)−1
(
(𝑛)
(𝑛)
ĝ(𝑛) = R
p ,
ĥ

where
R
p

(𝑛)
ĥ

(𝑛)
ĥ

(

)𝑇

ĥ

(

(24)

(𝑛)

(𝑛)

where
𝑇

x̃ĝ (𝑡) = [ĝ(𝑡 − 1) ⊗ I𝐿 ] x̃(𝑡),
[
]𝑇
x̃ĥ (𝑡) = I𝑀 ⊗ ĥ(𝑡 − 1) x̃(𝑡).

(32)
(33)

∂𝑒2ĝ (𝑡)
𝜇ĥ (𝑡)
×
2
∂ ĥ(𝑡 − 1)

= ĥ(𝑡 − 1) + 𝜇ĥ (𝑡)x̃ĝ (𝑡)𝑒ĝ (𝑡)

(34)

∂𝑒2ĥ (𝑡)
𝜇ĝ (𝑡)
×
2
∂ĝ(𝑡 − 1)
= ĝ(𝑡 − 1) + 𝜇ĝ (𝑡)x̃ĥ (𝑡)𝑒ĥ (𝑡),

(35)

and
ĝ(𝑡) = ĝ(𝑡 − 1) −

where 𝜇ĥ (𝑡) > 0 and 𝜇ĝ (𝑡) > 0 are the step-size parameters.
A reasonable way to derive the step-size parameters, taking into account the stability conditions, is to cancel the a
posteriori error signals [15], which can be defined as

(26)

𝜀ĝ (𝑡) = 𝑑(𝑡) − ĥ𝑇 (𝑡)x̃ĝ (𝑡)

(36)

(27)

𝜀ĥ (𝑡) = 𝑑(𝑡) − ĝ𝑇 (𝑡)x̃ĥ (𝑡).

(37)

(28)

Replacing (34) in (36), and (35) in (37), with the requirements
𝜀ĝ (𝑡) = 0 and 𝜀ĥ (𝑡) = 0, respectively, it results that
[
]
(38)
𝜀ĝ (𝑡) = 𝑒ĝ (𝑡) 1 − 𝜇ĥ (𝑡)x̃𝑇ĝ (𝑡)x̃ĝ (𝑡) = 0

and

(29)

and

(𝑛)

where ĥ and ĝ are defined in (23) and (26), respectively.
As shown in [10], this iterative solution is much more attractive as it leads to good estimates of the impulse responses,
even when a small amount of data is used for the estimation
of the statistics (i.e., R and p).
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(31)

(25)

Finally, we deduce that the Wiener spatiotemporal filter at
iteration 𝑛 is
f̂W = ĝ(𝑛) ⊗ ĥ(𝑛) ,

𝑒ĥ (𝑡) = 𝑑(𝑡) − ĝ𝑇 (𝑡 − 1)x̃ĥ (𝑡),

ĥ(𝑡) = ĥ(𝑡 − 1) −

)

= I𝑀 ⊗ ĥ(𝑛) R I𝑀 ⊗ ĥ(𝑛) ,
)𝑇
(
= I𝑀 ⊗ ĥ(𝑛) p.

(30)

and

ĥ

)𝑇 (
)
(
= ĝ(𝑛−1) ⊗ I𝐿 R ĝ(𝑛−1) ⊗ I𝐿 ,
)𝑇
(
= ĝ(𝑛−1) ⊗ I𝐿 p,

𝑒ĝ (𝑡) = 𝑑(𝑡) − ĥ𝑇 (𝑡 − 1)x̃ĝ (𝑡)

It can be verified that 𝑒ĝ (𝑡) = 𝑒ĥ (𝑡). However, for the clarity
of the coming developments, we prefer to keep the notation
from (30) and (31). The two filters can be recursively updated
as

Continuing to iterate up to iteration 𝑛, we get the estimate of
the temporal impulse response:
)−1
(
(𝑛−1)
(𝑛−1)
ĥ(𝑛) = Rĝ
pĝ
,
(23)
where

The iterative approach presented in the previous section may
not be very efficient or convenient to use in practice (especially
in real-time applications), due to the well-known limitations of
the Wiener filter, i.e., matrix inversion operations, estimation
of the statistics, etc). Consequently, we may approach the
problem in terms of adaptive filtering. This is explored in this
section, in the framework of the NLMS algorithm.
Let us consider two adaptive filters defined by the impulse
responses ĥ(𝑡) and ĝ(𝑡), and the corresponding a priori error
signals:

[
]
𝜀ĥ (𝑡) = 𝑒ĥ (𝑡) 1 − 𝜇ĝ (𝑡)x̃𝑇ĥ (𝑡)x̃ĥ (𝑡) = 0.

(39)

Next, assuming that 𝑒ĝ (𝑡) ∕= 0 and 𝑒ĥ (𝑡) ∕= 0, we find

2691

𝜇ĥ (𝑡) =

1
x̃𝑇ĝ (𝑡)x̃ĝ (𝑡)

(40)
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and

(a)
0

(41)

ĥ

which represent the step-sizes of the NLMS algorithm for
bilinear forms.
In practice, two positive constants 𝛼ĥ and 𝛼ĝ (usually
smaller than 1), multiply these step-sizes to achieve a proper
compromise between the convergence rate and the misadjustment [16]. Also, the new NLMS algorithm needs to be
regularized by adding two positive constants, 𝛿ĥ and 𝛿ĝ , to
the denominators of the step-size parameters. In general, these
regularization parameters are chosen proportional to the input
signal variance [17]. Therefore, the NLMS algorithm is defined
by the updates:
ĥ(𝑡) = ĥ(𝑡 − 1) +
ĝ(𝑡) = ĝ(𝑡 − 1) +

𝛼ĥ x̃ĝ (𝑡)𝑒ĝ (𝑡)
,
x̃𝑇ĝ (𝑡)x̃ĝ (𝑡) + 𝛿ĥ

𝛼ĝ x̃ĥ (𝑡)𝑒ĥ (𝑡)
.
𝑇
x̃ (𝑡)x̃ĥ (𝑡) + 𝛿ĝ
ĥ

(42)

Regular NLMS
Proposed NLMS

−20
NM (dB)

1
,
𝜇ĝ (𝑡) = 𝑇
x̃ (𝑡)x̃ĥ (𝑡)

−40
−60
−80

0

5000

10000

15000

Iterations
(b)
0
Regular NLMS
Proposed NLMS

NM (dB)

−20
−40
−60
−80

0

5000

10000

15000

Iterations

Fig. 1. Normalized misalignment (NM) of the regular and proposed NLMS
algorithms for the estimation of the impulse response, f , of length 𝑀 𝐿 =
128. The input signals are (a) white Gaussian noises and (b) AR(1) processes.

(43)
(a)

For the initialization, we may choose
[
]𝑇
,
ĥ(0) = 1 0 ⋅ ⋅ ⋅ 0
[
]𝑇
1
1 1 ⋅⋅⋅ 1
.
ĝ(0) =
𝑀
Finally, we can obtain the spatiotemporal filter as

0
Regular NLMS
Proposed NLMS

NM (dB)

−20
−40
−60
−80

0

0.5

1

1.5

2

Iterations

f̂ (𝑡) = ĝ(𝑡) ⊗ ĥ(𝑡).

(44)

0

where ĥ(𝑡) and ĝ 𝑡) result from (42) and (43), respectively.
Alternatively, we may use the regular NLMS algorithm to
identify the spatiotemporal impulse response, f , i.e.,
𝑒f̂ (𝑡) = 𝑑(𝑡) − f̂ (𝑡 − 1)x̃(𝑡),
𝛼 x̃𝑒 (𝑡)
f̂ (𝑡) = f̂ (𝑡 − 1) + 𝑇 f̂ f̂
,
x̃ (𝑡)x̃(𝑡) + 𝛿f̂

NM (dB)

−40
−60
−80

0

0.5

1

1.5
Iterations

(46)

V. S IMULATION R ESULTS
In this section, the performance of the regular and proposed
NLMS algorithms are evaluated from a system identification
perspective. In our simulations, the impulse response h is
randomly generated (with Gaussian distribution) and its length
is set to 𝐿 = 64. The coefficients of the impulse response g
(of length 𝑀 ) are also randomly generated, using different
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Regular NLMS
Proposed NLMS

−20

(45)

where 𝛼f̂ and 𝛿f̂ denote the normalized step-size and the
regularization parameter, respectively. Then, the components
ĥ(𝑡) and ĝ(𝑡) can be obtained similarly to the case of the direct
Wiener filter, i.e., following the procedure related to (11) and
(12).
Nevertheless, we should note that the solution based on
the regular NLMS algorithm [from (45) and (46)] involves an
adaptive filter of length 𝑀 𝐿, while the new NLMS algorithm
[defined by (30)–(31) and (42)–(43)] uses two shorter filters
of lengths 𝐿 and 𝑀 , respectively. Consequently, a faster
converge rate is expected for the proposed NLMS algorithm
as compared to the conventional approach.

4

(b)

(

𝑇

2.5
x 10

2

2.5
4

x 10

Fig. 2. Normalized misalignment (NM) of the regular and proposed NLMS
algorithms for the estimation of the impulse response, f , of length 𝑀 𝐿 =
256. The input signals are (a) white Gaussian noises and (b) AR(1) processes.

values of 𝑀 . The input signals 𝑥𝑚 (𝑡), 𝑚 = 1, 2, . . . , 𝑀 are
either white Gaussian noises or AR(1) processes [each one of
them is generated by filtering
a white
) Gaussian noise through
(
a first-order system 1/ 1 − 0.8𝑧 −1 ]. The additive noise 𝑤(𝑡)
2
is white and Gaussian, with the variance 𝜎𝑤
= 0.001.
First, the performances of the regular and proposed NLMS
algorithms are evaluated in terms of identifying the spatiotemporal impulse response, f . The performance measure is the
NM (in dB) evaluated based on (7). In this framework, the
length of the impulse response g takes different values, i.e.,
𝑀 = 2, 4, and 8; consequently, the length of f is 𝑀 𝐿 = 128,
256, and 512, respectively. The normalized step-sizes are set
to 𝛼f̂ = 𝛼ĥ = 𝛼ĝ = 0.5 and the regularization parameters are
chosen as 𝛿f̂ = 𝛿ĥ = 𝛿ĝ = 20𝜎𝑥˜2 , where 𝜎𝑥˜2 is the variance of
the input signal x̃(𝑡).
The results presented in Figs. 1–3 support the discussion
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VI. C ONCLUSIONS

(a)
0

NM (dB)

In this paper, we have addressed the problem of identifying
bilinear forms, in the context of MISO systems. Our derivation
focusses on a different model (as compared to most previous
works related to bilinear systems), by defining the bilinear term
with respect to the impulse responses of the spatiotemporal
model. In this framework, two versions of the Wiener filter
have been presented, followed by a more practical solution
based on the NLMS algorithm. Simulation results indicate that
the proposed NLMS algorithm could represent an appealing
solution for bilinear system identification problems.
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Fig. 3. Normalized misalignment (NM) of the regular and proposed NLMS
algorithms for the estimation of the impulse response, f , of length 𝑀 𝐿 =
512. The input signals are (a) white Gaussian noises and (b) AR(1) processes.
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Fig. 4. Normalized projection misalignment (NPM) of the regular and
proposed NLMS algorithms for the estimation of (a) the impulse response
h (of length 𝐿 = 64) and (b) the impulse response g (of length 𝑀 = 8).
The input signals are AR(1) processes.

from the end of Section IV, related to the advantage of
the proposed NLMS algorithm. As we can notice, the new
algorithm outperforms the regular NLMS [based on (45) and
(46)] in terms of the convergence rate. The gain is more
apparent when the length (𝑀 𝐿) of the spatiotemporal filter
increases.
Next, we evaluate the estimation of the impulse responses
h and g with the regular NLMS algorithm [similar to (11)
and (12)] and the proposed NLMS [using (42) and (43)]. The
results are shown in Fig. 4, where 𝑀 = 8 (i.e., 𝑀 𝐿 = 512).
The performance is evaluated in terms of the NPM (in dB),
which is computed based on (5) and (6). It can be noticed
that the proposed NLMS algorithm outperforms its regular
counterpart in terms of convergence rate.
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