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Abstract—Pilot contamination, in a massive Multiple-Input
Multiple-Output (MIMO) system, is an undeniable challenging
issue severely affecting the performance of the system by
including channel estimation errors. The aim of this paper is
to investigate the effectiveness of semi-blind channel estimation
approaches in massive MIMO-OFDM (Orthogonal-Frequency
Division-Multiplexing) systems. For an estimator-independent
study, the performance analysis is carried out using the Cramér
Rao Bound (CRB) derivation for pilot-based and semi-blind
channel estimation strategies. This analysis demonstrates in
particular that: (i) when considering the finite alphabet nature
of communication signals, it is possible to efficiently solve the
pilot contamination problem with semi-blind channel estima-
tion approach; and (ii) the Second Order Statistics (SOS) only
are not sufficient to address the full channel identifiability even
if the semi-blind approach is considered.

1. Introduction

Massive Multiple-Input Multiple-Output (MIMO) is a
promising technology for the next generation cellular net-
works [1]. With a higher number of Base Station (BS)
antennas (beyond 100 antennas), compared to the classical
MIMO systems, massive MIMO technology has proven its
ability to improve the spectral and power efficiency [2]. So
that, both throughput and reliability will be highly enhanced
for the future cellular networks.

In order to fully exploit all of the potentials offered by a
massive MIMO system, accurate Channel State Information
(CSI) is necessary. It is obtained only during the uplink
transmission, thanks to the channel reciprocity property and
according to the widely accepted Time Division Duplexing
(TDD) protocol. The traditional methods to get the CSI rely
on the pilot-based channel estimation (see e.g. [1]). How-
ever, due to the non-orthogonality of the pilot sequences,
these methods are severely affected by what is called pilot
contamination [3]. It is one of the major issues of massive
MIMO systems that must be addressed because its effect
cannot be reduced by increasing the number of BS antennas.
Many pilot contamination mitigation strategies have been
proposed: creating more orthogonal pilots by slicing the
time and frequency resources [4], subspace projection-based

interference suppressing [5], data-aided channel estimation
[6], or by designing appropriate inter-cell communication
protocols and resource allocation. In recent works (e.g. [7],
[8]), a particular attention has been drawn to blind and semi-
blind methods. The former is fully based on the statistical
properties of the transmitted data, whereas the latter depends
on the joint use of pilots and data.

The focus of this paper falls into the scope of perfor-
mance analysis of semi-blind channel estimation with pilot
contamination in the context of multi-cell massive MIMO-
OFDM systems. For an estimator-independent performance
analysis, the Cramér Rao Bound (CRB) is derived for both
pilot-based and semi-blind channel estimation. Note that
a thorough study has been conducted in [9] where the
achievable performance of semi-blind approaches compared
to pilot-based ones has been quantified for channel es-
timation in a MIMO-OFDM system. This study will be
extended to a massive MIMO-OFDM system, by taking into
account the multi-cell context and the phenomenon of pilot
contamination.

The rest of this paper is organized as follows. Section 2
describes the massive MIMO-OFDM system model. Section
3 illustrates the pilot contamination effect. The derivation
of the CRB for pilot-based and semi-blind approaches are
detailed in section 4. Simulation results are discussed in
section 5. Finally, Section 6 concludes the work.

2. Massive MIMO-OFDM system model

This section presents the massive MIMO-OFDM wire-
less system adopted in this paper. An uplink transmission
is considered. The system is composed of Nc cells where
each cell contains one BS with Nr antennas and Nt users
using each a single antenna. The received signals from the
adjacent cells are initially ignored. Therefore the received
signal at the r-th BS antenna of the l-th cell, assumed to be
a K sub-carriers OFDM signal, is given by [9]:

yl,r =

Nt∑
i=1

F T (hl,i,r)
FH

K
xl,i + vl,r, (1)

where the superscript (.)H denotes the Hermitian operator;
K is the OFDM symbol length; F represents a K-point
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Fourier transform matrix; hl,i,r is a N × 1 vector repre-
senting the channel taps between the i-th user and the r-
th receive antenna of the l-th cell; T (hl,i,r) is a circulant
matrix; xl,i is the i-th user OFDM symbol. vl,r is assumed
to be an additive white Circulant Gaussian (CG) noise so
that E[vl,r(k)vl,r(i)

H ] = σ2
vl
IKδki where σ2

vl
represents

the noise variance at the l-th cell; IK is a K ×K identity
matrix and δki being the Dirac operator.

Due to the eigenvalue decomposition of the circulant
matrix T (hl,i,r), the received signal, of dimension NrK×1,
at the BS is then expressed as follows:

yl = λlxl + vl, (2)

where yl = [yT
l,1...y

T
l,Nr

]T ; xl = [xT
l,1...x

T
l,Nt

]T ;
vl = [vT

l,1...v
T
l,Nr

]T ; λl = [λl,1...λl,Nt
] with λl,i =

[λl,i,1...λl,i,Nr
]T where λl,i,r = diag{Whl,i,r} and W is

the sub-matrix of F formed by its first N columns.
In order to facilitate the derivation of the CRB, equation

(2) is rewritten as follows:

yl = X̃lhl + vl, (3)

where hl = [hT
l,1,1...h

T
l,Nt,1

......hT
l,1,Nr

...hT
l,Nt,Nr

]T is a
NrNtN × 1 vector; X̃l = INr

⊗ Xl is a matrix of size
NrK×NrNtN where Xl = [Xl,D1

W...Xl,DNt
W] of size

K×NtN , and Xl,Di
is a K×K diagonal matrix containing

the i-th user symbols; and ⊗ refers to the Kronecker product.
Now, let’s take into account the effect of the neighboring

cells on the first cell, considered as the interest cell. With
the assumption of perfect synchronization between the Nc

cells, equation (2) becomes:

y1 =

Nc∑
l=1

λlxl + v1 = λtotxtot + v1, (4)

where λtot = [λ1 . . .λNc
] and xtot = [xT

1 . . .xT
Nc]

T .
Similarly, equation (3) becomes:

y1 =

Nc∑
l=1

X̃lhl + v1 = X̃tothtot + v1, (5)

where X̃tot = [X̃1 . . . X̃Nc
] and htot = [hT

1 . . .hT
Nc

]T .

3. Uplink pilot contamination effect

This section discusses the impact of the pilot contamina-
tion in a massive MIMO-OFDM system. In the uplink data
transmission, the BS of a given cell belonging to the system
has to learn the transmission channel. The conventional
way, adopted in a MIMO scheme, consists of exploiting
the known symbols (i.e. pilots) at both ends of the link
(users and the BS). To adopt this strategy in a massive
MIMO-OFDM system, the pilots used within the same cell
and in the neighboring cells should be mutually orthogonal.
However, the channel time coherence limits the total number
of orthogonal pilots leading to the reuse of the same pilots
in many neighboring cells. The worst case occurs when the

same set of pilots is exploited in all Nc adjacent cells. In
this situation, equation (5) becomes:

y1 =

Nc∑
l=1

X̃1Phl + v1 = X̃1P

Nc∑
l=1

hl + v1, (6)

where X̃1P stands for the pilots set of the first cell.
To illustrate the pilot contamination effect, let’s consider

the Least Squares (LS) estimate of the first cell channel
vector (i.e. h1) given by:

ĥLS
1 = X̃#

1P
y1 = h1 +

Nc∑
l=1,l �=1

hl + X̃#
1P

v1, (7)

with X̃#
1P

= (X̃H
1P X̃1P )

−1X̃H
1P , the pseudo inverse of X̃1P .

This equation clearly shows that the estimate ĥLS
1 is

affected by an additional bias term corresponding to a linear
combination of channel components of the users sharing
the same pilot sequences in different cells. Indeed this
phenomenon, referred to as pilot contamination, severely
degrades the channel estimation performance. A solution
to this problem would be the use of semi-blind channel
estimation approach. In the sequel, the performance and
the potential of this approach are analyzed and discussed
through the CRB derivation.

4. Cramér Rao Bound derivation
This section derives the CRB for pilot-based and semi-

blind channel estimation. First start by recalling some defi-
nitions.

The CRB is defined as the inverse of the Fisher Infor-
mation Matrix (FIM) [10]. The latter is denoted Jθθ where
θ is the unknown parameter vector to be estimated. Using
the complex representation, the parameter θ is defined as
follows:

θ = [hT
tot (h∗

tot)
T
]T . (8)

The FIM, taking into account the pilots and data, is then
expressed as follows:

Jθθ = Jp
θθ + Jd

θθ, (9)

where Jp
θθ is the FIM associated to the known pilots and

Jd
θθ is related to the unknown data. For simplicity, the signal

and noise powers are assumed to be known.

4.1. CRB for pilot-based channel estimation

As in [9], a block-type pilot arrangement is considered.
The noise components are assumed to be independent iden-
tically distributed (i.i.d.). The pilot-based FIM is given by:

Jp
θθ =

Np∑
i=1

Jpi

θθ, (10)

with Np being the number of pilots in each cell, and Jpi

θθ
the FIM associated to one pilot symbol.
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Consider now the massive MIMO-OFDM system with
Nc cells, the pilot-based FIM associated to the channel
vector htot is then expressed as follows:

Jpi

htothtot
=

X̃H
totX̃tot

σ2
v1

, (11)

which can also be written in a matrix form:

Jpi

htothtot
=

1

σ2
v1

⎡
⎢⎣
X̃H

1P X̃1P . . . X̃H
1P X̃NcP

...
. . .

...
X̃H

NcP
X̃1P . . . X̃H

NcP
X̃NcP

⎤
⎥⎦ . (12)

If the pilots of the cells are mutually orthogonal, i.e.
X̃H

iP
X̃jP = 0 ∀ i �= j, then the FIM becomes a bloc

diagonal matrix. However if the cells share the same set
of pilots, i.e. the worst case of pilot contamination, the FIM
is then equivalent to:

Jpi

htothtot
=

1

σ2
v1

⎡
⎢⎣
X̃H

1P X̃1P . . . X̃H
1P X̃1P

...
. . .

X̃H
1P X̃1P . . . X̃H

1P X̃1P

⎤
⎥⎦ . (13)

To deduce the CRB, the FIM has to be inverted. However,
according to this last equation, Jpi

htothtot
is not a full rank

matrix. In fact, it can be shown that the kernel of this
FIM is of dimension (Nc−1)NtNrN , corresponding to the
number of indeterminacies we need to get rid off. Moreover,
equation (7) does not allow the extraction of h1 from the
sum of the channel vectors of adjacent cells. In other words,
this translates the non-identifiability of the channel vector of
the interest cell when pilot contamination occurs.

4.2. CRB for Semi-Blind channel estimation

This section derives the CRB for the semi-blind channel
estimation of a multi-cell massive MIMO-OFDM system
with pilot contamination. Both known pilots and unknown
data are taken into account in the derivation of the FIM as
given in (9). The pilot arrangement is assumed to be a block-
type one. Two data models, Circular Gaussian and BPSK,
are considered in what follows.

4.2.1. Circular Gaussian data model. This section consid-
ers only the Second Order Statistics (SOS) corresponding
to the Gaussian CRB. The unknown OFDM data, in each
cell, is assumed to be i.i.d. stochastic Circular Gaussian
symbols with zero mean and a covariance matrix composed
of the users’ transmit powers i.e. Cxl

= diag(σ2
xl,i

) with
l = 1...Nc and i = 1...Nt.

According to equation (4), the received OFDM signal
(i.e. y1) is Circular Gaussian with zero mean and a covari-
ance matrix given by:

Cy1 =

Nc∑
l=1

Nt∑
i=1

σ2
xl,i

λl,iλ
H
l,i + σ2

v1IKNr
. (14)

The global data-based FIM can be expressed as follows:

Jd
htothtot

=

[
Jd
htothtot

Jd
htoth∗

tot

Jd
h∗

tothtot
Jd
h∗

toth
∗
tot

]
, (15)

where Jd
htothtot

is a (NcNrNtN)×(NcNrNtN) matrix with
elements Jd

hihj
given by:

Jd
hihj

= tr

⎧⎨
⎩C−1

y1

∂Cy1

∂h∗
i

C−1
y1

(
∂Cy1

∂h∗
j

)H
⎫⎬
⎭ . (16)

The derivation of Cy1
with respect to hi requires to find

the indices {iNc
, iNt

, iNr
, iN} corresponding to the cell, the

user, the BS antenna and the channel tap associated to hi.
Based on the results provided in [9], Jd

hihj
is given by:

Jd
hihj

= (Jd
h∗
i h

∗
j
)
H

=tr{C−1
y1

σ2
iNc ,iNt

λiNc ,iNt

∂λH
iNc ,iNt

∂h∗
i

×

C−1
y1

σ2
jNc ,jNt

∂λjNc ,jNt

∂hj

λH
jNc ,jNt

}
(17)

and

Jd
hih∗

j
= (Jd

h∗
i hj

)
H

=tr{C−1
y1

σ2
iNc ,iNt

λiNc ,iNt

∂λH
iNc ,iNt

∂h∗
i

×

C−1
y1

σ2
jNc ,jNt

λjNc ,jNt

∂λH
jNc ,jNt

∂h∗
j

}
(18)

One can show, that this gaussian FIM is still rank deficient1
and the SOS-based semi-blind approach allowed only to
reduce the number of indeterminacies from (NcNt)

2, in the
blind case, to ((Nc − 1)Nt)

2.

4.2.2. BPSK data model. Consider the finite alphabet na-
ture of the communication signals by using a BPSK data
model. The received signal at the k-th sub-carrier is given
by [9]:

y1(k) = λtot(k)
Cx

1
2x(k) + v1(k) for k = 1, ...,K, (19)

where λtot(k)
is the k-th FFT component of htot; Cx is a

block diagonal matrix formed by users’ covariance matri-
ces of each cell; x(k) = [xT

1,(k)...x
T
Nc,(k)

]T with xl,(k) =

[xl,1,(k)...xl,Nt,(k)]
T so that xl,i,(k) for k = 1...K are i.i.d.

symbols taking values ±1 with equal probabilities.
In this case, the likelihood function is a mixture of 2NcNt

Gaussian pdfs:

p(y1(k),θ) =
1

2NcNt

2NcNt∑

q=1

1

(πσ2
v1)

Nr
e

−

∥
∥
∥
∥
∥
∥
∥

y1(k)−λtot(k)
Cx

1
2 xq

σ2
v1

∥
∥
∥
∥
∥
∥
∥
,

(20)

where xq is the q-th realization of x(k).

1. Proofs are omitted due to space limitation.
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To avoid the high calculation complexity of the FIM, a
realistic approximation is proposed in [9]. Consequently, the
data-based FIM, at the k-th sub-carrier, is given by:

Jd
htothtot

(k) =
1

σ2
v12

NcNt

2NcNt∑
q=1

(
∂λtot(k)

Cx
1
2xq

∂h∗
tot

)H

×
(
∂λtot(k)

Cx
1
2xq

∂h∗
tot

)
.

(21)

The total data-based FIM is then obtained as follows:

Jd
htothtot

= Nd

K∑
k=1

Jd
htothtot

(k), (22)

where Nd is the total number of data symbols.
The FIM, in this case, can be shown to be invertible and

so the top-left (NrNtN)× (NrNtN) block of its inverse is
considered as the CRB for the semi-blind estimation of the
first cell channel vector.

5. Performance analysis and discussions

This section discusses the semi-blind channel estimation
performance when pilot contamination occurs in a massive
MIMO-OFDM system. The pilots are generated according
to Zadoff-Chu sequences [11]. Simulation results are based
on the CRBs derived in section 4.2, whereas the simulation
parameters are summarized in Table 1.

Figure 1 presents the normalized CRB
(

tr{CRB}
‖h1‖2

)
for

semi-blind channel estimation (SB) versus the SNR for
BPSK and Gaussian (G) data models. These CRBs are com-
pared to the CRBOP for pilot-based channel estimation us-
ing orthogonal (O) intra and inter-cell pilots. As mentioned
in section 4.1, when pilot contamination occurs, the channel
vector of the interest cell cannot be identified with pilot-
based methods. However, simulation results show that such
an ambiguity is overcome by semi-blind channel estimation.
Indeed, with a finite alphabet signal, corresponding to the
BPSK case, one can observe that the pilot contamination
impact has disappeared and the CRBBPSKNO

SB , that stands
for the CRB of a BPSK signal when pilots in different
cells are not orthogonal (NO), is almost superposed with
CRBBPSKO

SB , which stands for the case of orthogonal
pilots. On the other hand, if all pilots, in all cells, are
orthogonal to one another, the CRBs illustrated by CRBOP ,
CRBBPSKO

SB and CRBGO
SB match perfectly with the results

already given in [9] when considering a single cell system.
To further investigate the effect of pilots orthogonality

level, when considering only the SOS, we adopted the
following metric:

ρ =

∥∥∥X̃H
iP
X̃jP

∥∥∥∥∥∥X̃iP

∥∥∥ ∥∥∥X̃jP

∥∥∥ , (23)

where ‖.‖ is the 2-norm.

Note that 0 ≤ ρ ≤ 1, so that ρ = 0 corresponds
to the perfect orthogonality, whereas ρ = 1 stands for
the worst case of pilot contamination. For such a case,
simulations (not given for lack of space) and results given
in section 4.2.1 have shown that, when using only SOS, the
channel components of the interest cell cannot be identified.
However, as illustrated in Figure 2, it is possible to identify
the channel components with the SOS in the case of non-
perfect pilot orthogonality.

Considering the worst case of pilot contamination, Fig-
ure 3 illustrates the CRBSB versus the number of OFDM
data symbols for a given SNR= 10dB. One can observe
that, starting by one OFDM symbol, the BS can successfully
identify and estimate the channel components of the interest
cell. Besides, the CRB is significantly lowered with just few
tens of OFDM data symbols, which matches perfectly with
the limited coherence time of massive MIMO systems.

Figure 4 illustrates the behavior of the CRBs with re-
spect to the number of BS antennas, i.e. Nr, taking into
account the impact of pilot contamination. One can observe
that when Nr increases, which increases also the number
of channel components to be estimated, the CRBSB is
significantly lowered. This result supports the effectiveness
of semi-blind techniques for pilot contamination mitigation
in massive MIMO-OFDM systems.

6. Conclusion

This paper focused on the performance analysis of
semi-blind channel estimation approaches, with pilot
contamination, in the context of multi-cell massive MIMO-
OFDM systems. The analysis has been conducted on the
basis of the CRB to provide an estimator-independent
tool. Analytical CRB expressions have been derived by
considering the worst case of pilot contamination for
different data models. The main concluding remarks of this
paper are as follows:
- For the pilot-based case, pilot contamination introduces
a non-identifiability of channel components of the interest
cell corresponding to an (Nc − 1)NtNrN -dimensional
kernel of the FIM.
- For the semi-blind case, it has been shown that by
considering the finite alphabet nature of communication
signals, one is able to solve efficiently the pilot
contamination problem. Whereas, when considering only
SOS, one could not sufficiently address the full channel
identifiability. Nevertheless, with lower orthogonality levels,
it is possible to overcome the ambiguity introduced by the
pilot contamination.
- Simulations showed that there is no need for high number
of data symbols which matches with the short coherence
time constraint in massive MIMO-OFDM systems. This
result is supported by those given in [9], where an important
pilot reduction is possible allowing the use of more data
for a semi-blind channel estimation.
- It has been noticed that increasing the number of BS
antennas, implies furthermore extra channel components,
makes however the CRBSB decreasing, which is a very
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interesting result for massive MIMO systems.

Parameters Specifications
Number of cells Nc = 3

Number of receive antennas Nr = 10
Number of users per cell Nt = 2

Channel taps N = 4
Number of OFDM sub-carriers K = 64

Number of OFDM pilot symbols Np = 4
Number of OFDM data symbols Nd = 40
Nc pilot signal powers (dBm) Pxp = [23 13 10.5]

NcNt data signal powers (dBm) Pxd = [20 18.8 10.7 10.4 7.2 8]
Table 1. SIMULATION PARAMETERS.
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Figure 1. Normalized CRB versus SNR.
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